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Abstract

~ Singularly perturbed equations naturally occur in many areas of
engineering, physical and biological sciences.

~ Due to different time scales involved in the equations, the sys-
tem can have internal layer solutions that exhibit fast and slow
behaviors.

~ Fundamental problems are the construction, asymptotic expan-
sion and stability of the layered solutions.

~ Lin: Construction and asymptotic stability of structurally stable
internal layer solutions, Trans. AMS 2001
~ Hale & Lin: Multiple internal layer solutions generated by spa-
tially oscillatory perturbations, JDE 1999




Introduction Systems of parabolic equations in fast-slow form,

up = ugy + f(u,v), ueR™, veR™
vt = vz + g(u,v), 0<zx<1, (1)
Boundary conditions at x = 0, 1.
Example 1 The z-dependent scalar equation

up = 2ugy + (L —u)(u—a(z)), O0<z<1,
ur =0, x=0,1,

a(z) € C®[0, 1] with a(z?) = 0, d/(z*) # 0 at points 0 < 2! < 22 <
o<zl < 1.

P. Fife 1974, Hale & Sakamoto 1988. Angenent, Mallet-Paret &
Peletier 1987.

Look for stationary solution, uy = 0. Near z = :ci, a(x) =~ 0, the
solution has internal layers connecting « = 0 and v = 1. Let
r=x'+ €€, v = du/dE:

O=u"4+ (1 —-uu, u = eus.




Angenent, Mallet-Paret & Peletier:

Total number of internal layer solutions: 2"
Number of stable internal layer solutions:
The rth Fibonacci number.

u=a(x)

-
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By letting v = x which satisfies

v = vzz, ©v(0)=0, v(1l)=1.

The equation can be converted into (1) with g(u,v) = 0.




Example 2 The activator-inhibitor model.

U = eQum; 4+ u — w3 — v, (2)
V¢ = Ugz + apu — aqv.
The stationary internal layer solutions satisfy
0 = 2u u,v),

0 =vgz + g(u,v), 0<z<1.
Al. f(u,v) = 0 has three solutions u = h4(v), u = hg(v) at I+, Ij.

A2. J(v) = f}?f(;%)f(s,y)ds has an isolated zero §:

J(y) =0, dJ(y)/dy <O.

A3 fu<OonI_and I4.

A4 g<Oonl_andg>0on I d%g(hi(y),y) < 0.

A5 gy <0 on I+.

T here exist one mono layer solution and many Multi layer solutions.
The stability of both mono and multi-layered solutions was first
proved by Nishiura and Fujii 1987.
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Describe the internal layer solutions for the two models:
~ f(u,v) = 0 has three branches of solutions u = h4(v), hg(v).
The branches u = h4(v) is stable for the reaction equation,

ut = f(u,v), where v is a parameter.

The branch uw = hg(v) is unstable for the reaction equation.

~ An internal layer solution (u(x),v(x)) stays near the two slow
manifolds u = h4(v) for most of the points . These z form the
regular layers.

~ Near a finite sequence {:z;i 7i, where the solution jumps between
the two slow manifolds. These points form the internal layers.
They are also the places where €Uy IS NO longer negligible.

A regular layer is an interval where the solutions u(x,e) converge
uniformly to a limit as € — O.
A singular layer is an interval where the solutions do not converge
uniformly to a limit as € — O.




In the singular layer near %, the stretched variable ¢ = (z — %) /e is
introduced. With the new variable u(&,e¢) converges uniformly to
a limit u(¢,0).

If ¢e =0, the u-equation becomes

The condition on the parameter v = v(z*) is that (4) must have a
heteroclinic solution connecting the two slow manifolds u = h4(v).

In the regular layers, when ¢ = 0O, v satisfies

vzz + g(h(v),v) =0, h(v) = ht(v), (5)
with boundary conditions at = 0, 1.
Let 29 =0 and 2" T1 = 1. Then v € C1[0,1] and v € C?%(z?, ' T1).
ver has a jump at z* because h(v) switches between h_(v) and
h_l_(?}).




