Chapter 4

Iterative methods for solving linear

system of equations

The Gaussian elimination method for solving Az = b is quite efficient if the size of A is small
to medium (in reference the available computers) and dense matrices (most of entries of the
matrix are non-zero numbers). But for several reasons, sometimes an iterative method may

be more efficient

e For sparse matrices, the Gaussian elimination method may destroy the structure of

the matrix and cause ’fill-in’s, see for example,

(1 1 1 1 1 1 1 1 1 1 1 1

210000 0 -1 -2 -2 -2 -2

301000 0 -3 -2 -3 -3 -3
=

4 00100 0 —4 -4 -3 —4 -4

500010 0 -5 -5 -5 —4 =5

| 6 00 0 0 1| |0 -6 -6 —6 —6 —5 |

Obviously, the case discussed above can be generalized to a general n by n matrix

with the same structure.

e Large sparse matrices for which we may not be able to store all the entries of the

matrix. Below we show an example in two dimensions.
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4.0.5 The central finite difference method with five point stencil for Pois-
son equation.

Consider the Poisson equation
Uge +uyy = f(7,y), (2,9) € Q= (a,b) x (¢,d), (4.0.1)
u(z,y)|on = wo(x,y), Dirichlet BC. (4.0.2)

If f € L?(Q2), then the solution exists and it is unique. Analytic solution is rarely available.

Now we discuss how to use the finite difference equation to solve the Poisson equation.

e Step 1: Generate a grid. A uniform Cartesian grid can be used:

b= atihy, i=012-m hy—='"2% (4.0.3)
m

d—c

yj:C+jhy7 j:071727"'n7 hy: "

(4.0.4)

We want to find an approximate solution U;; to the exact solution at all the grid
points (z;,y;) where u(z;,y;) is unknown. So there are (m — 1)(n — 1) unknown for

Dirichlet boundary condition.
e Step 2: Substitute the partial derivatives with a finite difference formula in terms of
the function values at grid points to get.

u(xi—layj) - 2u($’£7y]) + u($i+17yj) + u(xiayj—l) - 2u($’£7y]) + u($iayj+1)
(ha)? (hy)?

:fij+,Tij7 t=1---m—-1 g=1L1---n—1,

where fi; = f(zi,y;). The local truncation error satisfies

(hy)? 0w (hy)? O*u

Tii ~ — —_—. 4.0.
" 12 Ozt 12 Oyt (405)
Define
h = max{ hy, hy } (4.0.6)
The finite difference discretization is consistent if
li T =0. 4.0.
lim [T = 0 (£0.7

Therefore the discretization is consistent and second order accurate.

If we remove the error term in the equation above, and replace the exact solution

u(z;,y;) with the approximate solution U;; which is the solution of the linear system
of equations

Ui—1; + Uit1,j N Uij-1 +Uijt1 ( 2 2

(he)? (hy)? (hy)?

)%zm (4.08)
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The finite difference scheme at a grid point (z;,y;) involves five grid points, east,

north, west, south, and the center. The center is called the master grid point.

e Solve the linear system of equations to get an approximate solution at grid points
(how?).

e Error analysis, implementation, visualization etc.

4.0.6 Matrix-vector form of the finite difference equations.

Generally, if one wants to use a direct method such as Gaussian elimination method or sparse
matrix techniques, then one needs to find out the matrix structure. If one use an iterative
method, such as Jacobi, Gauss Seidel, SOR(w) methods, then it may be not necessarily to

have the matrix and vector form.

In the matrix vector form AU = F, the unknown is a one dimensional array. For the two
dimensional Poisson equations, the unknowns U;; are a two dimensional array. Therefore we
need to order it to get a one dimensional array. We also need to order the finite difference
equations. It is common practice that we use the same ordering for the equations and for

the unknowns.
There are two commonly used ordering. One is called the natural ordering that fits
sequential computers. The other one is called the red and black ordering that fits parallel

computers.

7 8 9 4 9 5
4 5 6 7 3 8
1 2 3 1 6 2

Figure 4.1: The natural ordering (left) and the red-black ordering (right).
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The natural row ordering.

In the natural row ordering, we order the unknowns/equations row-wise, therefore the k-th

equation corresponding to (4,7) with the following relation
k=i+(m-1)(G-1), i=12---,m—-1, j=1,2 - ,n—L (4.0.9)

We use the following example to verify the matrix-vector form of the finite difference

equations.

Assume that h, = hy = h, m = n = 4, so we will have nine equations and nine
unknowns. The coefficient matrix is 9 by 9! To write down the matrix-vector form, we use
a one-dimensional array x to express the unknown Uj;.

r1 =Un, z2=Uxn, x3=Usn, x4="U, z5="Usx,
(4.0.10)
ze = Usz, w7 ="Ui3, wxg=Uz, w9="Uss.
If we order the equations the same way as we order the unknowns, then the nine equations

from the standard central finite difference scheme using the five point stencil are

1 up1 + U1o
ﬁ(—4$1+$2+$4) = fll_Ta
1 U0
ﬁ($1—4$2+963+965) = f21_ﬁ
1 u3p + U41
ﬁ(x2_4$3+$6) = f31—T
1
ﬁ($1—4$4+965+967) = f12—%
1
ﬁ (.TQ + T4 — 4.T5 + Te + :Ug) = f22
1 Uq2
ﬁ($3+x5_4$6+$9) = f32_ﬁ
1 U3 + U14
ﬁ($4—4x7+$8) = flS—T
1 U24
ﬁ(x5+:v7—4xg+:v9) = f23_h_22
1 u3q + Uqs3
ﬁ(x6+x8_4x9) = f33_T

Now we can write down the coefficient matrix easily. It is block tridiagonal and has the
following form:
B I 0
1
A= |1 B (4.0.11)
0 I B



Numerical Analysis: 1 59

where I is a 3 x 3 identity matrix:

-4 1 0
B = 1 -4 1
0o 1 -4
For a general n by n grid, we will have
(B 1 ] [ -4 1 ]
1 I B I 1 -4 1
A= 72 , B =
i I B | i 1 -4 |

Note that —A is a symmetric positive definite matrix and it is weakly diagonally dominant.

