Symbolic Dynamics and Nenlinear Semiflows (*¥) (**).

JACK K. HALE - XTA0-Brao Lin

Summary. — For a transverse homoclinic orbit y of a mapping (not necessarily invertible) on a
Banach space, it is shown that the mapping restricted to orbits near y is equivalent to the
shift automorphism on doubly infinite sequences on finitely many symbols. Implications of
this result for the Poincaré map of semiflows are given.

1. — Imtroduction.

If O is an hyperbolic fixed point of a diffeomorphism F e C¥(R*), k>1, n>2,
and Wes, W* are the stable and unstable manifolds of O, then g Wen W+, ¢4 0,
is said to be trangverse homoelinic to O if W* is transversal to W+ at g, Wuh We,
The orbit y(q) = {F" ¢, n € N; set of integers} through ¢ is called a transverse homo-
clinic orbit asymptotic to O.

Poincaré was well aware of the fact that the existence of transverse homo-
clinie orbits implied that the flow defined by F would be very complicated in a
neighborhood of ¢. Birkhoff proved that there must be infinitely many periodic
points near ¢. SMALE [15, 16] showed that there was an integer k£ and an invariant
set I near q of F* such that F* restricted to ¢ was equivalent to the shift map ¢
on the set of doubly infinite sequences on two symbols (see, also, MosERr [11],
PALMER [13]). SILNIKOV [14] discussed the set of all orbits of F that remain in a
small neighborhood of y(q). He then showed that # on certain subsets of these
solutions was equivalent to the shift map o on the set of doubly infinite sequences
on infinitely many symbols. :

Our objective in this paper is to generalize these results to the case of ' € C*(X),
where X is a Banach space and F is not necessarily a diffeomorphism. For a
hyperbolic fixed point O of F, the local stable set Wi, and local unstable set Wi,
of O are C* manifolds (a proof is given below for completeness). However, the
behavior of the global stable set W* and unstable set W* may not have a nice mani-
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fold structure. Even in the case where W* is finite dimensional the local dimension
may vary with the point on W*. This necessitates hypotheses on W* even to define
a transverse homoclinic orbit. Under an appropriate hypothesis on W* (there is
an immersion from Wi, XN into W* which covers y(g)), a transverse homoeclinie
orbit is defined and it is shown that the results of Sil’'nikov [14] and Smale [15, 16]
are valid. The main theorem is stated and proved in Secition 5. The proof is a
revised version of the horseshoe argument (see [2], [12). HorMES and MARSDEN [6]
have also used, the properties of horseshoes in the equations of a forced beam. Chaotic
motion is discussed in Section 7. The implications for the Poincaré map for flows
are given in Section 8. Applications to retarded functional differential equations
will appear elsewhere.

2. — Notations and preliminaries.

Let X, ¥ and Z denote Banach spaces. If U is an open, set in X, then C¥(U, Y)
is the usual space of functions mapping U into ¥ which are continuous and bounded
together with derivatives up through order k. The norm in this space is the supre-
mum of all these derivatives. We also let 0*(X) = C*(X, X). The symbol (N-)(N*+)N
will denote the (nonpositive integers) (nonnegative integers) integers. By a sub-
manifold of a Banach space Z, we mean a regular submanifold (locally expressed
as the graph of a ! map from X into Y where Z = X @ Y is a splitting of Banach
gpaces). .

If 8 is a topological space, we let I1;§ be the infinite product space with the
product topology. An element r € I[,S is a map 7: N — 8. Define ¢: I8 — I8
as the shift map, 7, = o7, 1,{n) = v(n +- 1), ne N. I Fe 08, 8), a trajectory of F
is a map v elly8 such that IIF(t) = o(r), where IIF: 11,8 —II,8 is defined as
7, = IIF(7), 14(n) = F(v(n)), ne€ N. Obviously IIF is continuous and the set
of all the trajectories of F' form a closed subset of /7,8, which is a topological
subspace with the topology induced from I7,8. In a similar way, one defines
respectively a positive (negative) frajectory by a map t+(z-). A (positive orbit)
(negative orbit) (orbit) will be the range of (v%)(z~)(r) and will be denoted by
(0.:)(0.)(0,). For velly8, let s, = 7(n), and write v = (..., $_,, $_{1[80, 81, .. ) 10O
indicate that 7(0) = s,. Thus 7, = o7 is denoted by 7, = (..., 8_s, S_1, SI[S1) S25 - )
And, in this notation, I7F(z) = (..., Fs_,, Fs_,][Fs,, Fs;, ...). We shall use z[i, {],
1 < §j integers, to denote the restriction of 7 to an interval [4; §]. o

Let ~ be an equivalence relation defined in the topological space 8. For any
s€ B, [s]= {s,: s, ~s} is said to be the equivalence class of s. The quotient space
S/~ = {[s]: s€ 8} is defined with the quotient topology. For a subset @c S,
define [Q] = {[s]: s€@} as the equivalence class of Q.

Suppose O is a fixed point of F e O X), k>1. The fixed point O is hyperbolic
it o(DF(0)) N {|]A] =1} = 6, where o(4) denotes the spectrum of a linear opera-
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tor A. The unstable set W*(0) and the stable set W+(0) of a fixed point O of F are
defined by

W(0) = U {negative orbits O, of F: v-(n) -0 as n —> — oo},
W=(0) = U {positive orbits 0,: of F: 7+(n) -0 as n — -+ oo} .

The local unstable and stable sets are defined respectively by

W0, U) = U {negative orbits 0. of F: 0,_c W«0)n U},
W0, U) = U {positive orbits 0,. of F: 0,.c W0) N T},

where U is an open set containing 0. We use the notation W (0), W5, (0), for
W0, U), W0, U) it U is not relevant to the problem.

If ¥ is a diffeomorphism, one can always consider complete orbits in the defi-
nition of W*(0). Furthermore, W+(0), W*(0) are C* immersed submanifolds of X [5].
In particular, if the dimension is finite, then the dimension must be the same at
every point. The following examples illustrate the differences that can occur with
maps.

Exaweir 2.1. - Fe O4R?), k>1, F(z, y) = (0, 2y). For this case, the only
fixed point is the origin 0 and W+(0) = {y = 0}, W¥0) = {x = 0}. The map F-!
is only defined on W*(0) and is single valued only if the range is restricted to W*(0).

ExAMPLE 2.2. — We construct a delay differential equation with a hyperbolic
equilibrium point having a two-dimensional local unstable manifold. The unstable
manifold collapses into a smooth one-dimensional manifold along one of the tra-
jectories, a phenomenon that could not happen in ordinary differential equations.
The time one map for this example will have the property that the dimension of the
unstable manifold is not the same at every point.

Consider the delay equation

E(t) = ow(t)) @(t) + B(=(t)) 2t —1) ,
where x € R, af{r) and f(x) are defined as

2¢e—1 et
e LK

(x(z), B(w)) = 1,0), [#]>2 ;
1=o(x) 4 f(w)e! when 1<|z|<2.

Also, x(x) and S(x) e O°(R) .
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The origin 0 is an equilibrium point of (2.1). Equation (2.1) is linear in a neigh-
borhood of 0 and has A, =1 and A, = 2 as the positive characteristic values. All
the other characteristic values have negative real parts. Thus (see [3]), there is
a neighborhood U of 0 such that dim W“(O U) = 2. Let 2(t) = s¢' be a solution

issuing from W#(0, U). For some large ¢ > 0 we have 111<1(§ o[ X3(0)]> 2, and in a

neighborhood of X;, (2.1) becomes &(t) = x(f). Let ye C[—1, 0] be in a amall
neighborhood of X5 and suppose that there is a solntion passing through v in the
negative direction. It is easy to see that y(0) = nei™® with-near s. Therefore, the
unstable set in this neighborhood of X5 is a smooth manifold but of dimension 1.

Take the time one map F = T(1) of the solution map Z'(t) of (2.1). We have
an example with the property that the hyperbolic fixed point 0 of F has a local two
dimensional unstable manifold which collapses into a one dimensional manifold.

Suppose F e CxX), k>1 and 0 is an hyperbolic fixed point of F. We shall
prove that Wi (0) and Wi (0) are submanifolds in § 3. An orbit O, is an homo-
dlinic orbit asymplotic to a fized point 0 of F it O, c W*(0) N W+(0) and O, # {0}.
An homoelinic orbit 0, asymptotic to a fixed point 0 of F is said to be a transverse
homoclinic orbit if

1) 0 is an hyperbolic fixed point;

2) for any sufficiently large pair of integers ¢, j > 0, such that 7(— i) € W,(0)
and 7(j) € Wi (0), F'*? sends a dise in Wy (0) containing 7(— ¢) diffeomorphically
onto its image which is transverse to W .(0) at ¢(j}.

