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product of the Markov chain Monte Carlo (MCMC) run. We apply our method to
study female labor supply using a panel data set from the National Longitudinal Survey
of Youth 1979 (NLSY79).

Keywords: Average Partial Effect; Average Transition Probability; Censored Re-
gression; Dirichlet Process Prior; Female Labor Supply; Infinite Mixture of Normals;

Initial Conditions; Markov Chain Monte Carlo; Nonlinear Panel Data Models

*We are grateful to Editor, Hashem Pesaran, and two referees for their constructive comments that greatly
improve the paper. All remaining errors are our own.

fContact Address: Department of Economics, Vanderbilt University, VU Station B #351819, 2301
Vanderbilt Place, Nashville, TN 37235-1819. Phone: (615) 322-3582, Fax: (615) 343-8495, Email:
tong.li@vanderbilt.edu.

fContact Address: Department of Agricultural and Resource Economics, North Carolina State University,
NCSU Campus Box 8109, Raleigh, NC 27695-8109. Phone: (919) 515-4543, Fax: (919) 515-6268, Email:
xzheng@ncsu.edu.



1 Introduction

This paper develops semiparametric Bayesian methods for inference of dynamic Tobit panel
data models with unobserved individual heterogeneity, and applies them to study female
labor supply using the National Longitudinal Survey of Youth 1979 (NLSY79). Our approach
requires that the conditional mean dependence of the unobserved individual heterogeneity
on the initial conditions and the strictly exogenous variables be specified.

Because of their feasibility in modeling the unobserved individual heterogeneity and the
state dependence at the same time, dynamic panel data models provide a general framework
to study more complex economic relationships. For example, Chiappori and Salanie (2000)
argue that they can be used to distinguish between moral hazard and adverse selection in auto
insurance markets. Dynamic nonlinear panel data models, however, have presented challenges
because of the difficulty arising from dealing with unobserved heterogeneity in general and
initial conditions in particular. For Tobit models, for example, while they have been used
widely in cross-section studies in labor economics and other applied microeconomics areas,
they have been rarely applied in the dynamic panel data framework.!

As is well known, for dynamic panel data models with unobserved effects, an important
issue is the treatment of the initial observations. For linear models with an additive unob-
served effect, appropriate transformations such as differencing have been used to eliminate
the unobserved effect, and GMM type estimators have been proposed to estimate the trans-
formed model. For example, see Anderson and Hsiao (1982), Arellano and Bover (1995), Ahn
and Schmidt (1995), Blundell and Bond (1998) and Hahn (1999), among others surveyed in
Arellano and Honoré (2001) and Hsiao (2003). For nonlinear models, however, the treatment
becomes more complicated because the unobserved effect in general cannot be eliminated
through some transformations with only a few exceptions. For instance, Honoré (1993) de-
rives the orthogonality conditions for the dynamic Tobit panel data models with unobserved

individual heterogeneity, and Honoré and Hu (2004) provide a set of sufficient conditions for

!The only exception, to the best of our knowledge, is that Hu (2002) estimates a dynamic Tobit panel
data model with the lagged uncensored variable as one of the explanatory variables.



the consistency and asymptotic normality of the estimator for these models. While their
methods have an advantage in that they leave the distribution of the unobserved individual
heterogeneity unspecified and allow arbitrary correlation between the unobserved heterogene-
ity and the explanatory variables, some restrictions on the data need to be met. For example,
in Honoré and Hu (2004), time dummies are not allowed in the strictly exogenous covariates.

As summarized in Hsiao (2003), there have been mainly three different ways of treating
initial observations in parametric inference of dynamic nonlinear panel data models. The first
approach is to assume the initial conditions for each cross-section unit as nonrandom. The
second (and more reasonable) approach is to allow the initial condition to be random, and to
specify a joint distribution of all outcomes on the response including that in the initial period
conditional on the unobserved heterogeneity term and observed strictly exogenous covariates.
The third approach is to approximate the conditional distribution of the initial condition, as
suggested by Heckman (1981a). Wooldridge (2005) discusses the advantages and disadvan-
tages of these three approaches. He also suggests a simple alternative approach that is to
model the distribution of the unobserved effect conditional on the initial observations and
exogenous variables.? One of the advantages of Wooldridge’s approach is that by specifying
the (auxiliary) distribution of the unobserved heterogeneity conditional on the initial condi-
tions to be normal, estimation of probit, Tobit and Poisson regression can be conducted using
standard software.®> Average partial effects can also be estimated in a straightforward man-
ner. This approach, on the other hand, can be subject to misspecification of the distribution
of the unobserved effect conditional on the initial value and other exogenous covariates.

In this paper, we adopt an approach that is in a similar spirit to Wooldridge (2005)
in modeling the relationship between the unobserved heterogeneity and the initial condi-

tions, but provide a more robust way of handling this relationship. Our approach is to only

2 As acknowledged in Wooldridge (2005), this approach has been previously suggested for particular models
including AR(1) without covariates by Chamberlain (1980), Blundell and Smith (1991) and Blundell and Bond
(1998), and the binary response model with a lagged dependent variable by Arellano and Carrasco (2003)
who take the distribution of the unobserved effect given the initial condition to be discrete.

3Loudermilk (2006) applies the same idea as Wooldridge (2005) to dynamic panel data model with frac-
tional depedent variables.



specify the conditional mean dependence of the unobserved effect on the initial conditions
and strictly exogenous covariates, and leave the distribution of the remaining random error
term unspecified. We adopt the recently developed Bayesian nonparametric method to es-
timate this unknown distribution. Thus we propose a semiparametric Bayesian method to
estimate the dynamic Tobit panel data model with lagged censored dependent variables.?
The Bayesian nonparametric approach is introduced by Lo (1984) and Ferguson (1983), with
the later work by Escobar (1994), Escobar and West (1995), and West, Miiller, and Escobar
(1994) discussing its computational issues and by Ghosal, Ghosh and Ramamoorthi (1999) for
the posterior consistency of the Bayesian nonparametric estimation. Recently, this method
has been adopted by econometricians in addressing various issues. See, e.g., Hirano (2002)
for estimation of (linear) autoregressive panel data models, Chib and Hamilton (2002) for
analysis of longitudinal data treatment models, Hasegawa and Kozumi (2003) for estimation
of Lorenz curves, and Griffin and Steel (2004) for inference of stochastic frontier models.

The semiparametric Bayesian approach offers several main advantages for dynamic Tobit
panel data models. First, it is robust to misspecification of distributional assumptions about
the unobserved individual heterogeneity. Second, some important quantities of economic
interest such as the average partial effects and the average transition probabilities (ATP) can
be readily obtained as a by-product of the Markov chain Monte Carlo (MCMC) run. It is also
worth noting that our approach can be readily extended to other dynamic nonlinear panel
data models including binary choice models, ordered response models, censored regression
models with lagged latent dependent variables, and Poisson regression models.

As an application of our approach, we study female labor supply using NLSY79. We
estimate a (reduced-form) labor supply model that is of the Tobit form because a significant

proportion of women in the data did not work from time to time. We also control for the state

4The model we consider here is referred to as the censored regression model with corner solution outcomes
by Wooldridge (2002), as the zero value for the dependent variable can be viewed as a corner solution
outcome from an optimization problem faced by an economic agent. This model is also considered by Honoré
(1993) and Honoré and Hu (2004). Another type of the dynamic censored regression model, as considered
in Hu (2002), is the dynamic Tobit model with lagged latent dependent variables, which is referred to as the
censored regression model with data censoring or coding by Wooldridge (2002).



dependence and unobserved heterogeneity, and estimate the average partial effects of the key
explanatory variables, and the transition probabilities between working and not working. As
such, our paper contributes to the literature by estimating the dynamic Tobit Panel data
model with corner solution outcomes with an empirical application. The application in this
paper, while demonstrating the usefulness of our approach, also has some findings that can
be of interest to labor economists.

This paper is organized as follows. Section 2 lays out the model of interest. Section 3
is devoted to the estimation method, which is computationally efficient and utilizes modern
MCMC techniques. In Section 4, we show how the APEs of the covariates on the dependent
variable and the average transition probabilities of different states are calculated. Section 5
presents Monte Carlo results that demonstrate the usefulness and feasibility of our approach.
In Section 6 we apply our approach to study the intertemporal labor supply of a panel of

young women. Section 7 concludes. The related algorithms are included in Appendix.

2 The Model

Let y;; be the censored response variable of interest, where the indices ¢ and ¢ (i = 1,...,n,
t = 1,...,T) refer to individual 7 and time period ¢, respectively.” We consider a dynamic
Tobit panel data model where y;; depends parametrically on the covariate vector z;, the
vector of lags of the dependent variable y;;_; and the unobserved individual heterogeneity c;

in the form

yir = max{0, z;y + g(yi—1)p + ¢ + ui }, (1)

where v is a vector of coefficients for the explanatory variables and p is a vector of lag

coefficients, and u;; is a sequence of i.i.d. random variables distributed as Normal (0, o2 ).5

As in Wooldridge (2005), the function g(-) allows the lagged censored dependent variable to

5The model can be easily extended to the unbalanced panel model. For ease of exposition, we focus on
the balanced panel data model.

