
Finite Di�eren
e Method 558 Finite di�eren
e methods for a 
lass of paraboli
 partialdi�erential equations8.1 Introdu
tionA linear paraboli
 PDE has the following formut = Lu (8.1)where L is a linear ellipti
 di�erential operator. We list some examples below.� One dimensional heat equation with a sour
e.ut = uxx + f(x; t):The dimension is referred to the spa
e variable even though there are two independentvariables x and t.� The general one dimensional se
ond order partial di�erential equations the followingform: a(x; t)utt + 2b(x; t)uxt + 
(x; t)uxx + lower order terms = f(x; t):If b2 � a
 � 0 in the entire domain, then the equation is paraboli
.� A general heat equation in any dimensions 
an be written asut = r � (�ru) + f(x; t) (8.2)where � is 
alled the heat 
ondu
tivity, f(x; t) is 
alled a sour
e term (in
luding asink as well).� A di�usion and adve
tion equation has the following formut = r � (�ru) +w � ru+ f(x; t)where r � (�ru) is the di�usion term, and w � ru is 
alled the adve
tion term.� A 
anoni
al form of a di�usion and rea
tion equation isut = r � (�ru) + f(x; t; u):The non-linear sour
e term is 
alled a rea
tion term.� A steady state solution meaning ut = 0 of a paraboli
 PDE is an ellipti
 PDE.



56 Z. Li8.2 Initial and boundary 
onditions and dynami
 stability.For time dependent problems, we should have an initial 
ondition, usually at t = 0, thatis, u(x; 0) = u0(x) is given. We also need boundary 
onditions as well. As an example, forone-dimensional heat equation ut = uxx, a < x < b, we should have boundary 
onditions atx = a and x = b, and an initial 
ondition at t = 0. There is 
onsisten
y 
ondition at (a; 0)and (b; 0). For example, if a Diri
hlet boundary 
ondition is pres
ribed at x = a and x = bsu
h that u(a; t) = g1(t) and u(b; t) = g2(t), then the 
onsisten
y 
ondition is u0(a) = g1(0),and u0(b) = g2(0).The dynami
al stability.The fundamental solution for one dimensional heat equation is ut = uxx is e�x2=4tp4�t . Thesolution is uniformly bounded. However, for the ba
kward heat equation, ut = �uxx, ifu(x; 0 6= 0, then limt!1 u(x; t) =1. We 
all the solution is dynami
ally unstable if u(x; t)is not uniformly bounded. In other words, we 
an not �nd a positive 
onstant su
h thatju(x; t)j � C. There are some appli
ations of unstable problems, sometimes 
alled blow-upproblems. We will not dis
uss how to solve those dynami
ally unstable problems numeri
allyhere. We will only 
on
entrate dynami
ally stable problems.Some 
ommonly used �nite di�eren
e methods will be dis
ussed in this se
tion are listedbelow:� the forward, ba
kward Euler's methods;� the Crank-Ni
olson and the-� method;� the method of line (MOL) if a good ODE solver 
an be applied;� the alternating dire
tional impli
it (ADI) method for high dimensional problems.We 
an use the �nite di�eren
e methods for ellipti
 problems to take 
are of the spa-tial dis
retization and the boundary 
onditions. The 
ru
ial dis
ussion here is the timedis
retization. In terms of the stability of numeri
al methods, we will use the Fouriertransformation and the von Neumann stability analysis.8.3 The Euler's methodConsider the heat equation:ut = �uxx + f(x; t); a < x < b;u(a; t) = g1(t); u(b; t) = g2(t); u(x; 0) = u0(x):
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Figure 12: A diagram of the �nite di�eren
e sten
ils of the forward, ba
kward Euler method,and the method of line (MOL) approa
h.
We want to approximate the solution at 
ertain time T , 0 < T , or all the solution between0 < t < T .As the �rst step, we generate a gridxi = a+ ih; i = 0; 1; � � � ;m; h = b� am ;tk = k�t; k = 0; 1; � � � ; n; �t = Tn :However, we should know that we 
an not use arbitrary �t or n for expli
it methods be
auseof the stability 
on
erns.The se
ond step is to approximate the derivatives with �nite di�eren
e formulas. Weknow how to dis
retize the spatial derivatives. Let us try di�erent �nite di�eren
e formulasfor the time derivative.Forward Euler's method (FT-CT).u(xi; tk +�t)� u(xi; tk)�t = �u(xi�1; tk)� 2u(xi; tk) + u(xi+1; tk)h2+ f(xi; tk) + T (xi; tk):The lo
al trun
ation error isT (xi; tk) = h2 �12 uxxxx + �t2 utt + h.o.t:



58 Z. LiThe dis
retization is order O(h2+�t). Often we 
all the dis
retization is �rst order in time,se
ond order in spa
e. The �nite di�eren
e equation then isUk+1i � Uki�t = � Uki�1 � 2Uki + Uki+1h2 + fki ; (8.3)where fki = f(xi; tk). The solution of the �nite di�eren
e equations Uki is an approximationto the exa
t u(xi; tk). Note that when k = 0, we have the initial 
ondition at the grid points(xi; 0). If we know the solution at the time level k, the solution of the �nite di�eren
eequation at the next time level isUk+1i = Uki +�t �Uki�1 � 2Uki + Uki+1h2 + fki ! ; i = 1; 2; � � � ;m� 1: (8.4)Therefore we 
an get the solution of the �nite di�eren
e equations dire
tly from the ap-proximate solution at previous time steps. We do not need to solve a system of equations.Su
h a method is 
alled expli
it time mar
hing method.Remark 8.1 A

ording to our de�nition, the lo
al trun
ation isT (x; t) = u(x; t+�t)� u(x; t)�t � � u(x� h; t) � 2u(x; t) + u(x+ h; t)h2 � f(x; t) = O(h2 +�t)However, in the literature, there is another de�nition usingT (x; t) = u(x; t+�t)� u(x; t)��t��u(x� h; t)� 2u(x; t) + u(x+ h; t)h2 � f(x; t)�= O ��t(h2 +�t)� :The di�eren
e is the fa
tor of �t. A

ording to this de�nition, the lo
al trun
ation error isone order of �t higher.Remark 8.2 If f(x; t) � 0 and � is a 
onstant, then ut = �uxx, and utt = � �uxx�t =� �2ut�x2 = �2uxxxx, and the lo
al trun
ation error isT (x; t) = ��2�t2 � �h212 �uxxxx +O �(�t)2 + h4� : (8.5)Therefore if � is a 
onstant, we 
an 
hoose �t = h26� to get O(h4+(�t)2) = O(h4) = O(�t2)order of a

ura
y without in
rease 
omputational 
omplexity. This is signi�
ant for theexpli
it method.If we try the numeri
al method with di�erent �t and 
he
k the error against a problemthat we know its exa
t solution, we see the method works for some �t and blows up forsome other �t. Sin
e the method is 
onsistent, it has something to do with the stability.Intuitively, we 
an see that to prevent the errors in uki from getting ampli�ed, we should set2��th2 � 1; or �t � h22� : (8.6)
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e Method 59The ba
kward Euler's method (BW-CT).If we use the ba
kward �nite di�eren
e formula for ut at (xi; tk), we getUki � Uk�1i�t = � Uki�1 � 2Uki + Uki+1h2 + fki ; k = 1; 2; � � � :However, this is equivalent to the 
onventional expressionUk+1i � Uki�t = � Uk+1i�1 � 2Uk+1i + Uk+1i+1h2 + fk+1i : (8.7)The ba
kward Euler's method is 
onsistent. The dis
retization error is still O(�t + h2).Question: Can we 
hoose �t to in
rease the order of a

ura
y?However, we 
an not get uk+1i with a few simple algebrai
 operations be
ause all uk+1i 'sare 
oupled together. We need to solve the following tri-diagonal system in order to get theapproximate solution at time level k + 1:2666666666666664
1 + 2� ���� 1 + 2� ���� 1 + 2� ��. . . . . . . . .�� 1 + 2� ���� 1 + 2�

3777777777777775
2666666666666664

Uk+11Uk+12Uk+13...Uk+1m�2Uk+1m�1
3777777777777775 =

2666666666666664
Uk1 +�t fk+11 + �gk+11Uk2 +�t fk+12Uk3 +�t fk+13...Ukm�2 +�tfk+1m�2Ukm�1 +�t fk+1m�1 + �gk+12

3777777777777775(8.8)where � = ��th2 and fk+1i = f(xi; tk+1). Note that we 
an use f(xi; tk) instead of f(xi; tk+1)if the method is �rst order a

urate in time. Su
h a numeri
al method is 
alled an impli
ittime mar
hing method be
ause the solution at time level k+1 are 
oupled together. Whatis the advantage of the ba
kward Euler's method? It is stable for any 
hoi
e of �t. Forone dimensional problems, the 
omputational 
ost is only slightly more than the expli
itEuler's method if we 
an use an eÆ
ient tridiagonal solver.8.4 The method of line (MOL).If there is a good solver for ordinary di�erential equations/systems, we 
an use the methodof line (MOL) to solve the paraboli
 partial di�erential equations.Given a general paraboli
 equation of the formut(x; t) = Lu(x; t) + f(x; t);where L is an ellipti
 operator. Let Lh be a �nite di�eren
e operator a
ting on a gridxi = a + ih. We 
an form a semi-dis
rete system of ordinary di�erential equations of the



