
Chapter 4Iterative methods for solving linearsystem of equationsThe Gaussian elimination method for solving Ax = b is quite eÆ
ient if the size of A is smallto medium (in referen
e the available 
omputers) and dense matri
es (most of entries of thematrix are non-zero numbers). But for several reasons, sometimes an iterative method maybe more eÆ
ient� For sparse matri
es, the Gaussian elimination method may destroy the stru
ture ofthe matrix and 
ause '�ll-in's, see for example,266666666666664
1 1 1 1 1 12 1 0 0 0 03 0 1 0 0 04 0 0 1 0 05 0 0 0 1 06 0 0 0 0 1

377777777777775 =)
266666666666664

1 1 1 1 1 10 �1 �2 �2 �2 �20 �3 �2 �3 �3 �30 �4 �4 �3 �4 �40 �5 �5 �5 �4 �50 �6 �6 �6 �6 �5
377777777777775Obviously, the 
ase dis
ussed above 
an be generalized to a general n by n matrixwith the same stru
ture.� Large sparse matri
es for whi
h we may not be able to store all the entries of thematrix. Below we show an example in two dimensions.55



56 Z. Li4.0.5 The 
entral �nite di�eren
e method with �ve point sten
il for Pois-son equation.Consider the Poisson equationuxx + uyy = f(x; y); (x; y) 2 
 = (a; b) � (
; d); (4.0.1)u(x; y)j�
 = u0(x; y); Diri
hlet BC: (4.0.2)If f 2 L2(
), then the solution exists and it is unique. Analyti
 solution is rarely available.Now we dis
uss how to use the �nite di�eren
e equation to solve the Poisson equation.� Step 1: Generate a grid. A uniform Cartesian grid 
an be used:xi = a+ ihx; i = 0; 1; 2; � � �m; hx = b� am ; (4.0.3)yj = 
+ jhy ; j = 0; 1; 2; � � � n; hy = d� 
n : (4.0.4)We want to �nd an approximate solution Uij to the exa
t solution at all the gridpoints (xi; yj) where u(xi; yj) is unknown. So there are (m � 1)(n � 1) unknown forDiri
hlet boundary 
ondition.� Step 2: Substitute the partial derivatives with a �nite di�eren
e formula in terms ofthe fun
tion values at grid points to get.u(xi�1; yj)� 2u(xi; yj) + u(xi+1; yj)(hx)2 + u(xi; yj�1)� 2u(xi; yj) + u(xi; yj+1)(hy)2= fij + Tij; i = 1; � � �m� 1; j = 1; � � � n� 1;where fij = f(xi; yj). The lo
al trun
ation error satis�esTij � (hx)212 �4u�x4 + (hy)212 �4u�y4 : (4.0.5)De�ne h = maxfhx; hy g (4.0.6)The �nite di�eren
e dis
retization is 
onsistent iflimh!0 kTk = 0: (4.0.7)Therefore the dis
retization is 
onsistent and se
ond order a

urate.If we remove the error term in the equation above, and repla
e the exa
t solutionu(xi; yj) with the approximate solution Uij whi
h is the solution of the linear systemof equationsUi�1;j + Ui+1;j(hx)2 + Ui;j�1 + Ui;j+1(hy)2 �� 2(hx)2 + 2(hy)2�Uij = fij (4.0.8)



Numeri
al Analysis: I 57The �nite di�eren
e s
heme at a grid point (xi; yj) involves �ve grid points, east,north, west, south, and the 
enter. The 
enter is 
alled the master grid point.� Solve the linear system of equations to get an approximate solution at grid points(how?).� Error analysis, implementation, visualization et
.4.0.6 Matrix-ve
tor form of the �nite di�eren
e equations.Generally, if one wants to use a dire
t method su
h as Gaussian elimination method or sparsematrix te
hniques, then one needs to �nd out the matrix stru
ture. If one use an iterativemethod, su
h as Ja
obi, Gauss Seidel, SOR(!) methods, then it may be not ne
essarily tohave the matrix and ve
tor form.In the matrix ve
tor form AU = F, the unknown is a one dimensional array. For the twodimensional Poisson equations, the unknowns Uij are a two dimensional array. Therefore weneed to order it to get a one dimensional array. We also need to order the �nite di�eren
eequations. It is 
ommon pra
ti
e that we use the same ordering for the equations and forthe unknowns.There are two 
ommonly used ordering. One is 
alled the natural ordering that �tssequential 
omputers. The other one is 
alled the red and bla
k ordering that �ts parallel
omputers.

1 2 3
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7 8 9
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4 5
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7 8
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Figure 4.1: The natural ordering (left) and the red-bla
k ordering (right).



58 Z. LiThe natural row ordering.In the natural row ordering, we order the unknowns/equations row-wise, therefore the k-thequation 
orresponding to (i; j) with the following relationk = i+ (m� 1)(j � 1); i = 1; 2; � � � ;m� 1; j = 1; 2; � � � ; n� 1: (4.0.9)We use the following example to verify the matrix-ve
tor form of the �nite di�eren
eequations.Assume that hx = hy = h, m = n = 4, so we will have nine equations and nineunknowns. The 
oeÆ
ient matrix is 9 by 9! To write down the matrix-ve
tor form, we usea one-dimensional array x to express the unknown Uij.x1 = U11; x2 = U21; x3 = U31; x4 = U12; x5 = U22;x6 = U32; x7 = U13; x8 = U23; x9 = U33: (4.0.10)If we order the equations the same way as we order the unknowns, then the nine equationsfrom the standard 
entral �nite di�eren
e s
heme using the �ve point sten
il are1h2 (�4x1 + x2 + x4) = f11 � u01 + u10h2 ;1h2 (x1 � 4x2 + x3 + x5) = f21 � u20h21h2 (x2 � 4x3 + x6) = f31 � u30 + u41h21h2 (x1 � 4x4 + x5 + x7) = f12 � u02h21h2 (x2 + x4 � 4x5 + x6 + x8) = f221h2 (x3 + x5 � 4x6 + x9) = f32 � u42h21h2 (x4 � 4x7 + x8) = f13 � u03 + u14h21h2 (x5 + x7 � 4x8 + x9) = f23 � u24h21h2 (x6 + x8 � 4x9) = f33 � u34 + u43h2 :Now we 
an write down the 
oeÆ
ient matrix easily. It is blo
k tridiagonal and has thefollowing form: A = 1h2 26664 B I 0I B I0 I B 37775 (4.0.11)



Numeri
al Analysis: I 59where I is a 3� 3 identity matrix:B = 26664 �4 1 01 �4 10 1 �4 37775For a general n by n grid, we will haveA = 1h2 266666664 B II B I. . . . . . . . .I B
377777775 ; B = 266666664 �4 11 �4 1. . . . . . . . .1 �4

