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8 Finite difference methods for a class of parabolic partial

differential equations

8.1 Introduction
A linear parabolic PDE has the following form
ug = Lu (8.1)
where L is a linear elliptic differential operator. We list some examples below.
e One dimensional heat equation with a source.
U = Ugy + f(2,1).

The dimension is referred to the space variable even though there are two independent

variables  and ¢.

e The general one dimensional second order partial differential equations the following

form:
a(z, t)uy + 2b(x, t)uy + c(z, t)uyy + lower order terms = f(x,t).
If > — ac = 0 in the entire domain, then the equation is parabolic.
e A general heat equation in any dimensions can be written as
u =V - (BVu) + f(x,t) (8.2)

where (3 is called the heat conductivity, f(x,t) is called a source term (including a

sink as well).
e A diffusion and advection equation has the following form
u =V - (BVu) +w-Vu+ f(x,t)
where V - (fVu) is the diffusion term, and w - Vu is called the advection term.
e A canonical form of a diffusion and reaction equation is
ug =V - (BVu) + f(x,t,u).

The non-linear source term 1is called a reaction term.

A steady state solution meaning u; = 0 of a parabolic PDE is an elliptic PDE.
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8.2 Initial and boundary conditions and dynamic stability.

For time dependent problems, we should have an initial condition, usually at ¢ = 0, that
is, u(x,0) = up(x) is given. We also need boundary conditions as well. As an example, for
one-dimensional heat equation u; = uz,, a < £ < b, we should have boundary conditions at
x = a and x = b, and an initial condition at ¢ = 0. There is consistency condition at (a,0)
and (b,0). For example, if a Dirichlet boundary condition is prescribed at * = a and z = b
such that u(a,t) = g1(¢) and u(b,t) = g2(t), then the consistency condition is uy(a) = g1(0),
and ug(b) = g2(0).

The dynamical stability.

_22
The fundamental solution for one dimensional heat equation is u; = ug, is eT\/%;t. The
solution is uniformly bounded. However, for the backward heat equation, u; = —uy,, if

u(z,0 # 0, then lim;_, u(z,t) = co. We call the solution is dynamically unstable if u(z,t)
is not uniformly bounded. In other words, we can not find a positive constant such that
|u(z,t)] < C. There are some applications of unstable problems, sometimes called blow-up
problems. We will not discuss how to solve those dynamically unstable problems numerically

here. We will only concentrate dynamically stable problems.

Some commonly used finite difference methods will be discussed in this section are listed

below:

e the forward, backward Euler’s methods;
e the Crank-Nicolson and the-6 method;
e the method of line (MOL) if a good ODE solver can be applied;

e the alternating directional implicit (ADI) method for high dimensional problems.

We can use the finite difference methods for elliptic problems to take care of the spa-
tial discretization and the boundary conditions. The crucial discussion here is the time
discretization. In terms of the stability of numerical methods, we will use the Fourier
transformation and the von Neumann stability analysis.

8.3 The Euler’s method
Consider the heat equation:
ut:Bu$$+f(x7t)7 a<xz<b,

u(avt) = gl(t)a u(b7 t) = 92(t)7 U(LC,O) = UO(LU)
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Figure 12: A diagram of the finite difference stencils of the forward, backward Euler method,
and the method of line (MOL) approach.

We want to approximate the solution at certain time 7', 0 < T', or all the solution between
O0<t<T.

As the first step, we generate a grid

zi=a+th, 1=0,1,---,m, h= ,

T
tF =kAt, k=0,1,---,n, At=—.
n
However, we should know that we can not use arbitrary At or n for explicit methods because
of the stability concerns.
The second step is to approximate the derivatives with finite difference formulas. We
know how to discretize the spatial derivatives. Let us try different finite difference formulas

for the time derivative.
Forward Euler’s method (FT-CT).

u(wi, tF 4+ At) — u(;, tF) w(wi_y, tF) — 2u(z;, tF) + u(wipr, t)

=8

At 12
+ flas, tF) + Tz, 7).
The local truncation error is
h? At
T(,’I)i, tk) — —Buxxxx + —— Ut + hOt

12 2
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The discretization is order O(h? + At). Often we call the discretization is first order in time,
second order in space. The finite difference equation then is
E+1 k k k
it -uf L UR, 207 + U
At h?

where fF = f(z;,t*). The solution of the finite difference equations UF is an approximation

B + £, (8.3)

to the exact u(z;, t*). Note that when k& = 0, we have the initial condition at the grid points

(2;,0). If we know the solution at the time level £, the solution of the finite difference

equation at the next time level is

Uf, - 2Uf +Uf,
2

Therefore we can get the solution of the finite difference equations directly from the ap-
proximate solution at previous time steps. We do not need to solve a system of equations.

Such a method is called ezplicit time marching method.

Remark 8.1 According to our definition, the local truncation is

T(o,t) = u(:r,t—l—AAt;—u(a;,t) _Bu(x—h,t) —2u§;,t) + u(z + h,t) ) = O + AY)

However, in the literature, there is another definition using

T(a,t) = ulwt+ Al —ulz,t) — At (5“(“"” —ht) - 2“2"”2’ hru@tht) f(:r,t))

= O (At(h* + At)).

The difference is the factor of At. According to this definition, the local truncation error is
one order of At higher.

Remark 8.2 If f(z,t) = 0 and B is a constant, then u; = Puyy, and uy = ,Bagﬂgw =

2 - .
BLYE = B2Uppes, and the local truncation error is

Ox?
1(0.) = (55 - B ) e+ 0 (007 + 1), (55)

Therefore if 5 is a constant, we can choose At = % to get O(h* +(At)?) = O(h*) = O(At?)
order of accuracy without increase computational complexity. This is significant for the

explicit method.

If we try the numerical method with different A¢ and check the error against a problem
that we know its exact solution, we see the method works for some At and blows up for
some other At. Since the method is consistent, it has something to do with the stability.

Intuitively, we can see that to prevent the errors in uf from getting amplified, we should set

28At h?
< < —. .
7 S 1, or At< 2 (8.6)
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The backward Euler’s method (BW-CT).

If we use the backward finite difference formula for u; at (z;,t¥), we get

UF-UE _UE, 208 4 Uk,
At h?

+f'ik7 k:1727

However, this is equivalent to the conventional expression

© k+1 k1l k+1
At h? L |

The backward Euler’s method is consistent. The discretization error is still O(At + h?).
Question: Can we choose At to increase the order of accuracy?

k+1 k+1,

However, we can not get u; " with a few simple algebraic operations because all u; " ’s
are coupled together. We need to solve the following tri-diagonal system in order to get the

approximate solution at time level k£ + 1:

(1420 —p Uttt [ UF 4 AL 4 gkt
142 —p U Uk + At fi+
—u 142u —p Ustt Uk + At f5+1
- (8.8)
—p 142u  —p Ukt Uk, + Atfit)
I —p L+2p | | UMY | UE L A AR 4 pgs T

where p = ﬂAt and fFth = f(x;,t*1). Note that we can use f(z;, t*) instead of f(x;, 1)
if the method is first order accurate in time. Such a numerical method is called an implicit
time marching method because the solution at time level k£ 4+ 1 are coupled together. What
is the advantage of the backward Euler’s method? It is stable for any choice of At. For
one dimensional problems, the computational cost is only slightly more than the explicit

Euler’s method if we can use an efficient tridiagonal solver.

8.4 The method of line (MOL).

If there is a good solver for ordinary differential equations/systems, we can use the method

of line (MOL) to solve the parabolic partial differential equations.

Given a general parabolic equation of the form
Ut(.’E,t) = Lu(th) + f(:U,t),

where L is an elliptic operator. Let Lj be a finite difference operator acting on a grid

z; = a + th. We can form a semi-discrete system of ordinary differential equations of the
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following form
oU;
ot

In other words, we only discretize the spatial variable. For the heat equation with a source
U = Pugy + f, we have L = 822, Lj, = 62, the discretize system of ODE is:

= LpU;(t) + fi(1)-

% T
U, (t —2U; (t) + Uy (t t
81t() = B 1(;12 2()+gz(2)+f(%‘1at)
aUait(t) _ BUi_l(t)—2U}'L22(t)+Ui+1(t) Cfent), P25 m—2 (89
OUp—1(t Up—a(t) — 2U;_1 (¢ t
3t1( ) - 8 2( )h2 1(?) 4 92(2) ¥ f(@me,t).

