
MA 587Homework #2Due February 211. Take n = 3, the number of variables, des
ribe the Sobolev spa
e H3(
), i.e. m = 3, in terms of L2(
)(list all terms). Also explain the inner produ
t, the norm, the S
hwartz inequality, the distan
e, andthe Sobolev embedding theorem in this spa
e as we did in 
lass (use multi-index notations).2. Consider the fun
tion v(x) = jxj� on 
 = (�1; 1) with � 2 R. For what values of � is v 2 H0(
)?(Consider negative � as well). For what values is v 2 H1(
)? in Hm(
)? For what values of � isv 2 Cm(
)?Hint: Generally jxj� = ( x� if x � 0(�x)� if x < 0:However, if � = 2k, where k is a non-negative integer, thenjxj� = ( x2k if � = 2k; k > 01 if � = 0:Also limx!0 jxj� = 8><>: 0 if � > 01 if � = 01 if � < 0; Z 1�1 jxj�dx = 8<: 2�+ 1 if � > �11 if � � �1.3. Are ea
h of the following statements true or false? Justify your answers.(a) If u 2 H2(0; 1) then u0 and u00 are both 
ontinuous fun
tions.(b) If u(x; y) 2 H2(
), then u(x; y) may not have 
ontinuous partial derivatives �u�x and �u�y ? Doesu(x; y) have �rst and se
ond order weak derivatives? Is u(x; y) 
ontinuous in 
?4. Consider the Sturm-Liouville problem:� (p(x)u(x)0)0 + q(x)u(x) = f(x); 0 < x < �;�u(0) + �u0(0) = 
; u0(�) = ub;where 0 < pmin � p(x) � pmax <1; 0 � qmin � q(x) � qmax <1:(a) Derive the weak form for the problem. De�ne a bilinear form a(u; v) and a linear form L(v) tosimplify it. What is the energy norm?(b) What kind of restri
tions should we have for �, �, and 
 in order that the weak form has asolution?



(
) Determine the spa
e where the solution resides under the weak form.(d) If we look for a �nite element solution in a �nite dimensional spa
e Vh using a 
onforming �niteelement method, should Vh be a subspa
e of C0, C1, C2?(e) Given a triangulation x0 = 0 < x1 < x2 � � � < xM�1 < xM = �, if the �nite dimensional spa
e isgenerated by the hat fun
tions, what kind of stru
ture do the lo
al and global sti�ness matrixand the load ve
tor have? Is the resulting linear system of equations formed by the globalsti�ness matrix and the load ve
tor symmetri
, positive de�nite, and banded?(f) Let p(x) = 1 + x; q(x) = 1; f(x) = sinx; � = 2; � = �3; 
 = 3; ub = 1:Derive the linear system of the equations for the FEM approximation:uh =X�j�j(x)using the node points belowx0 = 0; x2 = �4 ; x3 = �=2; x1 = 3�4 ; x4 = �and the linear basis fun
tions. Find the �nite element solution and plot it.Hint: It is en
ouraged to use Matlab or Maple to generate the system of equations.


