Supplementary to the Notes of M A402
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Ch.1.2.3— Ch.6

e Ignore the last two paragraphs after equation (3) in Ch.1.2.3.
e The matrix vector form of the system of equations (1) is
uk-‘rl — Auk + bk

where A, u*, and b are
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where fF = f(x;, %) and we assume that

xz;=1th, 1=0,1,---,m, x0=0, x,, =L, h = —.

e Similarly, the matrix in page 2 of Ch. 1.3 has similar structure as above with the diagonal

element being 1 — 2a — d.

e The matrix vector form of the system of equations (1) in page 3 of Ch.1.4.2 should be

ukt!l = Au” + b*, where A4, u*, and b* are

¢c 0 0 -~ 0 uk du(0,t%) |
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Note the solution u¥, at the right boundary 2 = L is also an unknown.

Matrix and vector norms, see also Ch.3.5

A vector norm for x € R" is a special function that satisfies the following conditions
1. f(x) = f(z1,22, - ,2n) > 0; f(x) =0if and only x = 0.
2. flax) = [alf(x).
3. f(x+y) < f(¥)+ fy)

Such function is denoted as ||x||.

Example of vector norms

n
L llxlls = Jaea] + |z2] 4 4 o] = Y fail

2. Ixllz = Vw1l + w2l + - + [2a]? =

3. oo = max{ a1 foal, -+ [zl } = max foi].

n 1/1’
4. Nxlly = (1P + Jaal? + - + [enP)V7 = (Z w”) orp =0

Example of matrix norms A € R"™*"

Lty = e { 3ol Yool 3l = e 3

=1
2. [|Afloc = max Z |ay!, Z |agl, - z; |amj, ¢ = 12@%2 |aij
J

3. ||All2 = max 1/\;(ATA), where \;(AT A) are the eigenvalues of AT A.

1<i<n



Example of vector and matrix norm:

(1] (3 —4 1 2]
-3 0 4 -21
X = , A=
4 7T 1 0 2
= 11 1 1|
Then it is easy to get
Ixli =14, |xlla=v62,  [Ix[lcc = 6.

| Allr = 11, | Ao = 10.

The matrix 2-norm is more difficult to compute directly, using Matlab norm(A,2) we can get
|All2 = 8.2325. Another example, the matrix of the system of equations (1) in page 3 of
Ch.1.2. with @« = 0.2 and m = 5.

[(3/5 1/5 0 0 0

1/5 3/5 1/5 0 0

A=1] 0 1/5 3/5 1/5 0
0 0 1/5 3/5 1/5
0 0 0 1/5 3/5

We have [|A|l1 = ||A]|c = 1, and ||A|]2 = 0.9464 < 1. So the algorithm converges and the

steady state solution exists.

Theorem 1 Given a matriz A € R™™™, we have the following
1. If there is one matriz norm such that ||A|| < 1, then klim AF = g,
—00

2. klim AR = 0™ if and only if max |\;(A)| < 1.
— 00
Note that if [|A||; > 1, or ||A||2 > 1, or || A]|s > 1, we can not claim anything on the convergence

of lim A* which means it is inclusive.
k—oo