Therefore A is non-singular and there is a unique solution.

The matrix-vector form is useful to understand the structure of the linear system of
equations, and it may be necessary if a direct method (such as Gaussian elimination) or
sparse matrix techniques are used for solving the system. However, it is more convenient
sometimes to use the two parameters system (i, 7), especially if an iterative method is used
to solve the system. It is more intuitive and useful to visualize the data using two index

system.

The eigenvalues and eigenvectors of A can be indexed by two parameters p and k corre-

sponding to wave numbers in the z and y directions. The (p, k)-th eigenvector uP* has n?

elements for a n by n matrix of the form above:

PR — sin(prih) sin(kmjh), i,j=1,2,---n (4.0.12)

for p,k =1,2,---n. The corresponding eigenvalues are

2
Wk == ( cos(prh) — 1) + cos(krh) — 1)) . (4.0.13)
The least dominant eigenvalue ( the smallest in the magnitude) is
AbL = 27 4+ O(h?). (4.0.14)
The dominant eigenvalue (the largest in the magnitude) is
4
PCEUERN —7 (4.0.15)
Therefore we have the following estimates:
4 1 1
[All2 ~ max M| = o5, (AT o = e~ o
Dk
h ) min |A\PK| 27 (4.0.16)
conds(4) = A5l A~ |2 ~ = = O(w?).

Since the condition number is considered to be large, we should use double precision to

reduce the effect of round off errors.
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4.1 Basic iterative methods for solving linear system of equa-

tions

The idea of iterative methods is to start with an initial guess, then improve the solution
iteratively. The first step is to re-write the original equation f(x) = 0 to an equivalent form
x = g(x) and then we can form an iteration: x*+?) = g(x(¥). For example, to find ¥/5 is
equivalent to solving the equation 23 — 5 = 0. This equation can be written as z = 5/z% or

3_ . .
Tr=x— “”3x25. For the second one, the iteration

(3))3
ky _ (&) 01 ..
x 3 )2 k=01,

is called the Newton’s iterative method. The mathematical theory behind this is the fized

L+

point theory.

For a linear system of equations Ax = b, we hope to re-write it as an equivalent form
x = Rx + ¢ so that we can form an iteration x(**1) = Rx(*) 4+ ¢ given an initial guess x°.
We want to choose such a R and c that limy_, x(k) = x, = A7 'b. A common method is

called the splitting approach in which we re-write the matrix A as
A=M-K, det(M) # 0. (4.1.1)

Then Ax = b can be written as (M — K)x =b, or Mx = Kx+b,orx = M 'Kx+ M 'b,
or x = Rx+c, where R = M 'K is called the iteration matrix and ¢ = M ~'b is a constant
vector. The iterative process is then given an initial guess x(9), we can get a sequence of
{x(M} according to

x(FD) = px®) 4 ¢ (4.1.2)

We first discuss three basic iterative methods for solving Ax = b. To derive the three

methods, we re-write the matrix A as

aill 0
az —azr 0
A = D-L-U= ass — | —asn —azx 0
B Qnn | —an1 —ap2 - —app-1 0
0 —aip - - —ai,
0 o - —ag,
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4.2 The Jacobi iterative method: Solve for the diagonals

The matrix vector form of the The Jacobi iterative method can de derived as follows:
(D-L-U)x=b
Dx=(L+U)x+b
x=D Y L+U)x+D'b

x5 = p=Y(L + U)x® + Db,

The component form can be written as

n
k+1 k .
375 1) = bi - Z aij.’L‘; ) /aii, 1= 1,2,- s, M. (4.2.1)
J=Lj#
The component form is useful for implementation while the matrix-vector form is good

for convergence analysis.

4.3 The Gauss-Seidel iterative method: Use the most up-
dated

In the Jacobi iterative method, when we compute :B’é“, we have already computed x

Assume that a;]fH is a better approximation than a;'f, why can not we use .’L‘If+1

k+1
.
when we

update :vé““ instead of x’f? With this idea, we get a new iterative method which is the

Gauss-Seidel iterative method for solving Ax = b. The component form is

i—1 n
x§k+1) — | b — Zaijx§k+l) _ Z aijiv;k) Jaii, i=1,2,---,n. (4.3.1)

To derive the matrix-vector form of the Gauss-Seidel iterative method, we write the
component form above to a form  ( )*+D) = ( )*) (). The component form above

is equivalent to

i—1 n
3 aelY tape™ =0, 3wyl i=1,2,0 (4.3.2)

which is the component form of the following system of equations
xF) = Ux+b, or x*Y =(D-L)"'Ux+ (D - L) 'b.

Thus the iteration matrix of the Gauss-Seidel iterative method is (D — L)~!U, and the

constant vector is ¢ = (D — L)™'b.
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4.3.1 Implementation details

The iterative methods are an infinity process. However, when we implement on a computer,

we have to stop it in finite time. One of several of the following stopping criteria are used

o [IxtHD — x(®)|| < tol.

Jx(t+D _x (B

o < ol

°
o [|r(x®)| < tol.
o k> kmawu

where tol and kj,q; are two given parameters.

