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This paper is concerned with the mathematical structure of the immersed
boundary (IB) method, which is intended for the computer simulation of
fluid—structure interaction, especially in biological fluid dynamics. The IB
formulation of such problems, derived here from the principle of least ac-
tion, involves both Eulerian and Lagrangian variables, linked by the Dirac
delta function. Spatial discretization of the IB equations is based on a fixed
Cartesian mesh for the Eulerian variables, and a moving curvilinear mesh for
the Lagrangian variables. The two types of variables are linked by interaction
equations that involve a smoothed approximation to the Dirac delta function.
Eulerian/Lagrangian identities govern the transfer of data from one mesh to
the other. Temporal discretization is by a second-order Runge-Kutta method.
Current and future research directions are pointed out, and applications of
the IB method are briefly discussed.
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480 C. S. PESKIN

1. Introduction

The immersed boundary (IB) method was introduced to study flow patterns
around heart valves and has evolved into a generally useful method for prob-
lems of fluid—structure interaction. The IB method is both a mathematical
formulation and a numerical scheme. The mathematical formulation em-
ploys a mixture of Eulerian and Lagrangian variables. These are related by
interaction equations in which the Dirac delta function plays a prominent
role. In the numerical scheme motivated by the IB formulation, the Eu-
lerian variables are defined on a fixed Cartesian mesh, and the Lagrangian
variables are defined on a curvilinear mesh that moves freely through the
fixed Cartesian mesh without being constrained to adapt to it in any way at
all. The interaction equations of the numerical scheme involve a smoothed
approximation to the Dirac delta function, constructed according to certain
principles that we shall discuss.

This paper is concerned primarily with the mathematical structure of the
IB method. This includes both the IB form of the the equations of motion
and also the IB numerical scheme. Details of implementation are omitted,
and applications are discussed only in summary fashion, although references
to these topics are provided for the interested reader.

2. Equations of motion

Our purpose in this section is to derive the IB formulation of the equations
of motion of an incompressible elastic material. The approach that we take
is similar to that of Ebin and Saxton (1986, 1987). The starting point of this
derivation is the principle of least action. Although we begin in Lagrangian
variables, the key step is to introduce Eulerian variables along the way, and
to do so in a manner that brings in the Dirac delta function. Roughly
speaking, our goal here is to make the equations of elasticity look as much
as possible like the equations of fluid dynamics. Once we have done that,
fluid—structure interaction will be easier to handle.

Consider, then, an elastic incompressible material filling three-dimensional
space. Let (q,r,s) be curvilinear coordinates attached to the material, so
that fixed values of (q,r,s) label a material point. Let X(q,r,s,t) be the
position at time t in Cartesian coordinates of the material point whose label
is (g,7,s). Let M(q,r,s) be the mass density of the material in the sense
that fQ M(q,r,s)dqgdrds is the mass of the part of the material defined by
(¢,7,s) € Q. Note that M is independent of time, since mass is conserved.

Note that X(, , ,t) describes the configuration in space of the whole ma-
terial at the particular time t. We assume that this determines the elastic
(potential) energy of the material according to an energy functional E[X]
such that E[X(, , ,t)] is the elastic energy stored in the material at time ¢.
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A prominent role in the following will be played by the Fréchet derivative
of E, which is implicitly defined as follows.

Consider a perturbation pX(, , ,t) of the configuration X(, ,,t). (We
denote perturbations by the symbol g instead of the traditional calculus-of-
variations symbol 6. That is because we need ¢ for the Dirac delta function
that will soon make its appearance.) Up to terms of first order, the resulting
perturbation in elastic energy will be a linear functional of the perturbation
in configuration of the material. Such a functional can always be put in the
form

pE [X(,, ,t)] = /(—F(q,r,s,t)) -pX(q,r, s,t)dgdrds (2.1)

The function —F(, , ,¢) which appears in this equation is the Fréchet deriv-
ative of E evaluated at the configuration X(, , ,t). The physical interpret-
ation of the foregoing is that F is the force density (with respect to q,r,s)
generated by the elasticity of the material. This is essentially the principle
of virtual work. As shorthand for (2.1) we shall write

pE
pX
We digress here to give an example of an elastic energy functional E and
the elastic force F that it generates. Consider a system of elastic fibres, with
the fibre direction 7 varying smoothly as a function of position. Let g, r, s
be material (Lagrangian) curvilinear coordinates chosen in such a manner
that ¢q,r = constant along each fibre. We assume that the elastic energy is

of the form
E:/é’(‘%}s{‘) dgdrds. (2.3)

The meaning of this is that the elastic energy depends only on the strain in
the fibre direction, and not at all on the cross-fibre strain. In other words,
we have an extreme case of an anisotropic material. Also, since there is no
restriction on |0X/0s|, which determines the local fibre strain, and since
the local energy density £ is an arbitrary function of this quantity, we are
dealing here with a case of nonlinear elasticity. To evaluate F', we apply the
perturbation operator o to F and then use integration by parts with respect
to s to put the result in the following form:

B 0 (. (|9X]) 9X/0s
pE——/aS <€ < P )\8X/8s]> pX dgdrds, (2.4)

where &’ is the derivative of £. By definition, then,

F = (2.2)

s
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Let
T=¢ < %}5 > = fibre tension, (2.6)
and
T = m = unit tangent to the fibres. (2.7)
Then
F = 9 (T'T) (2.8)
~ 0s ’ '

This formula can also be derived without reference to the elastic energy, by
starting from the assumption that 77 dqdr is the force transmitted by
the bundle of fibres dgdr, and by considering force balance on an arbitrary
segment of such a bundle given by s € (s1, $2).