6Note that for ease of exposition u;; is assumed to be normally distributed and homoskedastic. In Appendix
III, we give algorithm for the more general case where the distribution of w; is unspecified and can be
heteroskedastic.



appear in various ways. In this model, z; is strictly exogenous in the sense that conditional
on the current z;, y;;_1, and ¢;, the past and future z;’s do not affect the distribution of y;;.
This rules out the dynamic feedback from past and future realizations of z to the current
realizations of the dependent variable. Therefore, the model is dynamic only because of the
lagged dependent variable, not through the serial correlation of the error terms u;.” The
assumption that u; is normal produces the dynamic Tobit panel data model with unobserved
individual heterogeneity. Our approach can also be readily extended to the case where the
distribution of w; is a ¢ distribution (Albert and Chib (1993)) or some mixture of normals
(Geweke and Keane (2001)).%

To complete the specification of the model, we need to make some assumptions regarding
the relationship between the unobserved individual heterogeneity and the initial conditions.
We make the following conditional mean dependence assumption of the unobserved hetero-

geneity ¢; on the initial conditions and observed strictly exogenous variables

Elcilyio, zi] = ¢+ h(yio, 2i)0, (2)

where c is a constant, y;o is the vector of initial values of the dependent variable y;, and z; is a
set of explanatory variables that only vary over different individuals but are time-invariant.’
It can be the row vector of all (nonredundant) explanatory variables in all time periods.
That is, z; = (21, zi2, ---2zir) and each z; can be multidimensional as in Wooldridge (2005).
Alternatively it can be z; = z;, where z; is the average of z;; over all the time periods as in

Chib and Jeliazkov (2006).1° h(-) is a function that allows y;y and z; to appear in a variety

" Again, the approach in this paper can be easily extended to accommodate the case where u;; is serially
correlated as in Chib and Jeliazkov (2006) for the analysis of dynamic binary choice panel data models. To
focus on the main issue, we choose the i.i.d. specification of u;;.

8For surveys on the use of the MCMC techniques in econometrics, see, e.g., Chib and Greenberg (1996)
and Chib (2001).

Tmplicitly, this specification rules out the possibility that y;o and all past values of y;; in periods prior to
period 0 depend on the unobserved individual heterogeneity ¢;. Otherwise, as pointed out by Honore (2002),
the distribution of ¢;, conditional on the strictly exogenous variables and y;y can depend on the time series
properties of z;; in a very complicated way. In view of this, following one of the referees’ suggestion, in the
Monte Carlo studies and empirical application that follow, we investigate how robust our approach is to the
specification (2).

10For the identification purpose, those time-constant variables like race and gender cannot be in both z;



of ways, including nonlinearities and interactions between y;o and z;.
We can rewrite (2) as

¢ = h(yio, 2:)0 + o, (3)

where «; is an error term. It is assumed to be independent of y;y and z;, and contains ¢
in (2). This specification of the unobserved individual heterogeneity captures its correlation
with the initial observations of the dependent variable and the set of exogenous covariates.
Therefore, it is in the same spirit as in Chamberlain (1980) and Wooldridge (2005). On
the other hand and more importantly, we leave the distribution of a; unspecified.!! Instead,
we will approximate its distribution using an infinite mixture of normals. This is justified
because Ferguson (1983) notes that any probability density function can be approximately

arbitrarily closely in the L; norm by a countable mixture of normal densities

f() = ijgb(",uj,di), (4)

where p; > 0, Z p; = 1 and ¢(-|u;, 0?) denotes the probability density function for a normal
j=1
distribution with mean y; and variance O’?. Note that this is a different specification from

the finite mixture of normals as used in Geweke and Keane (2001) since we do not have a
prior number of components in the mixture of normals. Instead, we will use the Dirichlet
process prior to carry out the Bayesian nonparametric density estimation and update the
number of components in the infinite mixture of normals and the mean and variance for each

component.

and z;.
1'We maintain the homoskedasticity assumption on o; as is commonly assumed in the Tobit models. In
addition, we need to assume that «; is independent of y;o and z;, which is a strong assumption as well.



3 Estimation

With the specifications in Section 2, for each individual i, we have the following conditional

density for the dependent variables:

f(yil,yzz, --->yz‘T\yz‘o, z;, Cz‘,%P)
T 1(y;+=0) 1(yit>0)
ziy + &(Yi-1)p + Ci U Y — 2y — 8(Yit—1)p — G
il ] b "

pale T Ou T

To implement a Gibbs sampler, we introduce the latent variable 3}, for the dependent variable,

and rewrite the model in the following form

v = Zgy + 8(Yi—1)p + ¢ + Ui
v = My; > 0)yy
c;, = h(yig, ZZ>(S -+ (67

a;|yi0,2; ~ ii.d. Normal (y,, g?), (6)

As a result, likelihood (5) can be modified as follows to be conditioning on the latent variables

y% in addition to other conditioning variables included in (5)

f(yila Yi2y ovy yiT‘y;‘kla y;;k2> (XS] y;‘kTa Yio, Z;, C;, 7Y, p) -
T {1 (i > 0)L(yie = ) + L(yae = 0)1(ys; < 0)} (7)

1

* 2
*m exp(—ﬁ (Y3 — zay — 8(Yir-1)p — ¢i)”)

Again, since we do not observe the latent variables v, and ¢; and integration over these vari-
ables will produce an analytically intractable likelihood, direct implementation of maximum
likelihood estimation method or Bayesian MCMC would be difficult. Instead, we adopt the
data augmentation approach suggested by Albert and Chib (1993), where the latent variables
yr and ¢; are explicitly included in the MCMC iterations and are updated at each step. An-

other advantage of the data augmentation technique is that with the presence of ¥}, and ¢;,



updating the main parameters of interest, v and p, becomes similar to the standard posterior
updating for simple linear panel data models and therefore straightforward to implement.

Our semiparametric Bayesian estimation consists of two main parts. At each iteration, in
the first part, using the augmented latent variables ¢; and the current value of parameters,
we can recover the error term «; in the unobserved individual heterogeneity through the
relationship «; = ¢; — h(yq0,2i)0. After recovering the error terms, we can use a Bayesian
approach as detailed in Appendix II to estimate their densities with a Dirichlet process prior
for the unknown densities. We update the number of components (denoted by m., say) in
approximating mixture of normals and the mean and variance of the normal denoted by
and o? for each 4. In the second part of each iteration, we update the model parameters and
values for the latent variables. Incorporating other parts of the model, we have the following
algorithm for the semiparametric dynamic Tobit data models.'?

Denote w;; = (zit, g(yit—1)), B = (7, p'), we have the following algorithm.'?
Algorithm 1 MCMC for semiparametric dynamic Tobit panel data models

1. Conditional on ¥, wy, h(yio, ), 3, 0, p;, 02 and o2 but marginalized over ¢;, v}, is
updated from a normal distribution with mean w5 + h(y;o,2;)0 + u; and variance

022 + ai with truncation at 0 from the left if the corresponding y; = 0. If y;; > 0,
Yir = Yit-

2

2. Conditional on v}, ¢; and wy, update o

and § in one block. Using the improper

M) prior for 1/02, that is: 1/02 o

flat prior for 5 and the independent gamma (5*, 5

(1/02) 7 L e m(v/et)

2 2
n T *
<Ei:1 Zt:l wiy (Y5 — c,)) and

12The Bayesian estimation algorithm for the Wooldridge (2005) model is presented in Appendix III. This
model is used as the benchmark for comparison. Two other closely related models, which are the dynamic
tobit model with lagged uncensored variables and the dynamic model with unknown distribution of u;;, and
their algorithms in the semiparametric Bayesian framework, are also included in Appendix III.

13See Appendix I for details of this algorithm.

R+, ST (v —wiB—c;)? S
a draw 1/02 from gamma(2t2L = Ei B (vl ci) ) where 3 = inv (Z?:l ST wgth‘t> X




o e . . ) . . T
b update [ from a normal distribution with mean /3 and variance inv (é DD P wgtwit> :

3. Conditional on y, wi, "(yio,%i), 5, 9, y;, 02, 02, update ¢; by drawing from a normal
distribution with mean ¢* and variance inv (% + = ), where ¢ = inv (& + ) x
) o2 i )? ? oy o

(Z S0 (= wiB) + & (h(yi0,2:)0 + 1))

4. Conditional on ¢;, h(yi,2), p; and o? update . Using the improper flat prior for
0, we update 0 by drawing from a normal distribution with mean 0 and variance

. h¥i0,2:) h(yio,2;
inu (Z?:l (y7i0,4) > (yi0 zl))) Where

a3

~ ~ 1 ~ 1
0 =inv —h Z‘,Zilh 10y Zj X —h Z‘,ZZ'/CZ'— ; .
(;U? (¥io. zi) h(yio )) (; p (Yio: zi)' ( uz))
5. Lastly, recover a; = ¢; — h(yio,2;)’0 and update the number of components m,. in
approximating mixture of normals and the mean and variance of the normal denoted
by p1; and o? for each i using the Bayesian nonparametric density estimation method

described in Appendix II.

