
MA/CSC 580, Homework #3Due Tuesday, O
tober 14, 20081. Let xe be the solution of Ax = b assuming that det(A) 6= 0, �x be the solution of Ax = b+ Æb, showthat kxe � �xkkxek � 
ond(A)kÆbkkbk :Hint: kbk = kAA�1bk � kAkkA�1bk. Show also that 
ond(A) � 1.2. Given an n-by-n non-singular matrix A, how do you eÆ
iently solve the following problems usingGaussian elimination with partial 
olumn pivoting?(a) Solve Akx = b, where k is a positive integer.(b) Computer � = 
TA�1b, where 
 and b are two ve
tors.You should (1) des
ribe your algorithm; (2) present a pseudo-
ode; (3) �nd out the required operation
ounts.3. Che
k whether the following matri
es are:� Stri
tly 
olumn diagonally dominant.� Symmetri
 positive de�nite.Justify your 
on
lusion. What is the signi�
an
e of knowing these spe
ial matri
es to the Gaussianrelated algorithms? Answer this question by 
onsidering issues of a

ura
y, speed, and the storage.2666664 �5 2 1 02 7 �1 �11 �1 5 10 �1 1 4
3777775 ; 2664 2 �1 0�1 2 �10 �1 2 3775 ; " � ��1 2 #

Find the Cholesky de
omposition A = LLT or A = LDLT for the middle matrix. Note that, youneed to determine the range of � and �.4. Given a matrix A and a ve
tor bA = 2664 1100 0 00 2 �10 �1 2 3775 ; b = 2664 110011 3775(a) Find the 
ondition number of A in 2-norm.(b) Given x1 = � 1 1 1 �T and x2 = � 1:1 1 0:9 �T , �nd the residual, and the norm of theresidual, for both x1 and x2 in 2-norm.(
) Is one of x1 and x2 the exa
t solution of the system Ax = b?



(d) If x1 or x2 is not the solution, use the error estimate (3.42) on page 47 of the notes (relationbetween the residual and the relative error) to give an estimate error bound for the relativeerror.(e) Find the a
tual relative error for x1 and x2 as approximations to Ax = b and 
ompare with theerror bound that you just have got. How mu
h is the di�eren
e?5. (Programming Part) Let A be a symmetri
 positive de�nite matrix.(a) Derive the algorithms for A = LDLT de
omposition, where L is a unit lower triangular matrix,and D is a diagonal matrix.(b) Write a Matlab 
ode (or other language if you prefer) to do the fa
torization and solve the linearsystem of equations Ax = b using the fa
torization. Hint: the pro
ess is the following:Ly = b; y is the unknown,Dz = y; z is the unknown,LTx = z; x is the unknown, whi
h is the solution:Constru
t at least one example that you know the exa
t solution to validate your 
ode. (Talkto the instru
t if you need help on this.)



Sele
ted solutions1 (a) kxe � �xkkxek = kA�1b�A�1(b+ Æb)kkxek � kA�1kkÆbkkxekkA�1kkAkkÆbkkAkkxek � 
ond(A)kÆbkkbk :(b) Also from the natural matrix norm, we have1 = kIk = kAA�1k � kAkkA�1k = 
ond(A) (1)2 (a) First we get PA = LU de
omposition. The total operation 
ount is O(2n3=3). If we set b = x(k)and solve Ax(j�1) = x(j), for j = k; k � 1; 1 to form the re
ursive relation. The �nal x(0) is thesolution. The total 
ost is O(2n3=3 + 2kn2)(b) Let x = A�1b or Ax = b, after we have solved the equation to get x, then � = CTx. The total
ost is about O(2n3=3 + 2n2 + n).3 The �rst matrix is stri
tly 
olumn diagonally dominant. It is not symmetri
 positive de�nite sin
ea11 < 0.The se
ond matrix is weakly 
olumn diagonally dominant but not stri
tly. The matrix is symmetri
positive de�nite sin
e det(A1) = 2 > 0, det(A2) = 3 > 0, and det(A3) = det(A) = 4 > 0.For the third matrix to be stri
tly 
olumn diagonally dominant, the parameter should satisfy j�j > 1and j�k < 2. If it is symmetri
 positive de�nite, then � = �1, alf > 0 and 2�+ � > 0 whi
h gives� > 1=2.3 Sin
e A is symmetri
, we have kAk2 = maxifj�i(A)jg and kA�1k2 = 1minifj�i(A)jg . Thus we get
ond(A) = 300. It is easy to 
he
k the x1 is the solution sin
e r(x1) = 0; x2 is not the solution so we
an use the error estimate whi
h is over-estimated!