The initial condition is
Uz(O) ZUU(.’L‘i,O), i:1,2,--- ,m—l. (8.10)

The ODE system can be written as a vector form

dy
2 =St y(0) =yo. (8.11)
The MOL is especially useful for non-linear PDEs of the form u; = f(%, u,t). For linear

problems, we typically have

dy

— =A c

a YT

where A is a matrix, and c is a vector. Both A and ¢ may depend on t.

There are many efficient solvers for a system of ODES. Most of them are based on high
order Runge-Kutta methods with adaptive time steps. For example, we can use ODE suits
in Matlab, and dsode. f, which is available through Netlib, in Fortran.

It is important to know that the ODE system from the MOL is typically stiff meaning
that the eigenvalues of A has very different scales. For example, for the heat equation, the
eigenvalues are between O(1) and O(1/h?).

In Matlab, we can call the ODE solver using the format
[t,y] = ode23s(’yfun-mol’, [0, t_final], yO0);
The solution in the last row of y which can be extracted using

[mr,nc] = size(y);

ysol = y(mr,:);

is the approximate solution at time ¢ = t_final. To define the ODE system of the MOL,

we should create a Matlab file, yfun-mol.m whose contends contain the following
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function yp = yfun-mol(t,y)
global m h x
k = length(y); yp=size(k,1);
yp(1) = (-2xy(1) + y(2))/(h*h) + £(t,x(1)) + gi(t)/(h*h);
for i=2:m-2
yp(i) = (y(i-1) -2xy(1) + y(2))/(h*h) + £(t,x(i));
end
yp(m-1) = (y(m-2) -2*y(m-1) )/(h*h) + £(t,x(i)) + g2(t)/(hxh);

where ¢g1(t) and g2(t) are two matlab functions for the boundary condition at z = a and

x = b; and f(¢, (i) is the source term.

The initial condition can be defined as

global m h x
for i=1:m-1

yo(i) = u_0(x(i));
end

where ug(x) is a Matlab function of the initial condition.

8.5 The Crank-Nicolson scheme.

The time step constraint At = h?/(23) for the explicit Euler’s method is generally consid-
ered as a severe restriction. If A = 0.01 and the final time is 7" = 10, and S = 100, we
need 2107 steps. The backward Euler’s method does not have the time step constraint but
it is only first order accurate. If we want second order accuracy O(h?), we need to take
At = O(h?). Can we derive a finite difference scheme which is second order accurate both
in time without compromise the stability and computational complexity? The answer is

the Crank-Nicolson scheme.

The Crank-Nicolson scheme is based on the following lemma which can be proved easily

using the Taylor expansion.

Lemma 8.1 Let ¢(t) be a function that has continuous first order derivative, that is ¢(t) €
C?, then

1 At At

2
¢t) =5 (gb(t -5 e+ 7)) + %u"(t) + h.o.t. (8.12)

The Crank-Nicolson scheme approximate the partial differential equation

up = (Bug)y + f(z,t)
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at (z;,t* + At/2) and use the averaging lemma above to approximate the spatial derivative
V- (BVu)) and f(z,t). Therefore it has the following form

1
2
At 2h?
k+1lr7k+1 k+1 k+1 k+1 k+177k+1
@,% U~y = (@,% + BH% W™ + BH% Uit

2h?

gktl _ gk B UL — (B, + B )UF + B, Ufy

(8.13)

+ b ().

The discretization is second order in time and second in space. This can be easily proved

using the following (we take 8 = 1 for simplicity of the proof):

wlat+ A —u@h) o arj2)+ LAY £ ogan),
As 3% 2

’U/(*T B hvt) — 2u2(;j27t) + u(lE + h7t) = u:vx(xat) + O(h2)’

w(x — hyt + At) — 2u(z, t + At) + u(z + h, t + At)

T = Uy (, t + At) + O(h?),

> (e, 1) F rtza o, + AD) = (e, 4 At/2) + O((AH?),

% (f(:r,t) + flz, t+ At)) = f(z,t + At/2) + O((At)?).

The Crank-Nicolson scheme is an implicit method. In the next section, we will prove that

it is unconditional stable for the heat equation.

At each time step, we need to solve a tridiagonal system of equations to get uf“. The
computational cost is only slightly more than the explicit Euler’s method, we can take
At ~ h and have second order accuracy. It is much more efficient than the explicit Euler’s
method.

The f-method.

The 0- method for the hear equation u; = uy, + f(x,t) has the following form

Ukttt —yk

A = 00U + (L= 005, UF +0ff + (1= 0)f.

When 6 = 1, the method is the explicit Euler’s method. When 6 = 0, the method is the
backward Euler’s method. When 6 = 1/2, the method is the Crank-Nicolson scheme. If the
0 < %, then the method is unconditional stable, otherwise, it is conditional stable meaning
there is a time step constraint. The f-method is generally first order in time and second

order in space except for § = 1/2.
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8.6 Stability analysis for time-dependent problems—Discrete Fourier trans-
form and von-Neumann analysis.

Let us first review Fourier transform (FT) in continuous space. Let u(x) € L?(—o0, o),

o0
that is / u?dz < oo or ||u||z < co. The Fourier transform is defined as

—00

{ b ” e~y (z)dx
iw) = \/ﬁ/_oo (2)dz, (8.14)

where ¢ = v/—1. We call u(x) is defined in the space domain while 4(w) is defined in the
frequency domain. Note that if a function is defined in the domain (0,00), usually we can

use the Laplace transform.

The inverse Fourier transform is defined as
1 .
u(z) = E/ e"“"i(w)dw. (8.15)
—0o0

Parseval’s relation: Under the Fourier transform, we have ||d||2 = ||ul|2 or

o o
/ |a|2dw=/ |u|*da. (8.16)

Fourier transform is a useful tool for theoretical and numerical analysis. Use the Fourier

transform, we can get rid of one derivative.

From the definition of Fourier transform (FT), we have

o —

di . ou
(8_w> = —izu, 5p — Wi (8.17)

To show the equalities above, we use the definition of the the inverse Fourier transform for

%(m) to get

ou 1  ior du

)= = d

Ox () V2 /_ooe oz

On the other hand, since u(z) and 4(w) are both in L?(—o00,00), we can take the partial

derivative of the inverse Fourier transform with respect to x to get

ou 1 / 0 [ ivr 1 / - ,

—(z) = — — (e""U) dw = — iwue™” dw

&’E( ) V21 ) o Ox ( ) V2T J

Since the Fourier transform and its inverse transform are unique, we have % = iwu. The

proof of the first equality will be left as an exercise. It is easy to generalize the equality to
e

In other words, we can get rid of the derivatives of one variable. The Fourier transform can

be used to study the behavior of differential equations.
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Example 1:
The wave equation
ug + auy = 0, —co<zr<oo, t>0, u(zr0)=uy(x).
If we apply the Fourier transform to the equation and the initial condition, we get
Uy +auy =0, or U+ aiwd =0.
Therefore we get an ODE for 4(w) which can be solved easily
i(w, t) = 4(w,0) e "% = go(w) eH",

Therefore the solution to the original wave equation is
1 e awt
u(z,t) = — e g (w) e " dw
@) = o= [ i)

w(z—at)

= \/LQ_W/—oo e“(@=at) g0 (w) dw

= wu(z — at,0),

according to the definition of the inverse Fourier transform. Thus we have solved the
problem. The solution tell us that for a pure wave equation, the solution does not change

shape but simply propagates along the characteristic line z — at = 0. Also note that

lullz = llall2 = a(w, 0)e™**|l2 = [la(w, 0)ll2 = lluoll2

Example 2: The heat equation (diffusion equation).