Bifurcation of Mono-layer solutions
~ In the activator-inhibitor model, there is only one mono-layer

solution which jumps from near v = h_(v) to near u = hy (v).
~ In the z-dependent model, there can be r mono-layer solutions.
~ Internal layer solutions in both models are structurally stable
— solutions persist under small perturbations of f and g.
~ Bifurcation of structurally unstable internal layer solutions,

Hale & Lin, 1999:

O — EQU;Ux _I_ f(u7 oy + /BCL(.CU)),

0= Y ).

g(u,y) = apu — a1y

flu,y) = (1 —u?)(u—y) or u—u’—y.
By setting v = (y, ), it has two slow variables.

a and @ are parameters, 0<a <1, 8=1-—a.

When a = 1, unique mono-layered solution.

When a = 0, can have multiple mono-layered solution.

The number of solutions changes through saddle-node bifurca-

tions.
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Notations and basic lemmmas
u(x,€) = u(x,€), for z € R
uSt (€, €) = ule€ + 51376,6), for z € S°,

©.@)
u(x, €) = > ejufz(:c),
j=0

u’i (€, €) = > ejufz(:c)

j=0
Let O (I) = {u|u, v/, .. (™) e ¢y, (1D} with the norm

m
Iulley, = 32 l«Pc,
1=

11



We consider functions satisfying |u(§)] < C(1 4 [£)7)e 5.
We use the weight function

w(@) = (14 [¢)e™ ™, ~v20,j>0. (7)
Define the Banach spaces of functions with the weight w(&):

Er(w) = {u: R — R™u(-)/w(-) € Cp,(R,R™)}.
lull gy = sup{|u(§)/w(8)], € € R}.
ER(w) = {ulu,...,ul™ € E(w)}.

lull gy = o 149l pew)-
Similarly, EZY (w) and EZ' (w) are defined on RT and R—.
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Equation (8) is equivalent to system (9).

ue =v, ve=—f(u), u,veR" (9)
The phase space for (8) is (u,ug¢) € R?™.

We say

(1) p is a hyperbolic equilibrium for (8) if (p,0) is a hyperbolic
equilibrium for (9);

(2) u(§) is a heteroclinic solution of (8) if (u(§),us(§)) is a hete-
roclinic solution for (9).

We say equation

uge + A(§u =0 (10)
has an exponential dichotomy on an interval I C R if the system
ug — fl)g — —A(ﬁ)u (11)

has an exponential dichotomy on I. Here A(-) : I — R™*" js
a continuous matrix valued function. The stable and unstable
subspaces and the projections associated to such spaces of (10)
are the ones associated to that of (11).
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Lemma 1 If

f(p) — 07 RG{O'Df(p)} < —0op < Oa (12)
T hen
uee + Df(p)u =0 (13)

has an exponential dichotomy on R,

has n—dimensional stable and unstable spaces.

Then the exponential decay rate of solutions on the stable (or
unstable) subspace is \/o.

Example: v’ — k?u = 0, up = ekt, Uy = ekt
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Let W9 and WY denote the stable and unstable subspaces of
uee + D f(p)u = 0.
WS and WY are transversal to the Neumann boundary condition:

(u,v) e W N{v=0} = u=0,
(u,v) e W¥N{v=0} = u=0.

Let ¢(&) be a heteroclinic solution connecting saddle to saddle.
Then

uge + Df(q(€))u =0 (14)

has exponential dichotomies on R™ or R+ respectively with
n-dimensional stable and unstable subspaces.

(4(0),(0)) € RP,(07) NRPs(0T).
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Lemma 2 (Linear system in R¥)

Assume that

(1) q(&) approaches a hyperbolic saddle as & — +oco.
(2) w= 0 is the only solution to the B.V.P:

uge + Df(q)u =0, ug(0)=0.
(3) Let X be Eﬂ"&(w) or Egt (w), and g € X.

