
MA587: Numeri
al Solutions of PDEs { Finite Element Methods
1 Introdu
tion1.1 The ProblemsWe want to solve ordinary/partial di�erential equations (ODE/PDE), espe
ially linear se
ondor fourth order ODE/PDEs. The linear di�erential equations 
an be 
lassi�ed as ellipti
,paraboli
, and hyperboli
 equations. Below are some examples:1. Initial value problems: u00(t) + a(t)u0(t) + b(t)u(t) = f(t);u(0) = u0; u0(0) = v0 : (1)2. Boundary value problems: One dimensional example,u00(x) + a(x)u0(x) + b(x)u(x) = f(x);u(0) = u0; u(1) = u1 : (2)Two dimensional example: � (uxx + uyy) = f(x; y); (x; y) 2 
u(x; y) = u0(x; y); (x; y) 2 �
: (3)3. Boundary and initial value problemsut = auxx + f(x; t)u(0; t) = g1(t); u(1; t) = g2(t); BCu(x; 0) = u0(x); IC (4)4. Eigenvalue problem: �u00(x) = �u(x)u(0) = 0; u(1) = 0: (5)Both u(x) and s
alar � are unknowns. 1



2 Z. LiThe �nite element method was 
reated to solve the 
ompli
ated equations of elasti
ity andstru
tural me
hani
s, usually modeled by ellipti
 type equations, with 
ompli
ated geometries.It has been developed for other appli
ations as well.In this 
ourse, we will fo
us on ellipti
 type ODE/PDE boundary value problems and oftenuse the model equations1D: � u00(x) = f(x); u(0) = u0; u(1) = u1;2D: � (uxx + uyy) = f(x; y); (x; y) 2 
; u(x; y) = u0(x; y); (x; y) 2 �
:Usually the solutions of di�erential equations 
an not be expressed in terms of elementaryfun
tions (polynomials, sin(x), 
os(x), log(x), ax et
.) and hard to �nd. We need to look forapproximate solutions.� Semi-analyti
 methods. Sometime we 
an approximate the solution using series, integralequations, interpolation, perturbation te
hniques, asymptoti
 approximations et
.� Numeri
al approximate solutions: We use 
omputers to obtain approximate numbers forthe solutions.In this 
ourse, we will mainly use the se
ond approa
h.1.2 Comparison of the �nite di�eren
e and the �nite element methodsConsider the model problem�u00(x) = f(x); 0 � x � 1; u(0) = 0; u(1) = 0:We will solve this problem using the �nite di�eren
e method and the �nite element method tosee their di�eren
es.The �nite di�eren
e method1. Generate a grid. For example, we 
an use a uniform Cartesian gridxi = i h; i = 0; 1; � � � n; h = 1n:2. Substitute the derivatives with some �nite di�eren
e formulas to get one equation atea
h grid point. Noti
e that for a twi
e di�erential fun
tion �(x)�00(x) = lim�x!0 �(x��x)� 2�(x) + �(x+�x)�x2



Finite Element Method 3At ea
h grid point xi we approximate the di�erential equation by�u(xi � h)� 2u(xi) + u(xi + h)h2 = f(xi) + error:We de�ne the approximate solution at xi as Ui, they are the solution of the followingsystem of equations �0� 2U1 + U2h2 = f(x1)�U1 � 2U2 + U3h2 = f(x2)�U2 � 2U3 + U4h2 = f(x3)� � � � � � = � � ��Ui�1 � 2Ui + Ui+1h2 = f(xi)� � � � � � = � � ��Un�3 � 2Un�2 + Un�1h2 = f(xn�2)�Un�2 � 2Un�1 + 0h2 = f(xn�1):This system of equations 
an be written as the matrix and ve
tor form:26666666666666664
2h2 � 1h2� 1h2 2h2 � 1h2� 1h2 2h2 � 1h2. . . . . . . . .� 1h2 2h2 � 1h2� 1h2 2h2

37777777777777775
26666666666666664

U1U2U3...Un�2Un�1
37777777777777775 =

26666666666666664
f(x1)f(x2)f(x3)...f(xn�2)f(xn�1)