4.3.2 Pseudo-code of the Gauss-Seidel iterative method:

[x,k] = my_gs(n,a,b,x0,tol)
error = 1leb; x=x0; k=0;
while error > tol

for i=1:n

x(1) = b(i);
for j=1:n
if j7= 1
x(1) = x(1) - a(i,j)*x(3);

end

x(i) = x(i)/a(i,1);
end
error = norm(x-x0); %defaut is 2-norm
x0=x; k = k+1; % replace the old value, add the counter.
end %end while

4.3.3 The Gauss-Seidel iterative method for 2-point boundary value prob-

lem

Following section 1.3, we have
Ui—1 —2U; + Ui 1
2

If we use the same ordering for the equations and unknowns, then the diagonals are always

= f(z;), i=1,2,--,n—1.

—2/h?, the Jacobi iteration is simply

o)+ Ul n?
Ui(k+1) _ i1 : i+1 + 7f($iayj)a i=1,2,---,n—1.
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No matrix is formed (or only matrix-vector multiplication is needed), no ordering is neces-
sary (assuming that the equations and unknowns have the same ordering). For the Gauss-
Seidel iteration, from k-th to k + 1-th iteration, we can use the following
k+1 k
Ui( ) Ui( )’
k+1 k+1
b+ U} 1 )+ U'(+1 o

i = = 2 - +7f($z)7 i:1727"'7n_1'

If Ui(kH) has not been updated, then it use the value from k-th iteration, otherwise it uses

the most updated one.

4.3.4 The Gauss-Seidel iterative method for the finite difference method
for Poisson equation

For the Poisson equation ug, + uyy = f(z,y), if we use the standard 5-point central finite

difference scheme

Ui 1j+ Uir1j — 4Uij + Uiy 1+ Ui jia
gt Uy = AP Ot 2001 _ ()

and the same ordering for the equations and unknowns, then the Jacobi iteration is

(k) (k) (k) (k)
vl oo o Ut B2
U’i(]{€+1) = = 2 4 S Lt + Zf(ley])J

i:1727"'7n_17 j:1727"'7n_17

if the solution is prescribed along the boundary (Dirichlet BC). Again, no matrix is needed,
no ordering is necessary. We do not need to transform the two dimensional array to a one

dimensional one. The implementation is rather simple.

4.4 The successive over-relaxation (SOR(w)) iterative method

The Jacobi and Gauss-Seidel methods can be quite slow. The SOR(w) iterative method

is an acceleration method by choosing appropriate parameter w. The SOR(w) iterative

method is
xF+D = (1 — w)xF + wilggl. (4.4.1)
The component form is
i—1 n
= (1wt o | [ - Zaija;g-kﬂ) — Z aija;g-k) [aii | - (4.4.2)
j=1 j=i+l

Note that, it is incorrect to get G-S result first, then do the linear interpolation.



64 Z. Li

The idea of the SOR method is to interpolate x* and x’ggl to get a better approximation.
When w < 1, the new point of (1 — w)x* + wilgfsl is between x* and x’égl, and this it is
called interpolation. The iterative method is called under relaxation. When w > 1, the new
point of (1 — w)x* + wilggl is outside x* and xlggl, and this it is called extrapolation. The
iterative method is called over relaxation. Since the approach is used at every iteration, it

is called successive over relaxation (SOR) method.

To derive the matrix-vector form of SOR(w) method, we write its component form as

i—1 n
aiimfﬂ + w Z aij:rg-kH) =a;(1 — w):lc';C + wb; —w Z aij:rg-k). (4.4.3)
j=1 j=i+1

This is equivalent to
(D — wL)x® ) = (1 — w)D + wU) x*) + wb,
Thus the iteration matrix and constant vector of the SOR(w) method are

Rsor(w) = (D —wL)™ (1 —w)D+wU),  csor =w(D —wL)™" (4.4.4)

4.5 Convergence of basic iteration methods x*+! = Rx(® 4 ¢

Using an iterative method, we will get a vector sequence of {x(*)} and we know how to tell
whether it is convergent or not. However, for an iterative method, we need to consider all
possible initial guesses and constant vector c.

If the vector sequence of {x(k)} converges to x*, then by taking limit on both sides of

the iterative scheme, we have

x" = Rx* +c. (4.5.1)
The above equality is called the consistency condition.
Definition 4.5.1 The iteration methods &*+Y) = Ra®) + ¢ is convergent if for any initial

guess 9 and constant vector ¢, the vector sequence of {m(k)} converges to the solution of

the system of equations ** = Rx* + c.

Now we discuss a few sufficient conditions that guarantee convergence of a basic iterative
method.

Theorem 4.5.1 If there is an associated matriz norm such that ||R|| < 1, then the iteration
method 511 = Rak) + ¢ converges.
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Proof: Let e®) = x(¥) — x*  from the iterative method x**+1) = Rx(*) 4+ ¢ and the

consistency condition x* = Rx* + ¢, we have

ok+1) — pelk)

0 < e V) = [Re™| < |R|lle®| < [IRIIR]Ie® V[ < - < R e
Thus we conclude that lim [[e®)|| = 0, or equivalently, lim x*) = x(*),
k—o00 k—oo

Example: Given

0.9 0.05
R=
< -0.8 —0.1 )

Does the iterative method x(*t1) = Rx(%) 4 ¢ converge?

We can easily get |R||1 = 1.7, which leads to no conclusion; and ||R||«|| = 0.95 < 1,

which lead to the conclusion that the iterative method converges.

4.5.1 Convergence speed

In the theorem above, the k-th error depends on the initial one that we do not know. The

following error estimate does not need the initial error.

Theorem 4.5.2 If there is an associated matriz norm such that |R| < 1, we have the

following error estimate for the iteration method @'t = Ra®) + ¢.

k
1—||R]|

Proof: From the iterative method x(**1) = Rx(*) 4 ¢, we also have f x(¥) = Rx(:—1) 4 ¢.