Then there exists a unique solution u € E]gfz(w) or Eﬂf'gfz(w) to
the Neumann boundary value problem:

uge + Df(QQu=g, £>0

Moreover,

lall g2y < CClgllgm ) + 6]zn).
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Let ¢q(&¢) be a heteroclinic solution to (8) connecting two saddles
pl and p2. Let X = ERt(w).

Define Lg: X — X with D(Lg) = ERt2(w) by
Lgu = uge + D f(q(&))u. (15)

Lemma 3 (Linear systems in R)

Lq is a Fredholm operator with Fredholm index zero. Assume that
dim Ker(Lq) = 1, then Ker(Lq) = span{q} and

Range(Lq) = {y}-. Here v is the unique nontrivial bounded solu-
tion for the adjoint equation, up to a scalar multiple,

Lip © e + DT (q(€))w = 0.

it ue x| [ vT©u©de =oy.

uee + Df(q(§))u =g, g€ ER'(w)
has a solution |u| < C((1 + |¢]9)e™%) if and only if

[~ w(©g©ds =o.
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Lemma 4 (Fredholm property in finite intervals)
Assume the same conditions of Lemma 3. Let W = (—,¢)7

where ¢ as in Lemma 3. Let &1 < 0 < &, g € [£1,&2], and ¢s €
RPs(&1), ou € RPy(€5) be two given vectors. Consider

Uge + Df(q(§))u =g, Ps(&1) (Z) = ¢s, Pu(&2) (5) = du.

The boundary value problem has a solution in [£1,&5] if and only if

VT(E)0:(61) VT (€2)02(62) + | fz 7 (€)g(€)de = 0.

If also < q,u > + < q,v >= 0, then the solution is unique and
satisfies
ul < C(|ps| + [Pul + 191),

where C does not depend on &1 or &».
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Constructing multi-layered solutions

up = 2uge + f(u,v), O0<z<1

vt = vzz + g(u,v), uweR™ veR"”

uz(0) = uz(1) =0,

Ajvz(j) + Bjv(j) =B85, j=0,1.
The Robin type boundary conditions on wv: Aj and Bj are n X n
diagonal matrices satisfying AgBg < 0, A{B1 > 0 and A]2-—|—BJ2 = J.

(16)

Stationary internal layer layer solutions:

0 = 2uge + f(u,v), 0<z<1,
uz(0) = uz(1) =0,
0 = vgz + g(u,v),

(17)

19



Preview how the solution looks like:

HETEROCLINIC BIFURCATION

Ficurs 1

Flaherty & O'Malley, loss of boundary conditions in singular per-
turbation problems
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Assumptions and existence of solutions
In regular layers, the e2ug,; term in (17) drops. The w-equation
simplifies to f(u,v) = 0.

(H1) (The hyperbolic slow manifolds)
f(u,v) = 0 has several solution manifolds v = h*(v), 0 <3 <, on
which we have

Re{ofu(h'(v),v)} <0, 0<i<r.
Piecewise smooth solutions for the boundary value problem for v:
vz + g(h(v),v) =0, O0<xz<1,
Ajvg(j) + Bj(j) =B85, j=0,1,

where h(v) = h'(v), 0 < i < r.
The flow on the r + 1 slow manifolds, each is related to one h':

(18)

Ve — W,

. 19
wy = —g(h'(v),v), ueR™veR" (19)
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~ There is a sequence {x%};’-’zl where switching from the (i — 1)th
slow manifold to the ¢th can happen.

Using &€ = (z — z4) /e, rewrite
e uze + f(u,v) =0,
ue = U, g = —f(u,v).

From (H1), the system has hyperbolic equilibria v = hi(v).
Assume that there is a smooth (n — 1)-dimensional surface X' in
R™ such that

We (R~ (w) NWH(R' (v)) # 0

iff v € 3! and the connection breaks transversely if v moves away
from X°.

22



(H2) (The codimension one take-off surfaces):
(i) For any ©* € X%, the following equation
uee + f(u, ") =0,
has a heteroclinic solution ¢%(¢), 1 < i < r connecting h*~1(7%) to

ht(oY).

