
MA/CSC 580, Homework #1, Sele
ted Solution1. Let F be a 
omputer number system of 64 bits. Find the following(a) The largest and smallest number.(b) The smallest normalized positive number.(
) The smallest positive number.(d) Give examples of under
ow and over
ow.(e) The ma
hine pre
ision.(f) Find upper bounds of the absolute and relative errors of fl
(x) approximating x using therounding approa
h.Note that the spe
i�
s may di�er slightly with di�erent 
omputers and 
ompilers.iSolution: For a 64-bits 
omputer number system, the largest exponential isSmax = 20 + 21 + � � �+ 29 = 210 � 1 = 1023:(a) The largest fra
tion = 0:111 � � �1 = 1� 2�52. The largest positive number = 21023(1� 2�52) =8:9885� 10307. The smallest number = �8:9885� 10307.(b) The smallest normalized positive number is0:100 � � �1� 2�1023 = 1:1125� 10�308 (1)while the smallest positive number is0:000 � � �0� 2�1023 = 2�1023 � 2�52 � 2:4702� 10�324: (2)(
) Any number whose magnitude is larger than 9:0000� 10307 will be over
ow. Any umber whosemagnitude is between 0 and 2:4702� 10�324 will be under-
ow.(d) The ma
hine pre
ision is � = 122�52 = 1:1102� 10�16.(e) Let x = 0:d1d2 � � � dndn+1 � � � � �b; d1 6= 0, 0 � di � � � 1. Using 
hopping, we would havefl
(x) = 0:d1d2 � � � dn � �b. Thus we havejfl
(x) � xj � �b�n; jfl
(x)� xjjxj � �b�n��1+b = ��n+1 = 2�That is, the upper error bounds are twi
e as mu
h as those using round-o� approa
h.2. Assume we use a 
omputer to evaluate the following expressions(a) f = xyz; (b) f = x+ y + z;where x, y, and z are real numbers. Find upper bounds of absolute and relative errors. Assume allthe numbers involved are in the range of the 
omputer number system. (Note: Pay attention to theupper bounds and absolute values, e.g., Æ5 � 5� is wrong, it should be jÆ5j � 5�.)



Solution: For fl(xyz), we should havefl(xyz) = x(1 + Æx)y(1 + Æy)z(1 + Æz)(1 + Æ3)(1 + Æ4)The �ve Æ's 
orresponding to 3 inputs, two multipli
ations, therefore the absolute error isjxyz � fl(xyz)j = jxyz(Æx) + ÆyÆz + Æ3 + Æ4 +O(�2)j � 5jxyzj�:The relative error bound is simply (assuming xyz 6= 0)jxyz � fl(xyz)jjxyxj � 5�:For the se
ond part, we havefl(x+ y + z) = ((x(1 + Æx) + y(1 + Æy)) (1 + Æ3) + z(1 + Æz)) (1 + Æ4):The �ve Æ's 
orresponding to 3 inputs, two additions, therefore the absolute error isjx+ y + z � fl(x+ y + z)j � jxÆx) + yÆy + (x+ y)Æ3 + zÆz + (x+ y + z)Æ4O(�2)j � 5 (jxj+ jyj+ jzj) �:Note that the upper bound is not unique and may have di�erent forms. the relative error bound 
anbe expressed asjx+ y + z � fl(x+ y + z)jjx+ y + zj � � jxÆx) + yÆy + zÆzjjx+ y + zj + j(x + y)Æ3jjx+ y + zj + Æ4�� 5 jxj+ jyj+ jzjjx+ y + zj ":Note that if all x; y; z have the same sign, then the relative error is bounded by 5�. Otherwise, therelative error 
an be anything depends on the denominator.3. Design an algorithm (in pseudo-
ode form) to evaluate the following(a) log(1 + x)=x in the interval [�0:5; 0:5℄.(b) b�pb2 � Æ, where b and Æ are two parameters with b2 � Æ � 0.You need to 
onsider all possible s
enarios.Solution: The �rst fun
tion has a removable singularity at x = 0 sin
e limx!0 f(x) = 1. If x issmall, then log(1 + x) = x� x2=2 +O(x3). Therefore the pseudo-
ode isif abs(x) > 1e-15y = log(1+x)/xelsey = x - x*x/2endFor the se
ond part, if b > 0, we may have 
an
ellation if Æ is small, but we know b � pb2 � Æ =Æb+pb2�Æ . Thus we 
an have the pseudo-
ode