377777775 :Note that �A is a symmetri
 positive de�nite matrix and it is weakly diagonally dominant.Therefore A is non-singular and there is a unique solution.The matrix-ve
tor form is useful to understand the stru
ture of the linear system ofequations, and it may be ne
essary if a dire
t method (su
h as Gaussian elimination) orsparse matrix te
hniques are used for solving the system. However, it is more 
onvenientsometimes to use the two parameters system (i; j), espe
ially if an iterative method is usedto solve the system. It is more intuitive and useful to visualize the data using two indexsystem.The eigenvalues and eigenve
tors of A 
an be indexed by two parameters p and k 
orre-sponding to wave numbers in the x and y dire
tions. The (p; k)-th eigenve
tor up;k has n2elements for a n by n matrix of the form above:up;kij = sin(p�ih) sin(k�jh); i; j = 1; 2; � � � n (4.0.12)for p; k = 1; 2; � � � n. The 
orresponding eigenvalues are�p;k = 2h2 � 
os(p�h)� 1) + 
os(k�h)� 1)� : (4.0.13)The least dominant eigenvalue ( the smallest in the magnitude) is�1;1 = �2� +O(h2): (4.0.14)The dominant eigenvalue (the largest in the magnitude) is�n=2;n=2 � � 4h2 : (4.0.15)Therefore we have the following estimates:kAk2 � max j�p;kj = 4h2 ; kA�1k2 = 1min j�p;kj � 12� ;
ond2(A) = kAk2kA�1k2 � 2�h2 = O(n2): (4.0.16)Sin
e the 
ondition number is 
onsidered to be large, we should use double pre
ision toredu
e the e�e
t of round o� errors.



60 Z. Li4.1 Basi
 iterative methods for solving linear system of equa-tionsThe idea of iterative methods is to start with an initial guess, then improve the solutioniteratively. The �rst step is to re-write the original equation f(x) = 0 to an equivalent formx = g(x) and then we 
an form an iteration: x(k+1) = g(x(k)). For example, to �nd 3p5 isequivalent to solving the equation x3� 5 = 0. This equation 
an be written as x = 5=x2 orx = x� x3�53x2 . For the se
ond one, the iterationx(k+1) = x(k) � (x(3))33(x(2))2 ; k = 0; 1; � � �is 
alled the Newton's iterative method. The mathemati
al theory behind this is the �xedpoint theory.For a linear system of equations Ax = b, we hope to re-write it as an equivalent formx = Rx+ 
 so that we 
an form an iteration x(k+1) = Rx(k) + 
 given an initial guess x0.We want to 
hoose su
h a R and 
 that limk!1 x(k) = xe = A�1b. A 
ommon method is
alled the splitting approa
h in whi
h we re-write the matrix A asA =M �K; det(M) 6= 0: (4.1.1)Then Ax = b 
an be written as (M�K)x = b, orMx = Kx+b, or x =M�1Kx+M�1b,or x = Rx+
, where R =M�1K is 
alled the iteration matrix and 
 =M�1b is a 
onstantve
tor. The iterative pro
ess is then given an initial guess x(0), we 
an get a sequen
e offx(k)g a

ording to x(k+1) = Rx(k) + 
 (4.1.2)We �rst dis
uss three basi
 iterative methods for solving Ax = b. To derive the threemethods, we re-write the matrix A as
A = D � L� U = 266666666664

a11 a22 a33 . . . ann
377777777775�

266666666664
0�a21 0�a31 �a32 0... . . . . . . . . .�an1 �an2 � � � �an;n�1 0

377777777775
�0BBBBBBB� 0 �a12 � � � � � � �a1n0 � � � � � � �a2n. . . . . . .... . . ...0

1CCCCCCCA



Numeri
al Analysis: I 614.2 The Ja
obi iterative method: Solve for the diagonalsThe matrix ve
tor form of the The Ja
obi iterative method 
an de derived as follows:(D � L� U)x = bDx = (L+ U)x+ bx = D�1(L+ U)x+D�1bx(k+1) = D�1(L+ U)x(k) +D�1b:The 
omponent form 
an be written asx(k+1)i = 0�bi � nXj=1;j 6=iaijx(k)j 1A =aii; i = 1; 2; � � � ; n: (4.2.1)The 
omponent form is useful for implementation while the matrix-ve
tor form is goodfor 
onvergen
e analysis.4.3 The Gauss-Seidel iterative method: Use the most up-datedIn the Ja
obi iterative method, when we 
ompute xk+12 , we have already 
omputed xk+11 .Assume that xk+11 is a better approximation than xk1 , why 
an not we use xk+11 when weupdate xk+12 instead of xk1? With this idea, we get a new iterative method whi
h is theGauss-Seidel iterative method for solving Ax = b. The 
omponent form isx(k+1)i =0�bi � i�1Xj=1 aijx(k+1)j � nXj=i+1 aijx(k)j 1A =aii; i = 1; 2; � � � ; n: (4.3.1)To derive the matrix-ve
tor form of the Gauss-Seidel iterative method, we write the
omponent form above to a form ( )(k+1) = ( )(k) + ( ). The 
omponent form aboveis equivalent toi�1Xj=1 aijx(k+1)j + aiix(k+1)i = bi � nXj=i+1aijx(k)j ; i = 1; 2; � � � ; n; (4.3.2)whi
h is the 
omponent form of the following system of equationsx(k+1) = Ux+ b; or x(k+1) = (D � L)�1Ux+ (D � L)�1b:Thus the iteration matrix of the Gauss-Seidel iterative method is (D � L)�1U , and the
onstant ve
tor is 
 = (D � L)�1b.



