Some Factors of Eigenvalues and the Convergence of Stationary Iterative
Methods

Preliminary:

e If A€ R " if there are A € R and z # 0 € R"*! such that Az = Az, then ) is called an eigenvalue
of A, x is one eigenvector corresponding to A.

e There are n eigenvalues of A € R™*". Denote as A1 (A), A2(A), - -+, An(A4). They are the roots of the
polynomial det(AI — A) = 0.

o If

ail *
A=
0 A
Then the eigenvalues of A are a;; plus the eigenvalues of A;.
e The eigenvalues are diagonal elements for diagonal, upper/lower, triangular matrices.

e The eigenvalues of A™ are A"(A).

o If A is symmetric, then all eigenvalues are real.
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o If Ais Symmetric, then ||A||2 = mlax|)\l(A)|, ||A_1||2 = m

e p(A) = max; | Ai(A)] is called the spectral radius of A.

Stationary Iterative Method: z**! = Rz* +c.

e Counsistency condition: I — R is nonsingular.
e Necessary and sufficient condition of the convergence: p(R) < 1.
e Sufficient condition of the convergence: there is a subordinate matrix norm such that ||R|| < 1.
e Sufficient conditions of convergence for special iterative method.
— If A is strictly row diagonally dominant, then both Jacobi and Gauss-Seidel methods converge.

Gauss-Seidel iteration converges faster than Jacobi

— If A is weakly row diagonally dominant and irreducible, then both Jacobi and Gauss-Seidel
methods converge.

— If A is symmetric positive definite, then Gauss-Seidel method converges.

— Usually, from the eigenvalues of A, we can get an upper bound for the spectral radius, and we
can prove the convergence properties for Jacobi, Gauss-Seidel, and SOR(w) methods.