Consider
uy = Plgg, —o<zr<oo, t>0, u(x,0)=uy(x), lim u=0.

|z|—o0
We apply the Fourier transform to the equation and the initial condition to get
Uy = ,B/u;;, or U = B(iw)*t = —Bw?i.
The solution of the ODE then is
i(w, 1) = i(w,0) e P,
Therefore

N N _ 2
lullz = llall2 = a(w, 0)e™ ™"l < [|uoll2,

if 5> 0. Actually, it can be shown that lim;_, ||ulle = 0 if 8 > 0, and limy_, o |Julls = oo
if 8 <0 and |lugll2 # 0.
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Example 3: Dispersive waves.

Consider

_ 82m+1u 82mu
- 9r2m+1 ox2m

Uyt +l.0.t.,

where m is a non-negative integer. For example u; = uzy5, we have

o —

W = Buggs, or Uy = Bliw)*t = —iwa.
The solution of the ODE then is
a(w, t) = G(w,0) e~
Therefore
[ull = @]l = lld(w,0)[l2 = lu(w, 0)]]2,

The solution to the original PDE can be expressed as

1 [ .
u(z,t) = E/ e""“”ao(w)e*l“’?’tdw
—0o0

1 > iw(z—w?t) o
= — e Uo(w) dw.
V2T /Oo o(w)

It can be interpreted in the following way. The Fourier component with wave number w is

propagating with the velocity w?. Waves interact with each other, but there is no diffusion.

Example 4: The PDE with even order derivatives (highest).

Consider

82mu aZm—lu
= Aoem + Op2m—1

U +l.0.t.,

where m is a non-negative integer. Then we know that

—aw?g 4+ ifm=2k+1
oy = a(iw)™a 4 - =
aw?™ i + - - - if m = 2k.

Therefore we have

(w,0) e~ ™™ 4o if = 2k + 1

U
a = ;o 2m
0(w,0) e ™t ... if m = 2k.
From the equality above, we can conclude that u; = ugz, and uy = —uzyy, are dynamically

stable, while u; = —uy,; and u; = 4.4, are dynamically unstable.
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8.7 Discrete Fourier transform.

The motivations to study a discrete Fourier transform include the stability analysis of finite

difference schemes, data analysis in frequency domain, filtering techniques etc.

Definition of a grid function: Let
Tt U-2,V-1,00,V1,02," " ",
be a continuous function v(z) at x; = i * h, the discrete Fourier transform is defined as

b(&) = \/% i he ity (8.19)

j=—00

Remark 8.3

o The definition is a quadrature approximation to the continuous case, that is, we ap-
prozimate [ by Y., and dz by h.
e 0(&) is continuous, and periodic function of & with period 2w /h:
o—iih(E+2m/h) _ ,—ijh€ 2ijn _ ,—itjh (8.20)

).

Definition of discrete inverse Fourier transform:
w/h

_ 1 /
_\/ﬁ —7/h

Definition of discrete Fourier and inverse Fourier transform for a finite se-

So we can focus on 0(§) in the interval [—7, —

>3

v; eIl p(€) de. (8.21)

quence: (h is not involved):

307031)171)23"' 7UM30703"'
We define
T . Mo
(&) = — Z e Wly; = 267257 v (8.22)
V2T e =0
v;j = L /7r eI (&) dE. (8.23)
V2 J x

Discrete Norm:

(8.24)
it is often denoted as ||v]|2 as well. The Parseval’s relation is also true
2 m/h 2 - 2 2
Il :/ M BOFdE =Y [vjl*h = |lvll (8.25)
—T

j=—o0
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8.8 Definition of stability of a finite difference scheme.

A finite difference scheme PAt,hvf = ( is stable in a stability region A if there is an integer
J such that for any positive time 7', there is a constant Cp independent of At and h such
that

J
IV ln < C2 > IVl (8.26)
j=0

for any n that satisfies 0 < nAt < T with (At,h) € A.
Remark 8.4

1. The stability is usually independent of the source terms.

2. A stable finite difference scheme means that the growth of the solution is at the most

of a constant multiple of the sum of the norms of the solution at the first J + 1 steps.

3. The stability region are all possible At and h.

The following theorem provide a simple way to check the stability of a finite difference

scheme.

Theorem 8.1 If ||Vt < ||VF|n is true for any k, then the finite difference scheme is
stable.

Proof: From the condition, we have
V™ e < v Hin < < VIR < V0l

So if we take J = 0, C'p = 1, we have the stability.

8.9 Von Neumann stability analysis of finite difference methods.

The von Neumann stability analysis of a finite difference scheme can be described as the

following process:

Discrete scheme = discrete Fourier transform == growth factor g({) = stability (
lg(€)] <1 7) And the simplification of the von-Neumann analysis.

Example 1.

The forward Euler method (FW-CT) for the heat equation u; = Suy, is:

Uk | —2UF + Uk BAL
k+1 _ 77k —1 7 i+1 _
U, —Ui—i-,u(z 2 =T
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From the discrete Fourier transform, we know

Uf = —/ IR (£)dg
! V2 w/h
Ik EGHORETE (Y4 1 m/h oiCihGiER TR (£) 4
= \/—— /ﬂ/h () f——z /ﬂ/h e (&)d¢.
Similarly
1 L
Uk / i&jh —z{hUk de.
Fo= g [, e 0k e

Plugging these relations into the finite difference scheme, we obtain

Ukt = / I (14 (e — 24 1)) U (¢)d
Hem p )) U (€
On the other hand, according to the definition, we have
Uk+1 / ’L{jhUk-}-l de.

The discrete Fourier transform is unique which implies
OF1(E) = (14 ple™™ = 24 ) 0¥ () = (&) 0% (¢),
where
9(§) = 1+ p(e™ " =24 )

is called the growth factor. If |g(¢)| < 1, then |U*+!| < |UF|, and thus ||[UFY||, < ||UF||,.

The finite difference scheme then is stable.

Let us examine |g(&)| now:
9(&) = 1+ p(cos(=¢h) —isin(Eh) — 2+ cos(Eh) + isin(Eh))
= 14 2u(cos(éh) — 1) =1 — 4pusin®(¢h)/2 < 1.
But we need that |g(€)| <1, or —1 < g(€) < 1. Note that
—1 < 1—dp <1 —4psin®(Eh)/2 = g(€) < 1.

So if we take —1 < 1—4u, then we can guarantee that |g(£)| < 1, so the stability. Therefore
a sufficient condition for the stability of the forward Euler’s method is
h2
—1<1—4u, or 4u <2, or AtSZﬂ (8.27)
while we can not claim what will happen if the condition is violated, it is a reasonable good

upper bound for the stability.
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Simplification of von Neumann stability analysis for one step time march-
ing method.

Assume that we have a one step time marching method U**! = f(U* U**1). We have the

following theorem that tells the stability of a finite difference method.

Theorem 8.2 Let = h€. A one-step finite difference scheme (with constant coefficients)
is stable if and only if there is a constant K (independent of 0, At, and h) and some positive
grid spacing Aty and hg such that

(6, At, h)| <1+ KAt (8.28)

forall@,0 < k < kg, and 0 < h < hy. If g(0, At, h) is independent of h and At, the stability
condition (8.28) can be replaced with

lg(6] < 1. (8.29)

This theorem shows that to determine the stability of a finite difference scheme we need con-
sider only the amplification factor g(h€) = g(0). This observation is due to von Neumann,
and because of that, this analysis is usually called von Neumann analysis. We present some

examples below.

We can follow the following steps for the von Neumann analysis:

1. Set U]’-C = ¢'Ihg, Plugging the expression into the finite difference scheme.
2. Express Uf“ as U;“‘H = g(&)etihg,

3. Solve g(¢) and determine whether or when |g(¢)| < 1 for the stability.

Example 2.