62 Z. Li4.3.1 Implementation detailsThe iterative methods are an in�nity pro
ess. However, when we implement on a 
omputer,we have to stop it in �nite time. One of several of the following stopping 
riteria are used� kx(k+1) � x(k)k � tol.� kx(k+1)�x(k)kkx(k)k � tol.� kr(x(k))k � tol.� k � kmax,where tol and kmax are two given parameters.4.3.2 Pseudo-
ode of the Gauss-Seidel iterative method:[x,k℄ = my_gs(n,a,b,x0,tol)error = 1e5; x=x0; k=0;while error > tolfor i=1:nx(i) = b(i);for j=1:nif j~= ix(i) = x(i) - a(i,j)*x(j);endx(i) = x(i)/a(i,i);enderror = norm(x-x0); %defaut is 2-normx0=x; k = k+1; % repla
e the old value, add the 
ounter.end %end while4.3.3 The Gauss-Seidel iterative method for 2-point boundary value prob-lemFollowing se
tion 1.3, we haveUi�1 � 2Ui + Ui+1h2 = f(xi); i = 1; 2; � � � ; n� 1:If we use the same ordering for the equations and unknowns, then the diagonals are always�2=h2, the Ja
obi iteration is simplyU (k+1)i = U (k)i�1 + U (k)i+12 + h22 f(xi; yj); i = 1; 2; � � � ; n� 1:



Numeri
al Analysis: I 63No matrix is formed (or only matrix-ve
tor multipli
ation is needed), no ordering is ne
es-sary (assuming that the equations and unknowns have the same ordering). For the Gauss-Seidel iteration, from k-th to k + 1-th iteration, we 
an use the followingU (k+1)i = U (k)i ; i = 1; 2; � � � ; n� 1;U (k+1)i = U (k+1)i�1 + U (k+1)i+12 + h22 f(xi); i = 1; 2; � � � ; n� 1:If U (k+1)i has not been updated, then it use the value from k-th iteration, otherwise it usesthe most updated one.4.3.4 The Gauss-Seidel iterative method for the �nite di�eren
e methodfor Poisson equationFor the Poisson equation uxx + uyy = f(x; y), if we use the standard 5-point 
entral �nitedi�eren
e s
heme Ui�1;j + Ui+1;j � 4Uij + Ui;j�1 + Ui;j+1h2 = f(xi; yj)and the same ordering for the equations and unknowns, then the Ja
obi iteration isU (k+1)ij = U (k)i�1;j + U (k)i+1;j + U (k)i;j�1 + U (k)i;j+14 + h24 f(xi; yj);i = 1; 2; � � � ; n� 1; j = 1; 2; � � � ; n� 1;if the solution is pres
ribed along the boundary (Diri
hlet BC). Again, no matrix is needed,no ordering is ne
essary. We do not need to transform the two dimensional array to a onedimensional one. The implementation is rather simple.4.4 The su

essive over-relaxation (SOR(!)) iterative methodThe Ja
obi and Gauss-Seidel methods 
an be quite slow. The SOR(!) iterative methodis an a

eleration method by 
hoosing appropriate parameter !. The SOR(!) iterativemethod is x(k+1) = (1� !)xk + !~xk+1GS : (4.4.1)The 
omponent form isxk+1i = (1� !)xki + !0�0�bi � i�1Xj=1 aijx(k+1)j � nXj=i+1 aijx(k)j 1A =aii1A : (4.4.2)Note that, it is in
orre
t to get G-S result �rst, then do the linear interpolation.



64 Z. LiThe idea of the SOR method is to interpolate xk and xk+1GS to get a better approximation.When ! � 1, the new point of (1 � !)xk + !~xk+1GS is between xk and xk+1GS , and this it is
alled interpolation. The iterative method is 
alled under relaxation. When ! > 1, the newpoint of (1� !)xk + !~xk+1GS is outside xk and xk+1GS , and this it is 
alled extrapolation. Theiterative method is 
alled over relaxation. Sin
e the approa
h is used at every iteration, itis 
alled su

essive over relaxation (SOR) method.To derive the matrix-ve
tor form of SOR(!) method, we write its 
omponent form asaiixk+1i + ! i�1Xj=1 aijx(k+1)j = aii(1� !)xki + !bi � ! nXj=i+1aijx(k)j : (4.4.3)This is equivalent to(D � !L)x(k+1) = ((1� !)D + !U)x(k) + !b:Thus the iteration matrix and 
onstant ve
tor of the SOR(!) method areRSOR(!) = (D � !L)�1 ((1� !)D + !U) ; 
SOR = !(D � !L)�1: (4.4.4)4.5 Convergen
e of basi
 iteration methods x(k+1) = Rx(k) + 
Using an iterative method, we will get a ve
tor sequen
e of fx(k)g and we know how to tellwhether it is 
onvergent or not. However, for an iterative method, we need to 
onsider allpossible initial guesses and 
onstant ve
tor 
.If the ve
tor sequen
e of fx(k)g 
onverges to x�, then by taking limit on both sides ofthe iterative s
heme, we have x� = Rx� + 
: (4.5.1)The above equality is 
alled the 
onsisten
y 
ondition.De�nition 4.5.1 The iteration methods x(k+1) = Rx(k) + 
 is 
onvergent if for any initialguess x(0) and 
onstant ve
tor 
, the ve
tor sequen
e of fx(k)g 
onverges to the solution ofthe system of equations x� = Rx� + 
.Now we dis
uss a few suÆ
ient 
onditions that guarantee 
onvergen
e of a basi
 iterativemethod.Theorem 4.5.1 If there is an asso
iated matrix norm su
h that kRk < 1, then the iterationmethod x(k+1) = Rx(k) + 
 
onverges.



Numeri
al Analysis: I 65Proof: Let e(k) = x(k) � x�, from the iterative method x(k+1) = Rx(k) + 
 and the
onsisten
y 
ondition x� = Rx� + 
, we havee(k+1) = Re(k)0 � ke(k+1)k = kRe(k)k � kRkke(k)k � kRkkRkke(k�1)k � � � � � kRkk+1ke(0)kThus we 
on
lude that limk!1 ke(k)k = 0, or equivalently, limk!1x(k) = x(�).Example: Given R =  0:9 0:05�0:8 �0:1 !Does the iterative method x(k+1) = Rx(k) + 
 
onverge?We 
an easily get kRk1 = 1:7, whi
h leads to no 
on
lusion; and kRk1k = 0:95 < 1,whi
h lead to the 
on
lusion that the iterative method 
onverges.4.5.1 Convergen
e speedIn the theorem above, the k-th error depends on the initial one that we do not know. Thefollowing error estimate does not need the initial error.Theorem 4.5.2 If there is an asso
iated matrix norm su
h that kRk < 1, we have thefollowing error estimate for the iteration method x(k+1) = Rx(k) + 
.ke(k+1)k � kRkk1� kRk kx(1) � x(0)k: (4.5.2)Proof: From the iterative method x(k+1) = Rx(k)+
, we also have f x(k) = Rx(k�1)+
.Subtra
ting the two, we getx(k+1) � x(k) = R(x(k) � x(k�1)) = R2(x(k�1) � x(k�2) = � � � = Rk(x(1) � x(0)):Sin
e x(k+1) � x(k) = x(k+1) � x(�) + x� � x(k) = e(k+1) � e(k) = (R� I)e(k):Combining the two equalities above we get�(I �R)e(k) = Rk �x(1) � x(0)� :This leads to ke(k)k = k(I �R)�1Rk �x(1) � x(0)� k:Finally from the Bana
h's lemma, we haveke(k)k � kRkk1� kRk kx(1) � x(0)k:



66 Z. Li4.5.2 Other suÆ
ient 
onditions using the original matrix ATheorem 4.5.3 If A is stri
tly row diagonally dominant matrix, then both Ja
obi andGauss-Seidel methods 
onverge. The Gauss-Seidel method 
onverges faster in the sense thatkRGSk1 � kRJk1 < 1Proof: The proof of the �rst part is easy. For the Ja
obi method, we have R =D�1(L+ U), thus kRJk1 = maxi nXj=1;j 6=i ����aijaii ���� < 1:The proof for the Gauss-Seidel method is not trivial and long, we refer the readers tothe book [J. W. Demmel℄ on page 287-288.For general matri
es, it is un
lear whether the Ja
obi or Gauss-Seidel method 
onvergesfaster even if they both 
onverge.Theorem 4.5.4 If A is a symmetri
 positive de�nite (SPD) matrix, then the SOR(!)method 
onverges for 0 < ! < 2.Again we refer the readers to the book [J. W. Demmel℄ on page 290-291.Theorem 4.5.5 If A is a weakly row diagonally dominant matrix,nXj=1;j 6=i jaij j � jaiij; ; i = 1; 2; � � � ; n;with at least on inequality is stri
tly and A is irredu
ible, that is, there is no permutationmatrix su
h that P TAP =  A11 A120 A22 !then both Ja
obi and Gauss-Seidel methods 
onverge. The Gauss-Seidel method 
onvergesfaster in the sense that kRGSk1 � kRJk1 < 1:Lemma 4.5.1 A is irredu
ible if the graph of the matrix is strongly 
onne
ted.



Numeri
al Analysis: I 674.5.3 A suÆ
ient and ne
essary 
onditionThe spe
tral radius of a matrix A is de�ned as�(A) = maxi j�i(A)j (4.5.3)Note that from �(A) � kAk from any asso
iated matrix norms. The proof is quite simple.Let �i� be the eigenvalue of A su
h that �(A) = j�i� j and x� 6= 0 is the 
orrespondingeigenve
tor, then we have Ax� = �i�x�. Thus we have j�i� jkx�k � kAkkx�k. Sin
e kx�k 6= 0,we get �(A) � kAk.Theorem 4.5.6 An iteration method x(k+1) = Rx(k) + 
 
onverges for arbitrary x(0) and
 if and only if �(R) < 1.Proof: Part A: If the iterative method 
onverge, then �(R) < 1. This 
an be doneusing 
ounter proof method. Assume that �(R) > 1, then let Ax� = �i�x�, with �(A) =j�i� j > 1 and kx�k 6= 0. If we set x(0) = x� and 
 = 0, then we have x(k+1) = �k+1i� x� whi
hdost not have a limit sin
e �k+1i� !1. The 
ase of �(R) = 1 is left as an exer
ise.Proof: Part B: If �(R) < 1, then the iterative method 
onverges for arbitrary x(0) and
. They key in the proof is to �nd a matrix norm su
h that kRk < 1.From liner algebra Jordan's theorem we know that for any square matrix R, it is similarto a Jordan 
anoni
al form, that is, there is a nonsingular matrix S su
h that
S�1RS = 0BBBBBBB� J1 J2 . . . . . . Jp

1CCCCCCCA ; 0BBBBBBB� �i 1�i 1. . . . . .. . . 1�i
1CCCCCCCA ;

Note that kS�1RSk1 = �(R) < 1 if all Jordan blo
ks are 1 by 1 matrix, otherwisekS�1RSk1 � �(R) + 1. Sin
e �(R) < 1, we 
an �nd < 0� su
h that �(R) + � < 1,say � = (1 � �(R))=2. Consider a parti
ular Jordan Blo
k Ji and assume it is a k by kmatrix. Let
Di(�) = 0BBBBBBB� 1 � . . . . . . �k�1

1CCCCCCCA ; Di(�)JiD�1i (�) = 0BBBBBBB� �i ��i �. . . . . .. . . ��i
1CCCCCCCA ;



68 Z. LiUsing this diagonal matrix, we 
an get
D(�) = 0BBBBBBB� D1(�) D1(�) . . . . . . Dp(�)

1CCCCCCCA ;
Thus kD�1(�)S�1RSDk1 = �(R) + � < 1.Finally we de�ne a new matrix norm askRknew = kD�1(�)S�1RSDk1 (4.5.4)It 
an easily show that the de�nition above is indeed an asso
iate matrix norm and kRknew =�(R) + � < 1, we 
on
lude that the iterative method 
onverges for any initial guess andve
tor 
.4.6 Dis
ussion for the Poisson equations, what is the best !?For the �nite di�eren
e methods for Poisson equations in 1D and 2D, we 
an �nd theeigenvalues of the 
oeÆ
ient matrix, whi
h also leads to eigenvalues of the iteration matrix(Ja
obib, Gauss Seidel, SOR!). For 1D model problem u00(x) = f(x) with the Diri
hletboundary 
ondition u(0) and u(1) are pres
ribed, the 
oeÆ
ient matrix is

AFD = 1h2
266666666664
�2 11 �2 11 �2 1. . . . . . . . .1 �2

377777777775 ; A = 266666666664
�2 11 �2 11 �2 1. . . . . . . . .1 �2

377777777775 :The matrix is weakly row diagonally dominant (not stri
tly) and irredu
ible; �A issymmetri
 positive de�nite; or A is symmetri
 negative de�nite.Theorem 4.6.1 For the above n by n matrix, we have�(RJ ) = max1�i�n ����1 + �i(A)2 ���� ; (4.6.1)where �i(A), i = 1; 2; � � � ; n are the eigenvalues of the matrix A, RJ is the iteration matrixof the Ja
obi method.



