
MA580 Midterm ReviewCon
epts:Round-o� errors; 
oating point arithmeti
; absolute and relative errors; Hornet's algorithmfor evaluating polynomial; 
atastrophi
 
an
ellations and how to avoid them; Augmented ma-trix; Pivot element; Pivot row; Partial pivoting; Unit lower/upper triangular matrix;Lower/upper triangular matrix; Ba
kward/Forward substitution; Elementary permutation ma-trix Pij ; (P Tij =?, P�1ij =?, P 2ij =?, det(Pij) =?, PijA =?, APij =?); Permutation matrix P ,(P�1 =?, det(P ) =?); Stri
tly row diagonally dominant (SRDD); Symmetri
 positive de�nite(S.P.D, how to tell?); Prin
ipal/Leading sub-matri
es; Choleski de
omposition (LLT ); Bandmatrix; Tridiagonal matrix; Ba
kward error analysis; Perturbation analysisVe
tor norms; The 1; 2 (Eu
lidean), and 1 ve
tor norms; Matrix norms; 1; 2; 1 ma-trix norms; Subordinate (asso
iate, natural) matrix norm; Ve
tor and Matrix 
onvergen
e;Condition Number 
ond(A); Well/Ill-
onditioned matrix; Residual Ve
tori, Dire
t method;Iterative method; Ve
tor and Matrix 
onvergen
e; Iteration matrix; Spe
tral radius �(A);Condition Number 
ond(A); Well/Ill-
onditioned matrix; Residual Ve
tor.Dire
t Methods:Method A Pivoting Storage Can fail? Operations det(A)GE to [A : b℄ general Yes O(n2) No O(n33 ) (�1)s nYi=1 aiiP TLU general Yes O(n2) No O(n33 ) (�1)s nYi=1 aiiDire
t LU general No O(n2) Yes O(n33 ) nYi=1 uiiSRDD No O(n2) No O(n33 ) nYi=1 uiiCrout Tridiagonal No O(3n) Yes O(2n) nYi=1 uiiLLT S.P.D No O(n22 ) No O(n36 ) nYi=1 l2iiBa
k-Substi. Triangular { O(n22 ) { O(n22 ) {Pivoting strategy:Partial/maximal-
olumn pivoting: japkj = maxk�i�n jaikj:



From PA = LU fa
torization to solve Ax = b:� Compute Pb,� Forward substitution: Ly = Pb,� Ba
kward substitution: Ux = y.Stationary Iterative Algorithms: x(k) = T x(k�1) + 
; k = 1; 2; � � �Ja
obi Iterative Method: Tg = D�1(L+ U); 
 = D�1b.x(k)i = 1aii 24bi � i�1Xj=1 aijx(k�1)j � nXj=i+1 aijx(k�1)j 35 ; i = 1; 2; � � � ; n:The Ja
obi method 
onverges if A is stri
tly row diagonally dominant.Gauss-Seidel Iterative Method: Tg = (D � L)�1U ; 
 = (D � L)�1b.x(k)i = 1aii 24bi � i�1Xj=1 aijx(k)j � nXj=i+1 aijx(k�1)j 35 ; i = 1; 2; � � � ; n:The Ja
obi method 
onverges if A is stri
tly row diagonally dominant or symmetri
 positive de�nite.SOR Iterative Method: T! = (D � !L)�1[(1� !)D + !U ℄; 
 = !(D � !L)�1b.x(k)i = (1� !)x(k�1)i + !aii 24bi � i�1Xj=1 aijx(k)j � nXj=i+1 aijx(k�1)j 35 ; i = 1; 2; � � � ; n:The SOR method 
onverges if A is symmetri
 positive de�nite and 0 < ! < 2:Theories:� HW problems.� Questions imposed in 
lass.� How to avid loss of a

ura
y of 
oating number operations. For example,pa+ Æ �pa; f(x+ h)� f(x):� Find an upper bound for kA� fl(A)k and its e�e
t on the solution of Ax = b.� Show that 
ond(A) � 1.� Show that kAxk � kAkkxk, kABk � kAkkBk.