(ii) There exists vg > 0 such that, in the region Re\ > —~g, the
only eigenvalue of the linear operator on U

Uge + fu(d'(€),v)U, U € L*(R)
IS the simple eigenvalue A = 0, corresponding to the eigen function

q(&).
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(H2) implies that the eigenspace is spanned by ¢*(£), and there is
a unique bounded solution zpi, 1 << r to the adjoin equation,

bee + f1(q"(€),0)¢ =0,
<y'q >=1.

The function zpi can be used to measure the gap between the un-
stable fibers of uw = h*~1(v) and the stable fibers of u = ht(v):

(H3) (Melnikov's method) The following vector

n' = [ 1€, T (§)ds # 0. (20)

Using Melnikov's method, if G*(v) is the gap function between the
unstable manifold at O— and the stable manifold at 04, then

n' = VG ().
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Constructing the solutions geometrically

vzz + g(h(v),v) =0, 0<x <1,
(v{l, wl, z) satisfies a first order system:
dv

o _
d :
= —g(W@)v), 0<i<n (21)
dx

dt

Y

I_iz{(v,w,w)ER”XR”XR,UEZZ}, 1 <7<,
0 — {(v,w,x) : x = 0},

rr+1— {(v,w,z) : x =1},

So = {(v,w,x) : Agw + Bgv = B, x = 0},

S1 ={(v,w,z) : Aqw+ Biv = [1, x = 1}.
A solution (v, w,z) must start at Sg and end at 81 and switch from
uw = hi~1(v) to hi(v) at each switching point pz = (fuo (:co) Wy (:UO) :UO)
on [,

25



Finding the switching points:
~ Method 1: Assumed that the slow flow is transverse to each I,

Then a Poincare mapping P! : I — r+t1 0 < < r can be defined.
A shooting method can be used to find the switching points.

Problem: There are some structurally stable internal layer solutions
that cannot be found by the shooting method.

26



~ Method 2: Define pseudo Poincare mappings without assuming
the transversality of the slow flow to %

27



Let the solution of in the ith slow manifold be ®i(z). Let SO = &;.

o def

U{®(@) - 82, > 0}
is an (n 4+ 1)-dimensional smooth manifold. Assume that M9

intersects ! transversely. St € MO h s an n-dimensional
submanifold of M. The procedure of associate the sets S° — S1,
denoted by 7?0, IS @ mapping between two sets. The mapping PO
will be called a pseudo-Poincare mapping.

We now proceed inductively. Assume that an n-dimensional sub-
manifold S C I'* has been defined. Assume that:

(H4) The flow @%(-) is transverse to St , 1< i <r.

From (H4), M det U{P!(z) - S, x > 0} is a smooth (n + 1) di-

mensional manifold. Assume that:
(H5) Mt il

28



Assumption (H5) implies that
St Ll \gi it

is an n-dimensional smooth submanifold of M+1.
With (H4) and (H5), the pseudo-Poincare mapping

pi. st gl

IS locally uniquely defined. We assume that:

(H6) The image of SO under the composite mapping:
pr...pl.po

intersects transversely and nonemptily with &1 in rr+1,

(Wi (1),wf1) =8 nP"-..PL.POSO,

The switching points ' € I'* can be obtained by applying the
inverse mappings of P, ... ,PO to Si"‘l N &1 successively.

The solution (v, wfl,z) of (21) can be computed by using ®¥(x)
between these switching points.

29



We have found a sequence of points
rd=0<af<ad< - -<ah<l=alt!
: R 1 R cofi i+1
and a solution vg" € C([0,1]) of (18). vy € C>®(=xp,zy" 7).
vl may have a jump across z.

The union of the regular and singular solutions,

ug = hi(fu(])%(ac)), fu(]):i = vé%(:c), for x% <z< x%—l_l, 0<i<r,
(for € € R, 1<i<r,

Si i Si __ =i + .
Uo—Q(g),’UO — v, <fOr£€R, 7’_07
for{e R, 1=r+1,
forms a singular internal layer solution. It is the Oth order expansion
for a multiple internal layer solution.