Subtracting the two, we get

xFH) — x(B) = R(x®) — x(b=1)y = R2(x(k=1) — x(k=2) — ... = RF(x() — x(0)),

Since

D) _ (B — (b +1) _ () e _ 5 (F) — (1) _ oK) — (R — [)e®),
Combining the two equalities above we get
—(I - R)e®) = R¥ (x(1> - x(°>) .
This leads to
e = (1 = R) R (xV = <) ||

Finally from the Banach’s lemma, we have

k
(k)| < 2l 1) _ (0)
e X X .
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4.5.2 Other sufficient conditions using the original matrix A

Theorem 4.5.3 If A is strictly row diagonally dominant matriz, then both Jacobi and

Gauss-Seidel methods converge. The Gauss-Seidel method converges faster in the sense that

[Raslloo < [[Rylloo <1

Proof: The proof of the first part is easy. For the Jacobi method, we have R =
D YL +U), thus
aij

<1

n
1Rlloe = max >

=1,

4573

The proof for the Gauss-Seidel method is not trivial and long, we refer the readers to
the book [J. W. Demmel] on page 287-288.

For general matrices, it is unclear whether the Jacobi or Gauss-Seidel method converges

faster even if they both converge.

Theorem 4.5.4 If A is a symmetric positive definite (SPD) matriz, then the SOR(w)
method converges for 0 < w < 2.

Again we refer the readers to the book [J. W. Demmel] on page 290-291.

Theorem 4.5.5 If A is a weakly row diagonally dominant matrix,

n

> lagl <laal,  i=1,2,---,n,
J=1,5#i

with at least on inequality is strictly and A is irreducible, that is, there is no permutation

matrixz such that

Pr AP — A A
0 Axp

then both Jacobi and Gauss-Seidel methods converge. The Gauss-Seidel method converges

faster in the sense that

[Raslloo < [Rylloo < 1.

Lemma 4.5.1 A is irreducible if the graph of the matriz is strongly connected.
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4.5.3 A sufficient and necessary condition

The spectral radius of a matrix A is defined as
p(4) = max () (45.3)

Note that from p(A) < ||A|| from any associated matrix norms. The proof is quite simple.
Let Aj+ be the eigenvalue of A such that p(A) = |\i+| and x* # 0 is the corresponding
x*|| < [ Allllx*][. Since [[x*[| # 0,

eigenvector, then we have Ax* = A;«x*. Thus we have | ;-
we get p(A) < | A]l.

Theorem 4.5.6 An iteration method £*t1) = Ra¥) + ¢ converges for arbitrary @9 and
c if and only if p(R) < 1.

Proof: Part A: If the iterative method converge, then p(R) < 1. This can be done
using counter proof method. Assume that p(R) > 1, then let Ax* = X\;+x*, with p(4) =
|Ai<| > 1 and ||x*|| # 0. If we set x(*) = x* and ¢ = 0, then we have x(**1) = \¥+!x* which

dost not have a limit since A&T" — co. The case of p(R) = 1 is left as an exercise.

Proof: Part B: If p(R) < 1, then the iterative method converges for arbitrary x(®) and
c. They key in the proof is to find a matrix norm such that ||R| < 1.
From liner algebra Jordan’s theorem we know that for any square matrix R, it is similar

to a Jordan canonical form, that is, there is a nonsingular matrix S such that

Ji N1
J i1

S'RS = , ,

|

J, Ai

Note that ||[ST!RS|looc = p(R) < 1 if all Jordan blocks are 1 by 1 matrix, otherwise
|STIRS||oo < p(R) + 1. Since p(R) < 1, we can find < 0Oe such that p(R) + € < 1,
say € = (1 — p(R))/2. Consider a particular Jordan Block J; and assume it is a k by k

matrix. Let

D;(e) = . Di(e)JiD; (e) = ,

7
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Using this diagonal matrix, we can get

Di(e)
D (e)
D(e) = ,
Dy(e)
Thus ||D (e)S 'RSD||» = p(R) + € < 1.
Finally we define a new matrix norm as
IRllnew = [D7(e)S™ RS Dl (4.5.4)

It can easily show that the definition above is indeed an associate matrix norm and || R||new =
p(R) + € < 1, we conclude that the iterative method converges for any initial guess and

vector c.

4.6 Discussion for the Poisson equations, what is the best w?

For the finite difference methods for Poisson equations in 1D and 2D, we can find the
eigenvalues of the coefficient matrix, which also leads to eigenvalues of the iteration matrix
(Jacobib, Gauss Seidel, SORw). For 1D model problem u”(z) = f(z) with the Dirichlet

boundary condition «(0) and u(1) are prescribed, the coefficient matrix is

The matrix is weakly row diagonally dominant (not strictly) and irreducible; —A is

symmetric positive definite; or A is symmetric negative definite.

Theorem 4.6.1 For the above n by n matriz, we have

Ai(A)
p(Ry) = 1%1%}(71 1+ 5 | (4.6.1)
where N\j(A), i =1,2,--- ,n are the eigenvalues of the matriz A, Ry is the iteration matriz

of the Jacobi method.
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Proof: We know that Rj = D~1(L +U) and D = —2I. Let X be an eigenvalue of Jg,
then det(A — Jg) = 0, or det(\I — D™Y(L + U)) = 0, or det(D~Y(AD — (L + U)) = 0,
or det(D)det(A\D — (L + U)) = 0. Since det(D) # 0, we have det(AD — (L +U)) =0, or
det(A—1)D+ D — (L+U)) =0, or det((A — 1)D + A) =0, or det((1 — X\)D — A) =0, or
det(—2(1 — A\)I — A) = 0 since D = —21. Thus —2(1 — \) is an eigenvalue of A, or

N(Ry) =1+ 22

From the relation above, we have the theorem right way.

The following lemma gives the eigenvalues of a tri-diagonal matrix.