60 Z. Lifollowing form �Ui�t = LhUi(t) + fi(t):In other words, we only dis
retize the spatial variable. For the heat equation with a sour
eut = �uxx + f , we have L = �2�x2 , Lh = Æ2xx, the dis
retize system of ODE is:�U1(t)�t = ��2U1(t) + U2(t)h2 + g1(t)h2 + f(x1; t)�Ui(t)�t = �Ui�1(t)� 2U2(t) + Ui+1(t)h2 + f(xi; t); i = 2; 3; � � � ;m� 2;�Um�1(t)�t = �Um�2(t)� 2Ui�1(t)h2 + g2(t)h2 + f(xm�1; t): (8.9)The initial 
ondition is Ui(0) = u0(xi; 0); i = 1; 2; � � � ;m� 1: (8.10)The ODE system 
an be written as a ve
tor formdydt = f(y; t); y(0) = y0: (8.11)The MOL is espe
ially useful for non-linear PDEs of the form ut = f( ��x ; u; t). For linearproblems, we typi
ally have dydt = Ay + 
where A is a matrix, and 
 is a ve
tor. Both A and 
 may depend on t.There are many eÆ
ient solvers for a system of ODES. Most of them are based on highorder Runge-Kutta methods with adaptive time steps. For example, we 
an use ODE suitsin Matlab, and dsode:f , whi
h is available through Netlib, in Fortran.It is important to know that the ODE system from the MOL is typi
ally sti� meaningthat the eigenvalues of A has very di�erent s
ales. For example, for the heat equation, theeigenvalues are between O(1) and O(1=h2).In Matlab, we 
an 
all the ODE solver using the format[t,y℄ = ode23s('yfun-mol', [0, t_final℄, y0);The solution in the last row of y whi
h 
an be extra
ted using[mr,n
℄ = size(y);ysol = y(mr,:);is the approximate solution at time t = t final. To de�ne the ODE system of the MOL,we should 
reate a Matlab �le, yfun-mol.m whose 
ontends 
ontain the following
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e Method 61fun
tion yp = yfun-mol(t,y)global m h xk = length(y); yp=size(k,1);yp(1) = (-2*y(1) + y(2))/(h*h) + f(t,x(1)) + g1(t)/(h*h);for i=2:m-2yp(i) = (y(i-1) -2*y(1) + y(2))/(h*h) + f(t,x(i));endyp(m-1) = (y(m-2) -2*y(m-1) )/(h*h) + f(t,x(i)) + g2(t)/(h*h);where g1(t) and g2(t) are two matlab fun
tions for the boundary 
ondition at x = a andx = b; and f(t; x(i) is the sour
e term.The initial 
ondition 
an be de�ned asglobal m h xfor i=1:m-1y0(i) = u_0(x(i));endwhere u0(x) is a Matlab fun
tion of the initial 
ondition.8.5 The Crank-Ni
olson s
heme.The time step 
onstraint �t = h2=(2�) for the expli
it Euler's method is generally 
onsid-ered as a severe restri
tion. If h = 0:01 and the �nal time is T = 10, and � = 100, weneed 2107 steps. The ba
kward Euler's method does not have the time step 
onstraint butit is only �rst order a

urate. If we want se
ond order a

ura
y O(h2), we need to take�t = O(h2). Can we derive a �nite di�eren
e s
heme whi
h is se
ond order a

urate bothin time without 
ompromise the stability and 
omputational 
omplexity? The answer isthe Crank-Ni
olson s
heme.The Crank-Ni
olson s
heme is based on the following lemma whi
h 
an be proved easilyusing the Taylor expansion.Lemma 8.1 Let �(t) be a fun
tion that has 
ontinuous �rst order derivative, that is �(t) 2C2, then �(t) = 12 ��(t� �t2 ) + �(t+ �t2 )�+ (�t)28 u00(t) + h:o:t: (8.12)The Crank-Ni
olson s
heme approximate the partial di�erential equationut = (�ux)x + f(x; t)



62 Z. Liat (xi; tk+�t=2) and use the averaging lemma above to approximate the spatial derivativer � (�ru)) and f(x; t). Therefore it has the following formUk+1i � Uki�t = �ki� 12Uki�1 � (�ki� 12 + �ki+ 12 )Uki + �ki+ 12Uki+12h2+ �k+1i� 12 Uk+1i�1 � (�k+1i� 12 + �k+1i+ 12 )Uk+1i + �k+1i+ 12 Uk+1i+12h2 + 12 �fki + fk+1i � : (8.13)The dis
retization is se
ond order in time and se
ond in spa
e. This 
an be easily provedusing the following (we take � = 1 for simpli
ity of the proof):u(x; t+�t)� u(x; t)�t = ut(x; t+�t=2) + 13(�t2 )2 +O((�t)4);u(x� h; t)� 2u(x; t) + u(x+ h; t)2h2 = uxx(x; t) +O(h2);u(x� h; t+�t)� 2u(x; t +�t) + u(x+ h; t+�t)2h2 = uxx(x; t+�t) +O(h2);12 � uxx(x; t) + uxx(x; t+�t)� = uxx(x; t+�t=2) +O((�t)2);12 � f(x; t) + f(x; t+�t)� = f(x; t+�t=2) +O((�t)2):The Crank-Ni
olson s
heme is an impli
it method. In the next se
tion, we will prove thatit is un
onditional stable for the heat equation.At ea
h time step, we need to solve a tridiagonal system of equations to get uk+1i . The
omputational 
ost is only slightly more than the expli
it Euler's method, we 
an take�t � h and have se
ond order a

ura
y. It is mu
h more eÆ
ient than the expli
it Euler'smethod.The �-method.The �- method for the hear equation ut = uxx + f(x; t) has the following formUk+1i � Uki�t = �Æ2xxUki + (1� �)Æ2xxUk+1i + �fki + (1� �)fk+1i :When � = 1, the method is the expli
it Euler's method. When � = 0, the method is theba
kward Euler's method. When � = 1=2, the method is the Crank-Ni
olson s
heme. If the� � 12 , then the method is un
onditional stable, otherwise, it is 
onditional stable meaningthere is a time step 
onstraint. The �-method is generally �rst order in time and se
ondorder in spa
e ex
ept for � = 1=2.
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e Method 638.6 Stability analysis for time-dependent problems{Dis
rete Fourier trans-form and von-Neumann analysis.Let us �rst review Fourier transform (FT) in 
ontinuous spa
e. Let u(x) 2 L2(�1;1),that is Z 1�1 u2dx <1 or kuk2 <1. The Fourier transform is de�ned asû(!) = 1p2� Z 1�1 e�i!xu(x)dx; (8.14)where i = p�1. We 
all u(x) is de�ned in the spa
e domain while û(!) is de�ned in thefrequen
y domain. Note that if a fun
tion is de�ned in the domain (0;1), usually we 
anuse the Lapla
e transform.The inverse Fourier transform is de�ned asu(x) = 1p2� Z 1�1 ei!xû(!)d!: (8.15)Parseval's relation: Under the Fourier transform, we have kûk2 = kuk2 orZ 1�1 jûj2d! = Z 1�1 juj2dx: (8.16)Fourier transform is a useful tool for theoreti
al and numeri
al analysis. Use the Fouriertransform, we 
an get rid of one derivative.From the de�nition of Fourier transform (FT), we have\��û�!� = �ixu; 
�u�x = i!û: (8.17)To show the equalities above, we use the de�nition of the the inverse Fourier transform for�u�x(x) to get �u�x (x) = 1p2� Z 1�1 ei!x 
�u�x d!On the other hand, sin
e u(x) and û(!) are both in L2(�1;1), we 
an take the partialderivative of the inverse Fourier transform with respe
t to x to get�u�x (x) = 1p2� Z 1�1 ��x �ei!x bu� d! = 1p2� Z 1�1 i!buei!x d!Sin
e the Fourier transform and its inverse transform are unique, we have 
�u�x = i!bu. Theproof of the �rst equality will be left as an exer
ise. It is easy to generalize the equality tod�mu�xm = (i!)m û: (8.18)In other words, we 
an get rid of the derivatives of one variable. The Fourier transform 
anbe used to study the behavior of di�erential equations.



64 Z. LiExample 1:The wave equationut + aux = 0; �1 < x <1; t > 0; u(x; 0) = u0(x):If we apply the Fourier transform to the equation and the initial 
ondition, we getbut +daux = 0; or but + ai!û = 0:Therefore we get an ODE for û(!) whi
h 
an be solved easilyû(!; t) = û(!; 0) e�ia!t = û0(!) e�ia!t:Therefore the solution to the original wave equation isu(x; t) = 1p2� Z 1�1 ei!x û0(!) e�ia!t d!= 1p2� Z 1�1 ei!(x�at) û0(!) d!= u(x� at; 0);a

ording to the de�nition of the inverse Fourier transform. Thus we have solved theproblem. The solution tell us that for a pure wave equation, the solution does not 
hangeshape but simply propagates along the 
hara
teristi
 line x� at = 0. Also note thatkuk2 = kûk2 = kû(!; 0)e�ia!tk2 = kû(!; 0)k2 = ku0k2Example 2: The heat equation (di�usion equation).Considerut = �uxx; �1 < x <1; t > 0; u(x; 0) = u0(x); limjxj!1u = 0:We apply the Fourier transform to the equation and the initial 
ondition to getbut =[�uxx; or but = �(i!)2û = ��!2û:The solution of the ODE then iŝu(!; t) = û(!; 0) e��!2t:Therefore kuk2 = kûk2 = kû(!; 0)e��!2tk2 � ku0k2;if � > 0. A
tually, it 
an be shown that limt!1 kuk2 = 0 if � > 0, and limt!1 kuk2 = 1if � < 0 and ku0k2 6= 0.