Notice that W=(0), W¢(0) may not have a manifold strueture even in a small
neighborhood of O,. However, condition 2) implies that we can attach to each
7(k) €0,, keN, small pieces of submanifolds Wi (z(k)) c W*(0) and Wi, (z(k) C
c W°(0) diffeomorphic to W, (0) and Wj(0), respectively, and such that

(2'2) ]oc( k)) (b loc(T(k ) at T(k) € 07: °

Furthermore, FWIlf:'c( ( 1)) 2 Ioc(T(k)) and ¥ loc( ( )) c loc( (k + 1)) This
can be done as follows. If 4, j are given as in condition 2), then Wi (z(k)) = Wp,(0),
E<—i and Wi (v(k)) = Wi,(0), k>j. Wi(v(k)), k>j is defined as a disc in
F* W (v(— 1)), diffeomorphic to W ,(0) by 2). For —i<k<j, FFH Wy (v(—1))
still contains a dise covering t(k), and shall be defined as W (v(¥)), since
(FH)~ % is the inverse of ¥ by 2). W;,.(z(k)), j > k, can be obtained by cou-
sidering the transversality of F'~* to Wi (v(j)) and (2.2) follows similarly. There-
fore, there is an immersion from Wi, (0) XN into W*(0) and an immersion from

¢ (0)X N into W,(0). Both cover O, but are not necessarily injective. Briefly,
we say that W+(0) is transverse to W+(0) along O, if no ambiguity can arise.

ExAMprLE 2.3. — Let us consider the interval map F: [0, 1] — {0, 1], F(z) =
= uz(l —2),0 <u<4. The map F is not invertible and has a fixed point @y, =1—
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Figure 2.1

—1/u, p>1, which is hyperbolic if u s 3. When u = 4, an homoeclinic orbit is
plotted in fig. 2.1, which hits m, after a finite number of iterates of F, an observa-
tion previously made by Brock [1]. It is easy to check that the homoclinie orbit
is transverse.

Example 2.3 is a special case of snap-back repellers defined by MAroTTO [10]
which will be discussed later.

3. — Stable and unstable manifolds.

In this section, we state and prove the existence of local stable and unstable
manifolds Wy (0) and Wy (0) of a hyperbolic fixed point of a map. The existence
of the local stable manifold follows from [7] with very little change needed. For
a diffeomorphism F, the existence of the local ungtable manifold follows from the
existence of the local stable manifold of #-1. However, if F is noninvertible, a direct
proof for the existence of the local unstable manifold is needed (see [5]). In spite
of the fact that the result may be known to some people, we give the proof for com-
pleteness.

THEOREM 3.1. — Let X, ¥ and Z = X XY be Banach spaces and A, B be linear
continuous maps in X and Y respectively, with o(d) < 1 and ¢(B) > 1. Suppose that
[4ll, |B-*| <2 for some consiant 0 < A <<1. Suppose U is an open neighborhood
of 0in Z and f,: U — X, f,: U — Y are O (k>1) maps with {,(0) = 0, Df,(0) = 0,
t=1,2. Consider ¥: U — Z,

(8.1) F{ @y = Awmy - fol@y, %)
(3.2) ' Y1 = By, -+ faolwo, %) .

Then there exist open balls Oy, D, centered at 0 in X, Y respectively, and a unigue
C* map hy: Oy — D; with ky(0) = 0, Dhy(0) = O such that

F(graph h,) C graph b, .
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The restriction of F to graph h, is a contraction. Moreover, if Fr(2) € Cy, XDy for n>0,
z € graph h,.

There also exist open balls Cy, D, centered at 0 in X, ¥ respectively, and a unique
C* map hy: Dy — C, with hy(0) = 0, Dhy(0) = 0 such that the restriction of F-* from
graph h, into itself a well-defined single valued OF contraction; thus, a diffeomorphism
onto F-i(graph h,) with the inverse F as an expansion. Moreover, if z€ C; XD, and
the negatively infinite trajectory F—(z) € U, xD,, n>0 exists, z € graph h,.

For the proof of the last part of the theorem, we consider the Banach space !
of the bounded, negatively infinite sequences in Z; that is, ! = {z_;, {>0}, with
the norm [{z}}; = sup [#_:). Suppose geG'(Z) with all the derivatives being
bounded in any bounded set of Z. The map Ilg: I —1 is defined as Ilg(z)(— i) =
= g(2(—1)), ©>0 for {#_;} €l. Unfortunately, since continuity does not imply
umniform continuity in infinite dimensional Banach spaces, Ilg is not C" even for
r = 0. The remedy is to consider a subspace [, cl, {¢_;} €, if and only if z_, >0
as ¢ — co. The following lemma is very elementary and ean be easily proved by
induction, but works as well as the lemmas in [7], [8] for composition maps.

LevMmA 3.2. — Let g: Z —>Z, g C" and g(0) =0. Then Ilg: I, —1, is C" and
({Ig)® = IIg®, k<r.

Proor or THEOREM 3.1. — For any ¢> 0 and any Banach space E, let
B ={zcE: || <e}.

For & > 0 sufficiently small and any y € B?, y € B, define

33) 6@ N = pem) —( 3 Ay i), Bry— 3 B fp— 1)

i=n+1 i=1

It is not difficult to show that G(y, y)(— n) —0 as n — co. Thus, G: BY X Bl —1,:
Lemma 3.2 implies that G € Or. Tt is clear that G{0, 0) = 0. Applying the Implicit
Funection Theorem to the equation

(3.4) Gy, 7) =0

in a neighborhood of y =0, ¥y =0, we have a unique (" map @: B —>Bﬁ; ,
®(0) = 0, for some ¢, >0 which solves (3.4) as y = ®(y) in B! XBb. Let
P: 1, —~Z be the projection taking y to y(0), hy: B — X defined as

PO(y) = D)) = (3 4 (@), ) = ()9

is ¢" with hy(0) = 0. The Implicit Funetion Theorem also enables us to com-
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pute D®(0) by computing DGO, 0) and thus, conclude that Dh,(0) = 0. It is easy
to check, from (3.3), that

D(y)(—n) = F(D(y)(—n—1)), n>0.

We have obtained that for y, € B} , #, = hy(1), 2 = (%, ¥,), there exists z_, €
€ F~z,, ©>0 defined as z_, = D(y,)(—1?) and |2_,] <s,. Since @ is continuous,
there exists ;<< ¢; such that y,€B] implies [¢_,| <&, especially |y_,|<e. We shall
see very soon (see (i), (ii) below) that

G(Y_1, {#ia, i>0}) =0.

Thus, y_,€ B! and @_y= hy(y_,). From

Yo = By_, + fz(hz(?/_l)y ?/—1) ’

using the Implicit Function Theorem, one concludes that, if &, is sufficiently small,
[yl <Zlwo|, 0 < A< 1, and, thus, y_, € B} . This completes ;the proof that F-1 is
a contraction on graph h,, |y| < &;.

Let C,, D, be open balls in X, ¥ such that 0, x.D,c B;, D,c B! and hy(D,)c C,.
Then the restriction of k, on D, satisfies all the assertions except that we have to
verify that

if {z_;, i>0} is a negatively infinite trajectory in BZ , then
(i) {o_ii>0}lo;

(i) G(Yo, {o—o) = 0.

For any 6> 0, there exists & > 0 such that |Df|, |Dff <0 if |2]<e,. Let
{z_s, 1>0} be a negatively infinite trajectory in B?. By induction

o= Arx_, 5 4 A¥T f1(z~i_k.) + ..+ f1(z_z‘_1) y

Yoo =B yy— B~ fy(z—) —... — B fy(a_) .
Let &k — oo,
b= z Aifi(e_s 1),
(8.5) i=0 i
Y_s= B7iy— z B-#i-1fy(z_,)
i=1
Then,

Iz_il <A If’/o] + 6 E VARAS ]z—f| +0 2 A Iz—i—j—l :
=1 =0
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Suppose 6 = lim |¢_,| > 0. Then for any &> 1, there exists ¢,>> 0 such that |¢_,| < &5
i—> o0

for i>4,, and

(3.6) ool < 2 o] 4 01 ;1 ] 1—2_‘-9—2 £8.

If 20/(1 —4) <1, we can choose &>1 such that 20/(1 —4)-&£<1. Let ¢ > oo in
(3.6),

fimm Jo_y| < 2

i=>00 1—1'56'

The contradiction shows that § = 0. Therefore, {s_,, >0} €1,, together with (3.5)
imply (ii).