Lemma 4.6.1 Let A be the following n by n matriz

a B
p a p
A=
i oo
The eigenvalues of A are the following
Ax = 2 k=1,2,---,n.
k o+ IBCOSn+17 y 4y )y
The eigenvector corresponding to Ay is
. kym .
;= sin —— =1,2,---,n.
Xk,j Slnn+17 J ) 4y 5 T

Proof: It is easy to check that Axr = Agxk-
When o« = -2, § = 1, we have

k
M= —242c08 2 k=1,2,---,n.
n+1

Thus the spectral radius of the Jacobi iterative method for 1D Poisson problem is

Ak (A 2(1 — cos(k 1
p(Ry) = max |1+ A(A) | max |1 — (1 = cos(km/(n + 1))
1<k<n 2 1<k<n 9
km U 1 1 T 2
= ax |cos = COoSs ~1—=Z= )
1ISnkSXn n+1 n+1 2\n+1

We can see that as n is getting larger, the spectral radius is getting close to unit indi-

cating slower convergence.

Once we know the spectral radius, we also know roughly the number of iterations needed
to reach the desired accuracy. For example, if we wish to have roughly six significant digit,
the we should set p(R)* < 1076 or k > —61og;,(p(R)).
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4.6.1 Finite difference method for the Poisson equation in two dimen-

sions

In two space dimensions, we have parallel results. The eigenvalues for the matrix A =
h?App of N by N matrix N = n? are

Aij = — <4—2 (cos nz—tl + cos nj_:l)) ;L) =12-mn. (4.6.2)

The diagonals of the matrix are —4 and we have

Aii(A
Al:](RJ):]‘—F%? 1, =1,2,---n.
Thus
Aii(A 2(1 — ] 1 ] 1
SR = e |1 M |y - 200 costim/ (n 1) 4 cos(m/(n + 1)
1<i,j<n 4 1<i,j<n 4
. . 2
s g s 1 s
= max |cos + cos = coS ~1-= .
1<3,j<n n+1 n—l—l‘ n+1 2(n—|—1>

We see that the results in 1D and 2D are pretty much the same. To derive the best
w for the SOR(w) method, we need to derive the eigenvalue relation between the original
matrix and iteration matrix. Note that Rgor = (D — wL)™ (1 — w)D + wU).

Theorem 4.6.2 The optimal w for the SOR(w) method for the system of equations derived

from the finite difference method for the Poisson equation is

2 2 2 2
Wopt = 7 = = 1 T 1 P (463)
L+ V1= (p(B))* 14 /1 —cos? 25 +siny T
Below is the sketch of the proof.
e Step 1. Show the eigenvalue relation between R; and Rsopr(w)
L 2y2 w?Aj
ASOR(w)zl—w+§w )\J:ELU)\J 1—w+ 1 (4.6.4)

e Step 2. Find the extreme value (minimum) of above as a function of A\; which leads

to the optimal w.

We refer the readers to the book [J. W. Demmel] on page 292-293 for the proof.

Remark 4.6.1
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e The spectral radius of Rsor(w) is

1 2H0(R )2
l—w+ §w2p(RJ)2 —i—wp(RJ)\/l —w+ #,

w—1, Wopt < w < 2.

0
p(Rsor) = < WS Wopts

If we plot p(Rsor) against w, we can see it is a quadratic curve between 0 < w < wWopy
and it is flat as w is getting closer to wep which means it is less sensitive in the
neighborhood of wepi; while the second piece is a linear function. Thus, we would

rather choose w larger than smaller.

e The optimal w is only for the Poisson equation, not for other elliptic problems. How-

ever, it gives a good indication of the best w is the diffusion is dominant in reference

to the mesh size.
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Chapter 5

Computing algebraic eigenvalues

and eigenvectors

5.1 Preliminary

Given a square matrix A € R™", if we can find a number A\ € C' and x # 0 such that
Ax = Ax, then A is called an etgenvalue of A, x is called a corresponding eigenvector to
A. Note that if Ax = Ax, then A(cxx) = A(cx) for any non-zero cnstant ¢, in other words,
eigenvector can differ by a constant. Often we prefer to use an eigenvector with unit length
(x|l =1). We call (A\,x) an eigen-pair if Ax = Ax (x # 0).

For an eigen-pair (A, x), we have Ax — Ax = 0. This means that (A\I — A)x = 0 has
non-zero (or not unique) solutions. This indicates that (Al4) is singular, or det(Al4) = 0.
Thus A must be a root of the characteristic polynomial of the matrix A, det(A\] — A) =
AN+ ap g AN+ a A+ ag.

There are n eigenvalues for an n by n square matrix. The eigenvalues can be real,
complex numbers, repeated roots. If the matrix is real, then the complex eigenvalues are
in pairs, that is, if A\ = a + bi is one eigenvalue, then A\ = a — bi is also an eigenvalue. If A

is a real and symmetric matrix, then all the eigenvalues are real numbers.

Different eigenvectors corresponding to different eigenvalues are linear independent. If
an eigenvalue A\* has multiplicity p, which means that characteristic polynomial has the
factor (A — A*)P, but no the factor (A — A*)P*L the number is independent of eigenvectors
corresponding to A* is less than or equal to p, recall some examples in class. If an n by n
square matrix A has n linear independent eigenvectors, then A is diagonalizable, that is,
there is a nonsingular matrix S, such that S~'AS = D, where D = diag(A1, A2, -+ , \p) is

a diagonal matrix.

For convenience of discussion, we will use the following notations. We arrange eigenval-
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ues of a matrix A according to
AL > A2] > A >0 > A

Thus p(A) = |A\1], A1 is called the dominant eigenvalue (can be more than one), while

An is called the least dominant eigenvalue.

There are many applications of eigenvalue problems. Below are a few of them

e Frequencies if vibration, resonates, etc.
e Spectral radius and convergence of iterative method

e Discrete form of continuous eigenvalue problems, for example, the Sturm-Louville

problem

After applying a finite difference or finite element method, we would have Ax = Ax.