The stability of backward Euler’s method for the heat equation u; = Sugy is:

_ pAt

U = ok (085 20 k) =

Follow the procedure mentioned above, we have

g(6)eine = e 4, (eiﬁ(i—l)h — ¢t 4 eig(j“)h) 9(é)

= it (1 + 1 (e_igh -2+ eighi) g(f)) .
We solve g(&) to get

g(§) = !

1 — p(e%h — 2 + eith)
1 B 1
1—p(2cos(hé) —2) 1+ 4usin?(he)/2

<1
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for any h and At > 0. Also it is obvious that —1 < 0 < g(¢). Therefore, |g(£)| < 1, and the
backward Euler’s method is unconditionally stable!

Example 3.

The Leapfrog scheme (two-stage method) for the heat equation u; = uy, is

UF Uit UL 208 + U

]

SA7 02 (8.30)

This method is unconditionally unstable! To show this, we follow the stability analysis.
Note that we need to use Uf_l = e /g(€). We can get

g(€)eihe = %eijhg 4 (i (M(e—igh 94 eigh)>
= %e”hﬁ — M4y 5in%(he)2).

We get a quadratic equation for g(¢).

(9(€))? + 4usin’(h€/2) g(€) — 1 =0. (8.31)

The solution are

g(&) = —2usin®(hé/2) + \/4u2 sint(h¢/2) + 1.

One of roots is

9(€) = ~2pusin® (h¢/2) — /4 sin® (he/2) + 1
whose magnitude g(¢) > 1. While we do not have any conclusion about the stability of the
method, the method is known to be a unstable method in the literature.
8.10 Finite difference methods and analysis for 2D parabolic equations.
The general form of equations is
ug + a1ty + aguy = (Bug)s + (Buy)y + ku+ f(z,y,1)
with boundary conditions and an initial condition. It can be written as
ug = Lu+ f

where L is the spatial differential operator. Therefore, the method of line (MOL) can be
used if one can find a good ODE solver for stiff ODE systems. Note that the system is large
(O(m?)).
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For simplicity, we discuss the heat equation uy = V- (8Vu) + f(z,y,t). We assume £ is

a constant. The simplest method is the forward Euler’s method:
k+1 k k k k k k k
Ulj+ =Upj+nu (Uzq,j + Ul UL+ U — 4Ul,j> + At fy;

where y = SAt/h?. The method is first order in time and second order in space, and it is
conditionally stable. The stability condition is
h2
At < —. 8.32
<5 (8:32)
Note that factor of 4 instead of 2. To show this using von Neumann analysis with f = 0,

we should set

ufj = ¢! (thefitihy&2) — i&x (8.33)
where ¢ = [£1,&]7, x = [hal, hyj]t.
Uzl;'H = g(&1, &)’ 4™ (8.34)

Substituting these expressions into the finite difference scheme, we can get
9(€1,&2) = 1 — 4p (sin*(€1h/2) + sin*(2h/2)) < 1,
where we assume h, = hy = h for simplicity. Therefore to get the stability, we enforce
—1<1—4p2 <1 —4p (sin®(&1h/2) + sin?(&2h/2)) .

The inequality from the very left is

4A 2
t52 <2, o < h .
h? 453

Backward Euler’s method (BW-CT).

The scheme can be written as

k+1 k k+1 k+1 k+1 k+1 k+1
Uy~ — Uy _ Ul U5 U + U — 40

At N h2

The method is first order in time and second order in space and it is unconditionally stable.
The coefficient matrix for the unknown UZ];-H is a block tridiagonal and it is strictly row

diagonally dominant if we use the natural row ordering.



72 Z. Li

Crank-Nicolson scheme (C-N).

The scheme can be written as

k+1 k k+1 k+1 k+1 k+1 k+1
U™ Uy 1 (U H UGS U5 UL — 405 k1
— 5 12 +1ij

At 2
(8.36)

k k k k k
Uy UG UG+ UG — 405

Both the local truncation error and global error are O ((At)2 + h2). The scheme is uncondi-
tionally stable for linear problems. However, we need to solve a system of equations whose
coefficient matrix is a strictly row diagonally dominant and block tridiagonal matrix if we

use the natural row ordering.

8.11 The alternating directional Implicit (ADI) method.

The ADI is one special case of time splitting or fractional step methods. The idea is to use
implicit discretization in one direction while using explicit in another direction. For the
heat equation u; = ugy + uyy + f(,y,t), the ADI method is:

k+.l k k+.l k-i-.l k+.l k k k
Uj; " —Uj; U5 —2U05 * + U5 n Uijo1 =205+ U4 n k+i
@ane 2 2 Tig 57
k+1 k+1 k+1 k+i k+1 k41 k+1 k+1 '
Uit = U _ U3 =20 > + U5 n Uit =205 + U k+3
(A2 2 12 i

The method is second order in time and space is u(z, y,t) € C* in space. It is unconditionally
stable for linear problems. We can use symbolic expressions to discuss the method. The

method can be written as

k+1 e At o kil At At g+l
Uy * = Uj+ 50Uy * +50,U;+ 5 fi; ? 5.35)
U’H‘l — Uk+% At52 Uk+% At52 U +1 At k+% '

i = Uy "+ 50Uy ® 4 500, Uyt + 5 Fy

In the matrix-vector form, if we move unknowns to the left hand side, then we get
<I — %D%) Ukt: = <I+ %Di) U* + %F“%
At At At (8.39)

(I - 7D§> Uttt = <I+ 7D%) UMy ¢ SRR

The following derivation is to get a simple form for convenience of analysis. Solve for Ukts

to get

1 1
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Plugging the expression into the second equation in the ADI method to get

-1
<I— %Di) Uttt = (I+HD2> (I— Al pe ) (I 2p >Uk

A A A A
<I+ 7tD ) (I— —tD2> tFk+- ZtFH-

We can go further to get:

A A A A
(1 - —tD2> (1 — 7tD§> Ut = (I + —tD2> (I + {Dj) U”
I_I_ EDZ AtFk+— AtFk)+—
2 2 2

Note that in the derivation, we have used the fact that

(ro30) 13- (o 47) (139

and other communitive operations.

Implementation:

We take advantages of the tridiagonal solver.

kty kts k+3
For a fixed j, we get a tridiagonal system of equations for U, ; ; Uy %o, Upy 7 ; assuming

a Dirichlet boundary condition at £ = @ and x = b. The system of equations in the matrix-

vector form is:

_ [ ki

1+20  —p Uy, °
k+3
—n 1+2p —p Uy, *

- 14+2p —p Uy; °

I
k)

—p 142 —p Uits

i - 1+2p U
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where
[ Uf,j At ff;rz + pupe(a, y])k+% +up (U{C,j—l - 2U{€,j—1 + Uf,j+1) ]
Uéc,j Atfff_ tu (Uécj—l - 2U§,j—1 + Uijﬂ)
5 Us; + tf:f]h +p <U3] V= 2UF o+ U?{C,j-i-l)
vk —2j T Z;tfj:tég T+ (LU%—2J—J,_'2LU%—2J—J,+'LU%—2J+1>
Uk 15T A2t f::%,j + (U;fz—l,j—l —2Up 11+ Uﬁz—l,j—i—l) + 1 upe (b, yj)k+% ]

k+3 . C
where p = WAf and f; i f (s, tk"'%). For each j, we need to solve a symmetric tridiagonal

system of equations.