Expanding the derivative in (2.8), we reach the important conclusion that
the elastic force density generated by a system of elastic fibres is locally
parallel to the osculating plane of the fibres, that is, the plane spanned by
7 and 01/0s. There is no elastic force density in the binormal direction.

Returning to our main task, we consider the constraint of incompressibil-
ity. Let

(2.9)

J(q,r,s,t) = det(aX oX 8X>.

T ar Os
The volume occupied at time ¢ by the part of the material defined by
(g,7,8) € Q is given by fQ J(q,r, s,t)dgdrds. Since the material is incom-
pressible, this should be independent of time for every choice of @), which is
only possible if

01 _

ot
From now on, we shall write J(q,r, s) instead of J(q,r, s,t).

The principle of least action states that our system will evolve over the
time interval (0,7") in such a manner as to minimize the action S defined by

0. (2.10)

T
S:/o L(t)dt, (2.11)

where L is the Lagrangian (defined below). The minimization is to be done
subject to the constraint of incompressibility (equation (2.10), above), and
also subject to given initial and final configurations:

X(q,r,s,O) = XO(qua S), (212)
X(g;r,5,T) = Xr(g,7,5). (2.13)

In general, the Lagrangian L is the difference between the kinetic and
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potential energies. In our case, this reads

2 (q.r 5.1

2

L) = 5 [ M9 dgdrds — E[X(,, ). (2.14)

Thus, for arbitrary pX consistent with the constraints, we require

T 02X
0=—pS :/ / <M87§2 — F) - pXdgdrdsdt. (2.15)
0

To arrive at this result, we have used integration by parts with respect to ¢
in the first term. In the second term we have made use of the definition of
—F as the Fréchet derivative of the elastic energy F.

At this point, if X were arbitrary we would be done, and the con-
clusion would be nothing more than Newton’s law that force equals mass
times acceleration. But X is not arbitrary: it must be consistent with
the constraints, in particular with the constraint of incompressibility (equa-
tions (2.9)—(2.10)). This constraint seems difficult to deal with in its present
form.

Perhaps we can overcome this difficulty by introducing Eulerian variables.
As is well known, the constraint of incompressibility takes on a very simple
form in terms of the Eulerian velocity field u(x,t), namely V -u = 0. The
following definitions of Eulerian variables are mostly standard. The new
feature, however, is to introduce a pseudo-velocity v that corresponds to the
perturbation X in the same way as the physical velocity field u corresponds
to the rate of change of the material’s configuration 0X/0t.

More precisely, let u and v be implicitly defined as follows:

w(X(g,5,0),1) = D (g,r,5,1), (216)
v (X(g,r,5,1), 1) = 9X(q,7,5,1), (2.17)

Thus u(x,t) is the velocity of whatever material point happens to be at po-
sition x at time ¢, and v(x,t) is the perturbation experienced by whatever
material point happens to be at position x at time ¢ (according to the unper-
turbed motion). We shall also make use of the familiar material derivative
defined as follows:

Du Ou
-z . 2.18
Dt o TV™ (2.18)
for which we have the identity
Du 9*°X
De (X(g,r,s,t),t) = W(q,r,s,t). (2.19)
Thus %(x, t) is the acceleration of whatever material point happens to be

at position x at time ¢.
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In the following, we shall need the form taken by the constraints in the new
variables. There is no difficulty about the initial and final value constraints,
(2.12)—(2.13). Since the perturbation must vanish at the initial and final
times to be consistent with these constraints, we simply have v(x,0) =
v(x,T) = 0. The incompressibility constraint requires further discussion,
however. The perturbations that we consider are required to be volume-
preserving (for every piece of the material, not just for the material as a
whole). This means that, if X 4+ X is substituted for X in the formula for
J, equation (2.9), then the value of J(q,r,s) should be unchanged, at any
particular ¢, r, s, up to terms of first order in pX.

To see what this implies about v, it is helpful to use matrix notation.
Thus, let

a=(q,rs), (2.20)

and let X /0a be the 3 x 3 matrix whose entries are the components of X
differentiated with respect to ¢, r, or s. In this notation

J = det<%§>. (2.21)

Now, we need to apply the perturbation operator g to both sides of this
equation, but to do so we need the following identity involving the perturb-
ation of the determinant of an arbitrary nonsingular square matrix A:

plog (det(A)) = trace ((pA)A™"). (2.22)

Although this identity is well known, we give a brief derivation of it for
completeness. The starting point is the familiar formula for the inverse of a
matrix in terms of determinants, written in the following possibly unfamiliar
way:

1 Odet(A)
ji det(A) 8141] ’

where we have written the signed cofactor of A;; as 0 det(A)/0A;;. That we
may do so follows from the expansion of the determinant by minors of row ¢
(or column j). Making use of this formula (in the next-to-last step, below),
we find

(A7) (2.23)

plog (det(A)) = Z(@A)ijw

B 1 Odet(A)
- %:(K"A)” det(A)  0A;;
= (pA)y(A™)ji
ij
= trace ((pA)A_l). (2.24)
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This establishes the identity in (2.22).

