
MA580/CSC580 ReviewPlease also see Mid-term Review; Homework Assignments; Short Proofs andQuestions asked in 
lass.Con
epts:Iteration matrix; Spe
tral radius �(A); eigenvalues and eigenve
tors; diagonalizable matrix;Residual Ve
tor. the least squares solution, Householder matrix; 
urve �tting by polynomi-als or by other base fun
tions; over-determined/under-determined system; Gershgorin 
ir
les;Eigenvalues and Eigenve
tors; Similarity transformation; Orthogonal matri
es; The domi-nant/(least dominant) eigenvalue; Gers
hgorin 
ir
les; Householder transformation; UpperHessenberg matri
es; Least squares solutions; Singular value de
omposition (SVD); The nor-mal equations; Pseudo-inverseStationary Iterative Algorithms: x(k) = T x(k�1) + 
; k = 1; 2; � � �Ja
obi Iterative Method: Tg = D�1(L+ U); 
 = D�1b.x(k)i = 1aii 24bi � i�1Xj=1 aijx(k�1)j � nXj=i+1 aijx(k�1)j 35 ; i = 1; 2; � � � ; n:The Ja
obi method 
onverges if A is stri
tly row diagonally dominant.Gauss-Seidel Iterative Method: Tg = (D � L)�1U ; 
 = (D � L)�1b.x(k)i = 1aii 24bi � i�1Xj=1 aijx(k)j � nXj=i+1 aijx(k�1)j 35 ; i = 1; 2; � � � ; n:The Ja
obi method 
onverges if A is stri
tly row diagonally dominant or symmetri
 positive de�nite.SOR Iterative Method: T! = (D � !L)�1[(1� !)D + !U ℄; 
 = !(D � !L)�1b.x(k)i = (1� !)x(k�1)i + !aii 24bi � i�1Xj=1 aijx(k)j � nXj=i+1 aijx(k�1)j 35 ; i = 1; 2; � � � ; n:The SOR method 
onverges if A is symmetri
 positive de�nite and 0 < ! < 2:The Power method: yk+1 = Axkxk+1 = yk+1kyk+1k2�k+1 = xTk+1Axk+1



The shifted inverse Power method to �nd a spe
i�
 eigenvalue �k, if q � �k(A� qI) yk+1 = xkxk+1 = yk+1kyk+1k2�k+1 = xTk+1Axk+1QR method and shifted QR method Ak � qkI = QkRkAk+1 = RkQk + qkITheories:� Error estimates of the dire
t methods and iterative methods.� Show that the iterative method will 
onverge if kRk < 1. Derive the 
onvergen
e speed.� Show that �(A) � kAk.� Orthogonal matri
es ( Q�1 = QT , QTQ = I, jjQxjj2 = jjxjj2, jjQAjj2 = jjAjj2, �2(QA) = �2(A)et
.)� The Householder transformation theorem (Px = y), How to 
hoose y (say y = �e1, need to �nd�, pay attention to the sign!) and w; wTw = 1 to form P = I � 2wwT .Supplementary exer
ises1. Homework problems; problems from 
lass; 
lass notes et
.2. What is the essential 
ondition for the 
onvergen
e of the Power method or the symmetri
 Powermethod? (The dominant eigenvalue is a simple eigenvalue).3. What is the 
onvergen
e speed of the Power method?4. Can we use the Householder similarity transformations to redu
e a matrix A to a diagonalmatrix?5. What is the relation between the eigenvalues and eigenve
tors of A and the eigenvalues andeigenve
tors of(a) A�1?(b) A� q I?(
) (A� q I)�1?6. If � is an eigenvalue of a matrix A,



(a) show that j�j � jjAjj and so �(A) � jjAjj;(b) use Gers
hgorin theorem to show that j�j � jjAjj1.7. Show that A = 2664 3 0 �10 0 1�1 1 �5 3775 has three distin
t eigenvalues j�1j > j�2j > j�3j. In order toapproximate the eigenvalue �2, apply the �rst two iterations of the inverse Power method to theshifted matrix A� 3I .8. Let A = U�V T = 2664 1 0 00 1p2 1p20 � 1p2 1p2 3775 2664 �1 00 00 0 3775 24 1p2 1p21p2 1p2 35Use above to solve the system of equations Ax = b where b = � 0 1 �1 �T .9. Let A 2 Rm�n with rank(A) = n. We 
an use the QR method or the Cholesky de
ompositionfor the normal equation ATAx = AT b to solve the least squares problem Ax = b. Compare thetwo methods and make a re
ommendation. Hint: Consider the operation a

ount, the storage,a

ura
y et
.10. Given the following linear system of equations:3x1 � x2 + x3 = 32x2 + x3 = 2�x2 + 2x3 = 2(a) With x(0) = [1;�1; 1℄T , �nd the �rst and se
ond iteration of the Ja
obi, Gauss-Seidel, andSOR (! = 1:5) methods.(b) Write down the Ja
obi and Gauss-Seidel iteration matri
es RJ and RGS.(
) Do the Ja
obi and Gauss-Seidel iterative methods 
onverge?(d) Use the QR method and the normal equation to solve the least squares problem:
A = 2666666664

10�123
3777777775 ; A = 2666666664

2 2 00 5 00 0 00 1 30 0 0
3777777775 :where b = � 3 0 0 6 �8 �T . Find the 2-norm of the residual ve
tor 
orresponding tothe least squares solution.



11. Assume we use the following iterative method to solve Ax = b, where A is a non-singulararbitrary matrix, xk = xk�1 + �kpkek = ek�1 � �kpk; ek = A�1b� xk;rk = rk�1 � �kApk; rk = b�Axk;for given pk. Determine �k a

ording to the following:(a) Minimize kekk2.(b) Minimize krkk2.(
) Whi
h approa
h is 
omputable? For the se
ond 
ase, also show that rTkApk = 0.Hint: Use the fa
t that kxk22 = xTx.