377777777777777753. Solve the system of equations to get the approximate solution at ea
h grid point.4. Error analysis (
onsisten
y + stability =) 
onvergen
e). It is pointwise 
onvergen
e,that is limh!0 ku(xi)� Uik1 = 0. The �nite di�eren
e method needs the solution to havese
ond order derivative.1.3 The �nite element method:1. Derive a weak or variational formulation in integral form. This 
an be done by multiplyinga testing fun
tion v(x), v(0) = 0, v(1) = 0 to both sides of the di�erential equation:�u00v = fv:



4 Z. LiIntegrate from 0 to 1, and use integration by parts to getZ 10 (�u00v)dx = Z 10 fvdx�u0v��10 + Z 10 u0v0dx = Z 10 fvdxZ 10 u0v0dx = Z 10 fvdx: This is the weak form!:2. Generate a triangulation (interval). For example, we 
an use a uniform Cartesian gridxi = i h, i = 0; 1; � � � ; n, h = 1=n, to get the intervals [xi�1; xi℄, i = 1; 2; � � � ; n.3. Constru
t a set of basis fun
tions based on the triangulation. We 
an use pie
ewise linearfun
tions. De�ne: �1(x) = 8>>>>><>>>>>: xh if 0 � x � x1x2 � xh if x1 � x � x20 otherwise�i(x) = 8>>>>><>>>>>: x� xi�1h if xi�1 � x � xixi+1 � xh if xi � x � xi+10 otherwiseThey are 
alled hat fun
tions.4. The approximate solution then is the linear 
ombination of the basis fun
tions:uh(x) = n�1Xi=1 
j�j(x);where the 
oeÆ
ients 
j are unknowns. Noti
e that uh(x) is a pie
ewise linear fun
tion,and usually is not the exa
t solution. We need to derive a linear system of equationsfrom the weak form R 10 u0v0dx = R 10 fvdx with the exa
t solution being substituted bythe approximate solution uh(x):Z 10 u0hv0dx = Z 10 fvdx; The error 
omes in!Z 10 n�1Xj=1 
j�0jv0dx = Z 10 fvdxn�1Xj=1 
j Z 10 �0jv0dx = Z 10 fvdx



Finite Element Method 5Now we 
hoose v(x) as �1, �2, � � � , �n�1 respe
tively to get:�Z 10 �01�01dx� 
1 +�Z 10 �01�02dx� 
2 + � � �+�Z 10 �01�0n�1dx� 
n�1 = Z 10 f�1dx�Z 10 �02�01dx� 
1 +�Z 10 �02�02dx� 
2 + � � �+�Z 10 �02�0n�1dx� 
n�1 = Z 10 f�2dx� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��Z 10 �0i�01dx� 
1 +�Z 10 �0i�02dx� 
2 + � � � +�Z 10 �0i�0n�1dx� 
n�1 = Z 10 f�idx� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��Z 10 �0n�1�01dx� 
1 +�Z 10 �0n�1�02dx� 
2 + � � � +�Z 10 �0n�1�0n�1dx� 
n�1 = Z 10 f�n�1dx:In the matrix-ve
tor form, AU = F , it is:2666666664 a(�1; �1) a(�1; �2) � � � a(�1; �n�1)a(�2; �1) a(�2; �2) � � � a(�2; �n�1)... ... ... ...a(�n�1; �1) a(�n�1; �2) � � � a(�n�1; �n�1)
3777777775
2666666664 
1
2...
n�1

3777777775 = 2666666664 (f; �1)(f; �2)...(f; �n�1)
3777777775 ;where a(�i; �j) = Z 10 �0i�0jdx; (f; �i) = Z 10 f�idxIf �i are the hat fun
tions, then we have26666666666666664

2h � 1h� 1h 2h � 1h� 1h 2h � 1h. . . . . . . . .� 1h 2h � 1h� 1h 2h
37777777777777775
26666666666666664


1
2
3...
n�2
n�1
37777777777777775 =

26666666666666664
R 10 f�1dxR 10 f�2dxR 10 f�3dx...R 10 f�n�2dxR 10 f�n�1dx

377777777777777755. Solve the linear system of equations AU = F .6. Error analysis.



6 Z. LiQuestions we would like to ask:� Why/how 
an we 
hange PDE/ODE to a weak form?� How do we 
hoose the basis fun
tions � and their boundary 
onditions?� How to implement the �nite element method?� How to solve the linear system of equations?� How do we 
arry out the error analysis?1.4 Advantages and disadvantages of �nite di�eren
e and �nite elementmethodsFinite di�eren
e methods:� Simple to use and are easy to understand.� Easy to implement for re
tangular regions in two and three dimensions.� It is pointwise.� Many fast solvers and pa
kages, e.g., FFT, for regular domains (re
tangular and 
ir
ularregions).� DiÆ
ult for 
ompli
ated geometries.� Have strong regularity requirements (derivatives) for the solutions.Finite element methods:� Very su