4 Average Partial Effects and Transition Probabilities

4.1 Average Partial Effects

For nonlinear models, besides the estimation of parameters, obtaining the APEs is necessary
to assess the effects of any change in the covariates on the dependent variable. This is impor-
tant since it can be used to evaluate policies. Easy calculation of the average partial effect
is also one main advantage of the semiparametric Bayesian method we propose in this pa-
per. The method proposed by Wooldridge (2005) depends on the assumption of some special
distributions for the unobserved individual heterogeneity. If the distribution is assumed to
be something other than the normal, parameter estimation and calculation of the APEs will

also need the implementation of simulation methods because of the integration involved. The



semiparametric Bayesian method proposed in this paper relaxes the distributional assump-
tion for the unobserved individual heterogeneity term, but at the same time, the calculation
of the APEs becomes a by-product of the MCMC estimation procedure and hence does not
add in any additional computation burden.

Let m?, denote some partial effects of the jth covariate w’,. For the dynamic Tobit panel
data model, if wft is continuous and there is no interaction terms involved, then the partial

effect of the covariate on the expected value of the dependent variable is:

j aE b3 ity Liy My U ) 7
mi, = (yt‘wt¢ 50):(1)(?%54‘6

a'LUZ]-t Oy

)5 (8)

where ®(-) denotes the cumulative standard normal density and ¢(-) denotes the standard
normal density. If wﬁt is discrete, mgt equals the difference between the values E (y;;|wq, ¢;, B, 04)

takes when w’, = 1 and when w/, = 0, respectively, where

M)(witg Ye)+ W(M

u Uu

E(yit‘witvcivﬁvaU) = (I)( ) (9)

If the covariate w’, is involved in some interaction terms, then the partial effects become
more complex. However, they share a similar feature to these partial effects shown above in
that they also depend on the unobserved heterogeneity.

The presence of the unobserved individual heterogeneity makes the calculation of the par-
tial effects difficult since ¢; usually does not have a clear measurement unit and is usually not
observed. Therefore, it is usually more interesting and useful to obtain the so-called average
partial effect, which is the partial effect averaged across the population distribution of the
unobserved heterogeneity. In other words, the unobserved heterogeneity needs to be inte-
grated out. In the classical framework, if the integration does not have a closed-form, then
we need to use additional simulation to calculate these effects. In the Bayesian framework,
this calculation comes as a by-product during the estimation of the model parameters. More
specifically, we can obtain summaries of the APEs conditional on the observed data, but

marginalized over all unknowns including the model parameters and the unobserved individ-

10



ual heterogeneity.!'* To fix the ideas, by definition, the posterior density of mgt conditional

on the observed data, but marginalized over all the unknowns, is
(i | data) = / (| dataci, B, 0)dr(cs, B, 0| data). (10)

A sample of mft can be produced by the method of composition using the draws of ¢;, 3, 0,
from steps 2 and 3 in the algorithm described in Section 3.2.2. Given a posterior sample of
m?, from m(m?,|data), which we denote by {mft(g )}, the unit (ith observation in ¢ period) mean
partial effect, when wft is continuous and there is no interaction terms for this covariate, can

be estimated as

— ¢ , B 4 Lo
ml, ~ G™! Z mi? where mft(g) - @(—wltﬁ (g_)l— G )37 (11)
g=1 Ou

At a more aggregate level, the average partial effect for a randomly selected observation from

the population may be defined as

n T j
i Zi:l Zt:l my, (12)

J
m
nT

whose posterior distribution is again available from the posterior sample on m{t.

4.2 Average Transition Probabilities

Another quantity of economic interest is the transition probability to and from different
states. For example, to study the female labor supply, policy makers may want to know
what is the probability of working in the next period conditional on not working in this
period, or what is the probability of not working in the next period conditional on working
in this period, as well as the effects of various covariates on these probabilities. It is worth
noting that a panel data set can provide a researcher with a unique opportunity to assess

the transition probabilities, as it contains sequential observations over time for the same

14Chib and Hamilton (2002) use this approach to obtain the average treatment effects.
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individual.
Suppose we have a dynamic Tobit model with only one lag and denote the state of working
as state 1 and not working as state 0. Then the probability for individual ¢ to transfer from

state 0 to state 1 in period ¢ is

Py = pr(yi > Olyi—1 = 0,24, ¢;) (13)
ZitY + ¢
S Ve
(L)
and p% = 1 —pY. The probability for individual 7 to quit working in period ¢ conditional on

working %,,_; hours in period ¢ — 1 is

Yig_1P + Zity + ¢
Ou

)- (14)

pilto = pr(yit = 0|yit—1 = Yit—1, Zit, Ci) =1- (I)(

Again, these probabilities depend on the unobserved heterogeneity. Thus, the ATPs can be
computed in the same way as for the APEs during the MCMC model estimations.

5 Simulation Studies

We perform several simulation studies. The first one is the case where the error term in the
unobserved individual heterogeneity is normal. In this case, we find that the fully parametric
and the semiparametric algorithms perform almost equally well. In the second experiment,
we use an extremely non-normal distribution for the unobserved effect term. In this case,
the fully parametric algorithm, which assumes normality of this term, becomes inconsistent,
but the semiparametric algorithm is robust to this specification and still performs well.

We also implement the estimation method proposed by Wooldridge (2005) to the same
simulated data set and compare the results from that method to the results from the Bayesian
estimation. The standard errors for the APEs and the ATPs using the Wooldridge method
are obtained by bootstrap with 1000 iterations. In general, the results from Wooldridge’s

method is close to the result from the fully parametric Bayesian algorithm since both methods

12



have the same underlying assumptions.'®

The first experiment is designed as the following

Vi = ZuY + pYie—1 + ¢ + Uy

¢ = Yioo1+2Zi02+ oy (15)

Set N = 1000, T" = 5 (this is roughly the sample size in our data). z; (single dimension) and
u;; are from independent standard normals. z; is the simple average of z; across the time
periods. «; is from normal with mean 0 and variance 1. ;o is also from standard normal
but censored from left at 0. Parameters are set as the following: v = 1, p = 0.6, 6; = 0.3,
§y = 0.2.16

Columns 3 and 4 in Table 1 summarizes the results using the fully parametric approach.
Columns 5 and 6 in Table 1 reports the results using the semiparametric Bayesian estima-
tion method and the last two columns of Table 1 collects the results using the Wooldridge’s
method. Overall, from this table, we can see that when the error term in the unobserved indi-
vidual heterogeneity is normal, both the two estimation procedures which assume normality
for the error term (the fully parametric Bayesian algorithm and the Wooldridge method) and
the semiparametric Bayesian algorithm perform well.

The second experiment is designed in the same way as the first experiment except that now
we generate «; according to a two-component mixture of gamma distributions. 30% of the
error term comes from the gamma (1, 1/10) and the other 70% of the error term comes from
-5+gamma(1,1/2). This mixture makes the error term «; highly nonnormal. In this case, as
we see from the results of Monte Carlo simulations in Table 2, the fully parametric Bayesian

updating algorithm and the Wooldridge method which assume normality significantly biases

15 As pointed out by a referee, at issue is how to compare APEs from classical and Bayesian methods. In
what follows, we compare the mean of the posterior distribution from the Bayesian method with the point
estimate from the classical method, while comparing the standard deviation of the posterior distribution from
the Bayesian method with the standard error calculated using the Delta method from the classical approach.

16Since in simulation experiments we observe both the observed heterogeneity and the unobserved hetero-
geneity, true values of the average partial effects and the average transition probabilities can be calculated
using their formulas in the previous section. Also, since different experiments assume different error distrib-
utions, these quantities are different for different experiments.

13



the parameters of interest downwards by 10 to 15 percent. On the other hand, as seen
from Table 2, the semiparametric Bayesian algorithm is robust to the specification of the
distribution of the error terms. For the estimates of the APEs and the ATPs, using the fully
parametric Bayesian updating algorithm or the Wooldridge method lead to smaller biases
compared with that of the estimates. However, the semiparametric Bayesian algorithm still
performs significantly better.

The robustness gained by using the semiparametric Bayesian algorithm instead of the
more user friendly Wooldridge method comes with a computational cost. Using a Pentium®
4 2.4 GB processor, the computational time for the fully parametric algorithm is 1.05 seconds
per 10 draws and 5.18 seconds per 10 draws for the semiparametric algorithm. On the other
hand, the Wooldridge method can be implemented within just a few seconds. However, as
mentioned above, a second main advantage of the Bayesian method is that the APEs and the
ATPs can be obtained easily as a by-product of the estimation algorithm. Therefore, after
the estimation using the Bayesian approach, we can easily get the posterior distributions for
the APEs and the ATPs. This is not the case when we use the Wooldridge approach.

Additional simulation experiments are conducted to see whether the semiparametric
Bayesian algorithm is robust to slight complications and /or misspecifications in the model. In
these additional experiments, data are generated under slightly different assumption but the
estimation algorithm remains the same as in the second experiment. The results from these
additional experiments are collected in Table 3. When wu;; is non-normal (u;; ~ gamma(1,1/2))
or heteroskedastic (u;; ~ normal(0,0%) and o2 ~ uniform[0,2]) or z;; follows an AR(1) process
with a lag coefficient 0.5, comparing the corresponding columns of Table 3 with columns 5
and 6 of Table 2, we can see these slight misspecifications lead to slightly worse parameter
estimates, with even less worse estimates for the APEs and the ATPs. On the other hand,
when u;; follows an AR(1) process with a lag coefficient 0.5, the resulting estimates become
significantly worse. This indicates the semiparametric Bayesian algorithm is not very robust
to this additional source of dynamics. Finally, we carry out an experiment where we generate

the data for 5 periods as usual and then use only the last 3 periods of data for estimation.