4., — Some basic lemmas.

Consider F: Z — Z defined as (3.1) and (3.2). Assume all the hypotheses of
Theorem 3.1. By a (! change of variable, we assume that the local stable and
unstable manifolds are flat, i.e., Wi (0) = {y = 0} and Wi, (0) = {# = 0}. Thus,
in addition to the hypotheses in Theorem 3.1, we assume that f,(0, ¥} =0 and
fo(, 0} == 0. Consequently,

(4.1) f(0, ) =0,
(4.2) foa(®, 0) = 0.

A closed. e-ball in a Banach space F with center zero is denoted by F?f For any
6> 0, we choose £>0 so small such that |Df,|, |Dfy|<6 in B:. We assume that
U (0), Wi,,(0) is contained in B: and

43) A+0<1.

DEerFINITION 4.1. — A C' submanifold ¢, is said to be an s-slice of size (g, J, K),
or an s-slice modeled on BT;1 , intersecting Wiy ,(0) transversally at (0, y*) with
ly¥*| <6 and having the inclination <K, if

g. = {(@, 9): ¥y = 9(@), || <e1, [y*] = |9(0)| <8, g O* and |Dg| <K} .

A O submanifold ¢, is said to be a u-slice of size (g1, 0, K) or a w-slice modeled
on ]—Bzf, intersecting Wi ,(0) transversally at (¢*, 0) with #*< d and having the inclina-
tion <X, if

ou={(®@, 9): ® = W(y), |y| <e, |o*| = [h(0)| <0, he " and [Dh| <K} .

In all of the above, ¢, d, K are positive constants.
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Lemma 4,2, 4.4, 4.5, 4.6 are called the Inclination Lemmas and for diffeomor-
phisms in E*, see [2] and [12]. They play the same roles as Lemma 3.3, estimates
(3.8) in [14]. However, those estimates are not valid in our case.

LEMMA 4.2. — Given K > 0, there exist &, 6 > 0 and ¢ > 1 such that

(i) for any u-slice @, of size (g,/c, 6, K), e,<&1, I sends ¢, diffeomorphically
onto its image and BI N F(g,) is a u-slice of size (s, 6, K);

(ii) for any s-slice o, of size (gfe, 6, K), g<&, B_T"’aﬁF‘l((ps) is an s-slice of
size (g, 6, K).
Proor. — (i) Let F: (%, %) — (@1, 1), (%o, Yo) €E@.. Assume that 0 is small and

satisfies

(4.4) 1<d=1——ﬂf—+—l—).

For this 6, choose & > 0 so that |Df,|, [Df,|<6 in B:. Let 6, & satisfy
(4.5) Q<s, OLEKe<S

. 1 2 , 1 1 2 .
Then ¢, c B and

(4.6) oy = A(g(g/o)) + fl(g(?/o)y Yo) 5
(4.7) Y, = By, + fz(g(yo)y yo) .

Write (4.7) as
(4.8) B-1y, = Yo + Bf,(9(%0), %) -

The Lipschitz constant for B-11,(g9(%), ¥,) as a function of y, is bounded by
J8(K + 1). By the Implicit Function Theorem, the right hand side of (4.8) defines
a diffeomorphism from y, € BY , to B-'y,, which covers a ball of radius (1—46-
(K + 1)) gyfe. Therefore, y, covers a ball of radius

1— (K +1) 8 __d

Eo
p) e ¢

Let ¢, asserted in the lemma, be ¢ = d. Substituting y, as a function of y, into (4.6),
-we have a u-sliee 2, = g,(y,), modeled on TS’Z and transverse to Wy,,(0) at F(g(0), 0) ==

loc
= (9(0), 0). Since F|Wj,(0) is a contraction, ¢,(0)<g(0)<d. It remains to show
that || Dg,[| <K.
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Let (&,7n) be a tangent vector to ¢, at (2, %), n# 0 and |&|/[y]<K. Letb
&'y n') = DF(wo, 40)(€, 1),

wey I _[A R &t 3+ ORI [ful -l _ (4 0) E 4+
VWl ek T B fnl T GO — 0] a ‘

If 0 is small erough, then

(A+OE+6 _

d £,

and (i) is proved if ¢, 0 are small so that (4.5) is valid.
(ii) Let

&
(4:.10) £1<"26:, K81+ 6<§ .

Let @y, ¥1) € @., an s-slice of size (¢, §, K). We look for (z,, y,) such that F(w,, y,) =
= (@1, ¥1)

By, + fal,, ¥o) = h(Awo + filwo, ?/0))

or

(4.11) Yo = — B-Ys(@y, ¥o) + B h(-A-’If'o + ful@y, '.’/o)) .

‘We use the contraction mapping principle to solve (4.11). Let H be the sef of

all the continuous functions form B2 into BY, with the distance of any two func-

&

tions in H given by the supremum norm. Let ¢ > 1 be such that
(4.12) Agg + Oeg<eole .

The existence of such ¢ is from (4.3). A continuous function Fe(-) is defined on B_fo
for any ¢ H as

(4.13) Fo@) = —Bfy(z, p(@)) + Bh(Az + fi(z, ¢(@))

since (0, y) = 0, |[Ax + fi(®, p(@))|<Ae, + O, <gofc by (4.12) and h is defined on
B®, . Turthermore, 5o € H if

golc*

(4.14) 29+ g + AKe, + 8) <

[\

The verification of (4.14) uses fy(x, 0) = 0, (4.10) and (4.3). We observe that
F: H — H is a contraction if 0 is small. Therefore, there is a unique fixed point
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of &, denoted by h,: We can show that h, € (}"1(1’§—f;1 ) by using the Implicit. Function
Theorem locally to solve (4.11) in the neighborhood of (u,, ky(%,)). We also see that
ho(0)<h(0) <8 since F|W* is an expansion. It remains to check that |[Dh,| <K.
Suppose (&, n) is a nonzero tangent vector to F—1g, at (x,, y). Then

B"? 'l‘fzacf +f2y'7] = Dh(AE - flw'f _l_fl’lln) ’
I](L — 28 — 2KB) < (2K + 6K + Af..]) €] -

|£] = 0 would imply that |y| = 0; thus |§]+ 0 and

In| MK+ K0+ Alfox] _ (0+ MK+ Alfea]
(4.15) EIS 1-mErIr1y d :

If 0 is small (¢ small), ((6 + A)K +0)/d<K and (ii) is proved. This completes
the proof of Lemma 4.2.

DEFINITION 4.3. — Let ¢V, ¢{? be two u-slices of size (¢, d, K) and let ¢, ¢
be two s-slices of size (g, 6, K). Define the distances with respect to the uniform
norm as

(2)

(@, ey = sup |g:(y) — g:(¥)|

|v|<e,

d(‘?’(sl)a ‘P(s2)) = sup [hy(2) — ha(2)],

wl<€1

(%)
s

where ¢, ¢'? are graphs of g,, h;, ¢ =1, 2.

LeEMMA 4.4. — Given K > 0, the constants &, 6 can be chosen so that the results of
Lemma 1 are true. Moreover, there is a constant 0 < 1 <1 such that

AT, F Py < (D" dg, ¢2) ,

HF gD, Fre®) < (I d(g, o),

where F», F-" are abbreviations for (EE—Z;{1 N Fy» and (E_f1 N F-9)" which are defined
inductively as follows: while applying on a set V C Z,

(BLNFV =B NFV), (BNF)V=B:nFYV),
(BL NPV =B N F[(B NF) V],

(BE N P11V =B N F(B: N F-)V], =n>1.

16 — Annali di Matematica



240 JACK K. HALE - X140-B1ao LiN: Symbolic dynamics and nonlinear semiflows

ProOF. ~ Suppose H,, F, are Banach spaces and ¢ € C}(E,, E,). We define
ev: C'(H,, B,) X E, — E, as ev(p, ¢) = @(e). Let

g ={t—1)g+ 2—10) g,
b= (t—1)hy + 2 —8)h,, 1<i<2.

We first consider

@, = Agy,) + fl(gt(y0)7 ?/o) ’
Y = By, + fz(gt(?/o)y ?/o) ’

or
(4.16) 2y = A ev(gs, Yo) -+ fl(gv(gﬁ Yo)s yo) ’
(4.17) Y1 = By, + fz(ev(gt, o) ?/o) .