Numeri
al Analysis: I 69Proof: We know that Rj = D�1(L+ U) and D = �2I. Let � be an eigenvalue of JR,then det(�I � JR) = 0, or det(�I � D�1(L + U)) = 0, or det(D�1(�D � (L + U)) = 0,or det(D)det(�D � (L + U)) = 0. Sin
e det(D) 6= 0, we have det(�D � (L + U)) = 0, ordet((�� 1)D +D � (L+ U)) = 0, or det((� � 1)D +A) = 0, or det((1 � �)D �A) = 0, ordet(�2(1 � �)I �A) = 0 sin
e D = �2I. Thus �2(1� �) is an eigenvalue of A, or�i(RJ ) = 1 + �i(A)2 ; i = 1; 2; � � � ; n:From the relation above, we have the theorem right way.The following lemma gives the eigenvalues of a tri-diagonal matrix.Lemma 4.6.1 Let A be the following n by n matrixA = 266666664 � �� � �. . . . . . . . .� �
377777775 :The eigenvalues of A are the following�k = �+ 2� 
os k�n+ 1 ; k = 1; 2; � � � ; n:The eigenve
tor 
orresponding to �k is�k;j = sin kj�n+ 1 ; j = 1; 2; � � � ; n:Proof : It is easy to 
he
k that A�k = �k�k.When � = �2, � = 1, we have�k = �2 + 2 
os k�n+ 1 ; k = 1; 2; � � � ; n:Thus the spe
tral radius of the Ja
obi iterative method for 1D Poisson problem is�(RJ ) = max1�k�n ����1 + �k(A)2 ���� = max1�k�n ����1� 2(1� 
os(k�=(n+ 1))2 ����= max1�k�n ����
os k�n+ 1 ���� = 
os �n+ 1 � 1� 12 � �n+ 1�2 :We 
an see that as n is getting larger, the spe
tral radius is getting 
lose to unit indi-
ating slower 
onvergen
e.On
e we know the spe
tral radius, we also know roughly the number of iterations neededto rea
h the desired a

ura
y. For example, if we wish to have roughly six signi�
ant digit,the we should set �(R)k � 10�6 or k � �6 log10(�(R)).



70 Z. Li4.6.1 Finite di�eren
e method for the Poisson equation in two dimen-sionsIn two spa
e dimensions, we have parallel results. The eigenvalues for the matrix A =h2AFD of N by N matrix N = n2 are�i;j = ��4� 2�
os i�n+ 1 + 
os j�n+ 1�� ; i; j = 1; 2; � � � n: (4.6.2)The diagonals of the matrix are �4 and we have�i;j(RJ) = 1 + �i;j(A)4 ; i; j = 1; 2; � � � ; n:Thus�(RJ ) = max1�i;j�n ����1 + �i;j(A)4 ���� = max1�i;j�n ����1� 2(1 � 
os(i�=(n + 1)) + 
os(j�=(n + 1))4 ����= max1�i;j�n ����
os i�n+ 1 + 
os j�n+ 1 ���� = 
os �n+ 1 � 1� 12 � �n+ 1�2 :We see that the results in 1D and 2D are pretty mu
h the same. To derive the best! for the SOR(!) method, we need to derive the eigenvalue relation between the originalmatrix and iteration matrix. Note that RSOR = (D � !L)�1((1� !)D + !U).Theorem 4.6.2 The optimal ! for the SOR(!) method for the system of equations derivedfrom the �nite di�eren
e method for the Poisson equation is!opt = 21 +p1� (�(Rj))2 = 21 +q1� 
os2 �n+1 = 21 + sin �n+1 � 21 + �n+1 (4.6.3)Below is the sket
h of the proof.� Step 1. Show the eigenvalue relation between RJ and RSOR(!)�SOR(!) = 1� ! + 12!2�2J � !�Jr1� ! + !2�2J4 (4.6.4)� Step 2. Find the extreme value (minimum) of above as a fun
tion of �J whi
h leadsto the optimal !.We refer the readers to the book [J. W. Demmel℄ on page 292-293 for the proof.Remark 4.6.1
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al Analysis: I 71� The spe
tral radius of RSOR(!) is�(RSOR) = 8<: 1� ! + 12!2�(RJ)2 + !�(RJ)r1� ! + !2�(RJ)24 ; 0 < ! < !opt;! � 1; !opt < ! < 2:If we plot �(RSOR) against !, we 
an see it is a quadrati
 
urve between 0 < ! < !optand it is 
at as ! is getting 
loser to !opt whi
h means it is less sensitive in theneighborhood of !opt; while the se
ond pie
e is a linear fun
tion. Thus, we wouldrather 
hoose ! larger than smaller.� The optimal ! is only for the Poisson equation, not for other ellipti
 problems. How-ever, it gives a good indi
ation of the best ! is the di�usion is dominant in referen
eto the mesh size.
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Chapter 5Computing algebrai
 eigenvaluesand eigenve
tors
5.1 PreliminaryGiven a square matrix A 2 Rn;n, if we 
an �nd a number � 2 C and x 6= 0 su
h thatAx = �x, then � is 
alled an eigenvalue of A, x is 
alled a 
orresponding eigenve
tor to�. Note that if Ax = �x, then A(
xx) = �(
x) for any non-zero 
nstant 
, in other words,eigenve
tor 
an di�er by a 
onstant. Often we prefer to use an eigenve
tor with unit length( kxk = 1). We 
all (�;x) an eigen-pair if Ax = �x (x 6= 0).For an eigen-pair (�;x), we have Ax � �x = 0. This means that (�I � A)x = 0 hasnon-zero (or not unique) solutions. This indi
ates that (�IA) is singular, or det(�IA) = 0.Thus � must be a root of the 
hara
teristi
 polynomial of the matrix A, det(�I �A) =�n + an�1�n�1 + � � �+ a1�+ a0.There are n eigenvalues for an n by n square matrix. The eigenvalues 
an be real,
omplex numbers, repeated roots. If the matrix is real, then the 
omplex eigenvalues arein pairs, that is, if � = a+ bi is one eigenvalue, then �� = a� bi is also an eigenvalue. If Ais a real and symmetri
 matrix, then all the eigenvalues are real numbers.Di�erent eigenve
tors 
orresponding to di�erent eigenvalues are linear independent. Ifan eigenvalue �� has multipli
ity p, whi
h means that 
hara
teristi
 polynomial has thefa
tor (�� ��)p, but no the fa
tor (� � ��)p+1, the number is independent of eigenve
tors
orresponding to �� is less than or equal to p, re
all some examples in 
lass. If an n by nsquare matrix A has n linear independent eigenve
tors, then A is diagonalizable, that is,there is a nonsingular matrix S, su
h that S�1AS = D, where D = diag(�1; �2; � � � ; �n) isa diagonal matrix.For 
onvenien
e of dis
ussion, we will use the following notations. We arrange eigenval-73