14



In more detail, we treat the data in period 2 as the initial period and z; is calculated as
the simple average of z in periods 3, 4 and 5. The results are reported in the last three
columns of Table 3. As one can see from the table, the estimates are reasonably close to the
true values. This indicates that the current specification of the initial condition provides a
good approximation when it is actually slightly misspecified. From these experiments, we
can conclude that the semiparametric Bayesian algorithm is robust to slight complications

and /or misspecifications in the model.

6 Application: Intertemporal Female Labor Supply

In this section, we illustrate the proposed method by estimating a reduced-form intertemporal
female labor supply model. This data set consists of a panel of 1,115 young women over 7
years (1987-1993). The data set is from the NLSY79, which can be obtained from the U.S.
Department of Labor. The NLSY79 is a nationally representative sample of 12,686 young men
and women who were 14 to 22 years of age when first surveyed in 1979. The survey runs every
year from 1979 to 1994 and every two years thereafter and collects information on subjects’
labor market performance, environmental variables, human capital and other socioeconomic
variables. It has been widely used by social scientists, especially labor economists, during the
past decade. Examples include Farber (1994) for worker mobility, Kane and Rouse (1996) for
returns of schooling, Olsen (1994) for fertility, among others. We use the number of average
working hours per week, which is defined as the total number of working hours in a given
year divided by 52, as the measure of labor supply and the dependent variable, together with
a set of 15 covariates, which are presented and explained in Table 4. Among these variables,
only the race variables, Black and Hispanic, are time-invariant. Covariates similar to those
used in Table 4 are common in the empirical labor supply literature. Examples include Chib
and Jeliazkov (2006) for study of married women labor force participation, Shaw (1994)
for research on the persistence of female labor supply, Nakamura and Nakamura (1994) for

examination of the effects of children and recent work experience on female labor supply.
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A simple (reduced-form) dynamic model of female labor supply is

yir = max{0,2zyy + yi—1p + ¢ + uy}
¢ = Yiod +2Zi02 + oy
uy; ~ Normal (0, 02), (16)

where ¢ = 0 corresponds to the initial year 1987, y; = Hours; and z;; = (Age;, Educy,
Income;;, Married;;, Northcentral;;, Northeast;;, South;;, Old;;, Young;;, School;;, SMSA;;,
Unempy;, Urbany, (Age;)?, Agey*Educy, (Age;)?*Educ;, Hours; ;). Specification of z;
requires some discussion. As mentioned earlier, z; can be the row vector of all (nonredundant)
explanatory variables in all time periods. That is, z; = (2;1, 22, ...2zi7) and each z; can be
multidimensional as in Wooldridge (2005). Alternatively it can be z; = z;, where z; is the
average of z; over all the time periods as in Chib and Jeliazkov (2006). As pointed by a
referee, conditioning on y;o changes the partial correlation between ¢; and different elements of
z; as the correlation between y;o and z;; is higher for smaller ¢. To balance between flexibility
and computational convenience, we use a combination of both the Wooldridge (2005) and
the Chib and Jeliazkov (2006) methods by specifying the unobserved heterogeneity to have
different correlations with the Income and Unemployed variables in different years. For other
covariates, the average of z;; over different years are used. Finally, we leave the distribution
of a; unspecified, and will use the semiparametric Bayesian estimation procedure we propose
to estimate model (16). The resulting parameter estimates are reported in Table 5, Table
6 and Table 7. The chain is of length of 5,000 draws following burn-ins of 1,000 draws.
For comparison purpose, we also implement the estimation method proposed by Wooldridge
(2005) and the results are presented side by side with the results from the semiparametric

Bayesian method in the tables.
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6.1 Evidence of Nonnormality

Figure 1 shows the estimated predictive density and mean adjusted estimated density using
the Wooldridge’s (2005) method for error term «;, respectively, together with the kernel esti-
mate for the density of the dependent variable y;;. As we can see, the predictive density under
the semiparametric model has multiple modes and hence highly non-normal. Interestingly,
the estimated density of the dependent variable also demonstrates two modes at 0 and 40,
which correspond to the two biggest modes of the estimated predictive density for error term
a;.'" This indicates that the modes of density of the dependent variable are mainly driven
by the modes of the density of the error term in the unobserved heterogeneity term; the role
of unobserved heterogeneity is significant. On the other hand, as one can see from Table
6, the estimated mean of «; from using the Wooldridge (2005) method is -137.5178 with a
standard error 223.4611, meaning that it is insignificant. However, the mean of estimated
predictive density for ; is around 30 from Figure 1. Such a difference could be attributed to
the fact that while most of the parameter estimates from the two methods are close, there are
some estimates that are quite far from each other. For example, in the auxiliary equation,
the mean estimate for the coefficient of “mean of age” is -16.6546 from the semiparametric
Bayesian method, while the estimate is 60.8567 from the Wooldridge’s method, thus driving
the constant term in the auxiliary equation, which is the mean of «; in the Wooldridge’s
model, to the left. To compare the shapes of the density estimates for «; from both methods,
we re-adjust the mean of the estimated density using the Wooldridge’s method to be at the
mode of the predictive density. As illustrated in Figure 1, these two density estimates have

similar shapes.

17Tt is quite intuitive that 0 and 40 are two modes for the working hours. While all people in the data set
either worked or did not work, meaning that 0 serves also as a truncation point, there are 1679 out of 7805
observations who worked more than 40 hours. As pointed by a referee, having 40 hours as another mode in
addition to 0 may raise some issues in appropriateness of the Tobit model, as the Tobit model allows 0 to be
a focal point but no other focal point. On the other hand, the Tobit model has been widely used in studying
female labor supply using similar data sets to ours. See, e.g. Smith and Blundell (1986), Newey (1987), and
Blundell and Smith (1994). Thus we use the Tobit model in the empirical illustration; a more general model
is left for future research.
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6.2 Empirical Findings

The semiparametric Bayesian estimation of our empirical model yields some interesting find-
ings. First, even after controlling for the unobserved effect using the equation for ¢; semipara-
metrically, the lagged number of working hours is very important. The point estimate for
this variable is 0.6604 with a standard deviation of 0.0180. This indicates that the number of
average working hours per week a woman supplies this year will be highly influenced by the
number she supplied in the previous year. Specifically, Table 7 tells us that on average, if the
average working hours per week in the previous year increases by 1 hour, the average number
of working hours in this year will increase for about 0.59 hours. This finding is reasonable
since there are a lot of potential sources of state dependence from the theoretical point of
view. Examples include human capital accumulation as in Heckman (1981b), job search cost
as in Hyslop (1999), child care needs as in Nakamura and Nakamura (1994) and intertemporal
nonseparability of preference for leisure as in Hotz, Kydland and Sedlacek (1988). Empir-
ically, the persistence estimate is higher than that found in the previous literature. Using
the Panel Study of Income Dynamics (PSID) from 1967 to 1987, Shaw (1994) found that the
persistence estimate for the group of people aged between 25 and 34 (our data has roughly
the same age composition) is 0.216 using the fixed effects approach and 0.427 using the OLS.
The difference may come from several reasons. First, Shaw (1994) concentrates on a sample
of women who all work, while our Tobit specification allows the possibility of non-working.
Second, Shaw’s data is from 1967 to 1987, while our data starts from 1987. As documented
by Blau (1998), over the past 25 years, woman’s labor supply not only has increased on the
extensive (participation) margin, but also on the intensive (hours of work) margin. Third,
Shaw’s sample only consists of white women, while our data has white, black and Hispanic
women.

Nakamura and Nakamura (1994) state that “According to the dominant economic model,
the labor supply of individuals is determined by the intersections of their reservation and
offered wage functions: an individual’s reservation wage being the compensation required for

the individual to be willing to work one more unit time period, such as an hour, and the
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offered wage being what an employer would be willing to pay for this labor input. With this
theoretical context, factors that act to raise the reservation wage or lower the offered wage
of an individual will tend to decrease his or her labor supply. Economists have argued that
family responsibilities, and especially children, can affect both the reservation and offered
wage rates of women and that the impacts on their labor supply will be predominantly
negative.” See Nakamura and Nakamura (1992) and Browning (1992) for a literature survey.
Consistent with previous findings on this issue as in Chib and Jeliazkov (2006), Shaw (1994),
Nakamura and Nakamura (1994) and Gronau (1973), we find that on average, an additional
pre-school child (who is no more than 6 years old) will reduce the woman’s labor supply
by 3.40 hours per week and an additional school-age child (who is at least 6 years old) will
reduce the woman’s labor supply by 1.81 hours per week. These results are intuitive since
younger children require more attention from the mother and hence reduces the woman’s
labor supply more than that from a woman with older children.