For y, fixed, y, can be solved as a function of ¢ in (4.17), and substituted into (4.16)
to obtain #; as a function of . 'We shall estimate ow,/0t by more symmetric formulas.
Assume that dy,, dw,, dy,, 0t are tangent vectors in the corresponding spaces, and
Dy, is the derivative of g,(:). Then,

oay = Alev((g.—g1) 8, 4o) + Dgo-Syo] +
+ fro* [0v((g2— 1) 6, y0) + Dgi+0ya] 4 fuu 09°
0 = 0y, = B 8y + fas[€v{(9:—91) % 9o) + Dyge8yo] + fou* 0o -
|0y < (A + O)[dle, #;)16t] + K|yol] + 20+ |6y,
{ [8ys| <A6[AeY, @) 16t + K|5ya]] + 206y, -

It follows that

ay" __L a (2 Q W (2
at 1—-—20(1(—]— ) (%7%) dd(‘Pu » Pu )
0 Y,
T <A+ 0D, o) + (A + O K +0)- Lol

Using the estimate for |0y,/0t|, we find that, when 6 is small, there exists 0 < 1 << 1
such that :

o, a (2
at }‘ ((pu 7(Pu ) M
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Therefore

T, o)

[22(¥15 92) — 21(Y15 G1) |<fI

The first inequality in the lemma is proved.
Next consider

By, - fz(%, Yo) == ht(Awo + fu@o, ?/0))

or

By, 4 (e, 4o) = 077(}'%7 Axy + fil,, ?/o)) .

Let o, be fixed and g, be a function of %,

B84y + fau* 00 = €v((hy— hy) 6ty Azy + fi(%0s Yo) + Dhe* fro* 840
|0%o|(L — 20 — A6K) < Ad(p™ P)-161] .

s ?

Therefore
oy,
atn (¢.(s'1)7 (P.(SZ))
and
ayo (1)  (2)
[Yo(@o,y ha) — Yol@o, By)| < 0 i< (‘Ps y s )

1

Hti=1 /d, the second inequality is proved. This completes the proof of the lemma.

LEMMA 4.5. — Assume further that Df, and Df, are uniformly continuous in Bz,
Then, for any K > 0, &, 6 can be chosen such that for any u-slice ¢, (s-slice ;) of
size (&, 6, K), Frp, is a u-slice (F-"p, is an s-slice) of size (&1, 0., K,), with 8, < A0
and K, =0 as m —> oo, where 0 < 1 <<1 and Fn, F- are abbreviations as before.

Proor. — Only K, —>0 has to be proved. Sinece f,(0, ¥) = 0, by the uniform
continuity of Df,, for any { > 0 there is a &> 0 such that |f,(z, v)| < if !x]<§
and |y|<e;,. From Lemma 4.4, there is an n,> 0 such that F"%CB”” ><B” for
n>mn,. By (4.9), we obtain that K, ,<((2 +6)K, +{)/d, n>n,. Thus,

A0 ¢
Kna+n<( ! )KML — 5

_ ¢
Im K.< o050

Sinee [ is arbitrary, this implies K, — 0 as n — oo,
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A similar proof is applied to F—g¢,, if we consider f,,(#, 0) = 0, uniform con-
tinuity of Df, in a neighborhood of 0, Lemma 4.4 for F-"¢,, and (4.15). This fin-
ishes the proof of the lemma.

The proof of Lemma 4.6 below is similar to that of Lemmas 4.2, 4.4 and 4.5
and shall be omitted. However, due to the lack of uniform continuity of the deriva-
tives, the results concerning €' closeness must be formulated very carefully. Let
M, and M, be C* submanifolds in Z. By M, is C'—¢& near M,, £ a positive
number, we mean that there are Banach spaces FH,, E, such that Z = B, E, and
a constant ¢ > 0 such that M, is the graph of h;: B* — B, ¢ =1, 2, and

[y — s Hol(Bfl, <&

Conversely, we shall use M, % M, = ¢ to denote that M; N M, = {¢g} and T, M,®
eTr,M,=Z.

LevMMA 4.6, — Let M,, M,, N be C' submanifolds in Z, and szf;N = ¢q. Sup-
pose F': Z — Z is C* and the restriction F: M, — M, is a diffeomorphism. Let p € M,
and F(p)=q. Then the following hold.

(i) There exist constants &, 0, L > 0 and discs U;2 p in M, and U,3 q in M,
such that any C! submanifolds U, and U,, C* — & near U,, are sent diffeomorphically
onto FU, and FU, which contain discs U° and U3, O*—u near U,, 4T, U<
<Id(U,, U,) where d is the distance between dises measured by the C° norm. Further-
more, for amy £ > 0, there exists a disc USc U, such that FU, contains a dise C*—(
close to U* if U, is sufficiently near U, in the O norm.

(ii) Consider F-' from a neighborhood of q into a neighborhood of p. There
exist constants &, n, L > 0 and C* discs V,3 q in N and V,c F1V, with erﬁ V= p.
For any O submanifolds V, and V,, C* — & near V,, F-V, and F-1V, contain discs
VY and V2, C*—n near V., &V°, VOY<Ld(V,, V,) where d is measured by the C,
norm. Furthermore, for any > 0, there exists a disc Vic V, such that F-V, con-
tains a disc C1— close to VE if V, is sufficiently near V, in the C' norm.

5. — Symbolic dynamies.

We now suppose that U,;, 0 <i<<m are pairwise disjoint open sets in a Banach
space Z. Let TZ be the subspace of all the trajectories of F € C%(Z), k>0, whose
orbits are included in U U,. Let 8 = {U,, ..., U,.} be armed with the discrete

0<i<m
topology. For each 7,€7Z, an element 7,ell, 8 is defined as 7z,(n)= U, if
1,(n) € U;. Thus Jy: TZ — 11,8 is defined as J,: 7, - 7,. Obviously, J, is con-
tinuous. Some interesting questions arise. What is the range of J,% Is J, injective?
If J, is injeetive, iz J;' continuous? The affirmative answer to these questions
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would ensure that TZ is homeomorphic to the subspace of sequences of symbols
(Uys) and IIF, acting on T4, is equivalent to the shift operator ¢ defined on the
space of z,'s via J;.

DErFINITION 3.1. — For 8 = {U,, ..., U,} and %> 0 an integer, a subset TU C
cIly 8§ is defined as 7, TU if and only if

1) 7.(i) = U, implies that v,(¢ 1) = U, for 1<j<m,
2) 7,(i) = U, implies that 7,( +§) = U, for 1<j<k,
3) 7,(i) = U, implies that 7,(i— j) = U, for 1<j<k.

TU is a topological space with the topology induced from 17 8S.
To understand the meaning of this definition, suppose {J U, is a neighborhood

oism
of a homoclinic trajectory asymptotic to a fixed point 0 of F. Suppose 0 e U,.

Then to say J,t,€ TU is equivalent to saying that, if =(j) € U, for some j, then
it stays in U, for at least k iterates of F' and one can leave U, only by going to U,
and then march back to U, staying again for at least k iterates of F. The same
remark applies to F-1. The main theorem stated below is saying essentially that
J; is a homeomorphism between TZ and TU if |J U, is some neighborhood of a
transverse homoclinic orbit. osism

We are ready to state our main theorem.

THEOREM 5.2. — Let X, ¥ and Z = X XY be Banach spaces, F: Z — Z defined
as in Theorem 3.1 with DF wuniformly continuous in a neighborhood of the hyperbolic
fived point of F. Assume that the local stable and unstable manifolds are X (0) =
= {y = 0}, W (0) = {w = 0}, that (4.1), (4.2) are satisfied and Wi (0) == {0}, Sup-
pose T. is a homoclinic trajectory and v.(i) — 0 as § — - co. Let N > 0 be an integer
with 75 (— N) e W¥(0) and v1(N) e Wi (0), where W (0) and W;i.(0) are contained
in Bt and (4.3) is valid in B%. Assume that the following conditions are satisfied.

1) F™ sends a disc O, N W (0) centered at v (— N) diffeomorphically onto
0, = F**0,, containing 7. ().

.
2) 0, Wio(0) = 7, (N).

Then ©. is a transverse homoclinic trajectory. Furthermore, there ewist pairwise
disjoint open subsets Uy, ..., Up, m>2, in Z, and an integer & > 0 such that 0 € Uy,
Oz cC U U, and such that J, is an homeomorphism between TZ and TU defined in

0<igsm

Definition 5.1. IIF acting on TZ is equivalent to ¢ acting on TU via J;.
The open set |J U, is called the extended neighborhood of O, with U, the

oism
¢«body» and U U, the «handle ».

Igi<m
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Before proving Theorem 5.2, we give a symbolization consisting of infinitely
many symbols for a subset of T'U.

DrriniTION B.3. — Let

TZy = {v,: ©7,€TZ, v,(0)e U, and 7,(—1)e U,},
TU, = {7,: 7,€TU, 7,00) = U, and 7,(—1) = U} .