From (H1)-(H6) we can show for ¢ > O but small, there exist a
true internal layered solution near the singular limit.

30



~ Method 3: Consider mono-layer solutoins of the system:

k
up = 2ugy + Fu,y + —sin(wz + b)), O<z <1,

w
Yt = yzz + 0G(u, y), u, y € R, (22)
Uy = Yy = 0O, xr =0, 1.

Let v = (y,x). The stationary solutions of (22) satisfies

0 = 2uzr + f(u,v),

0 = vz + g(u,v),

ur =y =0, x=20, 1,
z(0) =0, z(1) = 1,

where

f(u,v) = F(u,y + Esin(wz + b)),

9(u,v) = (“G%“y) .
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dy/dx = z,
dz/dx = —oG(h(y + Zsin(wz + b)), y), (23)
dr/dx = 1,
where k = 0, h = h_ if x < zg, h = hy if x > zg. Obviously,
(ydh, 28t ) where 2 = y{t is a solution of (23). Let

Mo = {(y,2,z)|z = 0},
M ={(y, 2z,2)|y = 7},
|=_2 = {(y, z,z)|z = 1}, (24)
0 ={(y,2,z)lz =0, 2 =0},
S1={(y,z,z)|lz =1, z = 0},
N ={(y,z,z)|x = zg}.

Denote ®_ the solution map of (23) with h =h_ forall 0 < x < 1.
Denote & the solution map of (23) with h = hy forall 0 <z < 1.
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Let

M_ = U{®_(2,0)Sp[0 <z < 1},

My = U{P 4 (2,1)51]0 <z < 1}
Let ug = M_nNM, uy = M_nNTM. Note that the matching point
o = (y§(z0), 2§ (z0), z0) € po N 1.

M

]|

y y
Mo \

/ Z

x=0 x=1 X

T he transversal intersection of ug and u1q
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Poincare mappings induced by the slow flow
It is difficult to find the sub-manifolds S_ and 5.
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S1
C M.
[
y Z
[
y X
M.
So
o

x=0

T he switching point is determined by the intersection of a
slow-switching curve and a fast jumping surface.
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Determine the switching point for small £ = 0O
The slow manifolds are graphs of

u=hy(y+ ESin(cu:z: + b)).
W

k# 0and h = h_ if z < af, or hy if 2 > T, where z' is part
of the unknowns. The switching points are determined by the
intersection of a fast jump surface and a slow switching curve.
~ The fast jump surface for k # 0 is

_ k . ~
F1 = {2, 0)ly + = sin(wz +b) = 7

Due to the fact J(g) =0, if y + gsin(wx + b) = y then equation

uee + F(u,y + ESin(wa: + b)) =0,
w

has a heteroclinic solution q.

~ The slow switching curve C dzef/\/l_ NM,. The slow flow has to
switch from u = hO(v) to hl(v) at some p € C in order to satisfy
boundary conditions at x =0, 1.
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Express C as Cl functions

C=U{(y,z,x)|z = 2"(y,b),z =a"(y,b), §— T <y < g+ T}

Since M1 is flat in the z direction, prot it in (x,y) plane.

Several possible intersections of C and M1 are depicted in the fig-
ure. It follows from Lemma 14 that if k/w is sufficiently large, then
a%a;*(y,b) <Oforallye (y—T,y+T). The non transverse inter-
section of '1 and C can occur at the part of I'; that is decreasing.
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y
flow zy- = sm(oox+b)

¢3 @

X=X (y.b)
X= X(y b)
y
y=y- -sm(wx+b)

N
[VARN SRV

(H4)-(H6) are not satisfied at the tangential intersections corre-

sponding to ¢1,¢o> but are satisfied at ¢3, 94 where the flow is
The internal layer solution is stable at ¢s5, 97 but

tangent to .
unstable at ¢g.
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~ First assume that k is sufficiently small so that

o 1
5, W0 < 1
forally—T <y <y—+7T. Since the maximum of the slope of Il is
k, MC intersects M1 transversely at a unique point p = (yT, 21, zT)
for any b € R.
~ Next, assume that k is sufficiently large so that
o 1
5,7 0> 1.
forall y—T <y <y—+1T. TIC can intersect with N1 at multiple
points.
The intersections of C and My correspond to solutions of the equa-
tion

k
;Siﬂ(ww*(y, b) +b) +y=7.