Gronau (1973) finds that education has a considerable effect on the woman’s value of time:
the shadow price of time of college graduates exceeds that of elementary school graduates,
other things being equal, by over 20 percent. Formal education is considered the prime source
of changes in productivity in the market sector and hence is likely to have a positive effect on
the woman’s labor supply, which is confirmed by our findings that on average, an additional
year of education will increase the woman’s weekly labor supply for about 0.34 hours. More
interestingly, from Table 5, we find that the estimate on the interactive variable for age and
years of education is negative with a small standard deviation, which means that other things
being equal, age has a larger negative effect on female labor supply when they have more
years of education. This phenomenon may be due to the special age composition of the data.
Since we are concentrating on a sample of women who are aged between late 20’s and early
30’s, for women in this age group, if they have high years of education, they may get married
and have children in recent years and the reduction in labor supply is substantial compared
with those with fewer years of education and may get married early and have older children.

For other exogenous variables, as predicted by the theory, being married has a negative
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effect on the woman’s labor supply. Women living in the northcentral and northeast areas
work more than women living in the west. Enrolling in a school will on average reduce the
woman’s labor supply by 0.20 hours per week. Living in the urban area or in a metropolitan
area will also increase a woman’s labor supply, which may be attributed to the fact that
there are more working opportunities in the urban and metropolitan area compared with
that of the rural area. Other variables like other family member’s income and the local
unemployment do not have much effects on the woman’s labor supply.

The parameter estimates for the auxiliary equation for the unobserved heterogeneity,
which are reported in Table 6, also reveal several interesting aspects of the data. First,
the initial status on the number of working hours is very important and implies that there
is a substantial negative correlation between the unobserved heterogeneity and the initial
condition. Second, age, other family members’ income in the year of 1991, marital status,
geographical areas, number of school-age children and the unemployment rates in the years
of 1991 and 1993 turn out to be correlated with the unobserved heterogeneity.

To assess the strength of the state dependence, we also estimate the average transition
probability from non-working in the last period to working in the current period and the
average transition probability from working at the average number of hours during the last
period but stop working during the current period. Calculations are done according to
equations (13) and (14) and the results are reported in Table 7. For a young woman who
does not work in the previous period, the estimated probability of working in the current
period, averaged across the unobserved heterogeneity, is 0.8609. At the same time, the
estimated average probability for her to remain out of the labor force is 0.1391. On the other
hand, if the woman supplies the average number of hours in the previous period, the average
probability of quitting the job this period is close to zero.

One interesting empirical question is whether the labor supply stability, as reflected by
the coefficient estimate for the lag dependent variable, differs by race. To investigate this
question, we divide the sample into two groups, one for the white and the other for the

non-white, and calculate the APEs for the two groups separately according to equation (12).
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The results from the semiparametric Bayesian estimation are reported in Table 8. For a
white woman, on average, the effect of an additional weekly working hours in the past year
on the current year is 0.60 hour, while for a non-white woman, this effect is only 0.54. This
reflects that white women enjoy a more stable labor supply than those non-white women.
Also, the negative effect coming from greater family responsibilities like the marriage and
the number of children has greater impact on the labor supply of white women than that of
non-white women. This may be explained by that the living standard for non-white women
is lower and they cannot afford much reduction in labor supply even facing high demand
of their non-market activities from the family responsibilities. On the other hand, years of
education and other family members’ income have roughly the same effects on both white
and non-white women.

Since the Wooldridge approach only requires a small fraction of the time required by
the more computational intensive semiparametric Bayesian approach to obtain the point
estimates for parameters and other quantities of economic interest like the APEs and the
ATPs, we provide here a comparison between the results from the two methods. This kind
of cost-and-benefit analysis can help empirical researchers make informed decisions on which
method to use. We focus on the APEs and the ATPs as they are the most interesting
economic quantities. The standard errors in the Wooldridge approach are obtained by the
Delta method. From Table 7, we can see that all of the estimates for the APEs and the
ATPs from both approaches have the same signs. Moreover, it is interesting to see that
APEs are quite close for most of the variables. For the ATPs, on the other hand, the results
from both methods are a bit different. Thus we can conclude that the APEs from both
methods are very similar though the underlying heterogeneity distribution can be different,
and such a difference in the underlying heterogeneity distribution may contribute to the
different ATPs.!®

Finally, we repeat the empirical analysis using only the last 4 years of data (1990-1993 with

180f course, this does not necessarily mean that the estimates for the ATPs from the semiparametric
Bayesian method are better than those from the Wooldridge approach, as the Tobit model we specify here
could also be subject to some misspecification, as discussed in footnote 17.
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1989 as period 0). This practice will provide evidence on whether the current specification
of the initial condition provides a good approximation. The results using the semiparametric
approach is collected in Table 9. Again we focus on the discussion of the APEs and the
ATPs. Comparing the corresponding columns in Table 7 and Table 9, we find that for all but
one insignificant variable (Income), the signs of the APEs and the ATPs remain the same.
Quantitatively, the results are very close to each other for some variables like the APE of
Hours_;, which is also one of the quantities of main economic interest. However, for other
variables like Age, the differences are larger. Thus we conclude that the two analyses yield
qualitatively similar but quantitatively slight different results and the current specification

of the initial condition provides a good approximation.

7 Conclusion

In this paper, we propose a semiparametric Bayesian method to estimate dynamic Tobit panel
data models with unobserved heterogeneity. This method allows us to model the relationship
between the unobserved heterogeneity and initial conditions in a more robust way in that only
the conditional mean dependence of the unobserved heterogeneity on the initial conditions
is needed. Moreover, this method offers considerable computational advantages thanks to
the modern MCMC and data augmentation techniques. With this method, the average
partial effect and transition probabilities can be estimated readily along with the parameter
estimates. Simulation studies demonstrate the good finite sample properties of our method
and its robustness.

We apply our method to study female labor supply using a panel data set from NLSY79.
With our method, we are able to assess the effects of the key regressors on female labor supply.
Moreover, we are also able to evaluate the relationship between the unobserved heterogeneity
and the key regressors, and measure the strength of the state dependence. The findings from
our approach offer insight on the dynamics of female labor supply, and contribute to the

empirical labor literature.
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Appendix I: Details of MCMC Algorithms

1. Draw o2 and 3. The joint posterior distribution of 1/62 and 3 conditional on data

and other parameters is

a To draw from this posterior, we draw 1/02 marginalized over 3 first and then

draw (|o2. Define

n T n T
_ ( Z%Mt) X ( Zw,t v — Z) : (A1)
i=1 i=1

t=1 t=1

the posterior density of 1/02 marginalized over f3 is

posterior(1/a2|ys, ci, wi)

n T i} ~ 2
e, | 1 [T EL (- wd )]
x (1/o2) 7 exp{ —— X (A.2)

2
oz 2

7 -~ 2
Ni+4+nT R1+Z£L:1 Z?:l (y;ﬁtfwitﬁfci) )
2 ) 2 .

That is, we draw 1/02 from gammal(

b Second, we update 3 from posterior(S|1/02, y5, ¢i, wy), which is
N 1 n T
Normal (6, inv (; Z Z w;twit>> : (A.3)
U =1 t=1

2. Draw ¢;. The posterior is

Hexp (i~ i — ) expl(—5 5 (i~ hlyio 2)d — i) (A4)

Therefore, we update ¢; by drawing from Normal (c*, mnu (% + %)) where ¢f =

u o3

ino (% + %) % (F 20 (= waB) + & (30,200 + 1))
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3. Draw 9. The posterior distribution of 9 is

posterior(8|h(yio, 2i), Ci, Wi, O7)

n

1 2
X ilj[lexp(_2ai2 (ci = M(yio, 2i)0 — 11;)”). (A.5)
Define
—~ n 1 n 1
0=1 _hl i/h'i7l' —h Z'7i/ i My A.
mv(iz_;ag (¥i0,2:) h(yio Z>)X<;g? (vi0,2i) (c uz)> (A.6)

we update 0 by drawing from Normal (3, mno (Z?Zl W)) )
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Appendix II Bayesian Nonparametric Estimation

Our objective here for the nonparametric Bayesian estimation is to update the number
of components in approximating mixture of normals and the mean and variance for each
component given a set of observations «;. Following Escobar and West (1995), Hirano (2002)

and Hasegawa and Kozumi (2003), we denote

q(l8;) = q(ailp;, 07) = ooy, 07) (A7)

where 0; = (;,02), i = 1,2,...n is a sample from some unknown distribution P on the space

(©,T) and I is a o-field of subsets of ©.. Conditional on P, the density for «; is

s(oy|P) = /q(ai|9,~)dP. (A.8)

This gives us a nonparametric class of distributions. How rich this class is depends on the
choice of ¢ and P. For Bayesian analysis, we need to specify a prior for P, which in turn
implies a prior for s(a;|P). If the prior for P has unit mass at some point 6*, then s(a;|P) is
just equal to g(«;|0"), which is the same as a parametric specification of s. If P is assumed
to have a Dirichlet process prior as introduced by Ferguson (1973, 1974), then it gives a prior
structure for any random smooth density.

The Dirichlet process is a probability measure on the space of all distributions and can
be used as a prior distribution on the space of probability distributions. Let 7F, be a finite
non-null measure on (O,I") where Py is a proper base probability distribution and 7 is a
precision parameter. Then, a stochastic process P is a Dirichlet process if, for any given
partition, A;,...A, of the parameter space O, the random vector (P(A4,;),..., P(4,)) has a
Dirichlet distribution with a parameter vector (75(A1), ..., TFo(4,)). We denote DP(7F)
for a Dirichlet process with base measure 7P, for the rest of the paper.