essful for stru
tural (ellipti
 type) problems.� Natural approa
h for problems with 
ompli
ated boundaries.� Solid theoreti
al foundations at least for ellipti
 type problems.� Weaker requirement for the solutions. For example, we do not need u00 for the 1D modelproblem sin
e only the integral forms are used.� Many 
ommer
ial pa
kages.� Usually 
oupled with multigrid solvers.



Finite Element Method 7� Need expert knowledge to generate the triangulation whi
h is used to be the most diÆ
ultpart. Now we 
an use many pa
kages, for example, Matlab, Triangle, Pltmg, Fidap,Ansys et
.Finite Di�eren
e methods, �nite element methods, �nite volume methods, spe
tral methodsare all useful for solving PDEs/ODEs.2 Finite element methods for one dimensional ellipti
 equa-tionsThe model is �u00(x) = f(x); 0 < x < 1;u(0) = 0; u(1) = 1: (6)The problem 
an be reformulated into di�erent forms.1. (D)-form, the original di�erential equation.2. (V)-form, the variational form or weak form:Z 10 u0v0dx = Z 10 fvdx (7)for any testing fun
tion v 2 H10 (0; 1). The 
orresponding �nite element method is often
alled the Galerkin method. Question: What happened to the boundary 
ondition?3. (M)-form, the minimization form:minv(x)2H10 (0;1)� 12 Z 10 �(v0)2 � fv� dx� : (8)The 
orresponding �nite element method is often 
alled the Ritz method. Under someassumptions, the three di�erent forms are equivalent, that is, they have the same solution.2.1 Physi
al reasoningFrom the point of view mathemati
al modeling, the variational/weak form and the minimiza-tion form pre
edes the di�erential form. To see this, 
onsider an elasti
 string with two end�xed and with an external for
e f(x):Let u(x) be the position of the string at x whi
h is unknown and depends on f(x). Thephysi
al law states that the equilibrium is the state that minimizes the total energy. The



8 Z. Lipotential energy due to the deformation is� � in
rease in the length� �q(u(x+�x)� u(x))2 +�x2 ��x�= � 0�s�u+ ux�x+ 12�x2uxx + � � � � u(x)�2 +�x2 ��x1A� � �p�x2 (1 + u2x)��x�� ��x2 u2x;where � is the 
oeÆ
ient of the surfa
e tension that we assume it is a 
onstant. The work donedue to the external for
e is �f(x)u(x). Therefore the total energy isF (u) = Z 10 12�u2xdx� Z 10 f(x)u(x)dx:The equilibrium state u�(x) must minimizes the total energy:F (u�) � F (u)for any u 2 H10 . Note that u� is the minimizer of the fun
tional F (u) (fun
tion of fun
tions).If we 
onsider the balan
e of the for
e, we will get the di�erential equation. The for
es arethe external for
e f(x) whi
h is balan
ed by the tension of the elasti
 string. From the Hooke'slaw we know the tension is T = �ux:Therefore, we have � (ux(x+�x)� u(x)) = �f(x)�xor � ux(x+�x)� u(x)�x = �f(x)Let �x! 0 to get � �uxx = f(x):Therefore from the physi
al reasoning, we know that that the di�erential equation is equivalentto the minimization problem. Using the prin
ipal of virtual work, we also 
an 
on
lude that:Z 10 u0v0dx = Z 10 fvdxfor any fun
tion v(x) 2 H10 .