Now consider the equation that implicitly defines v, (2.17). Differentiating
on both sides with respect to ¢, r, or s and using the chain rule, we get (in
matrix notation)

00X _ ovox
da  Ox da’

Now interchange the order of the operators p and d/0a, and then multiply
both sides of this equation on the right by the inverse of 0X/da. The

result is
OX\ (0X\ ' ov

Taking the trace of both sides, and making use of the identity derived above
(equation (2.22)) as well as the definition of J (equation (2.21)), we see that

(2.25)

plog (J(q,r,5)) = V- v(X(q,7,5,1),1). (2.27)
Thus, the constraint of incompressibility (pJ = 0) is equivalent to
V.-v=0. (2.28)

An argument that is essentially identical to the foregoing yields the famil-
iar expression of the incompressibility constraint in terms of the Eulerian
velocity field:

V-u=0. (2.29)

This completes the discussion of the Eulerian form of the constraint of in-
compressibility.

We are now ready to introduce Eulerian variables into our formula for
the variation of the action pS. We do so by using the defining property
of the Dirac delta function, that one can evaluate a function at a point by
multiplying it by an appropriately shifted delta function and integrating over
all of space. We use this twice, once for the perturbation in configuration
of the elastic body, and once for the dot product of that perturbation with
the acceleration of the elastic body:

pX(q,r,s,t) :/v(x, t) 6 (x — X(q,r,s,t))dx, (2.30)
02X

Du
W(qa r, Sat) : pX(Q?h Svt) :/m ' V(X7t) 6 (X - X(Qﬂna S7t)) dx. (231)

In these equations (and throughout this paper), §(x) denotes the three-dim-
ensional delta function 6(x1)6(x2)6(x3), where x1,z2,x3 are the Cartesian
components of the vector x.
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Substituting (2.30)—(2.31) into (2.15), we get

OZ/OT//(M(q,r,s)ll);tl(x,t)—F(q,r,s,t)) -v(x,t)

6 (x —X(g,m,8,t))dxdgdrdsdt. (2.32)

Note that this expression contains a mixture of Lagrangian and Eulerian
variables. The Lagrangian variables that remain in it are the mass density
M(q,r,s) and the elastic force density F(q,r,s,t). We can eliminate these
(and get rid of the integral over ¢, 7, s) by making the following definitions:

p(x,t) = /M(q, r,s)6 (x — X(q,r,s,t))dgdrds, (2.33)
f(x,t) = /F(q, r,s,t) 6 (x — X(q,r,s,t)) dgdrds. (2.34)

To see the meaning of the Eulerian variables p(x,t) and f(x,t) defined by
these two equations, integrate both sides of each equation over an arbitrary
region €. Since [, 6 (x —X(q,7,5,t))dx is equal to 1 or 0 depending on
whether or not X(q,r,s,t) € Q, the results are

/p(x,t) dX:/ M(q,r,s)dgdrds, (2.35)
Q X(gq,r,s,t)EQ

/f(x,t) dX:/ F(q,r,s,t)dgdrds. (2.36)
Q X(gq,r,s,t)EQ

These equations show that p is the Eulerian mass density and that f is the
FEulerian density of the elastic force.
Making use of the definitions of p and f, we see that (2.32) can be rewritten

0— —pS—/OT/ (p(x,t)l;ltl(x,t) —f(x,t)) vt dxdt. (2.37)

This completes the transition from Lagrangian to Eulerian variables.
Equation (2.37) holds for arbitrary v(x,t) subject to the constraints. As
shown above, the constraints on v(x,t) are that v(x,0) = v(x,7") = 0 and
that V - v = 0. Otherwise, v is arbitrary.
We now appeal to the Hodge decomposition: an arbitrary vector field may
be written as the sum of a gradient and a divergence-free vector field. In
particular, it is always possible to write

Du

where

V-w=0. (2.39)
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We shall show that w = 0. To do so, we make use of the freedom in the
choice of v by setting

v(x,t) = ¢(t)w(x,1). (2.40)

Clearly, this satisfies all of the constraints on v provided that ¢(0) = ¢(T') =
0. This leaves a lot of freedom in the choice of ¢, and we use this freedom
to make ¢(t) > 0 for all ¢ € (0, 7).

With these choices, (2.37) becomes

T
0= /0 6(1) / (—Vp(x, ) + w(x. 1)) - wix,{)dxdt.  (2.41)

Now the term involving Vp drops out, as can easily be shown using integ-
ration by parts, since V - w = 0. This leaves us with

T
== WI(X 2 X . .
O‘/o ¢<t>/\ (x,£)[? dxdt (2.42)

Recalling that ¢ is positive on (0,7"), we conclude that w = 0, as claimed.

In conclusion, we have the IB form of the equations of motion of an incom-
pressible elastic material. We shall collect these equations here, taking the
liberty of adding a viscous term which was omitted in the derivation (since
the principle of least action applies to conservative systems) but which is
important in applications. We assume a uniform viscosity of the kind that
appears in a Newtonian fluid, although this could of course be generalized.
Thus, the viscous term that we add is of the form pAu, where p is the (dy-
namic) viscosity, and A is the Laplace operator (which is applied separately
to each Cartesian component of the velocity field u).

The equations of motion with the viscous term thrown in but otherwise
as derived above read as follows:

0
p((;;—l-u-Vu) + Vp=pAu+f, (2.43)
Vou=0, (2.44)
p(x,t) = /M(q, r,s)6 (x — X(q,r,s,t)) dgdrds, (2.45)
f(x,t) = /F(q,r, s,t) 6 (x — X(q,r,s,t)) dgdrds, (2.46)
X
a—(q,r, s,t) =u(X(q,r,s,t),t)
ot
= /u(x7 t)6 (x — X(q,r,s,t)) dx, (2.47)
po_92 (2.48)

pX
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In these equations, M(q,r, s) is a given function, the Lagrangian mass dens-
ity of the material, and E[X] is a given functional, the elastic potential
energy of the material in configuration X. The notation pE/pX is short-
hand for the Fréchet derivative of E.