The set TZ, (TU.,) is both open and closed in TZ (TU). We observe that
Uc‘"(TZD) = TZ~{(..., 0][0,...)} .
Uai(TUo) = TU\{(..., Uo][Uo,...)}.

and Jy(TZ,)c T'U,, TZ,> J;(TU,). Thereiore,
Ty TZN{(ovr, O1[0, ...)} = TON{(.ory Uol[Ts, ...)}

is a homeomorphism if and only if J,: TZ, - TU, is a homeomorphism, since
Ji7, = 7, if and only if Ji(o7,) = o7, and ¢ is a homeomorphism on both TZ
and 7'U.

Let [k, - oo] be the space of all the integers >% > 0 furnished with the discrete
topology and compactified by -+ co. Let II [k, -+ oo] be the product space. For
any Ty = (vooy Kgy oy k_41lkoy oovy Ky ...) €II[k, + o0], a corresponding element
17, € TU, is defined as:

1 7.0 =0, i?f and only if
(4) 1= —fz’: E_,—jm—1, j=0,1, .., provided I — oo;
(B) l=i17:il—{— jm +m—1, j = 0,1, ..., provided I -~ oo,
2) ru(l—i)z;o Un_iy 0<i<m, for all I defined by (4) or (B).
3) 7.(t) = U, if not defined by 1) and 2).
Accordingly, N HN[E, + o] = TU, is defined, continuous and onto.

DEFINITION 5.4. — A quotient space TN = ITy[k, 4 oo]/~ is defined if

,L,(l) — (, k(l)

(1) ( (i { (2) (2) (2) (2)
a 0 ey BRITED, ooy B, )~ 22 == (o, B2, o, IR, Ly B, L)

means that there exist — co<n, < —1 and 0<n, < 4 oo such that k) =k = + oo,
i=1,2, and & = E? for n,< i< n,.



Jack K. HALE - X140-B1ao Lin: Symbolic dynamics and nonlinear semiflows 245

Thus, the map J,: TN > T Uy, Jolts] = ngﬁ is well defined, continuous, injec-
tive and onto. It is easy to check that a basis $ for the topology in TN is

$={[B]: B= {ws: mal—i—1,§ + 116 (>k b_ss oo, bsllhoy -y By >E)}}

where k_;, ..., k_1, ko, ..., k; are integers, and k>k is an integer, >k stands for
[k, + oo]C[k, =+ oo].

THEOREM b.5. — TU, and TN are both compact and Hausdorff. J, is a homeo-
morphism from TN onto TU,.

The proof of Theorem 5.5 is elementary and is omitted.

ProOF or THEOREM 5.2. — We first show that when O, is small, F' sends O, dif-
feomorphically onto a dise (f\LWfOG(O) at 7o (N +1). Let 0, = {(@, ¥%): % = g(¥)}
with the inclination K,. Consider

Y1 = Byo + L(9s), ) -

Since fm(rf (N)) =0, for any 6> 0, we may let O, be sufficiently small so that.
[foulzs 9)] <0 in 0,. Thus, |#f./dy,| <E,0 + 6, and y, can be solved as a C* func-
tion of y, if A(K,f + 0) < 1. Substituting into (4.6), #, is a O function of ¥,.
Therefore, by induction, F’0, contains a C* dise % We,(0) at =2 (¥ + 1), >0, with
the inclination K, and is diffeomorphie to a dise of 0,. We give estimates on K,’s.
Let (&;, 1:), [n:| % 0 be a tangent vector to a small disc contained in F°0,, on which
we assume that |f.(z, ¥) <B,.

|§i+1|:|(A +f1w)§i+f1u77i|< (/1-{—0)!51|—[—9(771] <(j'—|_0)Ki+6
Miva]  [foolit (B+ o)l — (A= 0)|ns| — BulE] d; ’

where d, = (1 — ME 0, + 0)) /. There exists a constant d. such that d;>d,>1
for all i>0 provided that the dise contained in F¢0, is sufficiently small, and §; is
sufficiently small, since we have 1 + 6 <<1. Therefore,

A+ 0)K,+0
Ki+1<(+%,
and
6 4 :

This completes the proof of the transversality of the homocline trajectory 7. .
We next consider F~2YW; (0) in a neighborhood of v} (— N). From Lemms 4.6,

it contains a C! dise % 1.(0) at 7(— N) and is denoted by E,. Analoguous to what
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has been done in Lemma 1.2, we obtain that F-'R, contains a dise $Wﬁc(0) at
7, (— N —1i), i>0, with the inclination < K, for come constant K, > 0. The key
to the proof iy (4.1) and |f,(», y)| being arbitrarily small in some sufficiently small
neighborhood of each *f(— N —j).

We now construct U,, ..., U, and % as asserted in the theorem. Suppose that
&1, & are positive constants such that for u-sglices of size (82, &1, H,) and s-glices of
size (&1, &, Ky,), Lemma 4.2-4.6 are valid. Assume that only a finite number of
points of O.r, denoted by g, ..., Qn_yy Mm=>2, are outside T = B X B!. There exist
an open neighborhood V; for each ¢, such that

ViV, =0, 1<i#j<m—1,
V.nU =6, 1<i<m—1,
FViCVi+17 1<i<m—2,
FVooiclU, FUNV,=0, 2<icm—1.

Let po, 1€ 0N U, Fp, =gy, Fpy—py, and Frp, — p,.

Cb 0.0

~ v
; 10
Y21 ; 3 U1
2} T’r D, .
L4 .
0 DD Vm—-l
BL 111
> ° 7 | /\ <
//74‘;0 \_/
Do
BL
v o
Figure 5.1

We have shown that it is legitimate to assume that F"Wg,(0) contains a €t
dise ¢, (f; Wioo(0) at p, with @, being a wu-slice of size (g5 & —n, K, — ) and that
F~"W,(0) contains a O dise <p1;fm W* at p, with ¢, being an' s-slice of size (€45
&= Hio—1n) with some constants 5 >0, 0 < g < &y 0<e;<eg. By Lem-
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ma 4.6, if 0 <ny <, &, &, are small enough, the F~ image of any w-slice C' near
oo{0) contains a w-slice C*—yy near ¢, and hence, a u-slice of size (g, e, —
—n + 1, K,), and the F-» image of any ‘s-slice C* near Wfoc( ) contains an s-glice
C' — 1), near ¢, and hence, an s-slice of size (e,, &, — % + 7y, Kio)- Wefdenote the
family of all u-slices of size (g5, &, —#% + %y, K.} by U and the family of all s-slices
of size (¢4, & — 9 + N1, Ki) Dy 8. We may assume that W c U and §c U in the
point set sense. We use W or CIW to denote the closure of a set W.
Consider BIL,(k) = U(B” N FyUW for a positive mteger k. When k is large,

k=%

BL1(70) is O' near B! and Fm(BLl(la) is O'—mn, near ¢,. Similarly, consider
Lo(k) = U (B2 N F )’° S. When £ is large, BLy(k) is C* near B’ and F-—(BLy(k))
b=k
is 0 —u, near ¢,. If 7, is small and % is large, Fm(BL (&)) ’b BL,(k). The intersec-
tion is denoted by D,. Also F—M(BL (k) (b BL,(k) and the mtersectlon is denoted
by D,. We may assume that D,, D, c U and FD c Vy. It is clear that F»D, = D,
and F-mDy, = D, if regtricted to a neighborhood of p,.

It also follows from Lemma 4.6 and 4.2 that if k is large enough, Fn+t (F-m—¥),
k>k are Lipschitz contractions in the O° norm, on u-slices in U into u-slices near Po
(BLO(IE) into BLO(]?;)), with the Lipschitz constant </, 0< 1< 1.

Let U=0UnF-+U. Then U is open and p, ¢ U since g ¢ U. If % is large,
the distance between D, and U is positive. It is also clear that

By induction, we have (U NF-1p—10 = (T nF2y 0. COlearly, Dyc (U nF)E].
We claim that D,c (U N F-1)¢ U, since W and Sc U. Therefore, D,c (U N F1)e10
and D,c F-"(Dy)c F-»(U n F)s1U. The last set is open so there is an open
neighborhood U, of D, such that U,NU =6, U,cU, FU,cV, and U,cF-n-
(U nF1#10. We claim that U,= U, U,, U, = V._,, 2<i<m, associated with &
(U, depends on k) fulfill all the requirenents of the theorem.