74 Z. Liues of a matrix A a

ording toj�1j � j�2j � � � � j�ij � � � � � j�nj:Thus �(A) = j�1j, �1 is 
alled the dominant eigenvalue (
an be more than one), while�n is 
alled the least dominant eigenvalue.There are many appli
ations of eigenvalue problems. Below are a few of them� Frequen
ies if vibration, resonates, et
.� Spe
tral radius and 
onvergen
e of iterative method� Dis
rete form of 
ontinuous eigenvalue problems, for example, the Sturm-Louvilleproblem �(p(x)u0(x))0 + q(x)u(x) = �u(x); 0 < x < 1;u(0) = 0; u(1) = 0:After applying a �nite di�eren
e or �nite element method, we would have Ax = �x.The solutions are the basis for the Fourier series expansion.� Stability analysis of dynami
 systems, or numeri
al methods.5.2 The Power's methodThe idea of the power method is: starting from a non-zero ve
tor x(0) 6= 0 (an approximationto an eigenve
tor), then form an iterationx(k+1) = Ax(k) = A2x(k�1) = � � �Ak+1x(0)Then under some 
onditions, we 
an extra
t an eigen-pair information from the sequen
e!With the assumption that �1 satis�es j�1j > j�2j, whi
h is an essential 
ondition, then we
an show that x(k) � Cx1, and x(k+1)p =x(k)p � �1 as k is very large, where jx(k+1)p j = kx(k+1)k.Sket
h of the proof:While feasible in theory, the idea is not pra
ti
al in 
omputation be
ause x(k) �! 0 if�(A) < 1 and x(k) �!1 if �(A) > 1. The solution is to res
ale the ve
tor sequen
e, whi
hleads to the following power method.



Numeri
al Analysis: I 75Given x(0) 6= 0, form the following iterationfor k = 1 until 
onvergesy(k+1) = Ax(k)x(k+1) = y(k+1)ky(k+1)k2�k+1 = (x(k+1))TAx(k+1)endWe 
an use the following stopping 
riteria: j�k+1��kj < tol or ky(k+1)�y(k)k < tol orboth.Under some 
onditions, the sequen
e of the pair (�k;x(k)) 
onverge to the eigen-pair
orresponding to the dominant eigenvalue.For simpli
ity of the proof, we assume that A has a 
omplete eigenve
tors v1;v2; � � � ;vn,kvik = 1, Avi = �ivi.Theorem 5.2.1 Assume that j�1j > j�2j � j�3j >� � � � � j�nj, and x(0) =Pni=1 �ivi with�1 6= 0, then the pair (�k;x(k)) the power method 
onverges to the eigen-pair 
orrespondingto the dominant eigenvalue.Proof : Note thaty(k) = Ax(k�1) = A y(k�1)ky(k�1)k2 = 
kAy(k�1)= 
k
k�1A2y(k�2) = � � � 
k
k�1 � � � 
1Ak�1y(1) = CkAkx(0)where 
k
k�1 � � � 
1 and Ck are some 
onstants. Sin
e x(k) is parallel to y(k) and has unitylength in 2-norm, we must have x(k) = y(k)ky(k)k2 :On the other hand, we know we haveAkx(0) = �k1  �1v1 + �2v2��2�1�k + � � ��nvn��n�1�k!Thus we have limk!1x(k) = limk!1 x(k)kx(k)k2 = �1v1k�1v1k2 = �v1:and limk!1�k = limk!1(x(k))TAx(k) = �1:



76 Z. Li5.2.1 The power method using the in�nity normIf we use di�erent s
aling, we 
an get di�erent power method. Uisng the in�nity norm, �rstwe introdu
e the xp notation for a ve
tor x. Given a ve
tor x, xp is the �rst 
omponentsu
h that jxpj = kxk1, and p is the index. For example, if x = [ 2 �1 �5 5 �5 ℄T ,then xp = �5 with p = 3.
5.3 The inverse power method for the least dominant eigen-valueIf A is invertible, then 1=�i are the eigenvalues of A�1 and 1=�n will be the dominanteigenvalue of A�1. However, the following inverse power method for the least dominanteigenvalue without the need to have the intermediate steps.Given x(0) 6= 0, form the following iterationfor k = 1 until 
onvergesAy(k+1) = x(k)x(k+1) = y(k+1)ky(k+1)k2�k+1 = (x(k+1))TAx(k+1):endWith similar 
onditions (j�nj < j�n�1j � � � � � j�1, the essential 
ondition), one 
anprove that limk!1�k = �n; limk!1x(k) = vn; with kvnk2 = 1:Note that, at ea
h iteration, we need to solve a linear system of equations with thesame 
oeÆ
ient matrix. This is the most expensive part of the algorithm. An eÆ
ientimplementation is to get the matrix de
omposition done outside the loop. Let PA = LU ,the algorithm 
an be written as follows.



Numeri
al Analysis: I 77Given x(0) 6= 0, form the following iterationfor k = 1 until 
onvergesLz(k+1) = Px(k)Uy(k+1) = z(k+1)x(k+1) = y(k+1)ky(k+1)k2�k+1 = (x(k+1))TAx(k+1)end5.4 Gershogorin theorem and the shifted inverse power methodIf we know a good approximate � to an eigenvalue �p su
h thatj�p � �j < min1�i�n;i6=p j�i � �j:That is, �p�� is the least dominant eigenvalue of A��I. We 
an use the following shiftedinverse power method to �nd the eigenvalue �p and its 
orresponding eigenve
tor Givenx(0) 6= 0, form the following iterationfor k = 1 until 
onverges(A� �I)y(k+1) = x(k)x(k+1) = y(k+1)ky(k+1)k2�k+1 = (x(k+1))TAx(k+1)endThus if we 
an �nd good approximations of any eigenvalue, we 
an use the shiftedinverse power method to 
ompute it. Now the question is how do we roughly lo
ated theeigenvalues of a matrix A. Gershgorin theorem provides some useful hints.De�nition 5.4.1 Given a matrix A 2 Cn�n, the 
ir
le ( all points within the 
ir
le on the
omplex plane) j�� aiij � nXj=1;j 6=i jaij j (5.4.1)is 
alled the i-th Gershgorin 
ir
le.