Note that (2.43)—(2.44) are completely in Eulerian form. In fact, they are
the equations of a viscous incompressible fluid of non-uniform mass density
p(x,t) subject to an applied body force (i.e., a force per unit volume) f(x, ).
Equation (2.48) is completely in Lagrangian form. It expresses the elasticity
of the material.

Equations (2.45)—(2.47) are interaction equations. They convert from
Lagrangian to Eulerian variables (equations (2.45)—(2.46)) and vice versa
(equation (2.47)). The first line of (2.47) is just the definition of the Eu-
lerian velocity field, and the second line uses nothing more than the defining
property of the Dirac delta function. All of the interaction equations involve
integral operators with the same kernel ¢ (x — X(q,r, s,t)) but there is this
subtle difference between (2.45)-(2.46) and (2.47). The interaction equa-
tions that define p and f are relationships between corresponding densities:
the numerical values of p and M are not the same at corresponding points,
and similarly the numerical values of f and F are not the same at corres-
ponding points. But the numerical value of 90X /0t and u(x,t) are the same
at corresponding points, as stated explicitly on the first line of (2.47). This
difference comes about because of the mapping (g, 7, s) — X(q,r, s,t), which
appears within the argument of the Dirac delta function. This complicates
the integrals over ¢,r,s in (2.45)—(2.46); there is no such complication in
the integral over x in (2.47). The distinction that we have just described is
especially important in a special case that we shall discuss later, in which
the elastic material is confined to a surface immersed in a three-dimensional
fluid. Then p and f become singular, while 0X /0t remains finite.

A feature of the foregoing equations of motion that the reader may find
puzzling is that they do not include the equation

ap
. = 2.4
y +u-Vp=0, (2.49)

which asserts that the mass density at any given material point is independ-
ent of time, i.e., that Dp/Dt = 0. In fact (2.49) is a consequence of (2.44),
(2.45) and (2.47), as we now show.

Applying 9/0t to both sides of (2.45), we get

X
% = _/M(q,r, s)%—t(q,r,s,t)-Vé(x—X(q,r,s,t))dqdrds

= —/M(q,r, s)yu(X(q,r,s,t),t) - Vo(x — X(q,r,s,t))dgdrds. (2.50)
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On the other hand,
u-Vp(x,t) = /M(q, r,s)u(x,t) - Vé (x — X(q,r,s,t))dgdrds. (2.51)

To complete the proof, we need the equation
u(x) - Vé(x — X) = u(X) - Vé(x — X). (2.52)

This is actually not true in general, but it is true when V -u = 0. In that
case we have, for any suitable test function ¢,

V- (up) =u- Vo, (2.53)

V- (ug)(X) = u(X) - Vo(X), (2.54)

/V (ugp)(x X)dx = u(X /V(b X) dx, (2.55)
/ s(x)u(x) - Vo(x — X) dx = —u(X) / S(x)VE(x — X)dx.  (2.56)

Since ¢ is arbitrary, this implies (2.52). Then, with the help of (2.52), it is
easy to combine (2.50)—(2.51) to yield (2.49).

3. Fluid—structure interaction

In the previous section, we envisioned a viscoelastic incompressible material
filling all of space. Let us now consider the situation in which only part
of space is filled by the viscoelastic material and the rest by a viscous in-
compressible fluid. (As before, we assume that the viscosity u is constant
everywhere.) This actually requires no change at all in the equations of
motion as we have formulated them. The only change is in the elastic en-
ergy functional E[X(, , ,t)], which now includes no contribution from those
points (g, r, s) that are in the fluid regions. As a result of this, the Lagrangian
elastic force density F = —pF/pX is zero at such fluid points (g, r, s), and
the Eulerian elastic force density f(x,t) is zero at all space points x that
happen to lie in fluid regions at time ¢.

Note that the Lagrangian coordinates (q,r,s) are still used in the fluid
regions, since they carry the mass density M(q,r,s), from which p(x,t) is
computed. This formulation allows for the possibility of a stratified fluid, in
which p(x,t) is non-uniform, even in the fluid regions.

If, on the other hand, the fluid has a uniform mass density pg, then we
can dispense with the Lagrangian variables in the fluid regions and let the
Lagrangian coordinates (q,r,s) correspond to elastic material points only.
In that case, in the spirit of Archimedes, we replace the Lagrangian mass



490 C. S. PESKIN

density M(q,r, s) by the excess Lagrangian mass density M(q,r, s) such that
pxt) =po+ [ JH(a.r,9)8 (x— X(aros. ) dadrds. (3.)

Note that M may be negative; that would represent elastic material that is
less dense than the ambient fluid. The integral of M over any part of the
elastic material is the difference between the mass of that elastic material
and the mass of the fluid displaced by it.

