Selected solutions

1 The coefficient matrix of the red-black ordering is

(D, B 4 .
A_<BT1%> D; = I, i=1,2

B is a sparse matrix in which each row has at most 4 non-zero entries. The size of the matrix is
(n—1)% by (n—1)? with non-zero entries of O(5n?). The SOR(w) at k-th iteration can be written
as
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u; = (1 —wug; + 1 (“zzl,j tug U U —h f”) , 4,7 =1,2,--- ,n—1.

The iterative method does not depend on the ordering of the equations and unknowns, but does
depend on the index 7 and j.

2 (a) The results of one iteration are
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(b) and (c), The iteration matrices are:

0 1/3 -1/3 0 1/3 -1/3
Ryj=|0 0 -1/2|, Rgs=]|0 0 —1/2
0 1/2 0 0 0 —1/4

Since ||Ryl|lco = 2/3 < 1 and ||Rgs|lco = 2/3 < 1, both iterative methods converge.

3 For the first matrix, the eigenvalues of R are the diagonals. Notice that |a;;| < 1 for i =1,2,3,4.
We just need to check |ass| = 1 — sin(ar). Note that 0 < sinz < 1if 0 < z < 7 and sinz is a
periodic function of 2. Thus, if 2k < « < 2k 4 1, then the iterative method converges, where &
is an integer.

For the second matrix we have ||R|; = 0.9999 < 1, the iterative method converges.

4 (a) The iteration matrices are:

00 0 00 0
Ry=|00 -2|, Rgs=|00 -2
02 0 00 —4

Since p(Ry) =2 > 1 and p(Rgs) = 4 > 1, both iterative methods diverge.

(b) The matrix is weakly diagonally dominant and irreducible. Both Jacobi and Gauss-Seidel
iterative methods converge.