78 Z. LiTheorem 5.4.1 Gershgorin Theorem.1. Any eigenvalue have to be in one of Gershgorin 
ir
les.2. The union of k Gershgorin 
ir
les, whi
h do not interse
t with other n � k 
ir
les,
ontains pre
isely k eigenvalues of A.Proof: For any eigen-pair (�;x), Ax = �x. Consider the p-th 
omponent of x su
h thatjxpj = kxk1, we have nXj=1 apjxj = �pxpor (�� app)xp = nXj=1;j 6=papjxj:From the expression above we getj�� appj � nXj=1;j 6=p japj j ����xjxp ���� � nXj=1;j 6=p japj j; sin
e jxj=xpj � 1:Thus � is in the p-th Gershgorin 
ir
le and the �rst part of the theorem is 
omplete.The proof for the se
ond part is based 
ontinuation theory that roots of a polynomialare 
ontinuous fun
tions of the 
oeÆ
ients of the polynomials. The theorem is obviouslytrue for the diagonal matrix. If the radius of the Gershgorin 
ir
les in
rease 
ontinuouslyas we 
hange the zero o� diagonal entries from 0 to aij, the eigenvalues will move amongunion of the Gershgorin 
ir
les but 
an not 
ross to the disjoint ones.Example: Let A be the following matrixA = 0B� �5 �1 0�1 2 �1=20 �1 8 1CAUse the Gershgorin theorem to roughly lo
ate the eigenvalues.The three Gershgorin 
ir
les are� R1 : jz + 5j � 1.� R2 : jz � 2j � 1:5.� R3 : jz � 8j � 1.The do not interset with ea
h other, so ea
h 
ir
le has one eigenvalue. Sin
e the matrix is areal matrix, and 
omplex eigenvalues have to be in pair, we 
on
lude that all the eigenvaluesare real. Thus we get



Numeri
al Analysis: I 79� the dominant eigenvalue satis�es 7 � �1 � 9,� the least dominant eigenvalue satis�es 0:5 � �3 � 3:5,� the middle eigenvalue satis�es �6 � �1 � �4.If we wish to �nd the middle eigenvalue �2 we should 
hoose � = �5. Even for thedominant eigenvalue, we would get faster 
onvergen
e if we shift the matrix by taking� = 8 and then apply the shifted power method.5.5 How to �nd a few or all eigenvalues?If we know an eigenpair (�1;x1) of a matrix A, we 
an use the de
ation method to redu
eA to a one-dimensional lower matrix whose eigenvalues are the same as the rest eigenvaluesof A. The pro
ess is follows. Assume that kx1k2 = 1, we 
an form expand x to form anorthogonal basis of Rn: fx1;x2; � � � xng with xTi xj = Æij . Note that Æij = 0 if i 6= j andÆii = 1. Let Q = [x1;x2; � � � xn℄, then Q is an orthogonal matrix ( QTQ = QQT = I). We
an get QTAQ = QT [Ax1; Ax2; � � �Axn℄= QT [�1x1; Ax2; � � �Axn℄ =  �1 *0 A1 !Thus the eigenvalues of A1 are also those of A, but A1 is a one-dimensional matrix 
omparewith the original matrix A. The de
ation method is only used if we wish to �nd a feweigenvalues.To �nd all eigenvalues, the QR method for eigenvalues are often used. The idea of theQR method is �rst to redu
e a matrix to a simple form (often upper Hessenberg matrixor tridiagonal matrix) using similarity transformation S�1AS so that the eigenvalues areun
hanged. Sin
e the inverses of an orthogonal matrix is its transpose, S is often 
hosenas orthogonal matrix. Orthogonal matri
es also have better stability than other matrixessin
e kQxk2 = kxk2 and kQAk2 = kAk2.De�nition 5.5.1 Given a unit ve
tor w, kwk2 = 1, the Household matrix is de�ned asP = I � 2wwT : (5.5.1)It is a simple 
he
k that P = P T = P�1. Su
h a matrix sometimes is also 
alled are
e
tion matrix or transformation.Theorem 5.5.1 If kxk2 = kyk2, then there is a Household matrix P su
h that Px = y.



80 Z. LiProof: Assume that Px = y, then we have�I � 2wwT �x = yx� y = 2w(wTx):Note that 2(wTx) is a number, thus w is parallel to x � y. Sin
e w is also a unit ve
torin 2-norm, we 
on
lude that w = (x� y)=kx� yk2, then it is simple manipulation to showthat Px = y.Example: Find a Householder matrix P su
h thatP 0B� 304 1CA = 0B� �00 1CANote that in this example, we need to �nd both � and P . Sin
e the orthogonal transfor-mation does not 
hange the 2-norm, we should havep32 + 42 = �2; =) � = �5;w = (x� y)=kx � yk2 = 1kx� yk2 0B� 3� �0� 04� 0 1CATo avoid possible 
an
ellation, we should 
hoose the opposite sign, that � = �5, andw = [8 0 4℄T =p80.5.5.1 The QR de
omposition of a matrix AStart from A0 = A.for k = 0; 1; � � � until 
onvergeAk = QkRKAk+1 = RkQk.endTheorem 5.5.2 If A 2 Rn�n, and j�1j � j�2j � � � � � j�nj, then� Ai+1 � Ai � A, that is, all Ak have the same eigenvalues.� limk!1Ak = RA = 0BBBB� R11 R12 � � � R1pR22 � � � � � �. . . ...Rpp
1CCCCA



Numeri
al Analysis: I 81where RA is a blo
k upper triangular matrix whose diagonals Rii is either a 1 by 1 or 2 by2 matrix (
orresponding to 
omplex eigenvalues in pair).Proof of the �rst part: Ak+1 = RkQk = QTkAkRk.Shifted QR method:Start from A0 = A.for k = 0; 1; � � � until 
onvergeAk � �kI = QkRKAk+1 = RkQk + �kI.endStop 
riteria: max3�i�n;1�j�i�2 jaijj < tol.Double shifted QR method: If � is 
hosen as a 
omplex number, then we should usethe Double shifted QR method.Start from A0 = A.for k = 0; 1; � � � until 
onvergeAk � �kI = QkRkAk+1 = RkQk + �kI.Ak+1 � ��kI = Qk+1Rk+1Ak+2 = Rk+1Qk+1 + ��kI.endQR method for �nding all eigenvalues are quite expensive. To redu
e the 
omputational
ost. Often we use the similarity transformation via Householder matrix �rst to redu
e theoriginal matrix to an upper Hessenberg matrix (tri-diagonal if the matrix is symmetri
) �rst,then apply theQRmethod. This requires n�2 steps: Pn�1Pn�3 � � �P2P1AP1P2 � � �Pn�3Pn�2,where P1 =  1 00 �P1 ! ; �P10BBBB� a21a31...an1
1CCCCA = 0BBBB� �0...0