One important feature of the Dirichlet process is that it selects a discrete distribution with
probability one. The discreteness of the probability distribution selected by the Dirichlet

process seems to be unsuitable for modelling smooth densities. However, it can be related
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to the infinite normal mixture model as noted by Ferguson (1983), Lo (1984) and further
explained by Ghosal, Ghosh and Ramamoorthi (1999). This can be seen most clearly in the
representation derived by Sethuraman (1994). Let wy, ws, ... be i.i.d. Beta(1l,7) and let
P = Wy, pj = W;j H:ll(l —w;), j > 1. Finally, let 0, 05, ... beiid. from F,. Then if
P(do) = Z; p;09,(d6), then P"DP(rPy), where 65 (A) = 1if 6; € A and 5y (A) = 0
otherwise. With (A.14), this implies

s(ail P) = pya(ail6;) Zpﬂﬁ ailp;,03) = f(°) (A.9)
j=1

This demonstrates that the infinite countable mixture of normals is just an alternative repre-
sentation of the density for a; under the Dirichlet process prior. Furthermore, Escobar (1994)
shows that with the 0;’s as the latent variables, integrating P over its prior distribution gives
the sequence of 0;, i = 1, ..., n as follows

= 0, with probability

1
001,04, ....0;_1 = { Tl (A.10)
~ Py with probability

’
T+i—1

where 0, ~ Fy. As a result, «;’s are partitioned into m,. groups such that all «;’s in the same
group have the same 6; while those in different groups differ. These m,. distinct values 6; are
a sample from Fy. The degree of clustering is determined by 7. Small values of 7 will tend
to generate a sample with all the data points located in a few clusters, whereas larger values
of 7 will give a more diverse sample.

Also, using the Dirichlet process prior leads to a useful set of conditional distributions.

Let &;, j = 1,2,...,m. denote the m, distinct values of 6; and
9(2) = (ela"'76i—170i+17"'a9n) (A]'l)

be the set of values of # for units other than i. Furthermore, let superscript (i) refer to

variables defined on all units other than i and hence £¢® = ( 5”, ...,f(i)(i)) are the distinct
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values among (61, ...,0;_1,0;41,...,0,). Escobar (1994) shows that using the Dirichlet process

prior leads to the conditional distributions

()

Plo% ~ DP(rPy+ Y n{"6(e)) (A.12)

=1

(@)

where n;” is the number of 0; taking the value of Sg-i) and ¢ (S;i)) represents unit point mass

at 0, = Sgi) and m{" is the number of distinct values of 0; in §9. Therefore,

A A 1 e .
0,109 ~ B(P|§D) ~ — P, —Z (i) 50 Al
| (PIF) T+n—1 0+T+n—1j:1n] (&) (A.13)

is the prior distribution of ; conditional on 0% and P,.
To complete the model specification, we choose the base prior distribution Py to be the

conjugate normal /inverse-gamma distribution

No Ro

dPy(p;, 03) o NOTmGl(MO,TOU?)IG(?, 5

) (A.14)

where IG(a,b) denotes the inverse-gamma distribution with parameters a and b. Finally, as

in Escobar and West (1995), 7 is assumed to follow a gamma distribution
T ~ gamma(dy, ds). (A.15)

One way of sampling 6; from its posterior distribution and determines the number of
components in approximating mixture of normals m,. is to apply Bayes theorem to the density
given in equation (A.13) and draw from the resulting posterior density directly. But sampling
0; from its posterior distribution in this model can be eased by introducing the configuration
vector S = {S1,...,9,}. That is, S; = j if and only if §; = £;. With this setting sampling 0;
is equivalent to sampling S and £;, j = 1,2, ..., m.. West, Miiller and Escobar (1994) propose

an efficient algorithm as follows:
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1. Sampling 5;, ¢ = 1, 2...,n from the conditional distribution

T (|, (14 70)Ro/no,no) if j =0
nfoailel’) it j>0

J

q(S; = j1€9, Py) o< { (A.16)

where ¢;(a|i, 0%, v) is the density of the t-distribution with mean p, scale factor o2 and

v degrees of freedom and gb(oz\f;i)) denotes the normal probability density characterized

by €47

2. Sampling &;, j = 1,2, ..., m, from the conditional distribution

g(&l€W, 5, P) o [ dlalé))dRy

{a;: Si=j5}
N; R
o Normal(j, 7103)10(73, 73) (A.17)
where
To Z a; + g
{a;: Si=j} To
Hq TOnj + 1 yT1 Tonj + 1) 3 0 + TL],
2
U n_lj Z Q; — o , 2
a;: Si=7J
Rs = Rg+ { i + Z o — — Z Q;

Tony + 1 {ai: Si=j} " {a;: Si=j}

and n; is the number of observations such that 5; = j.

Finally, Escobar and West (1995) show that with a beta distributed variable n ~ Beta(7+

1,n), the full conditional distribution of 7 is given by

T ~ z X gamma(dy + me,dy —logn) + (1 — 2) x gamma(d; + m. — 1,dy —logn) (A.18)

z_ _ _ditme—1
1—z = n(dz2—logn)"*

where
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Thus, with a set of «;, we updated 6; for each i, the number of components in the
countable infinite mixture of normals m,. and 7, the precision parameter in the base measure.

Predictive Densities

In the Bayesian framework, a useful and informative way to draw implications from the
unknown densities of the error term «; is to study its predictive distribution. Parallel to

equation (A.13), conditional on (61, ...,0,), for the new unit i = n + 1, we have

T 1
9n+1‘<‘917---7‘9n) ~ T+nP0 + r+n Zn]5(§])7 (Alg)
j=1

where n; is the number of ;’s taking the value &;. Thus, the distribution of v, 1 conditional

on the data can be rewritten as

-
q(ans1|by, ..., 0,) = T+n¢1t(0én+1|/i07(1+TO>R0/n07n0> (A.20)

LS md(annle).
7=1

T+n —

+

Thus the predictive distribution for the error term «; (i = n + 1) can be obtained as
q(api1|data) = /q(an+1|91, s O) (01, ..., 0 |data)d(0y, ..., 0,,). (A.21)

Since the Gibbs sampler provides draws for 6;’s, we can use the Monte Carlo method to

integrate out 6,’s to estimate q(a,11|data) as

. 1 i i
Qompldata) = == " glanil6) ... 60), (A22)

=1

where (99, ..,0Y) is a simulated sample of (64, ..., 0,).
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Appendix III: MCMC Algorithms for Related Models
Wooldridge (2005) Model

As in Wooldridge (2005), this model is a slight modification of the above semiparametric

model

yie = max{0, zyy + g(Yi—1)p + ¢ + uu}
c;, = h(yig, ZZ>(S -+ (67
a; ~ Normal (i, o). (A.23)

As can be seen from the above model, a special feature of the fully parametric model is
that the unobserved individual heterogeneity term ¢; is now assumed to be from a normal
distribution. Denote w;; = (zi, g(yi—1)), 8= (v, 0, 7; = (h(yi0,2:),1) and A = (&', p)’,

we have the following algorithm.

1. Conditional on y;, wy, =i, 3, A, 0 and 02 but marginalized over ¢;, ¥ is updated
from a normal distribution with mean w;;3 + ;A and variance o + ai with truncation

at 0 from the left if the corresponding y;; = 0. If yz > 0, y5, = ys.

2. Conditional on y};, ¢; and wy, update 02 and 3 in one block. Using the improper

flat prior for 3 and the independent gamma (2L, £t) prior for 1/02, that is: 1/02

27 2
(1/02) 7t e~ma1/72),

R+, Y (g —wiB—ci)’ 5
a draw 1/02 from gamma(25"L, = Eio i (v —wb ) ) where 3 = inv (Z?:l ST wgtwit) X

2

(Z?ﬂ 23:1 wiy (Y5 — Cz)> and

. . . . > . . 1 n T /
b update 5 from a normal distribution with mean /3 and variance inv (E D> witwit> .

3. Conditional on ¥y, wy, z;, (3, 0, 0%, o2, update ¢; by drawing from a normal dis-
tribution with mean ¢/ and variance inv (012 + ﬁ), where ¢/ = inv <J£2 + ﬁ) X

(é Z;f:l (v — waB) + %xﬁ)
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4. Conditional on ¢; and x;, update o2 and A in one block. Using the improper flat prior for

. Na Ro\ ... 2 ‘e 2 9\ 21 —Ra(1/0?)
A and independent gamma (52, %2) prior for 1/0?, thatis: 1/0° o< (1/0?) e ,

7'1— 7 ’L8 ? N .
a draw 1/0? from gamma(*Z™, R2+E“1§c z:4) ), where A = inv (31 @jx) x (O 1, ¥hci),

and

b update A from a normal distribution with mean A and variance inv (& >, ahxy).

Dynamic Tobit Model with the Lagged Uncensored Variable
The model with lagged uncensored variable as studied by Hu (2002) is the following

Y = Zay +8(Yi1)p+ ci+ u
= wpfB + ¢+ ug

¢ = My, z:)0+ o (A.24)

where w}, = (z;, g(y};_1)) and u; is assumed to be normal variable with mean 0 and variance
o2. In order to estimate the model, we have to make the additional assumption that 3 = o,
that is, all observations of the dependent variable in the initial period are uncensored., which
is also made in Hu (2002). Instead of imposing any distributional assumptions for «a;, we

approximate it using an infinite mixture of normals. We have the following algorithm.