We first show that J(7TZ)c TU. For this, only condition 2) in Definition 5.1
has to be checked. Suppose v,€ TZ with 7, (—1)e U,, 7.(0) € Uy, then 7,(—m)e
eU,cF~Un F—l)?—l U. This implies that 7,(0)€ (U nF110. Hence, for
1<j<k—1, .()e( O NF)1-0cU= U,. Therefore,

TATZN{(owr, 0100, .0} € TUN(-.., TolLT, ..} -

This, together with J.(..., 0][0, ...) = (..., U,][U,,...), implies J,(TZ)c TU.
It remains to show that J(TZ)> TU and J,' is single valued and continuous.
It suffices to prove the following assertions:

(i) J7*is well defined, single valued and continuous on TUN{(..., Uyl U,, b
() J, UollU,, o) = (..., 0][0, ...) and J[* is continuous at (..., Ugl[ Uy, ...).
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For (ii), by Theorem 3.1, Ji (..., Upl[ Uy, ...) must lie on W (0) and Wiy (0);
hence, identically equal to zero. It follows from Lemma 4.4 that if v,€ T'Z such
that ©,[— 1, 4] = (U,, ..., Ud[ Uy, ..., Uy), then 7,(0) lies on s-slices O(Z)f near We

i i+1
and u-slices C(1)* near W*(0 < 1< 1) in the (° norm. Therefore, 7,(0) is in a ball
of radius 20(%)¢ centered at 0. 7,(0)—0 as ¢ — oo. Therefore, J;* is continuous
at (..., Up][ Uy, -..).

For (i), it suffices to show that J, £ J;*J, is well defined, single valued and
continuous on TN, since by Theorem 5.5, J,: TN — TU, is a homeomorphism.
Also, see the comment after Definition 5.3. It is now clear that we have to show
that J7J, is well defined, single valued and continuous on I7y[k, - oo].

N

TU,

J;

TZ,

Let 75 = (voy kiy oery Bgl[Koy oevy Ksy oo) €Iy[E, + oo]. Assume that %, 3% + oo
for all n. The other cases can be proved similarly. If ¢, edJ7 1J,v5, it is necessary
that 7.(0)e Dy,. Let Z{(k_,, ..., k_4][ko, ..., k;), denote the subset of D, such that
for each ze€ Z(k_;, ..., k_y1[ko, ..., %;), there exists a finite trajectory 7, with J, %, =
= (F_iy erey k310 vy &5) and 7,(0) = 2. Evidently,

F’“-‘TZ(‘IG_“ vy Kby ooy By) = Z(K_sy oy Ba]lkoy oony By)

We claim that 2(k_y, ..., k_11[kq, ---, kx_y) i8 contained in a set of s-slices C BLy(k)
(a set of u-slices C FM(BLl(IE))) in which the distance between any two of them is
< C(1)¥. This is clearly true for N = 1. For N = 2, the assertion follows from
FE5m Z(k_gk_y, ko, ki) = Z(K_ay k_s1[Ko, K1,
Fetm Z(k_y,y Toy1lkoy bs) = Z(k_ay ks, Kol[ky)

and the contractivenegss of F*1t™ on w-slices and F %™ on s-slices considered.
It follows by induction that the assertion is valid for general N. We have shown
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that
(5.1) OlZ(k_y, ooy k_ 1Ky, ..., ky_) Ca closed ball of radius <O (Y.

It is easy to see that 7,0)e [} ClZ(k_,, ..., k_41[ko, ..., k;). Similarly,

4,§>0

(5.2) To(—=1) € M) CLE(i_sy vy T i1k ny orny )
T,i>0

n
l=>k, +nm, n=01,...
=1

The right hand side of (5.2) is a singleton set since it is the interseetion of descending
closed sets with estimates (5.1). Therefore 7, is unique if it exists,

Conversely, define 7, formally by (5.2) on a sequence of infinitely many —I's
and choose the values of 7, between each of the —I’s and after 7,(0) by the map F.
We can verify that 7, is a trajectory in TZ and J,(..., k_,, ..., E_llkoy oony sy onh) ==
=dJ,7,. We start with

Frtbong (—1) = F™r () OLZ(k_sy ooy K_py][Kpy ory §5) C
i8>0
c N F™rn CLZ(E_sy vy b [ E_py oeey B5) C
bi>n
c) CLE™*n Z(k_yy ooy b a1 by vy j) =
Hi>n

=) CLZiiy e bn]lbmiay ooy K5 -

i,d>n

Since the last is a singleton set, all the inclusions are equalities. This proves
the consistency of the definition of 7, on the —’s. The only thing unpleasant is
that

T(—0€CLZ(k_sy oy by ][k iy ey K5)

not

TA—0€Z(k_sy ooey bnilllo_ny ey ;) .
But,

CLZ(Fo_sy evny kg yd[Fy ony i) COLZ[Ry vy 65) C BErs, vy Foys)

due to the continuity of the forward iterates of F. Therefore, the iterates of F on
7,(— ) must stay in the « body » for k_,, ..., k,_, times before leaving the « body »
for the «handle ». Since j can be arbitrarily large, v,€ TZ and J,(..., k_;, ..., k_i]*
Loy ooy kyy o0l) = J4 7,

The continuity of JiJ, follows from (6.1). This completes the proof of the
theorem.
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COROLLARY 5.6 (SIL'NIKOV [14]). — TN is homeomorphic to TZ, via the map
J3 = Ji—l Jg.

COROLLARY b.7. — Suppose the distance between U,,U;, 0<i<<j<m is positive.
Let J,77 = o9, p=1,2. Then, V() — 72(i) as ¢ — + oo (— o) if and only if
(@) = (i) for i>n (<n), where n is some constant.

ProOF. ~ Necessity is trivial. Sufficiency follows from estimate (5.1).

6. — Further consequences.

Throughout this section, we assume the hypotheses of Corollary 5.7 are satis-
fied. The above results are generalizations of the work of Sil'nicov [14] on diffeo-
morphisms in B, We generalized it to C* maps in Banach spaces, and refined the
argument by showing that the extended neighborhood and % can be associated in
such a way that all the frajectories in the neighborhood ean be symbolized pre-
cisely by TU, depending on k. Note that, in the notation of Sil’nikov’s original
work, trajectories in N, N, N*, and ¥, i.e., asymptotic to 0 in the positive diree-
tion, negative direction, both directions, and not asymptotic to 0 at all, are sym-
bolized distinctly. However, our work shows that trajectories in any of the four
subsets are dense, a phenomenon concealed by his original symbolization. To illus-
trate, we show that the trajectories that are asymptotic to 0 in both directions are
denge in TZ. Given v,€TZ, Ji7, = vy = (-r; U,y ey U, I[Us,y ovy Uy on). Lt
T = (eeey Uyy Uy, Uy voey Uy WU,y s Uy Uy, Uy, n)y 21 and 7809 = J;170,
By Corollary 5.7, 7{™ is asymptotic to 0 in both directions for each n>1. Further-
more, 7" — 7, sinee 7" > 7,.

All the significance of the symbolizations for diffeomorphisms discussed by
Sil’nikov and Smale hold true in our case. For example, there are countably many
trajectories that are periodic or homoclinic to 0 in TZ. TZ is topologically transi-
tive, i.e., there is a trajectory v,e TZ such that o"7,, # =0, X1, ..., is dense
in TZ. We infer that each trajectory in 7Z is unstable from the instability of TU,
since given any v, € TU, we can construet 7% such that 10(— oo, I] = 7,(— oo, I]
and 7(i) # 7,(3) for infinitely many 4> 1. From Corollary 5.7,

lim sup |79(5) — 7,()| > >0,

where 19 = J7 7 and v, = J7 17, ¢ is a constant independent of I. But 7P(0) -
— 7,(0) as I — co. This proves the instability of each trajectory.

The following is a counterpart to Smale’s invariant, Cantor like set near a
homoclinic point [16].
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COROLLARY 6.1. — There exist an integer k> 0 and a subset of trajectories TZ(k)
of F* in a meighborhood of O.x such that F* acting on TZ(k) is invariant and equi-
valent to the shift map on the doubly infinite sequence of two symbols.

PROOF. — By Theorem 5.2, it suffices to examine ¢* on TU. Let k>k + m be

any fixed integer. If, by the symbol s,, we mean {U,, ..., Uy} and the symbol s,,
ol
{Uy, ..., Ugy Uy, ...y Uy}, a subset of T'U is defined and is invariant under o*.
I-fold £
Comparing our results with other papers, one finds that the invariant set of tra-

jectories under /IF are discussed instead of the invariant set of points under F.
For F being diffeomorphic, define P as the projection P: 772 — Z, Pz, = 7,(0).
Then P is a homeomorphism from 7Z onto TZ(0) % P(TZ). IIF: TZ — TZ is
equivalent to F: TZ(0) — TZ(0), via P.

b

TZ(0) ——s TZ(0) .