Now we come to the important special case that gives the immersed bound-
ary method its name. Suppose that all or part of the elastic material is
confined to certain surfaces that are immersed in fluid. Examples include
heart valve leaflets, parachute canopies, thin airfoils (including bird, insect,
or bat wings), sails, kites, flags, and weather vanes. For any such surface,
only two Lagrangian parameters, say (r, s) are needed. Then the interaction
equations become

p(%,) = po+ / M(r, )8 (x — X(r, 5,1)) dr ds, (3.2)
f(x,t) = /F(r, s,t) 6 (x — X(r, s,t)) drds, (3.3)
0X

5 = U (X(r,s,t),t) = /u(x,t) 6 (x —X(r,s,t))dx. (3.4)
Note that there is no distinction here between M((r,s) and M(r,s), since
the volume displaced by an elastic material surface is zero, by definition, so
the excess mass of the immersed boundary is simply its mass. In (3.2) and
(3.3), the delta function §(x) = 6(x1)6(x2)6(x3) is still three-dimensional,
but there are only two integrals drds. As a result of this discrepancy,
p(x,t) and f(x,t) are each singular like a one-dimensional delta function,
the singularity being supported on the immersed elastic boundary. Although
p(x,t) and f(x,t) are infinite on the immersed boundary, their integrals over
any finite volume are finite. Specifically, the integral of p(x,t) over such a
volume is the sum of the mass of the fluid contained within that volume
and the mass of that part of the elastic boundary that is contained within
that volume. Similarly, the integral of f(x,¢) over such a volume is the total
force applied to the fluid by the part of the immersed boundary contained
within the volume in question.

Unlike (3.2) and (3.3), the integral in (3.4) is three-dimensional and gives
a finite result, the velocity of the immersed elastic boundary. Here again we
see an important distinction between the interaction equations that convert
from Lagrangian to Eulerian variables and the interaction equation that
converts in the other direction.

An important remark is that the equations of motion that we have just
derived for a viscous incompressible fluid containing an immersed elastic
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boundary are mathematically equivalent to the conventional equations that
one would write down involving the jump in the fluid stress across that
boundary. This can be shown by integrating the Navier—Stokes equation
across the boundary and noting the contribution from the delta function
layers given by (3.2) and (3.3). For proofs of this kind, albeit in the case of
a massless boundary, see Peskin and Printz (1993)and Lai and Li (2001).
In summary, the equations of motion derived in the previous section are
easily adapted to problems of fluid—structure interaction, including problems
involving stratified fluids (with or without structures) and also problems
involving immersed elastic boundaries as well as immersed elastic solids.

4. Spatial discretization

This section begins the description of the numerical IB method. We shall
present this method in the context of the equations of motion of an in-
compressible viscoelastic material, as derived above: see (2.43)—(2.48). The
modifications of these equations needed for fluid—structure interaction have
been described in the previous section and require corresponding minor
changes in the numerical IB method. These will not be written out, since
they are straightforward.

The plan that we shall follow in presenting the numerical IB method is
to discuss spatial discretization first. Then (in the next section) we shall
derive some identities satisfied by the spatially discretized scheme. Some
of these motivate requirements that should be imposed on the approximate
form of the Dirac delta function that is used in the interaction equations.
The construction of that approximate delta function is discussed next, and
finally we consider the temporal discretization of the scheme.

The spatial discretization that we shall describe employs two independent
grids, one for the Eulerian and the other for the Lagrangian variables. The
Eulerian grid, denoted gy, is the set of points of the form x = jh, where j =
(j1,J2,73) is a 3-vector with integer components. Similarly, the Lagrangian
grid, denoted Gy, is the set of (g,r, s) of the form (k,Aq, k, Ar, ksAs), where
(kg, kr,ks) = k has integer components. To avoid leaks, we impose the
restriction that

h
|X(Q+A(L T,S,t) 7X(Qa T’Sat)’ < 5 (41)

for all (g, r,s,t), and similarly for Ar and As.

In the continuous formulation, the elastic energy functional E[X] is typ-
ically an integral over a local energy density £. Corresponding to this, we
have in the discrete case

Bph=) &o(---Xi--+) AgArAs. (4.2)
k/
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Perturbing this, we find

0&y
pEn = Z Z Xy Xk Ag Ar As, (4.3)
k ¥
where 9/0Xy denotes the gradient with respect to Xy. This is of the form
P = —» Fi- pXi AqAr As, (4.4)
k

provided that we set

0&y
Fy=— . 4.5
=T 49
Note that this is equivalent to
OFEy,
Fy AgArAs = — . 4.6

Thus Fy is the discrete Lagrangian force density associated with the ma-
terial point k = (k;Agq, k. Ar, ksAs), and Fx Ag Ar As is the actual force
associated with that point. In a similar way, if My is the given Lagrangian
mass density at the point k, then My Ag Ar As is the actual mass associated
with that point in the discrete formulation.

Let us now consider the spatial finite difference operators that are used
on the Eulerian grid gp,. For the most part, these are built from the central
difference operators D,g’ 8 6 =1,2,3, defined as follows:

(Dgﬂ) (X) _ ¢(X + heﬂ>2_h¢(x - heﬁ) : (47)

where e, eg, e3 are the standard basis vectors. We shall also use the notation
that D?l is the vector difference operator whose components are D?L 3 Thus,

D?qu is the central difference approximation to the gradient of ¢, and D% -u
is the central difference approximation to the divergence of u.