Pseudo code in Matlab.

for j = 2:m, % Look for fixed y(j)
A = sparse(m-1,m-1); b=zeros(m-1,1);
for i=2:m,
b(i-1) = (ul(i,j-1) -2*ul(i,j) + ul(i,j+1))/h1 + ...
£(t2,x(1),y(G)) + 2*xul(i,j)/dt;

if 1 ==
b(i-1) = b(i-1) + uexact(t2,x(i-1),y(j))/hi;
A(i-1,i) = -1/h1;
else
if i==m
b(i-1) = b(i-1) + uexact(t2,x(i+1),y(j))/hl;
A(i-1,i-2) = -1/hi;
else

A(i-1,i) = -1/h1;
A(i-1,i-2) = -1/n1;
end
end
A(i-1,i-1) = 2/d4t + 2/h1;
end

ut = A\b; % Solve the diagonal matrix.
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for i = 2:m,
A = sparse(m-1,m-1); b=zeros(m-1,1);
for j=2:mn,
b(j-1) = (u2(i-1,j) -2*u2(i,j) + u2(i+1,j))/hl + ...
£(t2,x(1),y(G)) + 2*xu2(i,j)/dt;
if j ==
b(j-1) = b(j-1) + uexact(tl,x(i),y(j-1))/hi;
A(j-1,3) = -1/h1;

else
if j==
b(j-1) = b(j-1) + uexact(tl,x(i),y(j+1))/hi;
A(j-1,j-2) = -1/h1;
else

A(j-1,j) = -1/h1;
A(j-1,j-2) = -1/h1;
end
end
A(j-1,j-1) = 2/dt + 2/h1; % Solve the system
end
ut = A\b;

8.11.1 Truncation error analysis.

If we add the two equations in (8.37) together, we get

k+1 k
Ui ~Uij _ s gkt > (U.k.ﬂ n U,k.) +ofkts (8.40)
(At)/2 T g yy i 1) 1)
If we subtract the first equation from the second equation in (8.37), we get
k+3 k+1 k k+1 k

Plugging this into (8.40), we can get

Af)2 Uktl _ yk Ukt —yk 1
<1+( ) 52 52) ij o (5g$+5§y) v Y +f,k.+2

4 Y At 2 E
Now we can see clearly that the discretization is second order accurate both in space and
time, that is TZ'; = O((At)? + n?).

8.11.2 The stability analysis.

We take f = 0 and set
Ullz, = eil&ihal+Eahag) Ul];'H = g(&1, &) e~ E@ltehag), (8.42)
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Using the operator form, we have:

(1 — 7%) (1 — 7%) Uit = (1450 ) {1+ 59 | Us

After some manipulations, we can get

(1 — psin?(&h/2)) (1 — psin?(&2h/2))
(14 psin®(&1h/2)) (1 + psin®(&2h/2))°

where p = 2AT§ and we have set h; = hy = h for simplicity. So we have |g(£1,&2)| < 1 no

or

9(51752) =

matter what At and h are. Therefore the ADI method is unconditionally stable for linear

heat equations.

8.12 An implicit-explicit mixed method for diffusion and and advection
equations.

Consider the equation
u+w-Vu=V-(Vu) + f(z,y,t).

It is not so easy to get second order implicit scheme that the coefficient matrix is diagonally
dominant or symmetric positive/negative definite due to the advection term. One solution
is to use implicit scheme for the diffusion term and an explicit scheme for the advection

term. The scheme has the following form from time level t¥ to tF+1:

s we Vi) = (V- B0+ (V- BT + i (843)
where
(w- th)kJ’% = ; (w - Vyu)' — % (w- Vyu)=t. (8.44)
The time step constraint can be chosen as
h
At < 2wl (8.45)
At each time step, we need to solve a Helmholtz equation
(V- BVu)Ft — 2“Tkt+1 = —% +2(w-Vu)bte — (V. gVa)* — 2kt (8.46)

We need u' to get this method started. We can use the explicit Euler’s method (FW-CT)
to approximate u'. It should have no effect on the stability and global error O((At)? + h?).
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8.13 Solving elliptic PDEs using the numerical methods for parabolic
PDEs.

We know that the steady state solution of a parabolic PDE is the solution of the corre-
sponding elliptic PDE. For example, the steady state solution of the parabolic PDE:

ug =V - (BVu) +w-u+ f(x,t)
is the solution to the elliptic PDE:
V- (BVu) +w-u+ f(x) =0,
if the limit

F(x) = lim f(x,t)

t—o0

exists. The initial condition is irrevalent to the steady state solution. But the boundary
condition is. There are some advantages of this approach especially for some non-linear
problems in which the solution is not unique. Using this approach, we can control the
variation in the intermediate solutions. The linear system of equations are more diagonally
dominant. Since we only care about the steady state solution, we prefer to use implicit

methods with large time steps. The accuracy in time in unimportant.
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9 Finite difference methods for linear hyperbolic differential

equations.

In this section, we will discuss finite difference methods for hyperbolic partial differential

equations. First we list a few typical hyperbolic PDEs.

e Advection equations (one-way wave equations).
ug + auy = f(z,t), 0<zx<1,
u(z,0) =n(z), IC, (9.1)
uw(0,t) = ¢gi(t), if a>0, or wu(l,t)=g.(t), if a<O0.
e Second order linear wave equations:
U = AUgy + f(2,1), 0<z <1,
u(z,0) =n(z), IC, (9.2)
U(O,t) :gl(t)7 u(17t) :gr(t)
e Linear first order hyperbolic system:

w = Au, + f(z, 1) (9.3)

where u and f are two vectors, A is a matrix. The system is hyperbolic if A is

diagonalizable, A = TDT !, and all eigenvalues of A are real numbers.

e Non-linear hyperbolic system, particularly the conservation laws

2
ug + f(u), =0, eg., Burger’s equ., wuy + <U—> =0.
2/ (9.4)

u +f,+g, =0, in2D.

For non-linear hyperbolic PDEs, shocks (discontinuous solution) can develop even if

the initial condition is smooth.

9.1 Boundary conditions
We know the exact solution for the one-way wave equation
U +augy =0, —oo < <00,
u(z,0) =n(z), t>0

is u(z,t) = n(z — at).
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If the domain is finite, we can also find the exact solution. Consider the model problem
ug+auy, =0, 0<z <l

u(z,0) =n(z), t>0, u(0,t) = gi(t) ifa>0.

We can use the characteristic method to solve the problem. Assume that the solution
keeps a constant value along a line (the characteristic). Given a point (z,t), we can trace

the solution along the characteristic line (z + ks,t + s). Define
z(s) = u(z + ks, t+ s) (9.5)

along which the solution keeps a constant, that is z’(s) = 0. Plug this into the PDE, we

can get:
2'(s) = ug + ku, = 0.

which is always true if we take k = a. Therefore the solution at (x + ks,t + s) is the same
as at (z,t). So we can solve the problem by tracing back until the line hit the boundary.
Therefore u(Z,t) = u(z + as,t + s) = u(z — at,0) if x — at > 0 which means we trace back
to the initial condition. If z —at < 0, we can only trace back to z = 0 or s = —z/a and
t = &/a and the solution is u(z,?) = u(0,t — L) = g;(t — £). Therefore the solution for the

case a > 0 can be written as

n(z —at) if x> at,

u(z,t) = (9.6)

x .
g (t——) if x < at.
a

Now we can see that we have to prescribe a boundary condition at z = 0 but we can not
have any boundary condition at = 1. It is important to get correct boundary conditions

for hyperbolic problems.

The one-way wave equation is often used as a bench-mark problem for different numerical

methods for hyperbolic problems.

Simple numerical methods for hyperbolic problems include

e Lax-Friedrichs method.

Up-wind scheme.

Leap-frog method. Note it does not work for the heat equation but works for linear

hyperbolic equations

Box-scheme

Lax-Wendroff method



80 Z. Li

e Crank-Nicholson scheme (not recommended since there is no severe time step con-

straints for hyperbolic problems).

e Beam-Warming method (one-sided second order upwind scheme if the solution is

smooth).

9.2 Lax-Friedrichs method.

Consider the one-way wave equation u; + aug, = 0. One may want to try the simple finite

difference scheme

uktt —uk
i s NN 7 S T
T (UJ“ UH) 0
or UM =Uf - (U - URL)

where p = aAt/(2h). The scheme has O(At + h?) local truncation error. But the method
is unconditionally unstable. To see why, we conduct the von Neumann stability analysis to

get the growth factor:
9(0) = 1—p (- o)
= 1—p2isin(hf),
where 6 = h¢. Therefore
9(0)]* = 1 + 4p” sin?(hé) > 1,

and the scheme is unconditionally unstable.