� Show that 
ond(A) � 1.� Error estimates of the dire
t methods and iterative methods.� Orthogonal matri
es ( Q�1 = QT , QTQ = I, jjQxjj2 = jjxjj2, jjQAjj2 = jjAjj2, �2(QA) = �2(A)et
.)� Show that �(R) � kRk.� If kRk < 1, show the 
onvergen
e of the iterative method.Supplementary exer
ises1. Perform Gauss elimination with partial 
olumn pivoting on the matrix:A = 2664 1 1 11 3 �32 4 2 3775 :(a) What is the LU fa
torization of PA (where PA = LU )?(b) Compute the dire
t fa
torization A = LU .(
) Approximately how many operations are required in (a) and (b).(d) Compute the determinant of A from (a) and (b).(e) Use your fa
torization results from (a) and (b) to solve Ax = b, where bT = � 2 �4 6 �.(f) Find kAkp, 
ondp(A) for p = 1; 2;1.2. List at least three kinds of matri
es for whi
h pivoting strategies may not be ne
essary andexplain why.3. Suppose
L1 = 2666666666664

1 0 0 0 0 0�4 1 0 0 0 03 0 1 0 0 06 0 0 1 0 0�2 0 0 0 1 01 0 0 0 0 1
3777777777775 ; L3 = 2666666666664

1 0 0 0 0 00 1 0 0 0 00 0 1 0 0 00 0 1=2 1 0 00 0 �1 0 1 00 0 1=5 0 0 1
3777777777775 ; P = 2666666666664

1 0 0 0 0 00 1 0 0 0 00 0 0 0 1 00 0 0 1 0 00 0 1 0 0 00 0 0 0 0 1
3777777777775 :(a) Can L1 or L3 be a Gauss transformation matrix with partial pivoting? Why?(b) Compute L�11 , L�13 , L1 L3; and L�11 L�13 .(
) Compute P�1, P T , P 2, PL3; and PL3P .



4. For the following matri
esA = 2664 3 �1 ��1 � 1=21 1=2 
 3775 ; B = 2666664 4 1 0 11 � �1 10 �1 � 
1 1 0 �2
3777775 ; C = 2664 1 
 �2� 2 
�2 5 4 3775 ;
an you 
hoose the parameters so that the matrix is(a) symmetri
;(b) stri
tly row diagonally dominant;(
) symmetri
 positive de�nite?5. Suppose A = LDLT ; where L is a unit lower triangular matrix.(a) Is A symmetri
?(b) When is A a symmetri
 positive de�nite matrix?(
) What are the orders of operations (multipli
ation/division, addition/subtra
tion) neededfor su
h de
omposition?(d) Can you get A = LLT fa
torization from A = LDLT if A is a S.P.D? How?6. Derive A = LU de
omposition, where U is a unit upper triangular matrix. That is toderive the re
ursive relation forlij; i = j; j + 1; � � � ; n;uij ; j = i+ 1; � � � ; n;(a) Write a pseudo 
ode for your algorithm.(b) How many operations (multipli
ations/divisions and addition/subtra
tions) are required inyour algorithm.(
) Outline how to use su
h a de
omposition to solve Ax = b and 
ompute the determinant ofA.7. For the following model matri
es, what kind of matrix-fa
torization would you like to use forsolving the linear system of equations? Analyze your 
hoi
es (operation 
ount, storage, pivotinget
). 2666666664

3 �1 0 0 0�1 3 �1 0 00 �1 3 �1 00 0 �1 3 �10 0 0 �1 3
3777777775 ;

2666664 0:01 3 0 �41 2 1 2�1 0 3 �25 �2 3 6
3777775 :



8. Let A(2) is the matrix obtained after one step Gauss elimination applied to a matrix A, that isa(2)ij = aij � ai1a11 a1j:(a) Show that maxij ja(2)ij j � 2 maxij jaijj (1)if partial pivoting is used.(b) Show that without pivoting, (1) is still true if A is row diagonally dominant.9. Write a pseudo-
ode to solve the quadrati
 equation ax2 + bx + 
 = 0. You should 
onsider allthe possible s
enarios and avoid possible large round-o� errors.