For the Laplacian that appears in the viscous terms, however, we do not
use D?L . D?L, since this would entail a staggered stencil of total width equal
to 4 meshwidths. Instead, we use the ‘tight’ Laplacian Lj, defined as follows:

3
(Lag)(x) = 3 L0 £ 0bx— hey) — 20069
A=1

. (4.8)

Finally, we consider the operator u - V which appears in the nonlinear
terms of the Navier—Stokes equations. Since V -u = 0, we have the identity

u-Vo=V-(up). (4.9)
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We take advantage of this by introducing the skew-symmetric difference
operator Sy (u) defined as follows:

Sp(u )¢>_1u D6+ D0 (o). (4.10)

Note that the two quantities that are averaged on the right-hand side are
discretizations of the equal expressions u- V¢ and V - (u¢), respectively.
Nevertheless, the two discretizations are not in general equal to each other,
not even if D?L -u = 0. That is because the product rule that holds for
derivatives does not apply to the difference operator D(}JL.

The skew symmetry of Sp(u) is shown as follows. Let (, )5, be the discrete
inner product defined by

G = 3 o) (4.11)
XEgh

for scalars, and
(u,v)p, = Z u(x) - v(x)n? (4.12)
XEGh

for vectors. It is easy to show by ‘summation by parts’ (which is merely
re-indexing) that

(¢, D} -u), = —(Dho,u),. (4.13)

In other words, D?L is skew-symmetric with respect to this inner product.
With the help of this identity, we see that

(4 S(w)6), = 5 (u- DY), + 5 (4. - (ug)
1 1
= 5( wy, DY ¢), 5( o, ug),
= —5 (D} (w),6), - 5 (u-Dhw,0)
= —(Sn(W)t), d)n, (4.14)

so Sp(u) is indeed skew-symmetric, as claimed. Note that the skew sym-
metry of Sy,(u) holds for all u; it does not require DY -u = 0. This completes
the discussion of the difference operators that are needed on the Eulerian
grid gp.

Finally, we consider the interaction equations, which involve the Dirac
delta function via the kernel 6 (x — X(q,7,s,t)). The integrals in these
equations are, of course, replaced by sums over the appropriate grid (g, or
Gp), but what about the delta function itself? What is clearly needed is a
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function 6y (x) that is nonsingular for each h but approaches §(x) as h — 0.
There are, of course, many ways to construct such 65, and we shall describe
the method of construction that we recommend in a subsequent section.
For now, however, we proceed on the assumption that the function & (x) is
known.

With the apparatus introduced above, we may spatially discretize (2.43)—
(2.48) as follows:

d
(5 + Sutwu) + DYy = s+t (4.15)

DY.-u=0, (4.16)

p(x,t) = Z M(q,r,s)op (x —X(q,r,s,1)) AgAr As, (4.17)

(g,r,8)€GY,
f(X, t) = Z F(ervsvt) on (X_X(Q,T,S,t)) Aq Ar AS? (418)
(g,r,8)EGH,
dx ,
7((]7 rs, t) = Z u(X7 t) 6h (X - X(Q? r, 57 t)) h 9 (419)
dt
XEgh
F(qrst)AqArAs:—LE (- X(d,7", s, t)-) (4.20)
0X(g,r.s) " e

These comprise a system of ordinary differential equations, with x restricted
to gn, and with (g,r, s) or (¢/,7', ") restricted to G,

5. Eulerian/Lagrangian identities

First, we show that total momentum and total power each come out the
same whether they are evaluated in Eulerian or in Lagrangian form. These
two identities require no assumptions at all on the form of é,. They are
important because they reveal the dual nature of the operations defined by
(4.17) and (4.19), and similarly between the operations defined by (4.18)
and (4.19). The operations that take Lagrangian input and generate Eu-
lerian output (equations (4.17) and (4.18)) define relationships between cor-
responding densities, and we shall refer to them as ‘spreading’ operations.
Thus (4.17) spreads the Lagrangian mass out onto the Eulerian grid, and
the operation defined by (4.18) does the same for the Lagrangian force. The
operation defined by (4.19), on the other hand, is best described as ‘interpol-
ation’, since it averages the numerical values on nearby Eulerian grid points
to produce a corresponding numerical value at a Lagrangian material point.
The mathematical content of the two identities that we shall now derive is
that spreading is the adjoint of interpolation.
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Starting from the Eulerian formula for the momentum, we find

> p(x tu(x, t)h?

XEgh

Z Z (q,7,8) 6 (x — X(q,7,5,1)) AgArAsu(x,t) k3

X€gn (q,r,8)EGH

= Z (q,7,s) (Z((q,r,s,t) Aq Ar As, (5.1)

which is the corresponding Lagrangian formula for the momentum. In the
first step we used (4.17) to eliminate p and in the second step we used (4.19)
to eliminate u. Note that the argument only works because the same kernel
on (x — X(q,r,s,t)) is used the spreading step and in the interpolation step.

In exactly the same way, starting from the Eulerian formula for the power
that is generated by the elastic force, we find

D f(x,t) - u(x,t) B
XEgn
= Z Z (q,7,5,1) 6 (x — X(q,7,5,1)) AgAr As-u(x,t)h?

XEgn (q,r,s)EGH

dX
= Z F(q,T‘,S,t) ’ dt (Q7T755t) AC_[AT‘AS, (52)
(g,7,5)€GH

which is the corresponding Lagrangian expression. Here we used (4.18)
and (4.19) in the same manner as above. Again, the argument only works
because the same §;, appears in both interaction equations.