Let ¢ = wx™(y,b) +b. With ® as a parameter on NI{, the inter-
sections correspond to zeros of the function

&(6,5) (G- Zsing,b) +b— =0,
w
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For each ¢ € R, there exists a unique b = b*(¢) such that & = 0.
Moreover, b* is a C1 function of ¢ with

Ob* ox*,_1 ox™
= (1 1+ k& COS ). 25
5o = (1w )Tk cose) (25)
Condition C th 1 becomes db*/0¢ 7% 0, or equivalently,
%k
14 k%x cos ¢ # 0. (26)
Y

Consider one period ¢ € [-3n/2,7/2] for the time being. For
¢ € [-3n/2,—7/2), cos¢p < 0, (26) is valid. The left hand side of
(26) is positive if ¢ = —7/2, but is negative if ¢ = 0. Therefore,
it is easy to see that there exist ¢1 € (—%/2,0), ¢> € (0,7/2) such
that

ox™

dy

Using the fact that % IS almost a constant, it is easy to verify
that ¢1, ¢o are the only points in [—-37/2,7/2] that do not satisfy
(26).

1+ k cos¢; =0, j=1,2. (27)
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The eigenvalue is A(e) = ¢/A; with A\g = 0.

A = [|d]| 72T (D) (Y(x) — 2§ (x) + Xk cos(wz + b) — kcos(wz + b))
= |4l 2T (H) (Y(z) — 25 (z) — k cos ).
~ When k is sufficiently small, then A1 < 0. Our result agrees with
that of Nishiura & Fujii 1987 where k = 0.
~ When k is sufficiently large, the stability depends on the parame-
ter ¢. If o1 +2vm < ¢ < ¢po + 2um, v € Z, the internal layer solution

solution is unstable (A1 > 0); If ¢go +2vm < & < ¢p1 + 2(v + 1),
then the solution is stable (A1 < 0).

Theorem 5 \; = nl . Av where nl is the normal of the surface
>1 asin §3 and (Av, Aw,—1) is a tangent vector of M_ NMy at
(vi(z0), wi(xg),z0). Let N = (n!,0,0) be a normal of I'l. The
result can also be expressed as

A =t-N.
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(i) When b = b*(¢;) + 27v, j = 1,2, the intersection of C and 'y is
nontransversal, and saddle-node type bifurcations may occur.

~ Analysis of bifurcations caused by moving b through critical val-
ues is completed in Hale & Lin 1997.

(ii) If C is oriented with the positive direction pointing to the de-
creasing of z, then \; < 0 if C passes through { from below;
A1 > 0 if C passes through F{ from above. This interpretation
agrees with Theorem 10.

(iii) From Figure 7?7, we see that at the intersections correspond-
ing to ¢ = @3, ¢4, the flow of (23) is tangent to My, however, the
internal layer solution is structurally stable due to C h F'{. These
solutions will be missed if one insists that the flow must be trans-
verse to M.
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Critical eigenvalue and eigenfunctions

SLEP method, Nishiura and Fujii 1987:

Stability is determined by r critical eigenvalues \(e) = e\1 4+ O(€2),
where r is the number of internal layers,

A1 is an eigenvalue of the so called SLEP matrix.

Eigenvalue problem of the internal layer solution:
AU = 2Uzpz + fuU + £V, (28)

Lemma A (Nishiura and Fujii): The critical eigenvalues of the
operator

€2Dzr:zr: + fu, wp= Zej,uj, po = 0,

is not equal to the critical eigenvalues of (28), (29).
More precisely, A\{ # u1.
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By Lemma A, U can be solved from (28) and substituted into
(29). This yields the reduced eigenvalue problem

AV = Viw + gu() — €2Daz — fu) T foV + go V- (30)

The SLEP matrix is derived from the above. A\{ < 0 is proved by
studying the eigenvalues of the inverse of the SLEP matrix.