1. Conditional on y;;, wi, h(yio, z), 3, 0, i;, 02 and o2 but marginalized over c;, v}, (se-
quentially from y}; to yj) is updated from a normal distribution with mean w3 +
h(yio0,2;)0 + p; and variance o2 + o2 with truncation at 0 from the left if the corre-

sponding y;x = 0. If yir >0, yj; = Ya-

2. Conditional on y}, ¢; and w}, update 02 and (3 in one block. Using the improper

flat prior for 4 and the independent gamma (2, £ prior for 1/02, that is: 1/02

27 2
(1/02) 7 e~Ra(1/e),

R+ ST (yr —wr B—c;)’ ~
a draw 1/02 from gamma(232L = Z“lzt*g(y” wip—ci) ) where 3 = inv (Z?:l ST w;‘t’w;*t> X

(Z:‘L:l ZtT:1 wy (Yi — Cz)) and
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o e . . ) . . T
b update [ from a normal distribution with mean /3 and variance inv (é Yo wy w;}) :

3. Conditional on ¥y, w, hyio,2i), 5, 0, u;, 07, 02, update ¢; by drawing from a normal
distribution with mean ¢ and variance inv (l + 0—12>, where ¢ = inv (l + %) X

o2 o2 o’
(é Zthl (y5; — wiB) + Uig (h(yio, 2:)0 + Nz))

4. Conditional on ¢;, h(yi0,2), p; and o? update . Using the improper flat prior for

0, we update 0 by drawing from a normal distribution with mean 5 and variance

i hyio.z:) h(Vio.z;
mov (Z:‘L:l (yZO’ZlLZ (yzo—’zl)>a where

7

=1

5 = inv (Z %h(ym,zi)/h(ym, zz)) X <Z %h(yio, z;) (¢c; — ,ul)> . (A.25)

5. Finally, recover a; = ¢; — h(yi0,2;)’0 and update the number of components m, in
approximating mixture of normals and the mean and variance of the normal denoted
by p1; and o? for each i using the Bayesian nonparametric density estimation method

described in the Appendix II.

Dynamic Model with Unknown Distribution of u;

The model with Unknown Distribution of u; is the following

Yy = Za) +&8(Yi—1)p + h(Yio, 2:)0 + a; + uy
= ’witg + Uy

v = My; > 0)y; (A.26)

where w;; = (2, 8(yit—1), h(Yio0, %)), B = (7,08, vie = a; + uy and the density of vy is
unknown. We approximate its density using an infinite mixture of normals. As stated in
Section 2, with this approach, each v;; is assumed to be distributed as Normal (s, 0%). Our
semiparametric Bayesian estimation consists of two main parts. At each iteration, in the
first part, using the current value of parameters, we can recover the error term v; through

the relationship vy = vy, — wy . After recovering the error terms, we can use a Bayesian
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approach as detailed in Appendix II to estimate their densities with a Dirichlet process prior
for the unknown densities. We update the number of components (denoted by m., say) in
approximating mixture of normals and the mean and variance of the normal denoted by
and o2, for each it. In the second part of each iteration, we update the model parameters.

Incorporating other parts of the model, we have the following algorithm.

1. Conditional on y;, w;, E, i and o, yi is updated from a normal distribution with

mean f&itB + 11, and variance o2 with truncation at 0 from the left if the corresponding

yie = 0. If yir >0, vy = yir.

2. Conditional on y}, w;, p;, and o2, update B Using the improper flat prior for B, update
3 from a normal distribution with mean inv (Z?:l ST Jiizﬂz’tiﬁlt) X (2?21 ST J%zth,‘t (yh — M@'t))
and variance inv (Z?Zl ST J%wgtwl-t> .
it
3. Finally, recover vy =y, — fwi{B and update the number of components m, in approxi-
mating mixture of normals and the mean and variance of the normal denoted by p;, and

o2, for each it using the Bayesian nonparametric density estimation method described

in the Appendix II.
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Table 1 Results from the Experiment where the Unobserved Heterogeneity Term is

Normally Distributed

Para. Bayesian  Semipara. Bayesian Wooldridge

true value mean  s.d. mean  s.d. estimate s.e.
0% 1 1.0157 0.0197 1.0170 0.0198 1.0163  0.0197
p 0.6 0.6112 0.0165 0.6127 0.0169 0.6115  0.0166
01 0.3 0.2523  0.0586 0.2492 0.0577 0.2482  0.0563
2 0.2 0.0588  0.0810 0.0594 0.0808 0.0604  0.0801
o? 1 1.1032  0.0310 1.0107 0.0302 0.9880  0.0300
i 0 -0.0208 0.0462 n.a. n.a. -0.0215  0.0465
o? 1 0.9772  0.0718 n.a. n.a. 0.9781 0.0702
APE,  0.6087 0.6136 0.0113 0.6142 0.0114 0.6183  0.0190
APE, | 0.3652 0.3692  0.0099 0.3701 0.0102 0.3721 0.0144
p° 0.4791 0.4865 0.0056 0.4869 0.0057 0.4887  0.0158
p 0.5209 0.5135 0.0056 0.5131 0.0057 0.5113  0.0158
pt? 0.3137 0.3184 0.0051 0.3183 0.0052 0.3549  0.0148

Ty  1.2652
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Table 2 Results from the Experiment where the Unobserved Heterogeneity Term is

Non-normal

Para. Bayesian Semipara. Bayesian Wooldridge

true value mean s.d. mean  s.d. estimate s.e.
0% 1 0.9480 0.0230 1.0138 0.0243 0.9379  0.0197
p 0.6 0.4888 0.0221 0.5953 0.0220 0.4827  0.0166
01 0.3 0.1825 0.0905 0.2482 0.0349 0.1259  0.0563
02 0.2 0.0618 0.1223 0.1677 0.0554 0.0305  0.0801
o? 1 1.0726  0.0382 1.0040 0.0342 0.9368  0.0292
APE,  0.4041 0.3858 0.0090 0.4070 0.0089 0.4113  0.0198
APE, | 0.2424 0.1989 0.0089 0.2390 0.0085 0.2117  0.0140
p” 0.6630 0.6447 0.0055 0.6651 0.0050 0.6041 0.0181
p 0.3370 0.3553 0.0055 0.3349 0.0050 0.3959  0.0181
p*l 0.5971 0.5846 0.0046 0.6016 0.0034 0.5559  0.0187

Uy  0.6798
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Table 3 Results from Additional Experiments where the Unobserved Heterogeneity Term

is Non-normal

u;; non-normal u;; heteroskedasticity u; AR(1)

true mean  s.d. true mean  s.d. true mean  s.d.
0% 1 0.9888 0.0122 1 0.9841 0.0220 1 1.0503  0.0240
p 0.6 0.5834 0.0104 0.6 0.6110 0.0182 0.6 0.7221 0.0202
01 0.3 0.3303 0.0202 0.3 0.2582 0.0379 0.3 0.1447 0.0402
o 0.2 0.2871 0.0349 0.2 0.1117 0.0519 0.2 0.0490 0.0807
o2 1 3.4650 0.1031 1 0.9837 0.0298 1 1.0998 0.0408

APE, 0.4529 0.4645 0.0064 0.4426 0.4396 0.0092 0.4065 0.4121 0.0088
APE, , 0.2718 0.2741 0.0047 0.2655 0.2713 0.0080 0.2439 0.2833 0.0080

p 0.6480 0.5791 0.0049 0.6356 0.6351 0.0044 0.6630 0.6822 0.0046
p°t 0.3520 0.4209 0.0049 0.3664 0.3649 0.0044 0.3370 0.3187 0.0046
pt? 0.5457 0.5251 0.0051 0.5528 0.5570 0.0033 0.5970 0.5996 0.0036
Yit—1 1.0170 0.7384 0.7482

zir AR(1) Last 3 years

true mean  s.d. true mean  s.d.
v 1 0.9922 0.0249 1 0.9571 0.0320
p 0.6 0.5688 0.0205 0.6 0.6129 0.0376
01 0.3 0.2608 0.0350 0.3 0.1695 0.0490
2 0.2 0.2215 0.0415 0.2 0.1437 0.0606
o2 1 1.0231 0.0376 1 0.9910 0.0509

APE, 0.3840 0.3812 0.0091 0.4187 0.4013 0.0139
APE, , 0.2304 0.2185 0.0080 0.2512 0.2570 0.0168

PO 0.6703 0.6668 0.0042 0.6600 0.6595 0.0071
P 0.3297 0.3332 0.0042 0.3400 0.3405 0.0071
pto 0.6030 0.6045 0.0034 0.5895 0.5795 0.0051
Uy,  0.6798 0.7371
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Table 4 Summary Statistics'”

Variable Explanation Mean  Standard Deviation
Hours Average working hours per week 28.1407 17.5463
Age Age/10 2.9590 0.2743
Educ Yeas of education 13.2749 2.2652
Income Other family member’s income/1000 27.8697 77.5495
Married 1 if Married, 0 otherwise 0.6408 0.4798
Northcentral 1 if in the Northcentral area, 0 otherwise  0.3087 0.4620
Northeast 1 if in the Northeast area, 0 otherwise 0.1254 0.3312
South 1 if in the South area, 0 otherwise 0.3859 0.4869
Old # of Children aged 6 or above 0.6842 0.9644
Young # of Children aged under 6 0.6365 0.7829
School 1 if in the School, 0 otherwise 0.0691 0.2536
SMSA 1 if in a Metropolitan area, 0 otherwise 0.3520 0.4776
Unemp Local unemployment rate greater than 6%  0.4495 0.4995
Urban Urban area 0.7484 0.4339
Black 1 if Black, 0 otherwise 0.1211 0.3264
Hispanic 1 if Hispanic, 0 otherwise 0.0610 0.2394

19The sample consists of a cross section of 1115 individuals over 6 years.
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Table 5 Results from the Main Equation

Variable Semipara. Bayesian Wooldridge
Mean  Stan. Dev. Estimate Stan. Err.