Next, we show that mass, force, and torque all come out the same whether
they are evaluated in terms of Eulerian or Lagrangian variables. These iden-
tities differ from those derived above in that they rely on certain properties
of the function ;. We state these properties now, so that we may use them
as needed in the derivations that follow. They will play a central role in the
construction of 0 as described in the following section. The two key prop-
erties that we need to impose on ¢, to obtain the mass, force, and torque
identities are:

Y ox—X)h* =1, allX, (5.3)
XEGh
> (x-X)s(x—X)h* =0, all X. (5.4)

XEgn

It is important that these properties hold for all real shifts X, not merely
for X € gj,. Note that these properties are the discrete analogues of [ §(x —
X)dx =1 and [(x —X)é(x — X)dx = 0. Finally, we remark that the two
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properties stated above can be combined to yield

> xbu(x—X)hP =X, all X. (5.5)

XEgh

The mass and force identities need only (5.3) and are derived as follows:

Z p(x,t)h3
XEGgn
= Z Z M(q,r,s)6p (x — X(q,7,5,t)) AgAr Ash?
X€gn (q,r,s)€GH,
= Z M(q,r,s) Aq Ar As. (5.6)
(q,r,8)EGH

By the way, this establishes conservation of mass, since the last line is inde-
pendent of time. Exactly the same manipulations yield the force identity:

=Y S F(grs,t) 6 (x - X(g,7,5,1)) AgAr Ash?

X€9n (q,r,8)EGH,

= Z F(q,r, s,t) AqgAr As. (5.7)
(q,r,8)EGH

The torque identity is similar but relies on (5.5):

Z x x f(x,t)h?
XEGh
= Z Z x x F(q,7,8,1) 6 (x — X(q,7,5,t)) AgAr Ash?
X€gn (q,r,8)EGH

= Z X(q,r,s,t) x F(q,r,s,t) Aqg Ar As. (5.8)
(¢,r,5)€GH,

In summary, we have established the equivalence of the Lagrangian and
Eulerian expressions for mass, momentum, force, torque and power. (There
do not seem to be similar identities for angular momentum or kinetic en-
ergy, though the reader is welcome to look for them.) The mass identity
also establishes conservation of mass, since the Lagrangian expression for
the mass is time-independent. The significance of the force, torque, and
power identities is that momentum, angular momentum, and energy are not
spuriously created or destroyed by the interaction equations. This is not
the same thing as saying that these quantities are conserved, since that will
depend on other aspects of the numerical scheme.
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We conclude this section by showing in an important special case that
momentum and energy are in fact conserved by the spatially discretized 1B
method. (In the case of energy, the rate of production of heat by viscosity
has to be taken into account.) The special case that we consider is the one
in which the whole system has a uniform mass density p. In other words,
the immersed elastic material is neutrally buoyant in the ambient fluid, or
it occupies so little volume that its mass can be neglected. In that case, we
can dispense with (4.17) and instead treat p as a given constant.

Conservation of momentum requires the additional hypothesis that the
elastic energy functional E be translation invariant, that is,

EIX(,, . t)+2Z] = E[X(,,,t), (5.9)

where Z is an arbitrary fixed shift, independent of the Lagrangian paramet-
ers (q,r,s). It is easy to show that this is equivalent to the condition that
the total force generated by the elastic energy be identically zero. Thus, we
assume here that

Z F(q,7,s,t) AgAr As = 0. (5.10)
(g,r,5)€GH

According to our force identity, (5.7), this property is inherited by the Eu-
lerian force density so that

> f(x,t)n = 0. (5.11)

XEgn

Now, since p is constant, we can find the rate of change of momentum simply
by summing (4.15) over the entire Eulerian grid. It is easy to see that this
yields zero for all three of the terms pSy(u)u, D9p, and pLju (recall that u is
constant throughout this paper). The reason is that summing over the grid
is equivalent to taking the inner product with a constant. The operators
involved in these three terms are all either antisymmetric or symmetric.
Thus, they can be made to apply to the constant, where they all yield zero.
The conclusion is that

d
pr Z pu(x, t)h3 =0, (5.12)
XEGh

which is conservation of momentum.

Conservation of energy does not require a translation-invariant elastic
energy function, so we no longer make use of (5.9)—(5.11). Taking the inner
product of both sides of (4.15) with u, we find

dl1
dt 2
Now Sy, and D?Z are both skew-symmetric, so the term involving S}, is imme-
diately zero, and the term involving D?l can be rewritten (D?L -u, p), which

p(u,u), = —p(u, Sp(wu), — (u,DYp)y + p(a, L), + (u, f)y. (5.13)
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is zero because the discrete divergence of u is zero (equation (4.16)). Also,
we can use the power identity (equation (5.2)) to rewrite the last term in
Lagrangian variables. The result is

%%p(u, u)p, = +p(u, Lyu), + Z F(q,7,s,t) - %(q, r, s, t) Ag Ar As.
(g,r,8)€GH,
(5.14)
The last step is to make use of (4.20) together with the chain rule to show
that the last term is simply —dFEj/d¢. Thus,

d

= (;p (w,u), + Ep(- - X(¢', v, 8 t) -+ )) = p(u, Lpu)p. (5.15)

Because Lj is a symmetric nonpositive operator the null space of which
contains only constants, the term on the right-hand side is negative (unless
u is constant, in which case that term is zero). Its magnitude is the rate
of heat production by viscosity. This completes the proof of conservation of
energy for the spatially discretized IB method with uniform mass density.

Although it would be nice to generalize the momentum and energy con-
servation results to the case of non-uniform mass density, this does not seem
to be possible within the current framework. The equation for dp/d¢, which
is then needed, is a complicating factor. We can get such an equation by
differentiating (4.17), but it involves the gradient of 6, and does not seem
to fit in well with the other equations. Nevertheless, we have at least shown
that the force, torque, and power (which are, of course, the rates of change of
momentum, angular momentum, and energy) are correctly converted back
and forth between Lagrangian and Eulerian form by our scheme. These
results hold even in the case of non-uniform mass density.