In the Lax-Friedrichs scheme, we average U]’-c using U, f_l and U yk+1 to get

1
k+1 k k k k
Uit =3 (Dj—l + Uj+1) —H (Dj+1 - Dj—l) :
The local truncation error has an order of O(At + h) if At ~ h. The growth factor is

9(0) = % (eihf i e%hg) Yo (eihg _ e%hf)

= cos(h&) — 2usin(hé)i.
Therefore

9(O) = cos®(he) + 4 sin®(he)

= 1 —sin®(h€) + 4p? sin®(hé)

= 1— (1 —4p?)sin®(he).
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We can conclude that |g(0)] < 1 if 1 —4u® > 0 or 1 — (aAt/h)? > 0, which implies that
At < h/|a|. This is called the CFL (Courant-Friedrichs-Lewy) condition.

For the Lax-Friedrichs scheme, we need a numerical boundary condition at = 1 which
will be explained later. The Lax-Friedrichs scheme is the basis of several other popular

schemes.

9.3 The upwind scheme.

The upwind scheme for u; + au, = 0 is

Uk —% (Uf - Uf_l) ifa >0
At - a (- -k AN (9.7)

It is first order accurate in time and in space. To find out the CFL constraint, we conduct

the von Neumann stability analysis. The growth factor for the case when a > 0 is
g(0) = 1-p(1-en)
= 1—p(1—cos(hf)) —ipsin(hf).

Now we investigate the magnitude:

9(0))> = (1 —p+pcos(he))® + p®sin®(he)
= (1= p)? +2(1 — p)pcos(h§) + p’
= 1-2(1 - p)u(1 — cos(hf)).

Therefore if 1 — p > 0, that is p < 1, or At < h/a, we have |g(0)| < 1.

Note that for the upwind scheme, no numerical boundary condition is needed; no severe
time step restriction since At < h/a. If a = a(z,t) is a variable function that does not

change the sign, then the CFL condition is

h

O<At< — "
max |a(z,t)|

However, the upwind scheme is first order in time and in space. Below we discuss some

high order schemes.

9.4 The Leap-Frog scheme.

The Leap-Frog scheme for u; + au, = 0 is:
k+1 k—1
T (G BE
2A¢ 2p \ "It Timl ’ (9.8)
r Uittt = Ukt — p(UF, - UF
0 j j PA\Yi+1 = Y51/
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where y = aAt/(2h). The discretization is second order in time and in space. It requires
a numerical boundary condition at one end and need Ujl to get started. We know that
the Leap-Frog scheme is unconditionally unstable for the heat equation. So we should be

concerned with the stability through the von Neumann stability analysis. Let

g g 1 .
Uk — 61357 Ukt — g(¢ e”g, k-t — €
g J © ] 9(&)

Plug in these into the Leap-Frog scheme, we can get
g+ (e —e)g —1=0,
or g° 4 2uisin(hé) g — 1 = 0.
The solution is
g+ = —ipsin(h) £ /1 — p?sin?(h¢) (9.9)
we distinguish three different cases:

1. If |u| > 1, then there are such ¢’s such that one of |g_| > 1 or |g4| > 1 is true. The

scheme is unstable!
2. If |u| < 1, then 1 — p? sin?(h€) > 0, we have

|g+|? = p?sin®(h€) + 1 — p?sin®(h€) = 1.
However, since it is two stages method, we have to be careful about the stability. For
linear finite difference equation theory, we know that the general solution is

U = Cig" + Cogh
UF < max{Cy,Co} (1gE] +1gk1)
< 2max{Cy, Ca}.

Therefore, the scheme is called neutral stable according to the definition ||U*|| <
7 .
Cr > = IIU]]-

3. If |u] = 1, we still have |g+| = 1. However, we can find £ such that psin(hf) =1, and
g+ = g— = —i. That is —¢ is a double root of the characteristic polynomial. Therefore

the solution of the finite difference equation has the form
UJ = C1(—i)" + Cak(—i)¥,
where C7 and Cs, can be complex numbers, are determined from the initial conditions.
Therefore there are solutions that |U¥|| ~ & which is unstable (slow growing).
Therefore, the Leap-Frog scheme is stable if At < ﬁ Note that we can use the upwind
or other scheme (even unstable one) to initialize the Leap-Frog scheme to get Ujl.

Note that if |g(§)| < 1, we call the numerical scheme is dissipative. The Leap-Frog

scheme is a non-dissipative scheme.
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9.5 Modified equations and numerical diffusion and dispersion.

A modified equation is the PDE that a finite difference equation satisfies exactly at grid
points. Consider the upwind method for the advection equation u; + au, = 0 in the case
a >0,

U]f?+]. _ Uk a
J J k k _
At T h (UJ' B UJ’*) =0

The process of deriving the modified PDE is similar to computing the local truncation error,
only now we insert v(z,t) into the finite difference equation to derive a PDE that v(z,t)
satisfies exactly. Therefore we have

v(z.t + At) —v(z,t) a

At +E(U(a;,t)—v(a;—h,t)):0.

Expanding these terms in Taylor series about (x,t) and simplifying gives:

1 1 1
v + §Atvtt +---4a (vx — §hvm + Eh%“x -|-> =0.

We can rewrite this as
v+ avg = §(ahvm — Atwy) — 6 (ah Vgzr + (At) vtt) + e
This is the PDE that v satisfies. From the equation above, we can get

1
Vi = —QUgt + i(ahvxxt - At’l)ttt)
= —avy + O(At, h)

0
= —ap- (—avy + O(At, h))

Therefore, the leading term of the modified PDE is
At
v + avy = —ah (1 — a_> V- (9.10)

This is a advection-diffusion equation. The grid values U;" can be viewed as giving a
second order accurate approximation to the true solution of this equation (whereas they
only give first order accurate approximation to the true solution of the original problem.

From modified equation, we can conclude the following;:

e The computed solution will smooth out discontinuities because the diffusion term. The

second order derivative term is called numerical dissipation, or numerical viscosity.

e If a is a constant, and At = h/a, then 1 — aTAt = 0, we have second order accuracy as

we see from numerical example.
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e We can add the correction term for the second order accuracy to get higher order
accurate method. The stability needs to be checked. For example, we get modify the

upwind scheme to get a second order scheme:

k+1 k k k k k k
Ut - Up L UR-UR 1 el U - 208+ Uf
At o2 h n2

which is second order accurate if At ~ h.

e From the modified equation, we can see why some scheme is unstable. For example,
the leading term of the modified PDE for the unstable scheme

k+1 k k k

j+1
_ 11
At T on 0 (9-11)
is
2At
i+ avy = —“Tvm. (9.12)

The highest derivative is similar to backward heat equation which is dynamically

unstable!

9.6 Lax-Wendroff scheme.

We can add numerical viscosity to make an unstable scheme stable. Since

u(z,t + At) — u(x, t)
At

At
= Ut + 7Utt + O((At)Z)
1
= u— §a2(At)um + O((At)?),

we can add the numerical viscosity to the —%a2Aum to get the Lax-Wendroff scheme:

k+1 k k k

E_ouh 4t
N =5t (VR - 20f + UL (9.13)

j—

Lax-Wendroff scheme is second order accurate both in time and space. To show this, we

investigate the local truncation error:

T(z,t) = u(z,t + At) —u(z,t)  a(u(z+h,t) —ulz = h,t)

At 2h
_ a?At (u(z — hyt) = 2u(, t) + u(z + h,t))
2h2
At At

= O((At)* + r?)
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since u; = —au, and Uy = —aUgy = —aa%ut = a%Uyy.

The von Neumann stability analysis. The growth factor of Lax-Wendroff scheme is

Bl i ,u2 ; .
o0) = 1L (e — i) 4 1 (omine gy o)
= 1— pising — 2u*sin®(0/2),

where again @ = hé. Therefore we proceed with the following derivation
0 2
l9(0)]? = <1 — 22 sin? 5) + p? sin? 6
0 0 0 0
= 1—Mﬂ$¥§+4ﬁﬁﬁ§+4ﬁ$¥§(1—$ﬁ§>

= 1—@#0—u%$#g
< =4 (1—p?).