Finite Di�eren
e Method 65Example 3: Dispersive waves.Consider ut = �2m+1u�x2m+1 + �2mu�x2m + l:o:t:;where m is a non-negative integer. For example ut = uxxx, we havebut =\�uxxx; or but = �(i!)3û = �i!3û:The solution of the ODE then iŝu(!; t) = û(!; 0) e�i!3t:Therefore kuk2 = kûk2 = kû(!; 0)k2 = ku(!; 0)k2;The solution to the original PDE 
an be expressed asu(x; t) = 1p2� Z 1�1 ei!x û0(!) e�i!3t d!= 1p2� Z 1�1 ei!(x�!2t) û0(!) d!:It 
an be interpreted in the following way. The Fourier 
omponent with wave number ! ispropagating with the velo
ity !2. Waves intera
t with ea
h other, but there is no di�usion.Example 4: The PDE with even order derivatives (highest).Consider ut = ��2mu�x2m + �2m�1u�x2m�1 + l:o:t:;where m is a non-negative integer. Then we know thatbut = �(i!)2mû+ � � � = 8<: ��!2mû+ � � � if m = 2k + 1�!2mû+ � � � if m = 2k.Therefore we have bu = 8<: û(!; 0) e��i!2m t + � � � if m = 2k + 1û(!; 0) e�i!2m t + � � � if m = 2k.From the equality above, we 
an 
on
lude that ut = uxx and ut = �uxxxx are dynami
allystable, while ut = �uxx and ut = uxxxx are dynami
ally unstable.



66 Z. Li8.7 Dis
rete Fourier transform.The motivations to study a dis
rete Fourier transform in
lude the stability analysis of �nitedi�eren
e s
hemes, data analysis in frequen
y domain, �ltering te
hniques et
.De�nition of a grid fun
tion: Let� � � v�2; v�1; v0; v1; v2; � � � ;be a 
ontinuous fun
tion v(x) at xi = i � h, the dis
rete Fourier transform is de�ned asv̂(�) = 1p2� 1Xj=�1h e�i�jh vj : (8.19)Remark 8.3� The de�nition is a quadrature approximation to the 
ontinuous 
ase, that is, we ap-proximate R by P, and dx by h.� v̂(�) is 
ontinuous, and periodi
 fun
tion of � with period 2�=h:e�ijh(�+2�=h) = e�ijh�e2ij� = e�i�jh: (8.20)So we 
an fo
us on v̂(�) in the interval [��h ;��h ℄.De�nition of dis
rete inverse Fourier transform:vj = 1p2� Z �=h��=h ei�jh v̂(�) d�: (8.21)De�nition of dis
rete Fourier and inverse Fourier transform for a �nite se-quen
e: (h is not involved):� � � ; 0; 0; v1; v2; � � � ; vM ; 0; 0; � � �We de�ne v̂(�) = 1p2� 1Xj=�1 e�i�jvj = MXj=0 e�i�j vj (8.22)vj = 1p2� Z ��� ei�j v̂(�) d�: (8.23)Dis
rete Norm: kvkh =vuut 1Xj=�1 v2j h; (8.24)it is often denoted as kvk2 as well. The Parseval's relation is also truekv̂k2h = Z �=h��=h jv̂(�)j2d� = 1Xj=�1 jvj j2h = kvk2h (8.25)



Finite Di�eren
e Method 678.8 De�nition of stability of a �nite di�eren
e s
heme.A �nite di�eren
e s
heme P�t;hvkj = 0 is stable in a stability region � if there is an integerJ su
h that for any positive time T , there is a 
onstant CT independent of �t and h su
hthat kvnkh � CT JXj=0 kvjkh (8.26)for any n that satis�es 0 � n�t � T with (�t; h) 2 �.Remark 8.41. The stability is usually independent of the sour
e terms.2. A stable �nite di�eren
e s
heme means that the growth of the solution is at the mostof a 
onstant multiple of the sum of the norms of the solution at the �rst J +1 steps.3. The stability region are all possible �t and h.The following theorem provide a simple way to 
he
k the stability of a �nite di�eren
es
heme.Theorem 8.1 If kvk+1kh � kvkkh is true for any k, then the �nite di�eren
e s
heme isstable.Proof: From the 
ondition, we havekvnkh � vn�1kh � � � � � kv1kh � kv0kh:So if we take J = 0, CT = 1, we have the stability.8.9 Von Neumann stability analysis of �nite di�eren
e methods.The von Neumann stability analysis of a �nite di�eren
e s
heme 
an be des
ribed as thefollowing pro
ess:Dis
rete s
heme =) dis
rete Fourier transform =) growth fa
tor g(�) =) stability (jg(�)j � 1 ?) And the simpli�
ation of the von-Neumann analysis.Example 1.The forward Euler method (FW-CT) for the heat equation ut = �uxx is:Uk+1i = Uki + � Uki�1 � 2Uki + Uki+1h2 ! ; � = ��th2 :



68 Z. LiFrom the dis
rete Fourier transform, we knowUkj = 1p2� Z �=h��=h ei�jhÛk(�)d�Ukj+1 = 1p2� Z �=h��=h ei�(j+1)hÛk(�)d� = 1p2� Z �=h��=h ei�jhei�hÛk(�)d�:Similarly Ukj�1 = 1p2� Z �=h��=h ei�jhe�i�hÛk(�)d�:Plugging these relations into the �nite di�eren
e s
heme, we obtainUk+1i = 1p2� Z �=h��=h ei�jh �1 + �(e�i�h � 2 + ei�h)� Ûk(�)d�On the other hand, a

ording to the de�nition, we haveUk+1i = 1p2� Z �=h��=h ei�jhÛk+1(�)d�:The dis
rete Fourier transform is unique whi
h impliesÛk+1(�) = �1 + �(e�i�h � 2 + ei�h)� Ûk(�) = g(�)Ûk(�);where g(�) = 1 + �(e�i�h � 2 + ei�h)is 
alled the growth fa
tor. If jg(�)j � 1, then jÛk+1j � jÛkj, and thus kÛk+1kh � kÛkkh.The �nite di�eren
e s
heme then is stable.Let us examine jg(�)j now:g(�) = 1 + � (
os(��h)� i sin(�h)� 2 + 
os(�h) + i sin(�h))= 1 + 2� (
os(�h)� 1) = 1� 4� sin2(�h)=2 � 1:But we need that jg(�)j � 1, or �1 � g(�) � 1. Note that�1 � 1� 4� � 1� 4� sin2(�h)=2 = g(�) � 1:So if we take �1 � 1�4�, then we 
an guarantee that jg(�)j � 1, so the stability. Thereforea suÆ
ient 
ondition for the stability of the forward Euler's method is�1 � 1� 4�; or 4� � 2; or �t � h22� ; (8.27)while we 
an not 
laim what will happen if the 
ondition is violated, it is a reasonable goodupper bound for the stability.
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e Method 69Simpli�
ation of von Neumann stability analysis for one step time mar
h-ing method.Assume that we have a one step time mar
hing method Uk+1 = f(Uk;Uk+1). We have thefollowing theorem that tells the stability of a �nite di�eren
e method.Theorem 8.2 Let � = h�. A one-step �nite di�eren
e s
heme (with 
onstant 
oeÆ
ients)is stable if and only if there is a 
onstant K (independent of �, �t, and h) and some positivegrid spa
ing �t0 and h0 su
h thatjg(�;�t; h)j � 1 +K�t (8.28)for all �, 0 < k � k0, and 0 < h � h0. If g(�;�t; h) is independent of h and �t, the stability
ondition (8.28) 
an be repla
ed with jg(�j � 1: (8.29)This theorem shows that to determine the stability of a �nite di�eren
e s
heme we need 
on-sider only the ampli�
ation fa
tor g(h�) = g(�). This observation is due to von Neumann,and be
ause of that, this analysis is usually 
alled von Neumann analysis. We present someexamples below.We 
an follow the following steps for the von Neumann analysis:1. Set Ukj = eijh�. Plugging the expression into the �nite di�eren
e s
heme.2. Express Uk+1j as Uk+1j = g(�)eijh� .3. Solve g(�) and determine whether or when jg(�)j � 1 for the stability.Example 2.The stability of ba
kward Euler's method for the heat equation ut = �uxx is:Uk+1i = Uki + ��Uk+1i�1 � 2Uk+1i + Uk+1i+1 � ; � = ��th2 :Follow the pro
edure mentioned above, we haveg(�)eijh� = eijh� + ��ei�(j�1)h � 2ei�jh + ei�(j+1)h� g(�)= ei�jh �1 + ��e�i�h � 2 + ei�hi� g(�)� :We solve g(�) to getg(�) = 11� �(e�i�h � 2 + ei�h)= 11� �(2 
os(h�)� 2) = 11 + 4� sin2(h�)=2 < 1



70 Z. Lifor any h and �t > 0. Also it is obvious that �1 < 0 � g(�). Therefore, jg(�)j � 1, and theba
kward Euler's method is un
onditionally stable!Example 3.The Leapfrog s
heme (two-stage method) for the heat equation ut = uxx isUk+1i � Uk+1i2�t = Uki�1 � 2Uki + Uki+1h2 : (8.30)This method is un
onditionally unstable! To show this, we follow the stability analysis.Note that we need to use Uk�1j = eijh�=g(�). We 
an getg(�)eijh� = 1g(�)eijh� + ei�jh ��(e�i�h � 2 + ei�h)�= 1g(�)eijh� � eijh�4� sin2(h�=2):We get a quadrati
 equation for g(�).(g(�))2 + 4� sin2(h�=2) g(�) � 1 = 0: (8.31)The solution are g(�) = �2� sin2(h�=2) �q4�2 sin4(h�=2) + 1:One of roots is g(�) = �2� sin2(h�=2) �q4�2 sin4(h�=2) + 1whose magnitude g(�) � 1. While we do not have any 
on
lusion about the stability of themethod, the method is known to be a unstable method in the literature.8.10 Finite di�eren
e methods and analysis for 2D paraboli
 equations.The general form of equations isut + a1ux + a2uy = (�ux)x + (�uy)y + �u+ f(x; y; t)with boundary 
onditions and an initial 
ondition. It 
an be written asut = Lu+ fwhere L is the spatial di�erential operator. Therefore, the method of line (MOL) 
an beused if one 
an �nd a good ODE solver for sti� ODE systems. Note that the system is large(O(m2)).