6. Construction of é;

In this section we describe the construction of the function é; that is used in
the interaction equations (equations (4.17)—(4.19)). We first give the form
of 4, that is most commonly used, and then briefly discuss some possible
variants. The postulates that we use to determine the function 6, (x) are as
follows. (The motivation for these postulates will be given after they have
all been stated.)

First, we assume that the three-dimensional 6, is given by a product
of one-variable functions that scale with the meshwidth A in the following

manner: . f;¢<32>¢<922>¢<523>’ (6.1)

where z1,z9,x3 are the Cartesian components of x.
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Having said this, we can state the rest of our postulates in terms of the

function ¢(r), where r can denote x1/h, x2/h, or x3/h. These postulates
are:

¢(r) is continuous for all real r, (6.2)
o(r) =0 for |r| > 2, (6.3)

Z o(r—j)= Z o(r—j)= % for all real r, (6.4)

J even j odd
Z(r — 7)¢(r — j) = 0 for all real r, (6.5)
J
Z (p(r — j))2 = C for all real r, (6.6)

J
where the constant C is independent of r. Its numerical value will be de-
termined later. Even though the sums are over integer values of j, it is
important that the above equations hold for all real shifts r, not just for
integer values of r.
For future reference, we note that (6.4) and (6.5) can be combined to yield

> jg(r—j) =r for all real r. (6.7)
J

Before solving the above equations for ¢(r), let us consider the motivation
for each of these postulates in turn. The product form given by (6.1) is
not essential, but it makes a tremendous simplification, since it reduces all
subsequent considerations to the one-dimensional case. Also, the scaling
introduced in (6.1) has the simplifying effect of removing the parameter h
from all subsequent formulae. Moreover, this scaling is the natural one, so
that 65, — 6 as h — 0.

Generally speaking, the purpose of the other postulates is to hide the
presence of the Eulerian computational lattice as much as possible. The
continuity of ¢, for example, is imposed to avoid jumps in velocity or in
applied force as the Lagrangian marker points cross over the Eulerian grid
planes.

The postulate of bounded support (equation (6.3)), however, is made for
a different reason: computational efficiency. There are functions with un-
bounded support that one might well like to use for ¢(r), such as exp(—r?2/2)
or sin(r)/r, but these would entail enormous computational cost, since each
Lagrangian marker point would then interact directly with all grid points
of the Eulerian computational lattice. The support of ¢(r) as specified in
(6.3) is the smallest possible while maintaining consistency with the other
postulates.
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An immediate consequence of (6.4) is that

> ¢(r—j) =1 for all real r, (6.8)
J

and this, in turn, implies the identity (5.3), which was used in the deriva-
tion of the mass, force, and torque identities of the previous section. What
requires further explanation, however, is why we impose the stronger con-
ditions that the sum over the even grid points should separately give 1/2,
and similarly the sum over odd grid points. This is a technical issue relating
to the use of the central difference operator D° in our numerical scheme.
The null space of the gradient operator based on DV is eight-dimensional. It
contains not only the constants but any function that is constant on each of
the 8 ‘chains’ of points {j; even, j2 even, j3 even}, {j1 even, js even, j3 odd},
etc. The separate conditions given in (6.4) ensure that all eight chains get
the same amount of force from each Lagrangian marker point, and also
that each Lagrangian marker point assigns equal weight to all eight chains
when computing its interpolated velocity. This avoids oscillations from one
grid point to the next that would otherwise occur, especially when localized
forces are applied.

Equation (6.5) is postulated because it implies the three-dimensional iden-
tity (5.4), which was used to derive the torque identity in the previous
section. Notice, too, that (6.4) and (6.5) together imply that, when 6y, is
used for interpolation, linear functions are interpolated exactly, and smooth
functions are therefore interpolated with second-order accuracy. Having
said this, however, we must also point out that, in those cases in which
the IB method is used with true boundaries (i.e., immersed elastic struc-
tures of zero thickness), the velocity field that must be interpolated at the
boundary is not, in fact, smooth. It is continuous but suffers a jump in its
normal derivative. In this situation, the interpolation formula involving oy
is only first-order accurate. The ‘immersed interface method’ (LeVeque and
Li 1994, LeVeque and Li 1997, Li and Lai 2001) overcomes this difficulty.

The final postulate, (6.6), is different in character from the others and
requires more explanation. It comes from a condition that we would like to
impose but cannot (for a reason that will be explained below), namely

Z d(r1 — §)p(ra — j) = ®(r1 — 7o) for all real 1,79, (6.9)
J

where ® is some other function related to ¢. If a condition of this form
could be imposed (regardless of the function ®), it would imply (proof left
as an exercise for the reader) the exact translation invariance of the IB
method as applied to a translation-invariant linear system like the Stokes
equations, that is, the IB results would remain exactly the same despite shifts
in position of all immersed elastic structures by fixed (possibly fractional)
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amounts relative to the Eulerian grid. This would be the ultimate in ‘hiding
the grid’. Even though we are solving the nonlinear Navier—Stokes equations,
exact translation invariance in the case of the Stokes equations would suggest
a good approximation to translation invariance in the case of the Navier—
Stokes equations.

It is easy to prove, however, that (6.9) is incompatible with any condition
of bounded support, like (6.3). The idea of the proof is to choose r; — 