if b > 0y= e /( b+ sqrt(b*b-e) )elsey = b - sqrt(b*b-e)endNote that we use e to represent Æ.4. Whi
h of the following two formulas in 
omputing � is better?� = 4�1� 13 + 15 � 17 + 19 + � � ��� = 6�0:5 + 0:532 � 3 + 3(0:5)52 � 4 � 5 + 3 � 5(0:5)72 � 4 � 6 � 7 + � � �� :You 
an write a short Matlab 
ode to 
ompare. Consider both a

ura
y and speed.Solution: The se
ond formula is better for two reasons: 1), it 
onverges mu
h faster; 2), we onlyhave multipli
ation/divisions, and absolute additions so there is no risk of 
an
ellations as in the �rstformula whi
h the signs are alternating. It appears that the �rst formula require less 
omputationfor ea
h time. But we need to 
onsider the total operations needed to rea
h the same order a

ura
y.In this sense, the se
ond formula has also fewer 
omputations.5. We 
an use the following three formulas to approximate the �rst derivative of a fun
tion f(x) at x0.f 0(x0) � f(x0 + h)� f(x0)hf 0(x0) � f(x0 + h)� f(x0 � h)2hf 0(x0) � f(x0)� f(x0 � h)hWhen we use 
omputer to �nd an approximation of a derivative (used in optimization and manyareas), we need to balan
e the errors from the algorithm (trun
ation error) and round-o� errors(from 
omputer).(a) Whi
h formula is the most a

urate in theory? Hint: Find the absolute error using the Taylorexpansion at x = x0.(b) Write a program to 
ompute the derivative with� f(x) = x2, x0 = 1:8.� f(x) = ex sinx, x0 = 0:55.Plot the errors versus h using log-log plot with labels and legends if ne
essary. In the plot, hshould range from 0:1 to the order of ma
hine 
onstant (10�16) with h being 
ut by half ea
htime (i.e., h = 0:1, h = 0:1=2, h = 0:1=22, h = 0:1=23, � � � , until h � 10�16.)Tabulate the absolute and relative errors 
orresponding to h = 0:1, 0:1=2, 0:1=4, 0:1=8, and0:1=16 (that is, di�eren
e 
hoi
es of h 
ompared with that used in the plots). The ratio (should



be around 2 or 4) is de�ned as the quotient of two 
onse
utive errors. Analyze and explainyour plots and tables. What is the best h for ea
h 
ase with and without round-o� errors?1=h error (a) ratio error (b) ratio error (
) ratio10 { { {204080160The ratio is de�ned as, for exampleratio = jerror for n = 10jjerror for n = 20j :Solution: Using Taylor expansion at x0, we 
an easily get����f 0(x0)� f(x0 + h)� f(x0)h ���� = h2 jf 00(x0)j+O(h2)����f 0(x0)� f(x0 + h)� f(x0 � h)2h ���� = h26 jf 000(x0)j+O(h4)����f 0(x0)� f(x0)� f(x0 � h)h ���� = h2 jf 00(x0)j+O(h2)Therefore the se
ond formula is more a

urate without presen
e of round-o� errors. Note that forf(x) = x2, the se
ond formula gives the exa
t derivative!The errors de
rease by fa
tor of two if we halve h for the �rst and the third formulae, and fa
tor offour for the se
ond formula whi
h you should be able to see from you table ex
ept the exa
t one.When h is mu
h bigger than the ma
hine pre
ision, the formula error is dominant. As h gets smallenough, the round-o� will eventually 
at
hes up. The best h is where the magnitude of the formulaand round-o� error are about the same. For the �rst formula, that is whenh2 jf 00(x0)j � jf(x0)jh �;whi
h gives roughly h = p� � 10�8. For the se
ond formula, it should be roughlyh26 jf 000(x0)j � jf(x0)jh �;whi
h gives roughly h = 3p� � 10�5. Note that, the round-o� 
an be estimated by, for exampleif l�f(x0 + h)� f(x0)h � = f(x0 + h)(1 + Æ1)� f(x0)(1 + Æ2)h (1 + Æ3)= f(x0 + h)� f(x0)h + f(x0 + h)h Æ1 + f(x0)h Æ2 + f(x0 + h)� f(x0)h Æ3;where Æ1 and Æ2 are the relative errors when we evaluate f(x0+ h) and f(x0), Æ3 is the relative errorfor the division, in general we have Æi � C� for some error 
onstants C.Note: Please submit any 
omputer 
ode(s) through http://
ourses.n
su.edu/ma580/ orhttp://
ourses.n
su.edu/
s
580/ depending on the 
ourse that you registeredi to save paper. But you needto atta
h your plots, tables, arranged outputs, analysis along with your homework.