Finite Di�eren
e Method 71For simpli
ity, we dis
uss the heat equation ut = r � (�ru) + f(x; y; t). We assume � isa 
onstant. The simplest method is the forward Euler's method:Uk+1lj = Uklj + ��Ukl�1;j + Ukl+1;j + Ukl;j�1 + Ukl;j+1 � 4Ukl;j�+�tfkljwhere � = ��t=h2. The method is �rst order in time and se
ond order in spa
e, and it is
onditionally stable. The stability 
ondition is�t � h24� : (8.32)Note that fa
tor of 4 instead of 2. To show this using von Neumann analysis with f = 0,we should set uklj = ei (lhx�1+jhy�2) = ei ��x; (8.33)where � = [�1; �2℄T , x = [hxl; hyj℄T .Uk+1lj = g(�1; �2)ei ��x: (8.34)Substituting these expressions into the �nite di�eren
e s
heme, we 
an getg(�1; �2) = 1� 4� �sin2(�1h=2) + sin2(�2h=2)� � 1;where we assume hx = hy = h for simpli
ity. Therefore to get the stability, we enfor
e�1 � 1� 4�2 � 1� 4� �sin2(�1h=2) + sin2(�2h=2)� :The inequality from the very left is4�t� 2h2 � 2; or �t � h24� :Ba
kward Euler's method (BW-CT).The s
heme 
an be written asUk+1ij � Ukij�t = Uk+1i�1;j + Uk+1i+1;j + Uk+1i;j�1 + Uk+1i;j+1 � 4Uk+1ijh2 + fk+1ij : (8.35)The method is �rst order in time and se
ond order in spa
e and it is un
onditionally stable.The 
oeÆ
ient matrix for the unknown Uk+1ij is a blo
k tridiagonal and it is stri
tly rowdiagonally dominant if we use the natural row ordering.
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olson s
heme (C-N).The s
heme 
an be written asUk+1ij � Ukij�t = 12  Uk+1i�1;j + Uk+1i+1;j + Uk+1i;j�1 + Uk+1i;j+1 � 4Uk+1ijh2 + fk+1ij+Uki�1;j + Uki+1;j + Uki;j�1 + Uki;j+1 � 4Ukijh2 + fkij! : (8.36)Both the lo
al trun
ation error and global error are O �(�t)2 + h2�. The s
heme is un
ondi-tionally stable for linear problems. However, we need to solve a system of equations whose
oeÆ
ient matrix is a stri
tly row diagonally dominant and blo
k tridiagonal matrix if weuse the natural row ordering.8.11 The alternating dire
tional Impli
it (ADI) method.The ADI is one spe
ial 
ase of time splitting or fra
tional step methods. The idea is to useimpli
it dis
retization in one dire
tion while using expli
it in another dire
tion. For theheat equation ut = uxx + uyy + f(x; y; t), the ADI method is:Uk+ 12ij � Ukij(�t)=2 = Uk+ 12i�1;j � 2Uk+ 12ij + Uk+ 12i+1;jh2 + Uki;j�1 � 2Ukij + Uki;j+1h2 + fk+ 12ij ;Uk+1ij � Uk+ 12ij(�t)=2 = Uk+ 12i�1;j � 2Uk+ 12ij + Uk+ 12i+1;jh2 + Uk+1i;j�1 � 2Uk+1ij + Uk+1i;j+1h2 + fk+ 12ij : (8.37)The method is se
ond order in time and spa
e is u(x; y; t) 2 C4 in spa
e. It is un
onditionallystable for linear problems. We 
an use symboli
 expressions to dis
uss the method. Themethod 
an be written asUk+ 12ij = Ukij + �t2 Æ2xxUk+ 12ij + �t2 Æ2yyUkij + �t2 fk+ 12ijUk+1ij = Uk+ 12ij + �t2 Æ2xxUk+ 12ij + �t2 Æ2yyUk+1ij + �t2 fk+ 12ij : (8.38)In the matrix-ve
tor form, if we move unknowns to the left hand side, then we get�I � �t2 D2x�Uk+ 12 = �I + �t2 D2y�Uk + �t2 Fk+ 12�I � �t2 D2y�Uk+1 = �I + �t2 D2x�Uk+ 12 + �t2 Fk+ 12 : (8.39)The following derivation is to get a simple form for 
onvenien
e of analysis. Solve for Uk+ 12to get Uk+ 12 = �I � �t2 D2x��1�I + �t2 D2y�Uk +�I � �t2 D2x��1 �t2 Fk+ 12



Finite Di�eren
e Method 73Plugging the expression into the se
ond equation in the ADI method to get�I � �t2 D2y�Uk+1 = �I + �t2 D2x��I � �t2 D2x��1�I + �t2 D2y�Uk+�I + �t2 D2x��I � �t2 D2x��1 �t2 Fk+ 12 + �t2 Fk+ 12 :We 
an go further to get:�I � �t2 D2x��I � �t2 D2y�Uk+1 = �I + �t2 D2x��I + �t2 D2y�Uk+�I + �t2 D2x� �t2 Fk+ 12 + �t2 Fk+ 12 :Note that in the derivation, we have used the fa
t that�I + �t2 D2x��I + �t2 D2y� = �I + �t2 D2y��I + �t2 D2x�and other 
ommunitive operations.Implementation:We take advantages of the tridiagonal solver.Uk+ 12ij = Ukij + �t2 Æ2xxUk+ 12ij + �t2 Æ2yyUkij + �t2 fk+ 12ij :For a �xed j, we get a tridiagonal system of equations for Uk+ 121j , Uk+ 121j , � � � , Uk+ 12m�1;j assuminga Diri
hlet boundary 
ondition at x = a and x = b. The system of equations in the matrix-ve
tor form is:2666666666666664
1 + 2� ���� 1 + 2� ���� 1 + 2� ��. . . . . . . . .�� 1 + 2� ���� 1 + 2�

3777777777777775
266666666666666664

Uk+ 121jUk+ 122jUk+ 123j...Uk+ 12m�2;jUk+ 12m�2;j
377777777777777775 = bF



74 Z. Liwhere
bF =

26666666666666666664
Uk1;j + �t2 fk+ 121j + �ub
(a; yj)k+ 12 + ��Uk1;j�1 � 2Uk1;j�1 + Uk1;j+1�Uk2;j + �t2 fk+ 122j + ��Uk2;j�1 � 2Uk2;j�1 + Uk2;j+1�Uk3j + �t2 fk+ 123j + ��Uk3;j�1 � 2Uk3;j�1 + Uk3;j+1�...Ukm�2;j + �t2 fk+ 12m�2;j + ��Ukm�2;j�1 � 2Ukm�2;j�1 + Ukm�2;j+1�Ukm�1;j + �t2 fk+ 12m�1;j + ��Ukm�1;j�1 � 2Ukm�1;j�1 + Ukm�1;j+1�+ �ub
(b; yj)k+ 12

37777777777777777775where � = ��t2h2 and fk+ 12i = f(xi; tk+ 12 ). For ea
h j, we need to solve a symmetri
 tridiagonalsystem of equations.Pseudo 
ode in Matlab.for j = 2:n, % Look for fixed y(j)A = sparse(m-1,m-1); b=zeros(m-1,1);for i=2:m,b(i-1) = (u1(i,j-1) -2*u1(i,j) + u1(i,j+1))/h1 + ...f(t2,x(i),y(j)) + 2*u1(i,j)/dt;if i == 2b(i-1) = b(i-1) + uexa
t(t2,x(i-1),y(j))/h1;A(i-1,i) = -1/h1;elseif i==mb(i-1) = b(i-1) + uexa
t(t2,x(i+1),y(j))/h1;A(i-1,i-2) = -1/h1;elseA(i-1,i) = -1/h1;A(i-1,i-2) = -1/h1;endendA(i-1,i-1) = 2/dt + 2/h1;endut = A\b; % Solve the diagonal matrix.%-------------- loop in y -dire
tion --------------------------------