We conclude that |g(0)] < 1 if p < 1, that is At < h/|a|. If At > h/|a|, there are ¢’s such
that g(#)| > 1 and the scheme is unstable.

The leading term of the modified PDE for the Lax-Wendroff method is

1 At)?
v+ avg = —gah2 <1 — (%) ) o p— (9.14)

This is a dispersive equation. The group velocity for the wave number ¢ under Lax-Wendroff

2
cg=0a— %ah2 <1 - (aTAt> ) £2 (9.15)

which is less than a for all wave numbers. As a result the numerical result can be expected to

18

develop a train of oscillations behind the peak, with the high wave numbers lagging farther
behind the correct location, see Strikwerda. If we retain one more term in the modified

equation for Lax-Wendroff, we will get:

1 At)?
Uy + vy = gahQ ((%) - 1) Vgzy — €Vgzax, (916)

where the € is the fourth order dissipative term is O(h?®) and positive when the stability
bound holds. This high order dissipation causes the highest wave number to be damped,

so that there is a limit to the oscillations.
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9.7 Beam-Warming method.

Beam-Warming method is a one sided finite difference scheme to the modified equation

a’ At
U+ avg = Tvm.

Recall the one sided finite difference formulas:

3u(z) — 4u(x — h) + u(x — 2h)

(@) = o + O(h?),
u//(x) _ u(z) — 2u(z —hi;) + u(z — 2h) +O(h).

The Beam-Warming method for u; + auy = 0 for a > 0 is

k1l _ gk GAL k k k
uFt = uf - 28 (3Uj —aUt, + UH) +

(aAt)?
2h?

(UF —20f, +Uk,)  (O17)

The method is second order accurate in time and space if At ~ h. The CFL constraints is

2h
0<At<L ﬂ (9.18)
a
For this method, we do not numerical boundary condition at £ = 1, but we need a scheme

to compute the solution Uf . The leading terms of the modified PDE for the Beam-Warming

1 At)?
v+ avy = gahZ <<GT> — 1) Vpgz- (9.19)

In this case, the group velocity is greater than a for all wave numbers in the case 0 <
aAt/h <1, so that the oscillations move ahead of the main hump. If 1 < aAt/h < 2, then

the group velocity is less than a and the oscillations fall behind.

method is

9.8 The Crank-Nicholson scheme.
The Crank-Nicholson scheme for the advcetion equation uy + au, = f is

uktt—ul Uk, -Uk U -URY
At ¢ 1 —h 920

It is second order accurate in time and in space. It is also unconditionally stable. The
method need a numerical boundary condition at x = 1. For one dimensional problem, it
is very effective since it is very easy to solve tridiagonal system of equations. It may not
be necessary for high dimensional problems since for hyperbolic equations, the time step

constraint A¢ ~ h is not a major concern.
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9.9 The method of lines (MOL).

Different MOL method can be used as well depending how the spatial derivative term is

discretized. For the advection equation u; + auy, = 0, if we use the following discretization

oU; . aUz'+1 —U; 1

5 o = 0. (9.21)

Then the ODE solver that is going to be used is likely to be implicit since the forward Euler

method is unstable!

9.10 Numerical boundary conditions (NBC).

We need a numerical boundary condition at one end for the one-way wave equation when
we use the Lax-Friedrics, Lax-Wendroff, Beam-Warming, and Leap-Frog schemes. There

are several approaches that can be used

e Extrapolation. Recall the Lagrange interpolation formula

Xr — I9 r — I

+ f(22)

T — T2 T2 — I

fz) = f(a1)

We can use the same time level for the interpolation to get

k+1  _  prk+l
Uy = Uy, 1-st order
LM — TM—1 TM — TM-2
Ukl = gkl 220 T2 kit T T2 2-nd order.
Tp—1—TM ITM—-2 —TM-1

If & uniform grid is used with spatial step size h, the formula above becomes

Uptt = -Uy2, + 205

e Quasi-characteristics. If we use previous time level for the interpolation, we get

U]’f/[“ = UY_,, 1-st order
TM — TM-1 TM — TM-2

Ubtt = U _, " 4 UY,_ ——"""= 2.nd order.
TpM—1 —TM TM—-2 —TM-1

e Use the schemes that does not need NBC at or near the boundary, for example, the

upwind scheme, the Beam-Warming method.

The accuracy, the stability of the numerical scheme usually depend on the numerical bound-
ary conditions that is used. As a rule of thumb, the main scheme and the scheme for NBC
both should be stable.
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9.11 Second order linear hyperbolic PDEs.
Consider the wave equation:
U = G Uz, 0<z<1,
IC: uw(z,0) = up(z), u(z,0)=ui(z),

BC: u(0,t) = g1(t), u(l,t) = g2(?).

We can use D’Alembert’s technique to find the exact solution if the domain is the entire

space. Introduce:

_ &+
E=x—at =
or (9.22)
n:x+at, t:—n_é-
2
Using the chain role, we get
Uy = —aUg + Quy,
U = aZuff — 2a2u§,7 + a2u7m,
Uy = Ug + Uy,
Ugy = Ugg + 2Ugy + Uny-

Substitute these relations into the wave equation to get
ugea® — 20 ugy + a*uy, = a® (uge + 2ugy + ) -
The equation above then is simplified to
4a2u§,7 =0.
Therefore the solution can be obtained

u(z,t) = F(z — at) + G(z + at).
Particularly, if the domain is (—o0,00) then the solution is
1
u(z,t) = 3 (u(:v —at,0) + u(z + at, 0) ) ,

which tells us that a signal (wave) will propagates along the characteristics z — at and =+ at
with speed a and half of the strength.
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9.11.1 A finite difference method (CT-CT) for the second order wave equation.

k+1 k k—1 k k k
(At)2 h? '

The method is second order accurate both in time and space ((At)? + h%). The CFL

constraints of this method is At < % this will be verified through the following discussion.

The von Neumann analysis gives:
g—2+1/g peTthe 2 1 ¢iht
= =a .
(At)? h?

Let = \alhﬁ_ The equation above becomes:

g —2g+1=p? (—4u2 sin? 9) g,
or

g —2(1—4p*sin?0) g+1=0,

where 6 = h{/2. Solve the equation above to get

g=1 —2u2sin20i\/(1 — 2u2sin® 0)2 — 1.

Note that 1 — 242 sin?# < 1. If we also have 1 — 22 sin? @ < —1, then for one of roots

g1 =1-2u%sin®0 — /(1 - 2u?sin?)” — 1 < —1,

or |g1| > 1 for some 6, thus the scheme is unstable.

In order to have a stable scheme, we should require that 1—242 sin? @ > —1, or % sin? 6 <
1. This can be guaranteed if y? < 1 or At < h/|a|. This is the CFL condition that we have
expected. Under this CFL constraints, we would have

g = (1= 22 sin?0) + (1 = (1 - 22 sin?0)") =1,

since the second part in the expression of g is imaginary. Thus the scheme is neutrally
stable.

Note that the definition of stability for second order equations (in time) that contain

uy 18 weaker than that of the first order equations that contain only u; term.

A finite difference scheme for second order PDE (in time) PAt,hvf = 0 is stable in a
stability region A if there is an integer J such that for any positive time T, there is a
constant Cp independent of At and A such that

J
V" lln < VI+n2Cr Y |1V (9.24)
j=0

for any n that satisfies 0 < nAt < T with (At,h) € A.

The definition allows linear growth in time. Again, if a finite difference method is

consistent and stable, then the finite difference method will converge.
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9.11.2 Transform second order wave equation to a first order system.

While we can solve the second order wave equation directly, in this section, we discuss how
to change the equation to a first order system. Most of discussions in the literature is about
conservation laws which is a first order non-linear system. A first order linear hyperbolic
system has the form

u; = (Au), = Au,

which is a special case of one dimensional conservation laws

of
u; + (f(u), =0, ut—l—%uxzo.