The solutions are the basis for the Fourier series expansion.

e Stability analysis of dynamic systems, or numerical methods.

5.2 The Power’s method

The idea of the power method is: starting from a non-zero vector x0) +£0 (an approximation

to an eigenvector), then form an iteration

Then under some conditions, we can extract an eigen-pair information from the sequence!

With the assumption that A; satisfies |A1| > |A2|, which is an essential condition, then we
can show that x*) ~ Cx;, and xl()kﬂ)/:v,()k) ~ A1 as k is very large, where |:v,(,k+1)| = ||x*+D)|.

Sketch of the proof:

While feasible in theory, the idea is not practical in computation because x*) — 0 if
p(A) < 1 and x*) — o0 if p(A) > 1. The solution is to rescale the vector sequence, which

leads to the following power method.
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Given x() £ 0, form the following iteration

for £ = 1 until converges

g+ — Ax(®)

(k+1)
<kt — Y
[y ®FD 2
L1 = (x(k+1))TAx(k+1)

end

We can use the following stopping criteria: g1 — px| < tol or ||y — y)|| < tol or
both.

Under some conditions, the sequence of the pair (uy,x¥)) converge to the eigen-pair

corresponding to the dominant eigenvalue.

For simplicity of the proof, we assume that A has a complete eigenvectors vi,va, -« , vy,
[vill =1, Av; = Ajv;.

Theorem 5.2.1 Assume that |A\1| > [X2| > [Az] >> -+ > |An|, and 2 = 37 ;v; with
ay # 0, then the pair (pg, m(k)) the power method converges to the eigen-pair corresponding

to the dominant eigenvalue.

Proof: Note that

k) = Axk-D = Aﬂ — v Ay(ED)
T ~ yEDg, T Y
= W AyE =y ARy = 0 AR

where v, v4_1 --- 71 and Cj are some constants. Since x(¥) is parallel to y(®) and has unity

length in 2-norm, we must have

(

k) _ Y

X = .
||Y(k)||2

On the other hand, we know we have
Ao\ * A \*
AFx(0) — A’f Q101 + oo 22 +apuy, | 2
)\1 >\1

(k)
lim x*) = lim x _ Vi +vi.
k—00 k—o0 ||X(k)H2 HO&1V1||2

Thus we have

and

lim py, = klggo(x(k))TAx(k) =\

k—00
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5.2.1 The power method using the infinity norm

If we use different scaling, we can get different power method. Uisng the infinity norm, first
we introduce the z, notation for a vector x. Given a vector x, x, is the first component
such that |z,| = ||X|ls, and p is the index. For example, if x =[2 -1 -5 5 —5 ]I,
then z, = —5 with p = 3.

5.3 The inverse power method for the least dominant eigen-

value

If A is invertible, then 1/); are the eigenvalues of A~! and 1/, will be the dominant
eigenvalue of A~'. However, the following inverse power method for the least dominant

eigenvalue without the need to have the intermediate steps.

Given x() =£ 0, form the following iteration

for £ = 1 until converges

Ayk+D) = x(k)

ey _ YD
[y *H0]l
[ps1 = (X(k+1))TAX(k+1).
end
With similar conditions (|A,| < [Ap—1] < -+ < |A1, the essential condition), one can
prove that
Jm g = An, klirgox(k) =v,, with [[vy]s=1.

Note that, at each iteration, we need to solve a linear system of equations with the
same coefficient matrix. This is the most expensive part of the algorithm. An efficient
implementation is to get the matrix decomposition done outside the loop. Let PA = LU,

the algorithm can be written as follows.
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Given x() £ 0, form the following iteration

for k =1 until converges
Lz = px(*)

Uyk+1) — glk+1)

(k+1) _ ﬂ
[y ®+D ]l
pigsr = (xFED)T Ax(EHY)

end

5.4 Gershogorin theorem and the shifted inverse power method

If we know a good approximate o to an eigenvalue A, such that

|A\p — o] < i |Xi — o].

That is, A\, — o is the least dominant eigenvalue of A —ol. We can use the following shifted
inverse power method to find the eigenvalue A\, and its corresponding eigenvector Given

x(©) =£ 0, form the following iteration

for £ = 1 until converges

(A —ol)yt1) = x(k)

(k+1) _ ﬂ
[y *+D ]l
pigsr = (xFED)T Ax(EHD

end

Thus if we can find good approximations of any eigenvalue, we can use the shifted
inverse power method to compute it. Now the question is how do we roughly located the

eigenvalues of a matrix A. Gershgorin theorem provides some useful hints.

Definition 5.4.1 Given a matriz A € C™*™, the circle ( all points within the circle on the

complez plane)
n

|>\ —aii| S Z |a¢j| (5.4.1)
J=Lj#i

is called the i-th Gershgorin circle.
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Theorem 5.4.1 Gershgorin Theorem.
1. Any eigenvalue have to be in one of Gershgorin circles.

2. The union of k Gershgorin circles, which do not intersect with other n — k circles,

contains precisely k eigenvalues of A.

Proof: For any eigen-pair (A, x), Ax = Ax. Consider the p-th component of x such that

|zp| = [[%[loo, We have

n
E :apjxj = ApTp
i=1

or

n

(A = app)zp = Z GpjTy-

J=Lj#p
From the expression above we get
n . n
A —app| < Z |ap;| < Z |ap;l, since |z;/zp| < 1.
j=Li#p P j=1i#p

Thus A is in the p-th Gershgorin circle and the first part of the theorem is complete.

The proof for the second part is based continuation theory that roots of a polynomial
are continuous functions of the coefficients of the polynomials. The theorem is obviously
true for the diagonal matrix. If the radius of the Gershgorin circles increase continuously
as we change the zero off diagonal entries from 0 to a;;, the eigenvalues will move among

union of the Gershgorin circles but can not cross to the disjoint ones.