Finite Di�eren
e Method 75for i = 2:m,A = sparse(m-1,m-1); b=zeros(m-1,1);for j=2:n,b(j-1) = (u2(i-1,j) -2*u2(i,j) + u2(i+1,j))/h1 + ...f(t2,x(i),y(j)) + 2*u2(i,j)/dt;if j == 2b(j-1) = b(j-1) + uexa
t(t1,x(i),y(j-1))/h1;A(j-1,j) = -1/h1;elseif j==nb(j-1) = b(j-1) + uexa
t(t1,x(i),y(j+1))/h1;A(j-1,j-2) = -1/h1;elseA(j-1,j) = -1/h1;A(j-1,j-2) = -1/h1;endendA(j-1,j-1) = 2/dt + 2/h1; % Solve the systemendut = A\b;8.11.1 Trun
ation error analysis.If we add the two equations in (8.37) together, we getUk+1ij � Ukij(�t)=2 = 2Æ2xxUk+ 12ij + Æ2yy �Uk+1ij + Ukij�+ 2fk+ 12ij : (8.40)If we subtra
t the �rst equation from the se
ond equation in (8.37), we get4Uk+ 12ij = 2�Uk+1ij + Ukij���tÆ2yy �Uk+1ij � Ukij� : (8.41)Plugging this into (8.40), we 
an get�1 + (�t)24 Æ2xxÆ2yy� Uk+1ij � Ukij�t = �Æ2xx + Æ2yy� Uk+1ij � Ukij2 + fk+ 12ijNow we 
an see 
learly that the dis
retization is se
ond order a

urate both in spa
e andtime, that is T kij = O((�t)2 + h2).8.11.2 The stability analysis.We take f = 0 and setUklj = e�i(�1h1l+�2h2j); Uk+1lj = g(�1; �2) e�i(�1h1l+�2h2j): (8.42)



76 Z. LiUsing the operator form, we have:�1� �t2 Æ2xx��1� �t2 Æ2yy�Uk+1jl = �1 + �t2 Æ2xx��1 + �t2 Æ2yy�Ukjlor �1� �t2 Æ2xx��1� �t2 Æ2yy� g(�1; �2) e�i(�1h1l+�2h2j) =�1 + �t2 Æ2xx��1 + �t2 Æ2yy� e�i(�1h1l+�2h2j):After some manipulations, we 
an getg(�1; �2) = � 1� � sin2(�1h=2)� �1� � sin2(�2h=2)�� 1 + � sin2(�1h=2)� �1 + � sin2(�2h=2)� ;where � = �t2h2 and we have set h1 = h2 = h for simpli
ity. So we have jg(�1; �2)j � 1 nomatter what �t and h are. Therefore the ADI method is un
onditionally stable for linearheat equations.8.12 An impli
it-expli
it mixed method for di�usion and and adve
tionequations.Consider the equation ut +w � ru = r � (�ru) + f(x; y; t):It is not so easy to get se
ond order impli
it s
heme that the 
oeÆ
ient matrix is diagonallydominant or symmetri
 positive/negative de�nite due to the adve
tion term. One solutionis to use impli
it s
heme for the di�usion term and an expli
it s
heme for the adve
tionterm. The s
heme has the following form from time level tk to tk+1:uk+1 � uk�t + (w � rhu)k+ 12 = 12 �(rh � �rhu)k + (rh � �rhu)k+1�+ fk+ 12 ; (8.43)where (w � rhu)k+ 12 = 32 (w � rhu)k � 12 (w � rhu)k�1 : (8.44)The time step 
onstraint 
an be 
hosen as�t � h2kwk2 : (8.45)At ea
h time step, we need to solve a Helmholtz equation(r � �ru)k+1 � 2uk+1�t = �2uk�t + 2 (w � ru)k+ 12 � (r � �ru)k � 2fk+ 12 : (8.46)We need u1 to get this method started. We 
an use the expli
it Euler's method (FW-CT)to approximate u1. It should have no e�e
t on the stability and global error O((�t)2+h2).
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e Method 778.13 Solving ellipti
 PDEs using the numeri
al methods for paraboli
PDEs.We know that the steady state solution of a paraboli
 PDE is the solution of the 
orre-sponding ellipti
 PDE. For example, the steady state solution of the paraboli
 PDE:ut = r � (�ru) +w � u+ f(x; t)is the solution to the ellipti
 PDE:r � (�ru) +w � u+ �f(x) = 0;if the limit �f(x) = limt!1 f(x; t)exists. The initial 
ondition is irrevalent to the steady state solution. But the boundary
ondition is. There are some advantages of this approa
h espe
ially for some non-linearproblems in whi
h the solution is not unique. Using this approa
h, we 
an 
ontrol thevariation in the intermediate solutions. The linear system of equations are more diagonallydominant. Sin
e we only 
are about the steady state solution, we prefer to use impli
itmethods with large time steps. The a

ura
y in time in unimportant.



78 Z. Li9 Finite di�eren
e methods for linear hyperboli
 di�erentialequations.In this se
tion, we will dis
uss �nite di�eren
e methods for hyperboli
 partial di�erentialequations. First we list a few typi
al hyperboli
 PDEs.� Adve
tion equations (one-way wave equations).ut + aux = f(x; t); 0 < x < 1;u(x; 0) = �(x); IC;u(0; t) = gl(t); if a � 0; or u(1; t) = gr(t); if a � 0: (9.1)� Se
ond order linear wave equations:utt = auxx + f(x; t); 0 < x < 1;u(x; 0) = �(x); IC;u(0; t) = gl(t); u(1; t) = gr(t) (9.2)� Linear �rst order hyperboli
 system:ut = Aux + f(x; t) (9.3)where u and f are two ve
tors, A is a matrix. The system is hyperboli
 if A isdiagonalizable, A = TDT�1, and all eigenvalues of A are real numbers.� Non-linear hyperboli
 system, parti
ularly the 
onservation lawsut + f(u)x = 0; e.g., Burger's eqn.; ux +�u22 �x = 0:ut + fx + gy = 0; in 2D: (9.4)For non-linear hyperboli
 PDEs, sho
ks (dis
ontinuous solution) 
an develop even ifthe initial 
ondition is smooth.9.1 Boundary 
onditionsWe know the exa
t solution for the one-way wave equationut + aux = 0; �1 < x <1;u(x; 0) = �(x); t > 0is u(x; t) = �(x� at).



Finite Di�eren
e Method 79If the domain is �nite, we 
an also �nd the exa
t solution. Consider the model problemut + aux = 0; 0 < x < 1;u(x; 0) = �(x); t > 0; u(0; t) = gl(t) if a > 0:We 
an use the 
hara
teristi
 method to solve the problem. Assume that the solutionkeeps a 
onstant value along a line (the 
hara
teristi
). Given a point (x; t), we 
an tra
ethe solution along the 
hara
teristi
 line (x+ ks; t+ s). De�nez(s) = u(x+ ks; t+ s) (9.5)along whi
h the solution keeps a 
onstant, that is z0(s) � 0. Plug this into the PDE, we
an get: z0(s) = ut + kux = 0:whi
h is always true if we take k = a. Therefore the solution at (x+ ks; t+ s) is the sameas at (x; t). So we 
an solve the problem by tra
ing ba
k until the line hit the boundary.Therefore u(�x; �t) = u(x+ as; t+ s) = u(x� at; 0) if x� at � 0 whi
h means we tra
e ba
kto the initial 
ondition. If x � at < 0, we 
an only tra
e ba
k to x = 0 or s = ��x=a andt = �x=a and the solution is u(�x; �t) = u(0; t � �xa ) = gl(t� �xa ). Therefore the solution for the
ase a � 0 
an be written asu(x; t) = 8<: �(x� at) if x � at,gl �t� xa� if x < at. (9.6)Now we 
an see that we have to pres
ribe a boundary 
ondition at x = 0 but we 
an nothave any boundary 
ondition at x = 1. It is important to get 
orre
t boundary 
onditionsfor hyperboli
 problems.The one-way wave equation is often used as a ben
h-mark problem for di�erent numeri
almethods for hyperboli
 problems.Simple numeri
al methods for hyperboli
 problems in
lude� Lax-Friedri
hs method.� Up-wind s
heme.� Leap-frog method. Note it does not work for the heat equation but works for linearhyperboli
 equations� Box-s
heme� Lax-Wendro� method