Problem: There are examples where pu1 = A1.

~ Asymptotic method can be used to compute the critical eigen-
values without using the Lemma A. Our approach can be used on
some systems not covered by the SLEP method due to Nishiura
and Fujii 1987, Nishiura 1994, Sakamoto 1990.
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T he critical eigenvalue and eigenfunctions are determined by three
factors:

(1) A system of differential equations;

(2) boundary conditions in boundary layers;

(3) and the matching conditions.

(1) In regular layers,

MU (e) = €U (E)az + full (€) + fuV (e), (31)
A(e)V(e) = V(€)zz + gulU(€) + gV (e). (32)

In singular layers, using the stretched variable & = (z — z'(€)) /e,
AU (e) = U(e)ge + ful(e) + fuV (e), (33)

XV () = V(e)ge + € (gulU(€) + gV (€)).

Let W = V,. Convert the V equation into a first order system:

Ve(e) = eW(e), (34)
Wf(e) = —eguU(€) — eguV (e) + eX(e)V (e). (35)
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Denote the expansions in both regular and singular layers by

0@ @)

U(e) = > erj, Vie) = > ejVj,
7=0 J=0
Wo(e) =V /e= Y dWP(E).
j=0

We can prove VOS(g) — 0, thus no ¢ 1 term in the expansion of

(2) The boundary conditions in the boundary layers are
Ugy(x,e) =0, forx=0,1,
AJW(]ae)_I_BjV(.]aE) = 0, J=20,1,
where W = V,.. Expanding in the powers of ¢, we find for all 3 > O:
UZ(0)=0, i=0,r4+1,
AoW30(0) + BoV;°(0) = 0, (36)
AW 0) + BV (0) = 0,

Using W5(&,¢€) = VE(€,€) /e, we have W = VS . . in the above.
£ J J+1.&
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(3) Exponential matching principles
Inner expansion of outer layers
Let U be the outer solution in one of the regular layers adjacent

to z. The inner expansion of U is denoted by TF.
(XD '~R R (XD . .
%:eJUj (&) =U (203 el + e, ),

D IVIE) = VRl + € €).
0 0
The exponential matching principle

Tfe) —UF O+ 10 - Ui©) < c@ + |ghe ™ (37)
V@) - VIO + V) - viE© <o+ [gf)e Bl (38)

Let ZejWJR(g‘) denote the inner expansion of W1, (38) is equiva-
lent to

V) - VA©I+ W) —-wP el <c@+ el (39)
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(1) The °-th order expansion: Since \(e¢) is critical, A\g = 0.

In regular layers, from (31), (32),

JuUp + foVo = 0O,
Vozz + 9uUo + gvVp = 0.
Therefore, Ugpg= —fglfUVo,

Vozx — (gufu_lfv — gv)Vo = 0.

In singular layers, from (34), (35)

Uoge + fulo + fuVo = 0O, (40)
VOS — O,
Woe = 0.

The last two equations imply that V§ and W§ are constants in
singular layers. Form the matching principle,

[Vo'l(zp) = [WEl(zp) =0, 1<i<r
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The boundary conditions for VOR are

We need the following hypothesis,
(H7) If V e C1([0,1]) N C2((a}, 5t 1),0 < i < r, then V =0 is the
only solution for the following boundary value problem:

Vez — (gufu_lfv —gv)V =0,

AVe()) + B V() =0, j=0,1. (42)

We comment the if (H7) is not satisfied, then the regular eigen-
values, which solve the reduced eigenvalue problem (71), will have
A = 0 as a root. In this case, asymptotic expansions of critical
eigenvalues are quite different and will not be touched in this pa-
per. In §7, a stronger assumption (H9), which implies (H7), will
be imposed to ensure that the regular eigenvalues are in the region
Rel < —y < 0.
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From (H7), we can prove the following lemma:

Lemma 6 Assume that V satisfies

Vex — (guqulfv —gv)V = Ejq,

[V1(zh) = Ea,

[Vl (xzo) = FE3,

A;Ve(§) + BjV(j) = Eaj, j =0, 1.
Here Eo, E3, E4; € R", By € C((z},2'T1)), 0 <4 <r and has one-
sided limits at the boundary points. Then there exists a unique
piecewise C? solution V € C1([0,1]) N CQ((:cg,xio"'l)), 0<i<r.