Example: Let A be the following matrix

-5 -1 0
A= -1 2 -1/2
0 -1 8

Use the Gershgorin theorem to roughly locate the eigenvalues.

The three Gershgorin circles are

o Ry: |z +5| < 1.
o Ry: |z —2| < 1.5.
e R3: |z — 8| < 1.

The do not interset with each other, so each circle has one eigenvalue. Since the matrix is a
real matrix, and complex eigenvalues have to be in pair, we conclude that all the eigenvalues

are real. Thus we get
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e the dominant eigenvalue satisfies 7 < A\; <9,
e the least dominant eigenvalue satisfies 0.5 < A3 < 3.5,

e the middle eigenvalue satisfies —6 < \; < —4.

If we wish to find the middle eigenvalue A2 we should choose 0 = —5. Even for the
dominant eigenvalue, we would get faster convergence if we shift the matrix by taking

o = 8 and then apply the shifted power method.

5.5 How to find a few or all eigenvalues?

If we know an eigenpair (A1, x1) of a matrix A, we can use the deflation method to reduce
A to a one-dimensional lower matrix whose eigenvalues are the same as the rest eigenvalues
of A. The process is follows. Assume that ||x;||2 = 1, we can form expand x to form an
orthogonal basis of R™: {x1,x9, - x,} with xiTxJ- = 0;;. Note that 6;; = 0if 7 # j and
6 = 1. Let Q = [x1,X2,---Xy], then Q is an orthogonal matrix ( QTQ = QQT = I). We

can get

QTAQ = Q"[Ax), Axy,--- Ax,]

T At
= Q" [A\ix1,Axg, - Axy) = < 0 A )
Thus the eigenvalues of A; are also those of A, but A; is a one-dimensional matrix compare
with the original matrix A. The deflation method is only used if we wish to find a few
eigenvalues.

To find all eigenvalues, the QR method for eigenvalues are often used. The idea of the
QR method is first to reduce a matrix to a simple form (often upper Hessenberg matrix
or tridiagonal matrix) using similarity transformation S—'AS so that the eigenvalues are
unchanged. Since the inverses of an orthogonal matrix is its transpose, S is often chosen
as orthogonal matrix. Orthogonal matrices also have better stability than other matrixes
since [|Qx ]2 = [x/l; and [QAll> = Al

Definition 5.5.1 Given a unit vector w, |w||s = 1, the Household matriz is defined as

P=1-2ww". (5.5.1)

It is a simple check that P = PT = P~!. Such a matrix sometimes is also called a

reflection matrix or transformation.

Theorem 5.5.1 If ||z||2 = ||yl||2, then there is a Household matriz P such that Px = y.
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Proof: Assume that Px =y, then we have

(I— 2WWT) X=y

x —y = 2w(w!x).

Note that 2(w!'x) is a number, thus w is parallel to x — y. Since w is also a unit vector
in 2-norm, we conclude that w = (x —y)/||x — y||2, then it is simple manipulation to show
that Px =y.

Example: Find a Householder matrix P such that

Plo]=|0
4 0

Note that in this example, we need to find both « and P. Since the orthogonal transfor-

mation does not change the 2-norm, we should have

V32 +42 = o2, = o = +5,

1
w=x=y/lx =yl = =

To avoid possible cancellation, we should choose the opposite sign, that & = —5, and

w=[8 0 4]7/\/80.

5.5.1 The QR decomposition of a matrix A

Start from Ay = A.
for £k =0,1,--- until converge
A = QrRk
A+1 = Ry Q-

end

Theorem 5.5.2 If A € R™", and |\1| > |X2| > -+ > ||, then
o Ajy1 ~ A; ~ A, that is, all A have the same eigenvalues.

Ry Ry -+ Ry

R
lim Ay = Ry = 2
k—o0

Rpp
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where R4 s a block upper triangular matriz whose diagonals R;; is either a 1 by 1 or 2 by

2 matriz (corresponding to complex eigenvalues in pair).

Proof of the first part: Ay = RpQk = QfAkRk.

Shifted QR method:
Start from Ay = A.
for £k =0,1,--- until converge
A — ol = QrRk
Apy1 = RpQp + ol
end

Stop criteria: max laij| < tol.
3<i<n,1<j<i—2

Double shifted QR method: If o is chosen as a complex number, then we should use
the Double shifted QR method.

Start from Ay = A.
for Kk =0,1,--- until converge
Ay — ol = Qi Ry,
Apt1 = ReQr + ox 1.
Apy1 — 0kl = Qp1Re41
Agy2 = Rp1Qpy1 + 0kl
end

QR method for finding all eigenvalues are quite expensive. To reduce the computational
cost. Often we use the similarity transformation via Householder matrix first to reduce the
original matrix to an upper Hessenberg matrix (tri-diagonal if the matrix is symmetric) first,
then apply the (Q R method. Thisrequires n—2 steps: P, 1P, 3+ PoPLAP,P,--- P, 3P, o,

where

a1 (0]

I 0 _ asi 0

P = Ik Py . =1 .
0 P1 . .

Ap1l 0

for example. The reason to choose P; to keep the first row of A unchanged when we multiply
Py from the left is to ensure that the first columns of P; A unchanged when we multiply P;

from the right so that those zeros will remain.
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Chapter 6

Least squares and SVD solutions

In this chapter, we discuss numerical method for solving arbitrary linear system of equations.

6.1 Least squares solutions

Consider Ax = b, where A € R"™*" m > n, and rank(A) = n. One motivation is the curve
fitting example in which we have many observed data, but we find a simple polynomial to

fit the data. Below are some examples:

S
/
8
N——
Il
N o O O

From the first two equations, the solution should be 2 = 0; from the third equation, the
solution should be z = 1; from the last equation, the solution should be £ = —2; In other
words, we can not find a single x that satisfy all the equations. The system of equations is
called over-determined. In general, there is no classical solution to an over-determined

system of equation. We need to find the 'best’ solution.