Finite Element Method 92.2 Mathemati
al equivalen
eWe have proved (D) =) (V). We are going to prove (V) =) (V) and () (M).Theorem 2.1 If uxx exists and 
ontinuous, then fromZ 10 u0v0dx = Z 10 fvdx; 8 v(0) = v(1) = 0; v 2 H1(0; 1)we 
an 
on
lude �uxx = f(x).Proof: Using integration by partsZ 10 u0v0dx = u0v��10 � Z 10 u00vdx=) � Z 10 u00vdx = Z 10 fvdxor Z 10 �u00 + f� vdx = 0:Sin
e v(x) is arbitrary and 
ontinuous, and u00 and f are 
ontinuous, we must haveu00 + f = 0; i:e: � u00 = f:Now we prove V =) M. Suppose u� satis�esZ 10 u�0v0dx = Z 10 vfdxfor any v(0) = v(1) = 0, for any v(x) 2 H10 , we need to prove thatF (u�) � F (u) or12 Z 10 (u�)2xdx� Z 10 fu�dx � 12 Z 10 u2xdx� Z 10 fudx



10 Z. LiProof:F (u) = F (u� + u� u�) = F (u� + w); w = u� u� w(0) = w(1) = 0= Z 10 �12(u� + w)2x � (u� + w)f� dx= Z 10 "(u�)2x +w2x + 2(u�)xwx2 � u�f � wf# dx= Z 10 �12(u�)2x � u�f� dx+ Z 10 12w2xdx+ Z 10 ((u�)xwx � fw) dx= Z 10 �12(u�)2x � u�f� dx+ Z 10 12w2xdx+ 0= F (u�) + Z 10 12w2xdx> F (u�):The proof is 
ompleted.Finally we prove that (M) =) (V). Assume u� is the minimizer of the F (u�), we want toprove that Z 10 (u�)xvxdx = Z 10 fvdxfor any v(0) = v(1) = 0 and v 2 H1(0; 1).Proof: Consider the auxiliary fun
tion:g(�) = F (u� + �v):Sin
e F (u�) � F (u� + �v) for any �, g(0) is a global/lo
al minimum and therefore g0(0) = 0.g(�) = Z 10 �12(u� + �v)2x � (u� + �v)f� dx= Z 10 �12 �(u�)2x + 2(u�)xvx�+ v2x�2�� u�f � �vf�dx= Z 10 �12(u�)2x � u�f� dx+ �Z 10 ((u�)xvx � fv) dx+ �22 Z 10 v2xdx:Thus g0(�) = Z 10 ((u�)xvx � fv) dx+ �Z 10 v2xdxand g0(0) = Z 10 ((u�)xvx � fv) dx = 0



Finite Element Method 11That is, the weak form is satis�ed.The three di�erent forms may not be equivalent for some problems depending on theregularity of the solutions. The relations are(D) =) (M) =) (V)From (V) to 
on
lude (M), we usually need the di�erential equations to be self-adjoint. From(M) or (V) to 
on
lude (D), we need the solution of the di�erential equations to have 
ontinuousse
ond order derivatives.3 Finite Element Method for the 1D model problem: Methodand ProgrammingFor the model problem �u00(x) = f(x); 0 < x < 1; (9)u(0) = u(1) = 0: (10)We will dis
uss� Ritz method for the minimization form.� Galerkin method for the weak/variational form.� Programming: assembling element by element.3.1 Pro
edureDi�erent forms:� Weak/variational form: Z 10 u0v0dx = Z 10 fvdx for any v(x) that has 
ontinuous �rstderivative and v(0) = v(1) = 0.� Minimization form, �nd u su
h thatF (u) = minv2H10 (0;1)�12 Z 10 v2xdx� Z 10 fvdx� :



12 Z. Li
x0 = 0 x1 x2 xi

�1 �i �M
xM = �

�0
Figure 1: Diagram of a triangulation in one dimensionTriangulation:Given a triangulation, x0 = 0, x1; x2; � � � xM = 1. Let hi = xi+1 � xi, i = 0; 1; � � � ;M � 1.� xi is 
alled a node.� [xi; xi+1℄ is 
alled an element.� h = max0�i�M�1 f hi g measures how �ne the partition is.De�ne a �nite dimensional spa
e over the triangulation:Vh (a �nite dimensional spa
e) � V (the solution spa
e,)The dis
rete problem � (the 
ontinuous problem):Di�erent �nite dimensional spa
es will generate di�erent �nite element methods. Sin
e Vh has�nite dimension, we 
an �nd one set of basis fun
tions�1; �2; � � � ; �M�1 � Vh;�1, �2, � � � , �M�1 have to be linear independent, that is, ifM�1Xj=1 �j�j = 0;then �1 = �0 = � � � = �M�1 = 0; Vh is the spa
e spanned by the basis fun
tions:Vh = 8<: vh(x); vh(x) = M�1Xj=1 �j�j 9=; :Example: The simplest �nite dimensional spa
e is the pie
ewise 
ontinuous linear fun
tionspa
e de�ned over the triangulation.Vh = f v(x); vh(x) is pie
ewise 
ontinuous linear over the triangulation vh(0) = vh(1) = 0g :We want to know whether Vh has a �nite or in�nite dimensions. Note that there are in�nitenumber of elements in Vh.