Therefore, the symbolizations for the point set 7'Z(0), invariant under I is induced
from that of TZ, or F': TZ(0) — TZ(0) is equivalent to a shift homeomorphism
o: TU = TU.

Another interesting case is the appearance of a snap-back repeller named after
MAroTTO [10]. An expanding fixed point 0 of a C! map F: Z — Z is said to be
a snap-back repeller if there is a point &, € Wi, (0) with 2, 0, and an infeger n>1
such that F*(2,) = 0 and DFi(z,) is an isomorphism onto Z, for l1<i<n. It is
easy to see that there is a transverse homoclinic trajectory 77 passing through z,
and hitting 0 after finite iterates of F. And it can be treated as a special case of
Theorem 5.2 with Wy, (0) = {0}. However, the results are nicer if we consider posi-
tive trajectories 77 and vi. Let U,,.., U, be opon sets containing O, and
0e U, Let 8={U,.., Ust and k>0 an integer. A subset TU" cIly8 is
defined on 7} € TU" if and only if 1) and 2) but 3) of Definition 5.1 hold. TU" is
a topological space with the topology induced from I7y.8. The semishift operator
ot is defined on TU"' as ot vi(4) = 7 (i +1), ie NT. o is continuous, surjective
but not injective. Let TZ, clly.Z be the set of all the positive trajectories whose
orbits are contained in |J U,. TZ" is a topological space with the topology induced

0<ism

from ITy.Z. Let P be the projection from 7TZ* to TZ(0) % P(TZ")c Z, defined
as Pvl = 7J(0) € Z for any v} e TZ*. It is obvious that P is a homeomorphism.
Let Jy: TZ+ — TU" be defined as v5(i) = (J,7)(i) = U, if v7(i)e U;, 0<j<m,
i>0. '
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THEOREM 6.2. — Suppose F: Z — Z is C* with 0 as a snap-back repeller. Then

there exist open sets Uy, ..., U, and an integer >0 such that | U, contains the
0<i<m
homoclinic orbit and 0€ U,. Furthermore, J,: TZ, — TU" is a homeomorphism

and the following diagram commautes.

TZ*(0) ———E——> TZ%(0)

E
TZ* ﬂ Trz+

q
O.+

v+ 2> TU,.

The proof of Theorem 6.2 is similar to that of Theorem 5.2. One only has to
observe that the s-slices are points in Z and the u-slices coincide with Wi, (0). We
don’t ask that DF be uniformly continuous in the neighborhood of 0 since the
Ineclination Lemmas are trivially true in this case. We obtfain that, when a snap-
back repeller appears, the above symbolic dynamics ecan be used to discuss tra-
jectories, positive frajectories and invariant point sets in a neighborhood of the
homoclinic orbit.

7. — Chaotic hehavior.

We have shown that trajectories in TZ have very complicated behavior—the
motion of F?¢7,(0) is quite unpredictable except that it must stay in U, for at
least k iterates of F before leaving U, for the « handle». We shall show that this
kind of motion implies chaos described by Li and YoRKE [9],[10], [17]; that is,
it TZ is homeomorphic to T'U via J,, then there exists chaos in the following
sense:

1) There exists k> 0 such that for each integer p>%, F has a trajectory
of period p. '
2) There exists a subset of uncountably many trajectories CHAOS c TZ such
that,
a) for every 7, v € CHAOS with 7%= 7%,

2

(7.1) - lim sup [rP(@E) — 723@)| >0 ;

f—>F o0

b) for 7V € CHAOS and % being periodic in TZ, (7.1) is valid,
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¢) 7, 7¥ ¢ CHAOS implies that

liminf [7P() — +®(i)] =0 .

> 00

3) IITF(CHAOS) = CHAOS.

The ideas of the proof presented here are essentially from [9], [10].

PrROOF. — 1) Let k=% + m. Let

Ty = (..., repeat, U, ..., Uy, Uy, ..., U, repeat, ...)

p-fold

then 7, =J " v,€ TZ is a trajectory of F with the period = p.
2) Let

$o={Upy ey U}y  80="{Usy o0y Upy Uy, e, Uy}, b=k +m.

k-fold k-fold

For each w e (0, 1), choose an element 7“c TU, composed by s, and s, such that

Tze{(...;Sa_f;...;Sg_l][Sml;Saz;.n;saj;u.):
i . Bz, n7)
;=1 only if ¢ = +n? n=1,2,..; and lim T =0,

n—> 0o

where R:t(r:f, n?) is the number of «,’s which equals 1 for I<i<n®)(—ni<ig—1)
respectively.

Let CHS = {¢’7}: we (0,1), e N}. Evidently, ¢(CHS) = CHS. Therefore, if
CHAOS = J[(CHS), HF(OHAOS) = CHAOS. The assertion 3) is proved. In
proving 2), we only consider the case ¢ — + co. We first show that a) is true for

70 = J7N7%) and 7 = J(e'1¥), 7 0. Since w =« 0, there exist infinitely many
1ntegers n sueh that =y(kn’—1) = U,, o'v"(kn* —1) = 1%(kn® +j—1). If n is
sufficiently large, kn® -+j—1 is not of the form kl* —1 for any integer I; thus
o’ 78(kn’) 5= U_. This shows (7.1) is valid in this case. Obviously a) is also true
for 7 = J;%(0'2%), T¥ = J[(077Y), i % j. We next show that @) is true for T =
= J (0" 7) and 1‘2’ J‘l(o' ), w, % w,. Let B (z,, kn?) be the number of 7,(l)
which equals U, for 1<l<kn® We observe that

D4 1w 2
(7.2) Jim 2 (0T kn®)

n—>co n

For any given K >0, there exists an 1> K such that o®v™(l) o’ v%(l). Other-
wise, from (7.2), one would have w, = w,, contradicting the fact that w, = w,.
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The proof of a) is completed. b) Can be proved similarly. To prove ¢), notice that
for any 7, € CHS, the length of the successive i’s such that 7,(¢) = U, approaches
+ 00 as ¢ — + oo. Therefore, for 7, ¥ € CHS, the length of successive i’s such
that 7% = 7¥(4) = U, approaches —l—oo as ¢ — - oo. ¢) is true by (5.1). This
completes the proof of the existence of chaos.

The work of Li and Yorke indicated that Period 3 implies chaos in E. Marotto
pointed out this is not the case in R2. He proved that Snap-back Repeller implies
chaos in R". Our work shows that the transverse homoclinic trajectory implies
chaos in Banach spaces.

8. — Flows.

Noninvertible maps also arise form the Poincaré mapping of noninvertible flows.
The Poincaré map can either be the return map around a periodic trajectory for
an autonomous flow or the period map of a periodic flow. Both cases are discussed
in this section.

Let X Dbe a Banach space and T(t, s), £>s in R be a semigroup of nonlinear
maps in X. We assume that

1) T, s) is strongly continuous in %, s;

)

) T(sy 8)=1;

3) T'(t, w)T(u,s)=T(t,s), t>u>s;
)

4) There are constants «>0, k>1 such that 7'(f, s)« is C* jointly in ¢ and »

for t>s + .

Examples of abstract evolution equations with ¢ = 0 may be found in [4]. For
delay equations under some general conditions, « = ky, where y > 0 is the delay [3].

We say that T(4, s) is periodic of period w >0 if T(, s) = T(t + o, s + o).
If we do not assume that o is the least period, then we may assume o > «. The
period map F = T(w, 0) is then C* on X. If £(f) is a periodic trajectory of T'(3, s)
with the period w; that is, T(t, s)&(s) = £(¢), t>s in R, &(t + w) = &(3), then £(0) is
a fixed point of F. Conversely, any fixed point of F can be used to define a periodic
trajectory. One can define homoclinic trajectories of Z'(7, s) asymptotic to () in
the obvious way and relate them to homoclinic trajectories of F asymptotic to £(0).