By the best solution we mean that to minimize the error in some norm. Since the
residual is computable, one approach is to minimize the residual in 2-norm of all possible

choices:

The solution x* is the "best solution’ in 2-norm if it satisfies
b — Ax*||2 = min [|b — Ax||2. (6.1.1)
XER"

If we use different norms rather than 2-norm, it will leads to different algorithm and different

applications. But 2-norm is the one that is used the most and it is the simplest one.
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Note that, an equivalent definition is the following;:

b — Ax*||2 = m}{n |b — Ax]|)3. (6.1.2)
xehR"

The above definition gives way to compute the ’best solution’ as the global minimum
of a multi-variable function of its component xy, z9,--- ,x,. This can be seen from the

following;:
¢(x) = ||b — Ax|} = (b — Ax)" (b — Ax) = b’b — b’ Ax — x" A"b + x" A" Ax.
Note that bY Ax = xTATb, one can easily get the gradient ¢(x) which is
Vo(x) =2 (ATAX - ATb.)

Since the columns of A are linearly independent (rank(A) = n), we have x' AT Ax =
|Ax||? > 0 for any non-zero x, and AT A is symmetric positive definite. The only critical

point of ¢(x) is the solution of the following normal equation
AT Ax = ATb (6.1.3)

whose unique solution is the least squares solution which minimizes the 2-norm of the
residual in R™ space.

The normal equation approach not only provides a numerical method, but also shows
that the least squares solution is unique under the condition rank(A) = n, that is, the
columns of A are lienarly independent.

A serious problem with the normal equation approach is the possible ill-conditioned
system. Note that if m = n, then conds(A”) = (condy(A))?. A more accurate method is

the QR method for the least squares solution. For the following least squares problem
R b;
X =
0 bo

b — Ax|l3 = [by — Rx]|3 + [|b2[I3

We have

and

- 2 . _ 2 2 _ 2
Lo b — Ax|)5 = Lo by — Bx||5 + [[b2]l5 = [[b2]|3

when by — Rx = 0 or x = R™'b,. Particularly, if R is an upper triangular matrix, we can
use the backward substitution to solve the tri-diagonal system of equations efficiently.

In the QR method for the least squares, the idea is to reduce the original problem to

the problem above using orthogonal, particularly, the Householder, transformation which
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keeps the least squares solution unchanged. From the process of the QR algorithm, we can

apply a sequence of Householder matrices that reduce A to an upper triangular form

PP, 1 PA= < ?)

T
or QA = ( RT 0 ) , then from Ax = b, we get QAx = @b, or

R b1
x=1 -
0 bo
In practice, we can apply the Householder matrix directly to the augmented matrix [A : b]

as in the Gaussian elimination method.

An example:

6.2 Singular value decomposition (SVD), and SVD solution
of Ax=Db

Singular value decomposition can be used to solve Ax = b for arbitrary A and b.

Theorem 6.2.1 Given any matric A € C™*", there are two orthogonal matrices U €
cmm guH =UHU =1 and V € OV, VVH = VHYV = I such that

o1
o2
A= UZVH, where Z = (6.2.1)
Ip

0

mxn

01,092, -+ ,0p > 0 are called the singular values of A. Note that they are positive numbers,

p = rank(A). Furthermore

o 0; =/ N(ATA) = \/N(AAH), square root of non-zero eigenvalues of AL A or AAH.

° ||A“2 = maxlSiSp O’z(A)

Note that we often arrange singular values according to o1 > 09 > --+- > 0, > 0. The proof
process also gives a way for such a decomposition (constrictive).
Proof: Let o7 = ||A|l2, then there is an x, ||x;]|2 = 1 such that AY Ax; = o%x;. Let

y1 = Axy /oy, we have ||y |2 = || Ax1||l2/01 = 1.
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Next we expand x; to form an orthogonal basis in R™*" to form an orthogonal matrix
v

V:[X17X27"' 7Xn]:[X].7 V1]7 VHVZVHVZI
We also expand y; to form an orthogonal basis in R™*™ to form an orthogonal matrix U
Uz[Yl?YZ?"'JYn]:[ylu Ul}a UHUZUHUZI

Then we have

H
yi 01 0
UfAV = Ax, AV, ) =
<U1H>< ¥l 1> (0 UlHAV1>

This is because yAx; = xH A” Ax /oy = xlIx10? /0y = 01; Ul Ax) = Uy, = 0;
yiAV) = (Ay)H Vi = xH AR AV, = o?xHV; = 0. Thus from the mathematics induction

principle, we can continue this process to get the SVD decomposition.

Pseudo-inverse of a matrix A

From the SVD decomposition of a matrix A, we can literally find the ’inverse’ of the matrix

to get its pseudo-inverse

At = VZ Ut where Z t= (6.2.2)

nxm

Particularly, if m = n and det(A) # 0, then AT = A~!. The pseudo-inverse matrix A of

a matrix A has the following properties:
e AATA = A, note that ATA # I.
o ATAAT = AT,
o AtA=(A+ A If rank(A) = n, then AT = (AH A)~1AH.

o AAT = (AAY)H . If rank(A) = m, then AT = AH(AAH)~L,

Solving Ax = b of arbitrary matrix A

The SVD solution of Ax = b is simply x* = ATb. It has the the following properties:
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e If m = n and det(A) # 0, then x* = ATh= A" 'b.

o If rank(A) = n, then ||Ax* — blla = mingepn ||[AX* — bl|2, that is, z* is the least

squares solution.

e If there is more than one classical solution, then x* is the one with minimal 2-norm,
that is

{xll2},  llAx* = b2 = min [.Ax — bl

Ix*||2 = min
[|Ax*—b||2=||Ax—bl|