Finite Element Method 13Find the dimension of Vh.A linear fun
tion l(x) in an interval [xi; xi+1℄ is determined by its values at xi and xi+1l(x) = l(xi) x� xi+1xi � xi+1 + l(xi+1) x� xixi+1 � xiThere are M � 1 su
h nodal vales, l(xi)s, l(x1), l(x2), � � � , l(xM�1) for a pie
ewise 
on-tinuous linear fun
tion over the triangulation plus l(x0) = l(xM ) = 0. Given a ve
tor[ l(x1); l(x2); � � � ; l(xM�1)℄T 2 RM�1, we 
an 
onstru
t a vh(x) 2 Vh by taking vh(xi) = l(xi).On the other hand, given a vh(x) 2 Vh, we get a ve
tor [v(x1); v(x2); � � � ; v(xM�1)℄T 2 RM�1.Therefore there is one to one relation between Vh and RM�1, so Vh has a �nite dimensionM � 1.Find a set of basis fun
tions.The �nite dimensional spa
e 
an be spanned by a set of basis fun
tions. There are in�nitenumber of sets of basis fun
tions. We should 
hoose a set of basis fun
tions that� are simple;� have minimum support (zero almost everywhere);� meet the regularity requirement (i.e. how smooth they should be).The simplest ones are the hat fun
tions:�1(x1) = 1; �1(xj) = 0; j = 0; 2; 3; � � � ;M;�2(x2) = 1; �2(xj) = 0; j = 0; 1; 3; � � � ;M;� � � � � � � � � � � ��i(xi) = 1; �i(xj) = 0; j = 0; 1; � � � i� 1; i+ 1; � � � ;M;� � � � � � � � � � � ��M�1(xM�1) = 1; �M�1(xj) = 0; j = 0; 1; � � � ;M:They 
an be written in the simple form�i(xj) = 8<: 1; if i = j,0; otherwise: (11)



14 Z. Li

Figure 2: Pie
ewise linear basis fun
tions �i for a 4-element mesh generated by linear shapefun
tions  e1,  e2 de�ned over ea
h element.



Finite Element Method 15The analyti
 form is
�i(x) = 8>>>>>>>>><>>>>>>>>>:

0; if x < xi�1,x� xi�1hi ; if xi�1 � x < xi;xi+1 � xhi+1 ; if xi � x < xi+1,0; if xi+1 � x: (12)
The �nite element solution that we are looking for isuh(x) = M�1Xj=1 �j�j(x): (13)We 
an use either the minimization form (M), or weak/variational form (V), to derive a linearsystem of equations for the 
oeÆ
ients �j . Noti
e that using the hat fun
tions, we haveuh(xi) = M�1Xj=1 �j�j(xi) = �i�i(xi) = �i: (14)So �i is an approximate solution to the exa
t solution at x = xi.3.2 The Ritz method (for problems that have a minimization form).The Ritz method is the earliest form of the �nite element method and is the most su

essful.However, not every problem has a minimization form.The minimization form for the model problem isF (v) = 12 Z 10 (vx)2dx� Z 10 fvdx: (15)Therefore F (vh) = 12 Z 10 0�M�1Xj=1 �j�0j(x)1A2 � Z 10 f M�1Xj=1 �j�j(x)dx: (16)Now F (vh) is a multi-variable fun
tion �1; �2; � � � ; �M�1F (vh) = F (�1; �2; � � � ; �M�1) :The ne
essary 
ondition for a global minimum (lo
al minimum as well) is�F��1 = 0; �F��2 = 0; � � � �F��i = 0; � � � �F��M�1 = 0:



16 Z. LiBy taking the partial derivatives dire
tly we have�F��1 = Z 10 0�M�1Xj=1 �j�0j1A�01dx� Z 10 f�1dx = 0�F��i = Z 10 0�M�1Xj=1 �j�0j1A�0idx� Z 10 f�idx = 0; i = 1; 2; � � � ;M � 1:Ex
hange the order of integration and the summation to getM�1Xj=1 �Z 10 �0j�0idx��j = Z 10 f�idx; i = 1; 2; � � �M � 1:This is exa
t the same as we would get using the Galerkin method with the weak form,Z 10 u0v0dx = Z 10 fvdxZ 10 0�M�1Xj=1 �j�0j1A�0idx = Z 10 f�idx; i = 1; 2; � � �M � 1:Comparison of Ritz and Galerkin methods:For many problems, the two methods are equivalent theoreti
ally.� Optimization te
hniques 
an be used in Ritz method.� Weak form usually has weaker requirements for the di�erential equation and the solution.Not every problem has a minimization form, but almost all problems have some kind ofweak forms. Whether the weak form is a good 
hoi
e and whether the �nite elementmethod 
onverges or not is an important issue.4 FEM programming for 1D problemGiven a problem, say the model problem, after we have derived the minimization/weak form;
onstru
ted a triangulation and a set of basis fun
tions, we need to form the 
oeÆ
ient matrixA, often 
alled sti�ness matrix, and the right hand side F , often 
alled the load ve
tor. Howto form A and F is a very 
ru
ial part in the �nite element method. For the model problem,we form A and F by assembling element by element. The elements are[x0; x1℄; [x1; x2℄; � � � [xi�1; xi℄ � � � [xM�1; xM ℄;
1; 
2; � � � 
i; � � � 
M :



Finite Element Method 17The idea is to break up the integration element by element. For any fun
tion g(x), the inte-gration Z 10 g(x)dx = MXk=1 Z xkxk�1 g(x)dx = MXk=1 Z
k g(x)dx:The sti�ness matrix then 
an be written as
A = 2666666664

R 10 (�01)2dx R 10 �01�02dx � � � R 10 �01�0M�1dxR 10 �02�01dx R 10 (�02)2dx � � � R 10 �02�0M�1dx... ... ... ...R 10 �0M�1�01dx R 10 �0M�1�02dx � � � R 10 (�0M�1)2dx
3777777775

= 2666666664
R x1x0 (�01)2dx R x1x0 �01�02dx � � � R x1x0 �01�0M�1dxR x1x0 �02�01dx R x1x0 (�02)2dx � � � R x1x0 �02�0M�1dx... ... ... ...R x1x0 �0M�1�01dx R x1x0 �0M�1�02dx � � � R x1x0 (�0M�1)2dx

3777777775
+ 2666666664

R x2x1 (�01)2dx R x2x1 �01�02dx � � � R x2x1 �01�0M�1dxR x2x1 �02�01dx R x2x1 (�02)2dx � � � R x2x1 �02�0M�1dx... ... ... ...R x2x1 �0M�1�01dx R x2x1 �0M�1�02dx � � � R x2x1 (�0M�1)2dx
3777777775+ � � �

+ 2666666664
R xMxM�1(�01)2dx R xMxM�1 �01�02dx � � � R xMxM�1 �01�0M�1dxR xMxM�1 �02�01dx R xMxM�1(�02)2dx � � � R xMxM�1 �02�0M�1dx... ... ... ...R xMxM�1 �0M�1�01dx R xMxM�1 �0M�1�02dx � � � R xMxM�1(�0M�1)2dx

3777777775 :



18 Z. LiNote for the hat basis fun
tions, ea
h interval have only two no-zero basis fun
tions, therefore,
A = 2666666664

R x1x0 (�01)2dx 0 � � � 00 0 � � � 0... ... ... ...0 0 � � � 0
3777777775 + 2666666664

R x2x1 (�01)2dx R x2x1 �01�02dx � � � 0R x2x1 �02�01dx R x2x1 (�02)2dx � � � 0... ... ... ...0 0 � � � 0
3777777775

+ 2666666666664
0 0 0 � � � 00 R x3x2 (�02)2dx R x3x2 �02�03dx � � � 00 R x3x2 �03�02dx R x3x2 (�03)2dx � � � 0... ... ... ... ...0 0 0 � � � 0

3777777777775+ 2666666666664
0 0 0 � � � 00 0 0 � � � 0... ... ... ... ...0 0 0 � � � 00 0 0 � � � RMxM�1(�0M�1)2dx