We next assume that the semigroup is autonomous; i.e., T(t, s) = T(t —s),
t>s in R. Let £(t) be a periodic trajectory of least period o > 0 of T'(t), >0; that
is, T(t)&(s) = & + s) for all ¢>0, se R, £F + w) = &£@t) for all ¢ and &(2) # &(0),
0 < t< w. Replacing o by nw, we may assume o > «. Let X, c X be a codimen-
sion one hyperplane transversal to the periodic trajectory at @ = £(0). There exists
a neighborhood U of £(0) in X, such that for every » € U, there is a unique ¢ = ¥(z)
near o such that T(¢{(z))w € X;. The map F: U — X, is defined as F(z) = T(t())»
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and is C* It is clear that £(0) is a fixed point of F. Suppose x = p(?) is a homo-
clinic trajectory of 7(f) asymptotic to x = &£(t). There is a constant v > «/2 such
that for [t| > 7, # = p(t) is near the orbit of # = &(f) and intersects U c X; suec-
cessively as ¢ — -+ oo. Let ¢, = p(t,) and ¢, = p(ty), ¢, ¢ € U, with #, <<—7 and
t,> 7. F-g, and Frq,, n>0, are defined as the intersections of p(f) with X, and
agree with the definition of F given before. Obviously, Frg, — £(0) and F-"q, —
->£(0) as n — co. Assume that there are open sets U, and U,c U such that

U,NU,=06, ¢ U, and ( F"qg) N (U Fz"ql) c U,. We redefine F in U, as
n=0 =1

Fq, = ¢, and Fo =y for ¢ U, and y € U, such that » = T({(x)) « with a unique
t = (%) near ¢, —# > . This could be done if U, is sufficiently small so that the
flow issuing from U, meets U, transversely in a uniquely determined time { = #(z)
near #,—1t,. Thus, F: U;N U, - X, is O* with a fixed point £(0) and a homo-
clinic trajectory {F-rq,, F~q,, n>0}.

Figure 8.1

DerFiniTION 8.1. — Suppose T'(%, s) satisfies hypertheses 1)-4) and is either periodie
or autonomous. Suppose that x = &(f) is a periodic trajectory with the Poincaré
map F defined previously. It is said to be a hyperbolic period trajectory if

o(DF(£0)) N {|A] =1} =0.

Note that the map F can be different if we take other hyperplanes trangversal
to the periodic trajectory, e.g., in the periodic flow case, the section can be (#*) X
x X c RxT and the map is T(t* + w, t*). Thus, we shall justify that Definition 8.1
is independent of the Poincaré section chosen. Algo, if w < a, there is no unique
way to choose nw > o with integers n > 0. 'We shall prove Definition 8.1 is inde-
pendent of n.

The stable set W*(&(+)) and wunstable set W+(£(+)) of » = &(f) is defined in the
usual way. The existence of the local stable manifold Wi (&(+)) c W°(&(+)) and
local unstable manifold Wy (&(+)) ¢ W*(&(+)) in a neighborhood of the orbit of a
hyperbolic period trajectory z == &(t) shall be proved in Theorem 8.3.

17 = Annali di Malematica
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DEriNITION 8.2. — A homoclinie trajectory @ = p(f) of T(i, s) in a Banach
space X, asymptotic to a periodic trajectory @ = &(f) of T(t, s) is said to be a trans-
verse homoclinic trajectory if

1) the periodic 'brajectory.w = £(#) is hyperbolic;

2) for any sufficiently large pair s, ¢>0 such that p(—s)e Wy (&(-)) and
p(t) € Wi (&(+)), T(t, —s) sends a dise containing p(—s) in W}, (&(-)) diffeomor-

loc loc

phically onto its image which is transversal to Wi (&(-)) at p(¢).

Note that in the forgoing definitions Wj  (&(-)) = {&(*)} as well as & = p(¢) hits -
the orbit O,., at some finite ¢ is allowed. It is also clear that Wi (£(0)) and
Whoo(&(0)) of the fixed point £(0) of F are precisely the intersections of W (£(-))
and Wj,(£(-)) with the Poinearé section. Another observation is that & = p(?) is
a transverse homoclinic trajectory if and only if it induces a transverse homoclinic
trajectory on the Poincaré section for the fixed point £(0) of the map ¥. There is
a geometric explanation for Definition 8.2, that is, there are two narrow strips
locally diffeomorphic to W% (£(-)) and Wi, (&(-)) Tespectively (Immersed image of

1o(£(0)) X R and W;,(£(0)) X R, not necessarily injeetive), attached to o = p(t)
and intersect transversely along x = p(f). See fig. 8.2 for the illustration of the
unstable strip. :

v =p()

Figure 8.2

THEOREM 8.3. — Let x = &(t) be a periodic trajectory with the period >0, for
T2, ) satisfying conditions 1)-4). Then in both the following cases, T(t, s) = Tt —s)
or T(t, 8) = T(t + w, s -+ w), the definition of the hyperbolicity of x = &(t) is inde-
pendent of the integer n; nw > a, or the Poincaré section chosen. Moreover if T(3, 8)x
18 C* jointly in t, s and = for 1> s + a, the local stable and wunstable manifolds

toelE()) and Wi (E(+)) ewist and are C* submanifolds in X for the autonomous
case and in BXX for the periodic case. '
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Proo¥F. — Only the proof for the periodic flow shall be given. Let ¥, = T(n,0, 0),
F, = T(n,w, 0) where n;, and n, are integers with n,w > a, n,0 > a.

=7y *F,.
£(0) is a hyperbolic fixed point of F¢ if and only if it is a hyperbolic fixed point of

F, and F,. This shows that the definition of the hyperbolicity is independent of the
way the period is multiplied.

w=§ (t)/
Wiol®)
t s ‘

i W)
!
| Wiao(t) !
‘ Wi (%)
1
[}
Wi.(0)
, W:, (0)
!
Figure 8.3

Asgume that T'(§, 0) has &(0) = &(w) as a hyperbolic fixed point. The existence
of the local C* stable and unstable manifolds W; (0) and Wi ,(0) of T(w, 0) on the
section {0} x X c Rx X follow from Theorem 3.1. Periodicity implies that W} (o) =
= W (0) and Wi (o) = Wi, (0). Take a section {#*} xX and, without loss of
generality, assume that « <<?* and o« <<w —1* Let the stable and unstable sets
for @ = &(t), W*(£(+)) and W*(&(+)), intersect {#*}xX in W°(t*) and W"(t*). Obvi-
ously, Wu(t*) = T'(t*, 0)W*(0) and Ws(t*) = [T(w, t*)]"'W*(w). It is easy to show
that T'(¢* 0) is a C* embedding from Wi (0) into W*(@#*) with [T{w, 0)]*T(w, t*)
as the inverse. Therefore Wy () & T(t*, 0)Wy (0) is a C* submanifold in {#*} x X
and Wy (0) = T{w, t*)Wy (%), Also TWi (w) = DT{w, t*) TW,,(t*). Now let Yc X

be such that DT(w,t*)- Y c TW;(w). Y is a linear closed subset since TWi (w)
is. It is easy to see that Y @ TWj (t*) = X. We write v € X as # = (2,, y,) Where
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2, € TWy (t*) and y, € Y, and use the Implicit Function Theorem to solve T'(w, t*)-
b e(¥) C Wi (w). We obtain that

bo(8¥) = (E(%) + (21, 91): 2 = g(ys), g € CX(B;), g(0) = 0, Dy(0) = 0}

for some &> 0. Thus, W; (t*) is a C* submanifold in (#*) X X and TW; (t*) = Y.
The proof of the invariance of Wi (#*) and Wi (t*) under T(t* + w, t*) is easy
and is omitted. Estimates for the spectra of DT(#* + w, t*) on TW; (#*) and
[DT(t* 4 o, t*)]* on TW; (#*) can be obtained by considering

[T(* + w, )" = T(*, 0)-[T(w, 0)]** T(w, t¥)
and
[T(* + @, 1%)| Wig( )" = [L(o, t* )| Too(? I[T (0,0 IWIOC ]—n+1 [T¢* 0 lWloc(O)]

and using |o(L)|<lm (|L~|)¥» for a linear bounded operator L. Consequently,

n»oo
&(#*) is a hyperbolic fixed point under Z'(¢* -+ w, ¢*) and Wi (#*), W.(t*) are pre-
cisely the local unstable and stable manifolds under T'(#* + o, t*), due to the uni-
queness. Thus, the definition of the hyperbolicty for the periodic trajectory of
flows is independent of the cross-sections chosen.

The local unstable set of & = £(¢) is a neighborhood of ¢ = #* is determined by
WeES(EC)) ={(t T(, 0)a): te (#*—e, t* + &), we Wi (0)} CEX X,

for some & > 0. It is clearly a C* submanifold modeled on B xTWj (0). The local
stable set of @ = &(¢) in a neighborhood of ¢ = #* is determined by

igoc( )“{(ty?/ ( 7t)yc igoc(a)),tE(t*——S,t*+8)}CRXX,
for some ¢> 0. Using the local coordinates R XTWj (t*)x Y, and the Implicit

Function Theorem, one shows that Wi (&(+)) is a CO* submanifold modeled on
ExY=RxTW,,@*). The proof of Theorem 8.3 is completed.
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