80 Z. Li� Crank-Ni
holson s
heme (not re
ommended sin
e there is no severe time step 
on-straints for hyperboli
 problems).� Beam-Warming method (one-sided se
ond order upwind s
heme if the solution issmooth).9.2 Lax-Friedri
hs method.Consider the one-way wave equation ut + aux = 0. One may want to try the simple �nitedi�eren
e s
heme Uk+1j � Ukj�t + a2h �Ukj+1 � Ukj�1� = 0;or Uk+1j = Ukj � ��Ukj+1 � Ukj�1� ;where � = a�t=(2h). The s
heme has O(�t+ h2) lo
al trun
ation error. But the methodis un
onditionally unstable. To see why, we 
ondu
t the von Neumann stability analysis toget the growth fa
tor: g(�) = 1� ��eih� � e�ih��= 1� � 2 i sin(h�);where � = h�. Therefore jg(�)j2 = 1 + 4�2 sin2(h�) � 1;and the s
heme is un
onditionally unstable.In the Lax-Friedri
hs s
heme, we average Ukj using Ukj�1 and Ukj+1 to getUk+1j = 12 �Ukj�1 + Ukj+1�� ��Ukj+1 � Ukj�1� :The lo
al trun
ation error has an order of O(�t+ h) if �t � h. The growth fa
tor isg(�) = 12 �eih� + e�ih��+ ��eih� � e�ih��= 
os(h�)� 2� sin(h�)i:Therefore jg(�)j2 = 
os2(h�) + 4�2 sin2(h�)= 1� sin2(h�) + 4�2 sin2(h�)= 1� (1� 4�2) sin2(h�):
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e Method 81We 
an 
on
lude that jg(�)j � 1 if 1 � 4�2 � 0 or 1 � (a�t=h)2 � 0, whi
h implies that�t � h=jaj. This is 
alled the CFL (Courant-Friedri
hs-Lewy) 
ondition.For the Lax-Friedri
hs s
heme, we need a numeri
al boundary 
ondition at x = 1 whi
hwill be explained later. The Lax-Friedri
hs s
heme is the basis of several other populars
hemes.9.3 The upwind s
heme.The upwind s
heme for ut + aux = 0 isUk+1j � Ukj�t = 8><>: �ah �Ukj � Ukj�1� if a � 0�ah �Ukj+1 � Ukj � if a < 0. (9.7)It is �rst order a

urate in time and in spa
e. To �nd out the CFL 
onstraint, we 
ondu
tthe von Neumann stability analysis. The growth fa
tor for the 
ase when a � 0 isg(�) = 1� ��1� e�ih��= 1� �(1� 
os(h�))� i� sin(h�):Now we investigate the magnitude:jg(�)j2 = (1� �+ � 
os(h�))2 + �2 sin2(h�)= (1� �)2 + 2(1 � �)� 
os(h�) + �2= 1� 2(1 � �)�(1� 
os(h�)):Therefore if 1� � � 0, that is � � 1, or �t � h=a, we have jg(�)j � 1.Note that for the upwind s
heme, no numeri
al boundary 
ondition is needed; no severetime step restri
tion sin
e �t � h=a. If a = a(x; t) is a variable fun
tion that does not
hange the sign, then the CFL 
ondition is0 < �t � hmax ja(x; t)j :However, the upwind s
heme is �rst order in time and in spa
e. Below we dis
uss somehigh order s
hemes.9.4 The Leap-Frog s
heme.The Leap-Frog s
heme for ut + aux = 0 is:Uk+1j � Uk�1j2�t + a2h �Ukj+1 � Ukj�1� = 0;or Uk+1j = Uk�1j � ��Ukj+1 � Ukj�1� ; (9.8)



82 Z. Liwhere � = a�t=(2h). The dis
retization is se
ond order in time and in spa
e. It requiresa numeri
al boundary 
ondition at one end and need U1j to get started. We know thatthe Leap-Frog s
heme is un
onditionally unstable for the heat equation. So we should be
on
erned with the stability through the von Neumann stability analysis. LetUkj = eij�; Uk+1j = g(�)eij� ; Uk�1j = 1g(�) eij�:Plug in these into the Leap-Frog s
heme, we 
an getg2 + �(eih� � e�ih�)g � 1 = 0;or g2 + 2�i sin(h�) g � 1 = 0:The solution is g� = �i� sin(h�)�q1� �2 sin2(h�) (9.9)we distinguish three di�erent 
ases:1. If j�j > 1, then there are su
h �'s su
h that one of jg�j > 1 or jg+j > 1 is true. Thes
heme is unstable!2. If j�j < 1, then 1� �2 sin2(h�) � 0, we havejg�j2 = �2 sin2(h�) + 1� �2 sin2(h�) = 1:However, sin
e it is two stages method, we have to be 
areful about the stability. Forlinear �nite di�eren
e equation theory, we know that the general solution isUk = C1gk� + C2gk+jUkj � maxfC1; C2g�jgk�j+ jgk+j�� 2maxfC1; C2g:Therefore, the s
heme is 
alled neutral stable a

ording to the de�nition kUkk �CT PJj=0 kUjk.3. If j�j = 1, we still have jg�j = 1. However, we 
an �nd � su
h that � sin(h�) = 1, andg+ = g� = �i. That is �i is a double root of the 
hara
teristi
 polynomial. Thereforethe solution of the �nite di�eren
e equation has the formUkj = C1(�i)k + C2k(�i)k;where C1 and C2, 
an be 
omplex numbers, are determined from the initial 
onditions.Therefore there are solutions that kUkk � k whi
h is unstable (slow growing).Therefore, the Leap-Frog s
heme is stable if �t < hjaj . Note that we 
an use the upwindor other s
heme (even unstable one) to initialize the Leap-Frog s
heme to get U1j .Note that if jg(�)j < 1, we 
all the numeri
al s
heme is dissipative. The Leap-Frogs
heme is a non-dissipative s
heme.



Finite Di�eren
e Method 839.5 Modi�ed equations and numeri
al di�usion and dispersion.A modi�ed equation is the PDE that a �nite di�eren
e equation satis�es exa
tly at gridpoints. Consider the upwind method for the adve
tion equation ut + aux = 0 in the 
asea > 0, Uk+1j � Ukj�t + ah �Ukj � Ukj�1� = 0:The pro
ess of deriving the modi�ed PDE is similar to 
omputing the lo
al trun
ation error,only now we insert v(x; t) into the �nite di�eren
e equation to derive a PDE that v(x; t)satis�es exa
tly. Therefore we havev(x:t+�t)� v(x; t)�t + ah (v(x; t)� v(x� h; t)) = 0:Expanding these terms in Taylor series about (x; t) and simplifying gives:vt + 12�t vtt + � � � + a�vx � 12hvxx + 16h2vxxx + � � �� = 0:We 
an rewrite this asvt + avx = 12(ahvxx ��tvtt)� 16 �ah2vxxx + (�t)2vtt�+ � � �This is the PDE that v satis�es. From the equation above, we 
an getvtt = �avxt + 12(ahvxxt ��tvttt)= �avxt +O(�t; h)= �a ��x (�avx +O(�t; h))Therefore, the leading term of the modi�ed PDE isvt + avx = 12ah�1� a�th � vxx: (9.10)This is a adve
tion-di�usion equation. The grid values Unj 
an be viewed as giving ase
ond order a

urate approximation to the true solution of this equation (whereas theyonly give �rst order a

urate approximation to the true solution of the original problem.From modi�ed equation, we 
an 
on
lude the following:� The 
omputed solution will smooth out dis
ontinuities be
ause the di�usion term. These
ond order derivative term is 
alled numeri
al dissipation, or numeri
al vis
osity.� If a is a 
onstant, and �t = h=a, then 1� a�th = 0, we have se
ond order a

ura
y aswe see from numeri
al example.



84 Z. Li� We 
an add the 
orre
tion term for the se
ond order a

ura
y to get higher ordera

urate method. The stability needs to be 
he
ked. For example, we get modify theupwind s
heme to get a se
ond order s
heme:Uk+1j � Ukj�t + aUkj � Ukj�1h = 12ah�1� a�th � Ukj�1 � 2Ukj + Ukj+1h2whi
h is se
ond order a

urate if �t � h.� From the modi�ed equation, we 
an see why some s
heme is unstable. For example,the leading term of the modi�ed PDE for the unstable s
hemeUk+1j � Ukj�t + aUkj+1 � Ukj�12h = 0 (9.11)is vt + avx = �a2�t2 vxx: (9.12)The highest derivative is similar to ba
kward heat equation whi
h is dynami
allyunstable!9.6 Lax-Wendro� s
heme.We 
an add numeri
al vis
osity to make an unstable s
heme stable. Sin
eu(x; t+�t)� u(x; t)�t = ut + �t2 utt +O((�t)2)= ut � 12a2(�t)uxx +O((�t)2);we 
an add the numeri
al vis
osity to the �12a2�uxx to get the Lax-Wendro� s
heme:Uk+1j � Ukj�t + aUkj+1 � Ukj�12h = 12 a2�th2 �Ukj�1 � 2Ukj + Ukj+1� : (9.13)Lax-Wendro� s
heme is se
ond order a

urate both in time and spa
e. To show this, weinvestigate the lo
al trun
ation error:T (x; t) = u(x; t+�t)� u(x; t)�t � a (u(x+ h; t)� u(x� h; t))2h� a2�t (u(x� h; t)� 2u(x; t) + u(x+ h; t))2h2= ut + �t2 � auxx � a2�t2 uxx +O((�t)2 + h2)= O((�t)2 + h2)
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e Method 85sin
e ut = �aux and utt = �auxt = �a ��xut = a2uxx.The von Neumann stability analysis. The growth fa
tor of Lax-Wendro� s
heme isg(�) = 1� �2 �eih� � e�ih��+ �22 �e�ih� � 2 + eih��= 1� �i sin � � 2�2 sin2(�=2);where again � = h�. Therefore we pro
eed with the following derivationjg(�)j2 = �1� 2�2 sin2 �2�2 + �2 sin2 �= 1� 4�2 sin2 �2 + 4�4 sin4 �2 + 4�2 sin2 �2 �1� sin2 �2�= 1� 4�2 �1� �2� sin4 �2� 1� 4�2 �1� �2� :We 
on
lude that jg(�)j � 1 if � � 1, that is �t � h=jaj. If �t > h=jaj, there are �'s su
hthat g(�)j > 1 and the s
heme is unstable.The leading term of the modi�ed PDE for the Lax-Wendro� method isvt + avx = �16ah2 1��a�th �2! vxxx (9.14)This is a dispersive equation. The group velo
ity for the wave number � under Lax-Wendro�is 
g = a� 12ah2 1��a�th �2! �2 (9.15)whi
h is less than a for all wave numbers. As a result the numeri
al result 
an be expe
ted todevelop a train of os
illations behind the peak, with the high wave numbers lagging fartherbehind the 
orre
t lo
ation, see Strikwerda. If we retain one more term in the modi�edequation for Lax-Wendro�, we will get:vt + avx = 16ah2 �a�th �2 � 1! vxxx � �vxxxx; (9.16)where the � is the fourth order dissipative term is O(h3) and positive when the stabilitybound holds. This high order dissipation 
auses the highest wave number to be damped,so that there is a limit to the os
illations.