3777777777775The no-zero 
ontribution from a parti
ular element isKeij = 24 R xi+1xi �0i2 R xi+1xi �0i�0i+1dxR xi+1xi �0i+1�0idx R xi+1xi (�0i+1)2dx 35This 2 by 2 matrix is 
alled the lo
al sti�ness matrix. Similarly the lo
al load ve
tor is de�nedas F ei = 24 R xi+1xi f�idxR xi+1xi f�i+1dx 35 :The global load ve
tor 
an be assembled element by element
F =

26666666666666664
R x1x0 f�1dx00...00

37777777777777775+
26666666666666664
R x2x1 f�1dxR x2x1 f�2dx0...00

37777777777777775+
26666666666666664

0R x3x2 f�2dxR x3x2 f�3dx...00
37777777777777775+ � � �+

26666666666666664
000...0R xMxM�1 f�M�1dx

37777777777777775 :



Finite Element Method 19Computing lo
al sti�ness matrix Keij and lo
al load ve
tor F ei .In the element [xi; xi+1℄, there are only two non-zero hat fun
tions 
entered at xi and xi+1respe
tively:  ei (x) = xi+1 � xxi+1 � xi ;  ei+1(x) = x� xixi+1 � xi( ei )0 = � 1hi ; ( ei+1)0 = 1hi : ei and  i+1 are 
alled the shape fun
tions and they are de�ned only on one parti
ular element.It is easy to verify the following:Z xi+1xi ( 0i)2dx = Z xi+1xi 1h2i dx = 1hiZ xi+1xi  0i�0i+1dxZ xi+1xi � 1h2i dx = � 1hiZ xi+1xi ( 0i+1)2dx = Z xi+1xi 1h2i dx = 1hiThe lo
al sti�ness matrix Keij therefore is:Keij = 24 1hi � 1hi� 1hi 1hi 35We assemble the sti�ness matrix A as
A = 0M�1�M�1; A = 2666664 1h0 0 0 � � �0 0 0 � � �... ... ... ...

3777775 ; A = 26666666664
1h0 + 1h1 � 1h1 0 � � �� 1h1 1h1 0 � � �0 0 0 � � �... ... ... ...

37777777775 ;
A = 26666666664

1h0 + 1h1 � 1h1 0 0 � � �� 1h1 1h1 + 1h2 � 1h2 0 � � �0 � 1h2 1h2 0 � � �... ... ... ...
37777777775 :



20 Z. LiThe �nal assembled matrix is a tridiagonal matrix:
A =

26666666666666664
1h0 + 1h1 � 1h1� 1h1 1h1 + 1h2 � 1h2� 1h2 1h2 + 1h3 � 1h3. . . . . . . . .� 1hM�3 1hM�3 + 1hM�2 � 1hM�2� 1hM�2 1hM�2 + 1hM�1

37777777777777775 :Remark 4.1 If we use a uniform triangulation xi = i � h, h = 1=M , i = 0; 1; � � �M andapproximateZ 10 f(x)�(x)dx = Z xi+1xi�1 f(x)�(x) � Z xi+1xi�1 f(xi)�(x)dx = f(xi)Z xi+1xi�1 �(x)dx = f(xi);then the system of equation we get for the model problem using the �nite element method isexa
t the same as that derived from the �nite di�eren
e method.5 Matlab 
odes of FEM for 1D model problemMatlab 
odes to solve the model problem:�u00(x) = f(x); a � x � b; u(a) = u(b) = 0: (17)using the hat basis fun
tions 
an be found inhttp://www4.n
su.edu/~zhilin/TEACHING/MA587/MATLAB/1DSIMPLE/The global sti�ness matrix and load ve
tor are assembled element by element. The matlab
odes in
luding the following:� [U ℄ = fem1d(x) is the main subroutine of the �nite method using the hat basis fun
tions.The input x is the ve
tor 
ontaining the nodal points. The output U , U(0) = U(M) = 0is the �nite element solution at the nodal points, where M + 1 is the total nodal points.� y = hat1(x; x1; x2) is the lo
al hat fun
tion in the interval [x1; x2℄ whi
h takes one atx = x2 and zero at x = x1.� y = hat2(x; x1; x2) is the lo
al hat fun
tion in the interval [x1; x2℄ whi
h takes one atx = x1 and zero at x = x2.