T

For simplification of discussion, we set a = 1. Introduce

b =1uy
Utt = pPt, 4o = Ugg.
q = Ug,

Therefore we have
Dt = Ut = Ugxe = (G,
dt = Ugt = (ut)a; = Pz

In the matrix-vector form, it is

P 01 P
= i (9.25)
q L0 q

t T

The eigenvalues of A is —1 and 1, therefore the system is hyperbolic.

9.11.3 Initial and boundary conditions for the system.

From the given boundary conditions we get

U(O,t) = gl(t)v ut(ovt) gll(t) = p(O,t),
u(lvt) = 92(t)7 ut(ovt) = gll(t) = p(l,t).

There is no boundary condition for ¢(z,t).

Now consider the initial conditions
p(x,0) = uy(z,0) = ui(x), known,

q(z,0) = ug(z,0) = %u(x,O) = uy(z), known.
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To solve a hyperbolic system numerically, usually we change the system to a diag-
onal form (characteristic direction) so that we can determine the boundary conditions
and appropriate numerical methods (such as up-wind method). Let A = T~!DT, where
D = diag(A1, A2, - - A,) is a diagonal matrix containing eigenvalues of A, T' is a non-singular

matrix. Then we have
w = Au,, Tu, =TAT 'Tu,, (Tw), = D (Tu), .
Let u = T'u. We get a new first order system
w; = Dug,

or (@;)¢ = Ai(U)z, © = 1,2,--- ,n which we know how do solve them one by one. We also

know at which end that we should have a boundary condition depending on the sign of ;.

For the second order wave equation, we know the eigenvalue is 1 and —1. The unit
eigenvector corresponding to the eigenvalue 1 can be found by solving Az = z, ||z||s = 1.
we can get = = [1, 1]7/+/2. Similarly the unit eigenvector corresponding to the eigenvalue
—1is x = [-1, 1]T'//2. Therefore we have

11 11
V2 V2 1 V2 V2
S T U R N T
V2 V2 V2 V2

V2 p

t

Sl Sl
|
S-Sl
S-Sl

Sl

(o), = (),

(o), - ().

Let
1 1
Y1 = %p— \/ﬁ%
1 1
Y2 = p+ q.
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We get:

0 0

&?h = —%yb

0 0

a?b = _8_xy2'

Now we have two separate one-way wave equations and we can use various numerical meth-

ods. We know the initial conditions. We need a boundary condition for y; at =1 and a

boundary condition for yo at x = 0. Note that

1 1
yl(oat) = ﬁp(ovt)_ﬁq(ovt)a
1(0,1) = %pw,m%qw,t)

and ¢(0,t) is unknown. However,

y1(0,8) + 12(0,8) = %p(o,t)

is known. We can use the following steps to determine the boundary condition at « = 0.

1. Update (yl)]gJrl first which we do not need a boundary condition.

2. Use (y2)5+' = Z5p5 ™ = (m)g -

Similar method can be applied at © = 1.

9.12 Some commonly used finite difference methods for a linear system

u; + Au, = 0.

Backward Euler method:

A
Ukt Z Uk - Z—IfA (Ut} - utt). 9.26)

Note that backward Euler method does not work.

Lax-Friedrichs scheme

1 At
Uft = g (Uh + U) - g A (U - Uh). (0.27
e Leap-Frog scheme
At
k+1 _ y7k—1 k k
Uit = Ul - A (Uj+1 - Uj_l) . (9.28)
e Lax-Wendroff scheme
At (At)?
U3 = U g (U = U) + S A (U 200 4 U3) - 029

To determine correct boundary conditions, usually we need to find the diagonal form

A =T7'DT and the new system @, = Du, with @ = Tu.
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9.13 Finite difference methods for conservation laws.
The canonic form for one dimensional conservation law is
u; + f(u), =0. (9.30)

One famous benchmark problem is the Burger’s equation (scalar)

w + (“;> o (9:31)

in which f(u) = u?/2. f(u) is often called the flux. Note that the Burger’s equation can be

written as a non-conservative form
wg + vty = 0. (9.32)

For the Burger’s equation, the solution likely form shock(s) where the solution is discontin-

uous® even if the initial condition is arbitrarily differentiable, for example, uy(z) = sin .

We can use the upwind scheme to solve the Burger’s equation, if we use the non-

conservative form, we have

Uktt _yk Uk _k
g AU = 0, i Uf 20,
Uittt — Uk Uk —U"

o tUiE = 0 ifUf <o,

or the conservative form

A A el s

k+1 k k k
At 2h , T

If the solution is smooth, both methods work well (first order accurate). However, the

conservative form gives much better results than the non-conservative form if shocks develop.

We can derive the Lax-Wendroff scheme using the modified equation of the non-conservative

form. Since u; = —uu,, we have

U = —Uglg — Ulgg
= uu? + u(uug)y
= wul 4 u (u2 + uugg)

2 2
= 2uuy + u Ugy.

3There is no classical solution to the PDE when shocks develop because u, is not well defined. We need

to look for weak solutions.
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Thus the leading terms of the modified equation for the first order method is
At
up + Uty = > (2uui + uZum) . (9.33)

Therefore the non-conservative Lax-Wendroff scheme for the Burger’s equation is

Uk Uk
Uk+1 _ Uk Uk J+1 Jj—1
J - J At J T

= +

k k 2 k k k
(A0 o (Y = Uima ) (k2 Uj1 — 207 + Ui
2 J 2h J h?

9.14 Conservative finite difference method for conservation laws

Consider
u; + f(u), =0.
We seek a numerical scheme of the form:
u;?+1 = uf — % (g;?Jr% — g§7%> (9.34)
where
8j+3 =8 (uf,pﬂ,uf,pw, o ,u§+q+1)

is called the numerical flux and satisfies

Such a scheme is called conservative scheme. For example, we can take g(u) = u?/2 for the

Burger’s equation.

Below we derive the general criteria that g should satisfy.

1. Integrate the equation with respect to x from T; 1 towx;, 1, we get
2 2

/”Z wdr = —/ o fu)zdx
X . X .

i i3

=~ (Fluleyys.t) — Flula; 1)

=
2 2

2. Integrate the equation above with respect to ¢ from t* to t**1, we get

tkf-‘,-l

) /:j+% udzdt = — {/t:k+1 (f(u(:rﬂ%, ) — f(u(a;j_%,t))> dt} :

_1
2

tkf-‘,-l

/:]45 <U(:v,tk+1) - u(:v,tk> dz = — {/tk (f(“("”ﬂ%’t)) - ﬂu(wjf%,m) dt} '

j—

[
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Let

xj+% k
u(z,t*)dz (9.36)
X .

which is called the cell average of u(z,t) between the cell (z;_1,2;, 1) at time level k. Then
2 2

the expression that we derived earlier can be written as

) 1 th+1
At = k- - </tk flu(@; 1, t)dt — /tk f(U(ivj;at))dt>
_ =k At e 1 it
- h<m/‘(ﬂ(ﬁumw—3i@ Flu(z; 1 t))dt

. At
AY (9J+2 91‘+%>’

where

tkf-‘,-l

1
Gy =g [, a0

Different conservative schemes can be obtained if different approximations are used to eval-

uate the integral above.

9.15 Some commonly used numerical scheme for conservation laws.

o Lax-Friedrichs scheme

A
Ut = (U +UEL) - S8 (£ - FUE). (9:37)

e Lax-Wendroff scheme:
At
= U= 2 (FUF) - FUEY)

o
(At)? {AH% (f(UfH) - f(Uf)) — A (f(UJ’-“) - f(Uf_l))} :
(9.38)

Ukt

_|_

2h?

where A, 41 = = Df(u(z; 1,t)) is the Jacobian matrix of f(u) at u(z ]+1,t))

A modified version called Lax-Wendroff-Richtmyer scheme which does not need to the

Jacobian matrix is listed below:

(9.39)