86 Z. Li9.7 Beam-Warming method.Beam-Warming method is a one sided �nite di�eren
e s
heme to the modi�ed equationvt + avx = a2�t2 vxx:Re
all the one sided �nite di�eren
e formulas:u0(x) = 3u(x) � 4u(x� h) + u(x� 2h)2h +O(h2);u00(x) = u(x)� 2u(x� h) + u(x� 2h)h2 +O(h):The Beam-Warming method for ut + aux = 0 for a > 0 isUk+1j = Ukj � a�t2h �3Ukj � 4Ukj�1 + Ukj�2�+ (a�t)22h2 �Ukj � 2Ukj�1 + Ukj�2� (9.17)The method is se
ond order a

urate in time and spa
e if �t � h. The CFL 
onstraints is0 < �t � 2hjaj : (9.18)For this method, we do not numeri
al boundary 
ondition at x = 1, but we need a s
hemeto 
ompute the solution U j1 . The leading terms of the modi�ed PDE for the Beam-Warmingmethod is vt + avx = 16ah2 �a�th �2 � 1! vxxx: (9.19)In this 
ase, the group velo
ity is greater than a for all wave numbers in the 
ase 0 �a�t=h � 1, so that the os
illations move ahead of the main hump. If 1 � a�t=h � 2, thenthe group velo
ity is less than a and the os
illations fall behind.9.8 The Crank-Ni
holson s
heme.The Crank-Ni
holson s
heme for the adv
etion equation ut + aux = f isUk+1j � Ukj�t + aUkj+1 � Ukj�1 + Uk+1j+1 � Uk+1j�14h = fk+ 12j (9.20)It is se
ond order a

urate in time and in spa
e. It is also un
onditionally stable. Themethod need a numeri
al boundary 
ondition at x = 1. For one dimensional problem, itis very e�e
tive sin
e it is very easy to solve tridiagonal system of equations. It may notbe ne
essary for high dimensional problems sin
e for hyperboli
 equations, the time step
onstraint �t � h is not a major 
on
ern.



Finite Di�eren
e Method 879.9 The method of lines (MOL).Di�erent MOL method 
an be used as well depending how the spatial derivative term isdis
retized. For the adve
tion equation ut + aux = 0, if we use the following dis
retization�Ui�t + aUi+1 � Ui�12h = 0: (9.21)Then the ODE solver that is going to be used is likely to be impli
it sin
e the forward Eulermethod is unstable!9.10 Numeri
al boundary 
onditions (NBC).We need a numeri
al boundary 
ondition at one end for the one-way wave equation whenwe use the Lax-Friedri
s, Lax-Wendro�, Beam-Warming, and Leap-Frog s
hemes. Thereare several approa
hes that 
an be used� Extrapolation. Re
all the Lagrange interpolation formulaf(x) � f(x1) x� x2x1 � x2 + f(x2) x� x1x2 � x1We 
an use the same time level for the interpolation to getUk+1M = Uk+1M�1; 1-st orderUk+1M = Uk+1M�2xM � xM�1xM�1 � xM + Uk+1M�1 xM � xM�2xM�2 � xM�1 2-nd order:If a uniform grid is used with spatial step size h, the formula above be
omesUk+1M = �Uk+1M�2 + 2Uk+1M�1:� Quasi-
hara
teristi
s. If we use previous time level for the interpolation, we getUk+1M = UkM�1; 1-st orderUk+1M = UkM�2xM � xM�1xM�1 � xM + UkM�1 xM � xM�2xM�2 � xM�1 2-nd order:� Use the s
hemes that does not need NBC at or near the boundary, for example, theupwind s
heme, the Beam-Warming method.The a

ura
y, the stability of the numeri
al s
heme usually depend on the numeri
al bound-ary 
onditions that is used. As a rule of thumb, the main s
heme and the s
heme for NBCboth should be stable.



88 Z. Li9.11 Se
ond order linear hyperboli
 PDEs.Consider the wave equation: utt = a2uxx; 0 � x � 1;IC: u(x; 0) = u0(x); ut(x; 0) = u1(x);BC: u(0; t) = g1(t); u(1; t) = g2(t):We 
an use D'Alembert's te
hnique to �nd the exa
t solution if the domain is the entirespa
e. Introdu
e: 8<: � = x� at� = x+ at; or 8><>: x = � + �2t = � � �2 : (9.22)Using the 
hain role, we get ut = �au� + au�;utt = a2u�� � 2a2u�� + a2u��;ux = u� + u�;uxx = u�� + 2u�� + u�� :Substitute these relations into the wave equation to getu��a2 � 2a2u�� + a2u�� = a2 (u�� + 2u�� + u��) :The equation above then is simpli�ed to4a2u�� = 0:Therefore the solution 
an be obtainedu� = ~F (�); =) u(x; t) = F (�) +G(�);u(x; t) = F (x� at) +G(x+ at):Parti
ularly, if the domain is (�1;1) then the solution isu(x; t) = 12 �u(x� at; 0) + u(x+ at; 0) � ;whi
h tells us that a signal (wave) will propagates along the 
hara
teristi
s x�at and x+atwith speed a and half of the strength.



Finite Di�eren
e Method 899.11.1 A �nite di�eren
e method (CT-CT) for the se
ond order wave equation.Uk+1j � 2Ukj + Uk�1j(�t)2 = a2Ukj�1 � 2Ukj + Ukj+1h2 (9.23)The method is se
ond order a

urate both in time and spa
e ((�t)2 + h2). The CFL
onstraints of this method is �t � hjaj this will be veri�ed through the following dis
ussion.The von Neumann analysis gives:g � 2 + 1=g(�t)2 = a2 e�ih� � 2 + eih�h2 :Let � = jaj�th . The equation above be
omes:g2 � 2g + 1 = �2 ��4�2 sin2 �� g;or g2 � 2 �1� 4�2 sin2 �� g + 1 = 0;where � = h�=2. Solve the equation above to getg = 1� 2�2 sin2 � �q(1� 2�2 sin2 �)2 � 1:Note that 1� 2�2 sin2 � � 1. If we also have 1� 2�2 sin2 � < �1, then for one of rootsg1 = 1� 2�2 sin2 � �q(1� 2�2 sin2 �)2 � 1 < �1;or jg1j > 1 for some �, thus the s
heme is unstable.In order to have a stable s
heme, we should require that 1�2�2 sin2 � � �1, or �2 sin2 � �1. This 
an be guaranteed if �2 � 1 or �t � h=jaj. This is the CFL 
ondition that we haveexpe
ted. Under this CFL 
onstraints, we would havejgj2 = �1� 2�2 sin2 ��2 + �1� �1� 2�2 sin2 ��2� = 1;sin
e the se
ond part in the expression of g is imaginary. Thus the s
heme is neutrallystable.Note that the de�nition of stability for se
ond order equations (in time) that 
ontainutt is weaker than that of the �rst order equations that 
ontain only ut term.A �nite di�eren
e s
heme for se
ond order PDE (in time) P�t;hvkj = 0 is stable in astability region � if there is an integer J su
h that for any positive time T , there is a
onstant CT independent of �t and h su
h thatkvnkh �p1 + n2CT JXj=0 kvjkh (9.24)for any n that satis�es 0 � n�t � T with (�t; h) 2 �.The de�nition allows linear growth in time. Again, if a �nite di�eren
e method is
onsistent and stable, then the �nite di�eren
e method will 
onverge.