Finite Element Method 21� y = int hata1 f(x1; x2) 
omputes the integral R x2x1 fhat1dx using the Simpson rule.� y = int hata2 f(x1; x2) 
omputes the integral R x2x1 fhat2dx using the Simpson rule.� The main fun
tion is drive:m whi
h solves the problem, plot the solution and the error.� y = f(x) is the right hand side of the di�erential equation.� y = soln(x) is the exa
t solution of di�erential equation.� y = fem soln(x;U; xp) evaluates the �nite element solution as an arbitrary point xp inthe solution domain.5.1 De�ne the basis fun
tionsIn an element [x1; x2℄, there are two non-zero basis fun
tions (shape fun
tions) e1(x) = x� x1x2 � x1 (18)The Matlab 
ode is the �le hat1.mfun
tion y = hat1(x,x1,x2)% This fun
tion evaluate the hat fun
tion of the formy = (x-x1)/(x2-x1);returnThe other one is  e2(x) = x2 � xx2 � x1 (19)and the Matlab 
ode is the �le hat2.mfun
tion y = hat2(x,x1,x2)% This fun
tion evaluate the hat fun
tion of the formy = (x2-x)/(x2-x1);return5.2 De�ne f(x)fun
tion y = f(x)y = 1;return



22 Z. Li5.3 Main routinefun
tion U = fem1d(x)%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% %% Simple Matlab 
ode for 1D FEM for %% %% -u'' = f(x), a <= x <= b, u(a)=u(b)=0 %% Input: x, Nodal points %% Output: U, FEM solution at nodal points %% %% Fun
tion needed: f(x). %% %% Matlab fun
tions used: %% %% hat1(x,x1,x2), hat fun
tion in [x1,x2℄ that is 1 at x2; and %% 0 at x1. %% %% hat2(x,x1,x2), hat fun
tion in [x1,x2℄ that is 0 at x1; and %% 1 at x1. %% %% int_hat1_f(x1,x2): Contribution to the load ve
tor from hat1 %% int_hat2_f(x1,x2): Contribution to the load ve
tor from hat2 %% %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%M = length(x);for i=1:M-1,h(i) = x(i+1)-x(i);endA = sparse(M,M); F=zeros(M,1); % InitializeA(1,1) = 1; F(1)=0;A(M,M) = 1; F(M)=0;A(2,2) = 1/h(1); F(2) = int_hat1_f(x(1),x(2));for i=2:M-2, % Assembling element by elementA(i,i) = A(i,i) + 1/h(i);A(i,i+1) = A(i,i+1) - 1/h(i);A(i+1,i) = A(i+1,i) - 1/h(i);A(i+1,i+1) = A(i+1,i+1) + 1/h(i);F(i) = F(i) + int_hat2_f(x(i),x(i+1));F(i+1) = F(i+1) + int_hat1_f(x(i),x(i+1));endA(M-1,M-1) = A(M-1,M-1) + 1/h(M-1);



Finite Element Method 23F(M-1) = F(M-1) + int_hat2_f(x(M-1),x(M));U = A\F; % Solve the linear system of equation.return5.4 Test exampleFirst we test the results with f(x) = 1; a = 0; b = 1The exa
t solution is u(x) = 12x(1� x) (20)The drive 
ode is
lear all; 
lose all; % Clear every thing so it won't mess up with other% existing variables.%%%%%% Generate a triangulationx(1)=0; x(2)=0.1; x(3)=0.3; x(4)=0.333; x(5)=0.5; x(6)=0.75;x(7)=1;U = fem1d(x);%%%%%% Compare errors:x2 = 0:0.05:1; k2 = length(x2);for i=1:k2,u_exa
t(i) = soln(x2(i));u_fem(i) = fem_soln(x,U,x2(i)); % Compute FEM solution at x2(i)enderror = norm(u_fem-u_exa
t,inf) % Compute the infinity errorplot(x2,u_fem,':', x2,u_exa
t) % Solid: the exa
t, %dotted: FEM solutionhold; plot(x,U,'o') % Mark the solution at nodal points.xlabel('x'); ylabel('u(x) & u_{fem}(x)');title('Solid line: Exa
t solution, Dotted line: FEM solution')figure(2); plot(x2,u_fem-u_exa
t); title('Error plot')xlabel('x'); ylabel('u-u_{fem}'); title('Error Plot')The plots produ
ed are the following
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Solid line: Exact solution, Dotted line: FEM solution
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Figure 3: (a) Solution plot. (b): Error plot.