1CCCCAfor example. The reason to 
hoose P1 to keep the �rst row of A un
hanged when we multiplyP1 from the left is to ensure that the �rst 
olumns of P1A un
hanged when we multiply P1from the right so that those zeros will remain.
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Chapter 6Least squares and SVD solutionsIn this 
hapter, we dis
uss numeri
al method for solving arbitrary linear system of equations.6.1 Least squares solutionsConsider Ax = b, where A 2 Rm;�n, m � n, and rank(A) = n. One motivation is the 
urve�tting example in whi
h we have many observed data, but we �nd a simple polynomial to�t the data. Below are some examples:0BBBB� 214�1 1CCCCA� x � = 266664 0042 377775From the �rst two equations, the solution should be x = 0; from the third equation, thesolution should be x = 1; from the last equation, the solution should be x = �2; In otherwords, we 
an not �nd a single x that satisfy all the equations. The system of equations is
alled over-determined. In general, there is no 
lassi
al solution to an over-determinedsystem of equation. We need to �nd the 'best' solution.By the best solution we mean that to minimize the error in some norm. Sin
e theresidual is 
omputable, one approa
h is to minimize the residual in 2-norm of all possible
hoi
es:The solution x� is the 'best solution' in 2-norm if it satis�eskb�Ax�k2 = minx2Rn kb�Axk2: (6.1.1)If we use di�erent norms rather than 2-norm, it will leads to di�erent algorithm and di�erentappli
ations. But 2-norm is the one that is used the most and it is the simplest one.83



84 Z. LiNote that, an equivalent de�nition is the following:kb�Ax�k22 = minx2Rn kb�Axk22: (6.1.2)The above de�nition gives way to 
ompute the 'best solution' as the global minimumof a multi-variable fun
tion of its 
omponent x1, x2; � � � ; xn. This 
an be seen from thefollowing:�(x) = kb�Axk22 = (b�Ax)T (b�Ax) = bTb� bTAx� xTATb+ xTATAx:Note that bTAx = xTATb, one 
an easily get the gradient '(x) whi
h isr�(x) = 2 �ATAx�ATb:�Sin
e the 
olumns of A are linearly independent (rank(A) = n), we have xTATAx =kAxk2 > 0 for any non-zero x, and ATA is symmetri
 positive de�nite. The only 
riti
alpoint of �(x) is the solution of the following normal equationATAx = ATb (6.1.3)whose unique solution is the least squares solution whi
h minimizes the 2-norm of theresidual in Rn spa
e.The normal equation approa
h not only provides a numeri
al method, but also showsthat the least squares solution is unique under the 
ondition rank(A) = n, that is, the
olumns of A are lienarly independent.A serious problem with the normal equation approa
h is the possible ill-
onditionedsystem. Note that if m = n, then 
ond2(AT ) = (
ond2(A))2. A more a

urate method isthe QR method for the least squares solution. For the following least squares problem R0 !x =  b1b2 !We have kb�Axk22 = kb1 �Rxk22 + kb2k22and minx2Rn kb�Axk22 = minx2Rn kb1 �Rxk22 + kb2k22 = kb2k22when b1 �Rx = 0 or x = R�1b1. Parti
ularly, if R is an upper triangular matrix, we 
anuse the ba
kward substitution to solve the tri-diagonal system of equations eÆ
iently.In the QR method for the least squares, the idea is to redu
e the original problem tothe problem above using orthogonal, parti
ularly, the Householder, transformation whi
h
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al Analysis: I 85keeps the least squares solution un
hanged. From the pro
ess of the QR algorithm, we 
anapply a sequen
e of Householder matri
es that redu
e A to an upper triangular formPnPn�1 � � �P1A =  R0 !or QA = � RT 0 �T , then from Ax = b, we get QAx = Qb, or R0 !x =  ~b1~b2 !In pra
ti
e, we 
an apply the Householder matrix dire
tly to the augmented matrix [A ... b℄as in the Gaussian elimination method.An example:6.2 Singular value de
omposition (SVD), and SVD solutionof Ax = bSingular value de
omposition 
an be used to solve Ax = b for arbitrary A and b.Theorem 6.2.1 Given any matrix A 2 Cm�n, there are two orthogonal matri
es U 2Cm�m; UUH = UHU = I and V 2 Cn�n; V V H = V HV = I su
h thatA = UXV H ; where X = 0BBBBBBB� �1 �2 . . . �p 0
1CCCCCCCAm�n (6.2.1)

�1; �2; � � � ; �p > 0 are 
alled the singular values of A. Note that they are positive numbers,p = rank(A). Furthermore� �i =p�i(AHA) =p�i(AAH), square root of non-zero eigenvalues of AHA or AAH .� kAk2 = max1�i�p �i(A).Note that we often arrange singular values a

ording to �1 � �2 � � � � � �p > 0. The proofpro
ess also gives a way for su
h a de
omposition (
onstri
tive).Proof: Let �1 = kAk2, then there is an x, kx1k2 = 1 su
h that AHAx1 = �21x1. Lety1 = Ax1=�1, we have ky1k2 = kAx1k2=�1 = 1.



86 Z. LiNext we expand x1 to form an orthogonal basis in Rn�n to form an orthogonal matrixV V = [x1;x2; � � � ;xn℄ = [x1; V1℄ ; V HV = V HV = I:We also expand y1 to form an orthogonal basis in Rm�m to form an orthogonal matrix UU = [y1;y2; � � � ;yn℄ = h y1; U1 i ; UHU = UHU = I:Then we have UHAV =  yH1UH1 !� Ax1 AV1 � =  �1 00 UH1 AV1 !This is be
ause yH1 Ax1 = xH1 AHAx1=�1 = xH1 x1�21=�1 = �1; UH1 Ax1 = �1UH1 y1 = 0;yH1 AV1 = (Ay1)HV1 = xH1 AHAV1 = �21xH1 V1 = 0. Thus from the mathemati
s indu
tionprin
iple, we 
an 
ontinue this pro
ess to get the SVD de
omposition.Pseudo-inverse of a matrix AFrom the SVD de
omposition of a matrix A, we 
an literally �nd the 'inverse' of the matrixto get its pseudo-inverseA+ = V X+UH ; where X+ = 0BBBBBBB� 1�1 1�2 . . . 1�p 0
1CCCCCCCAn�m (6.2.2)

Parti
ularly, if m = n and det(A) 6= 0, then A+ = A�1. The pseudo-inverse matrix A+ ofa matrix A has the following properties:� AA+A = A, note that A+A 6= I.� A+AA+ = A+.� A+A = (A+A)H . If rank(A) = n, then A+ = (AHA)�1AH .� AA+ = (AA+)H . If rank(A) = m, then A+ = AH(AAH)�1.Solving Ax = b of arbitrary matrix AThe SVD solution of Ax = b is simply x� = A+b. It has the the following properties:
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al Analysis: I 87� If m = n and det(A) 6= 0, then x� = A+b = A�1b.� If rank(A) = n, then kAx� � bk2 = minx2Rn kAx� � bk2, that is, x� is the leastsquares solution.� If there is more than one 
lassi
al solution, then x� is the one with minimal 2-norm,that iskx�k2 = minkAx��bk2=kAx�bk2 fkxk2g ; kAx� � bk2 = minx2Rn kAx� bk2