90 Z. Li9.11.2 Transform se
ond order wave equation to a �rst order system.While we 
an solve the se
ond order wave equation dire
tly, in this se
tion, we dis
uss howto 
hange the equation to a �rst order system. Most of dis
ussions in the literature is about
onservation laws whi
h is a �rst order non-linear system. A �rst order linear hyperboli
system has the form ut = (Au)x = Auxwhi
h is a spe
ial 
ase of one dimensional 
onservation lawsut + (f(u)x = 0; ut + �f�uux = 0:For simpli�
ation of dis
ussion, we set a = 1. Introdu
e8<: p = utq = ux; utt = pt; qx = uxx:Therefore we have 8<: pt = utt = uxx = qx;qt = uxt = (ut)x = pxIn the matrix-ve
tor form, it is24 pq 35t = 24 0 11 0 3524 pq 35x : (9.25)The eigenvalues of A is �1 and 1, therefore the system is hyperboli
.9.11.3 Initial and boundary 
onditions for the system.From the given boundary 
onditions we getu(0; t) = g1(t); ut(0; t) = g01(t) = p(0; t);u(1; t) = g2(t); ut(0; t) = g01(t) = p(1; t):There is no boundary 
ondition for q(x; t).Now 
onsider the initial 
onditionsp(x; 0) = ut(x; 0) = u1(x); known;q(x; 0) = ux(x; 0) = ��xu(x; 0) = u00(x); known:
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e Method 91To solve a hyperboli
 system numeri
ally, usually we 
hange the system to a diag-onal form (
hara
teristi
 dire
tion) so that we 
an determine the boundary 
onditionsand appropriate numeri
al methods (su
h as up-wind method). Let A = T�1DT , whereD = diag(�1; �2; � � � �n) is a diagonal matrix 
ontaining eigenvalues of A, T is a non-singularmatrix. Then we haveut = Aux; Tut = TAT�1Tux; (Tu)t = D (Tu)x :Let ~u = Tu. We get a new �rst order system~ut = D~ux;or (~ui)t = �i(~ui)x, i = 1; 2; � � � ; n whi
h we know how do solve them one by one. We alsoknow at whi
h end that we should have a boundary 
ondition depending on the sign of �i.For the se
ond order wave equation, we know the eigenvalue is 1 and �1. The uniteigenve
tor 
orresponding to the eigenvalue 1 
an be found by solving Ax = x, kxk2 = 1.we 
an get x = [1; 1℄T =p2. Similarly the unit eigenve
tor 
orresponding to the eigenvalue�1 is x = [�1; 1℄T =p2. Therefore we haveT = 2664 1p2 � 1p21p2 1p2 3775 ; T�1 = 2664 1p2 1p2� 1p2 1p2 3775 :The transform 
an be written below:2664 1p2 � 1p21p2 1p2 377524 pq 35t = 2664 1p2 � 1p21p2 1p2 377524 0 11 0 352664 1p2 1p2� 1p2 1p2 377524 pq 35x= 24 �1 00 1 352664 1p2 � 1p21p2 1p2 377524 pq 35x :In 
omponent form, the �rst order system above is� 1p2p� 1p2q�t = �� 1p2p� 1p2q�x� 1p2p+ 1p2q�t = � 1p2p+ 1p2q�x :Let 8>><>>: y1 = 1p2p� 1p2q;y2 = 1p2p+ 1p2q:



92 Z. LiWe get: 8><>: ��ty1 = � ��xy1;��ty2 = � ��xy2:Now we have two separate one-way wave equations and we 
an use various numeri
al meth-ods. We know the initial 
onditions. We need a boundary 
ondition for y1 at x = 1 and aboundary 
ondition for y2 at x = 0. Note thaty1(0; t) = 1p2p(0; t)� 1p2q(0; t);y2(0; t) = 1p2p(0; t) + 1p2q(0; t)and q(0; t) is unknown. However,y1(0; t) + y2(0; t) = 2p2p(0; t)is known. We 
an use the following steps to determine the boundary 
ondition at x = 0.1. Update (y1)k+10 �rst whi
h we do not need a boundary 
ondition.2. Use (y2)k+10 = 2p2pk+10 � (y1)k+10 .Similar method 
an be applied at x = 1.9.12 Some 
ommonly used �nite di�eren
e methods for a linear systemut + Aux = 0.� Ba
kward Euler method:Uk+1j = Ukj � �t2hA�Uk+1j+1 �Uk+1j�1� : (9.26)Note that ba
kward Euler method does not work.� Lax-Friedri
hs s
hemeUk+1j = 12 �Ukj+1 +Ukj�1�� �t2hA�Ukj+1 �Ukj�1� : (9.27)� Leap-Frog s
heme Uk+1j = Uk�1j � �t2hA�Ukj+1 �Ukj�1� : (9.28)� Lax-Wendro� s
hemeUk+1j = Ukj � �t2hA�Ukj+1 �Ukj�1�+ (�t)22h2 A2 �Ukj�1 � 2Ukj +Ukj+1� : (9.29)To determine 
orre
t boundary 
onditions, usually we need to �nd the diagonal formA = T�1DT and the new system ~ut = D~ux with ~u = Tu.



Finite Di�eren
e Method 939.13 Finite di�eren
e methods for 
onservation laws.The 
anoni
 form for one dimensional 
onservation law isut + f(u)x = 0: (9.30)One famous ben
hmark problem is the Burger's equation (s
alar)ut +�u22 �x = 0 (9.31)in whi
h f(u) = u2=2. f(u) is often 
alled the 
ux. Note that the Burger's equation 
an bewritten as a non-
onservative form ut + uux = 0: (9.32)For the Burger's equation, the solution likely form sho
k(s) where the solution is dis
ontin-uous3 even if the initial 
ondition is arbitrarily di�erentiable, for example, u0(x) = sinx.We 
an use the upwind s
heme to solve the Burger's equation, if we use the non-
onservative form, we haveUk+1j � Ukj�t + Ukj Ukj � Ukj�1h = 0; if Ukj � 0;Uk+1j � Ukj�t + Ukj Ukj+1 � Ukjh = 0; if Ukj < 0;or the 
onservative formUk+1j � Ukj�t + (Ukj )2 � (Ukj�1)22h = 0; if Ukj � 0;Uk+1j � Ukj�t + (Ukj+1)2 � (Ukj )22h = 0; if Ukj < 0:If the solution is smooth, both methods work well (�rst order a

urate). However, the
onservative form gives mu
h better results than the non-
onservative form if sho
ks develop.We 
an derive the Lax-Wendro� s
heme using the modi�ed equation of the non-
onservativeform. Sin
e ut = �uux, we haveutt = �utux � uutx= uu2x + u(uux)x= uu2x + u �u2x + uuxx�= 2uu2x + u2uxx:3There is no 
lassi
al solution to the PDE when sho
ks develop be
ause ux is not well de�ned. We needto look for weak solutions.



94 Z. LiThus the leading terms of the modi�ed equation for the �rst order method isut + uux = �t2 �2uu2x + u2uxx� : (9.33)Therefore the non-
onservative Lax-Wendro� s
heme for the Burger's equation isUk+1j = Ukj ��tUkj Ukj+1 � Ukj�12h= + (�t)22 0�2Ukj  Ukj+1 � Ukj�12h !2 + (Ukj )2Ukj�1 � 2Ukj + Ukj+1h2 1A9.14 Conservative �nite di�eren
e method for 
onservation lawsConsider ut + f(u)x = 0:We seek a numeri
al s
heme of the form:uk+1j = ukj � �th �gkj+ 12 � gkj� 12� (9.34)where gj+ 12 = g �ukj�p+1;ukj�p+2; � � � ;ukj+q+1�is 
alled the numeri
al 
ux and satis�esg(u; u; � � � ; u) = f(u): (9.35)Su
h a s
heme is 
alled 
onservative s
heme. For example, we 
an take g(u) = u2=2 for theBurger's equation.Below we derive the general 
riteria that g should satisfy.1. Integrate the equation with respe
t to x from xj� 12 to xj+ 12 , we getZ xj+12xj� 12 utdx = �Z xj+12xj� 12 f(u)xdx= ��f(u(xj+ 12 ; t))� f(u(xj� 12 ; t))�2. Integrate the equation above with respe
t to t from tk to tk+1, we getZ tk+1tk Z xj+12xj� 12 utdxdt = �(Z tk+1tk �f(u(xj+ 12 ; t)) � f(u(xj� 12 ; t))� dt) ;Z xj+12xj� 12 �u(x; tk+1)� u(x; tk� dx = �(Z tk+1tk �f(u(xj+ 12 ; t))� f(u(xj� 12 ; t))� dt) :



Finite Di�eren
e Method 95Let �ukj = 1h Z xj+12xj� 12 u(x; tk)dx (9.36)whi
h is 
alled the 
ell average of u(x; t) between the 
ell (xj� 12 ; xj+ 12 ) at time level k. Thenthe expression that we derived earlier 
an be written as�uk+1j = �ukj � 1h  Z tk+1tk f(u(xj+ 12 ; t))dt � Z tk+1tk f(u(xj� 12 ; t))dt!= �ukj � �th  1�t Z tk+1tk f(u(xj+ 12 ; t))dt � 1�t Z tk+1tk f(u(xj� 12 ; t))dt!= �ukj � �th �gj+ 12 � gj+ 12� ;where gj+ 12 = 1�t Z tk+1tk f(u(xj+ 12 ; t))dt:Di�erent 
onservative s
hemes 
an be obtained if di�erent approximations are used to eval-uate the integral above.9.15 Some 
ommonly used numeri
al s
heme for 
onservation laws.� Lax-Friedri
hs s
hemeUk+1j = 12 �Ukj+1 + Ukj�1�� �t2h �f(Ukj+1)� f(Ukj�1)� : (9.37)� Lax-Wendro� s
heme:Uk+1j = Ukj � �t2h �f(Ukj+1)� f(Ukj�1)�+ (�t)22h2 nAj+ 12 �f(Ukj+1)� f(Ukj )��Aj� 12 �f(Ukj )� f(Ukj�1)�o :(9.38)where Aj+ 12 = Df(u(xj+ 12 ; t)) is the Ja
obian matrix of f(u) at u(xj+ 12 ; t)).A modi�ed version 
alled Lax-Wendro�-Ri
htmyer s
heme whi
h does not need to theJa
obian matrix is listed below:8>><>>: Uk+ 12j+ 12 = 12 �Ukj + Ukj+1�� �t2h �f(Ukj+1)� f(Ukj )�Uk+1j = Ukj � �th �f(Uk+ 12j+ 12 )� f(Uk+ 12j� 12 )� : (9.39)