Age -17.1609 5.8806 20.9112 62.0059
Educ 2.7382 1.1587 6.9962 6.8640
Income -0.0014 0.0021 -0.0013 0.0022
Married -1.6441 0.5789 -1.5378 0.6264
Northcentral — 4.5166 2.1442 4.4158 2.0973
Northeast 7.1109 2.8630 7.4688 2.8310
South 2.4227 1.6907 1.8795 2.0352
Old -1.6349 0.4848 -1.8653 0.4904
Young -3.5942 0.3908 -3.6680 0.3998
School -3.5532 0.6851 -3.4932 0.7170
SMSA 1.2385 0.6346 1.1809 0.6237
Unemp -0.0994 0.3902 -0.0895 0.3896
Urban 2.2375 1.0176 1.7895 1.0475
(Age)? 2.7675 1.7282 -3.4182 10.4039
(Age)*(Educ)  -1.6470 0.8536 -4.4614 4.5905
(Age)?*(Educ)  0.2890 0.1722 0.7485 0.7691
Hours_, 0.6604 0.0180 0.6623 0.0177
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Table 6 Results from the Auxiliary Equation

Semipara. Bayesian Wooldridge
Variable Mean Stan. Dev.  Estimate Stan. Err.
Mean of Age -16.6546 8.1162 60.8657 164.0453
Mean of Educ 3.8939 2.8354 10.7897 17.9147
Income88 -1.0177e5  1.5219¢7°  -1.2608¢~>  1.5806¢°
Income89 1.3971e"  1.6995e%  4.7255¢7%  1.7988¢~¢
Income90 -8.0455e % 1.4549¢77  -9.3265¢7¢ 1.4932¢7°
Income91l -3.5600e™°  1.3892¢°  -3.8300e™° 1.4522e7°
Income92 2.8021e7%  2.1973e®  2.9475¢7¢  2.2203¢°¢
Income93 -1.8894e7%  1.0158¢™°  -2.1936e~® 1.0683e¢°
Mean of Married 3.3093 0.7854 3.5075 0.8871
Mean of Northcentral -3.9694 2.2472 -4.0261 2.1978
Mean of Northeast -7.4293 2.9827 -8.0558 2.9367
Mean of South -1.2816 1.7215 -1.0045 2.1319
Mean of Old 1.5426 0.5357 1.7372 0.5647
Mean of # of Young -0.5010 0.5002 -0.4549 0.5246
Mean of School 3.8450 1.2181 2.8492 1.4067
Mean of SMSA -1.8822 0.8101 -1.7956 0.7992
Unemp88 -0.2519 0.5167 -0.4378 0.5658
Unemp89 -0.6222 0.6903 -0.7996 0.7626
Unemp90 1.1868 0.6470 1.4897 0.7038
Unemp91 1.9344 0.5954 1.3464 0.5824
Unemp92 -0.3055 0.6361 -0.0088 0.6732
Unemp93 -1.3410 0.5691 -1.1023 0.5879
Mean of Urban -2.4430 1.1143 -2.0211 1.1856
Mean of (Age)? -1.5916 0.6605 -1.6110 0.6942
Mean of (Age)*(Educ)  -0.0672 0.8666 -0.5652 0.8738
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Table 6 Continued

Variable Mean Stan. Dev. Estimate Stan. Err.

Mean of (Age)**(Educ) 5.0340 2.4630 -8.6898 27.5972
Black -1.0037 2.0046 -6.1194 12.1161
Hispanic -0.0314 0.3669 0.8672 2.0363
Hoursg -0.1479 0.0149 0.1558 0.0167

Cons n.a. n.a. -137.5178  223.4611
o2 n.a n.a 21.8033 2.7503

(07

Table 7 Average Partial Effects and Average Transition Probabilities

Semipara. Bayesian Wooldridge

Variable Mean Stan. Dev. Estimate Stan. Err.

Age 0.2642 0.9053 0.2092 1.7452
Educ 0.3390 0.3689 0.3570 0.5040
Income -0.0012 0.0020 -0.0012 0.0020
Married -0.7523 0.3134 -1.0985 0.5771
Northcentral 1.0623 0.4029 1.4097 1.9388
Northeast  0.7546 0.2465 1.0305 2.6820
South 0.6596 0.5449 0.7926 1.8738
Old -1.8055 0.4431 -1.6420 0.4511
Young -3.3919 0.3696 -3.2290 0.3735
School -0.2049 0.0423 -0.2689 0.6460
SMSA 0.3371 0.1663 0.4584 0.5736
Unemp -0.0387 0.1441 -0.0440 0.3572
Urban 0.9933 0.5694 1.4712 0.9558

Hours_; 0.5881 0.0146 0.5830 0.0200

P 0.8609  0.0074 0.6957  0.0332
P> 0.1391  0.0074 0.3043 0.0332
p'° 0.0005  0.0005 0.0488 0.0067
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Table 8 Average Partial Effects by Race

Variable Mean Standard Deviation Mean Standard Deviation
White Non-white

Age 0.2932 0.9237 0.1336 0.8372
Educ 0.3454 0.3757 0.3105 0.3386
Income -0.0012 0.0020 -0.0011 0.0018
Married -0.8190 0.3413 -0.4526 0.1922
Northcentral 1.2383 0.4689 0.2717 0.1178
Northeast ~ 0.8357 0.2707 0.3902 0.1429
South 0.5951 0.4910 0.9491 0.7900
Old -1.8390 0.4511 -1.6550 0.4075
Young -3.4549 0.3765 -3.1088 0.3411
School -0.2108 0.0436 -0.1788 0.0439
SMSA 0.3791 0.1868 0.1482 0.0803
Unemp -0.0399 0.1487 -0.0334 0.1250
Urban 1.0055 0.5758 0.9383 0.5458
Hours_, 0.5990 0.0148 0.5390 0.0153
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Table 9 Results Using the Last 4 Years of Data

Variable Main Equation APE & ATP
Mean  Stan. Dev. Mean Stan. Dev.
Age -15.1304 9.6171 3.1915 1.3843
Educ 4.4729 2.4333 0.6398 0.4512
Income 0.0033 0.0032 0.0031 0.0029
Married -1.5678 1.0585 -0.6745 0.4184
Northcentral 5.2496 2.9615 1.6521 0.5838
Northeast 12.2063 3.7661 1.2333 0.3468
South 3.3369 2.3340 0.7281 0.6779
Old -2.8490 0.6212 -2.3198 0.4726
Young -3.6199 0.5139 -2.8623 0.4720
School -2.2384 0.9809 -0.1075 0.0514
SMSA 0.1566 0.9268 0.1521 0.2221
Unemp -0.3862 0.5447 -0.0620 0.1442
Urban 3.1351 1.1274 2.0844 0.7569
(Age)? 2.3489 2.9104 n.a. n.a.
(Age)*(Educ) -3.3312 1.6875 n.a. n.a.
(Age)?*(Educ)  0.5961 0.3216 n.a. n.a.
Hours_4 0.6714 0.0357 0.5894 0.0266
p n.a. n.a. 0.8520 0.0108
p% n.a. n.a. 0.1480 0.0108
p'o n.a. n.a. 0.0104 0.0059
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Table 9 Continued

Auxiliary Equation

Variable Mean Stan. Dev. Variable Mean Stan. Dev.
Mean of Age -15.2915 11.0559 Unemp90 1.0614 0.5619
Mean of Educ -4.2236 3.9961 Unemp91 1.5603 0.6312

Income90 7.1584e 6 1.4188¢7° Unemp92 -0.6232 0.7553

Income91 -3.3385¢~®  1.7020e7° Unemp93 -0.2732 0.6260

Income92 5.6635¢~7  2.3216¢° Mean of Urban -3.4665 1.1574

Income93 -5.5409¢7°  1.1950e° Mean of (Age)? -1.0468  0.7475

Mean of Married 3.9371 1.2346 Mean of (Age)*(Educ)  0.3054 0.9765
Mean of Northcentral — -4.9470 3.0165 Mean of (Age)**(Educ) 3.7591 3.4085
Mean of Northeast -11.4319 3.8582 Black 4.2035 2.6559
Mean of South -2.8452 2.3874 Hispanic -0.8291 0.4719
Mean of Old 2.5985 0.6359 Hours, 0.1599 0.0336
Mean of # of Young 0.4297 0.7039
Mean of School -0.1815 1.5518
Mean of SMSA -0.9156 1.0790
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