(H7) = V&£ =0 o0n [0,1], = V¥ =0 in all the singular layers.

Vg = 0= U§ = ci¢* in the ith singular layer.

When i = 0 or r+ 1, U5* = ¢° = 0, which satisfies the Neumann
boundary conditions.
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To summarize,

0]
Set cH

Ao = 0, critical eigenvalue,

Vit =0, Uf* =0, in regular layers,

VOS = 0, U@g = cgqi, in the ¢th singular layers.

__ r4+1

= 1, but {c4}; remain to be determined.
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(2) The el-th order expansion:

In the regular layers, since A\oU{* + A\ UL = 0 = MgV + A VI We
have,

fuU + foVit =0,

Vlfzzc:v + guU{{ + gvle = 0.
Therefore, U{* = —f, 1, Vi,

VlRéz::c — (Qqu,L_lfv — gv)le = 0.

In the ith singular layer, the equations for (U7, V{?, Wy) become
Aichi' = Ufee + fuUT + foVi + ch(fuud'ni + fuvd'v?),  (43)
Vi, =w =0, (44)
WS = 0 US — a VS = o dgi 45
1e = —9uU§ — 9oV = —gucpq . (45)
From (44), (45),
Vi = constant = V{¥(z}),

W(00) ~ Wi(-o0) = ~ch [ gud'(€)de, 1<i<r
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Let M? = g(q*(—00),7%) — g(q*(c0),v%). By the matching principle,

Vi (zp) =0, (46)
VE(2h) = chM".

In the boundary layers, ¢ = 0,i = 0,7+ 1. Thus (V{°, Wy) are
constants solutions in the boundary layers. VlR satifies Aij(j) +
B;V(j)=0, j=0,L.

Motivation: The Vi is driven by the jump of V; at z},.
Define V!, 1 < i <r to be the solution of (42) that satisfies

[V](zg) =0, for all v,
[Va](zp) =0, for all £# 4, (47)
[Va](zh) = M.
,r . .
vit=3Y" vl (48)
1

by the superposition principle.
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To find a solution UP = O(1 + |¢]|) for (43),

Achi' = Ulee + fuUT + FoVi + cb(fuud'ui + fuvdv?),

the nonhomogeneous terms must be in the range of a Fredholm
operator.

Define Lqu = uge + D f(q(€))u.
Lq is a Fredholm operator with Fredholm index zero. Assume that

dim Ker(Lqg) = 1, then Ker(Ly) = span{q} and Range(Lq) = {1}~ .
Here i is the unique nontrivial bounded solution for the adjoint
equation, up to a scalar multiple,

de f

Loy = ee + Df(q(€))y = 0.
Wit we x| [~ vT©u©ds =0},

Ach < ¥ ¢t >=< Y [V 4 & (Fuud'uf + Fuvdivr) > .
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The above can be simplified using integration by parts as follows:
=3§(fuw1g + fv’Uig) - fuufg — fv’Uiqg
=0¢(~ulee) — fuule — fovle
= — {(uT)ee + fuluie)} — fuvle.

The term in the {} is in the range of a Fredholm operator, thus

T herefore,

< W} (fuuqzuf + fuvqivig) >= —< ¢ia fvvigg > . (49)

oA < ', >=< ', fo(VH — chuie) > .
Recall that < %% ¢ >= 1, n’ =< ¥ f, > and V{° and vfg are
constants, we have Cf)>\1 = n’i.- (Vi — chvie). Using vi, = wg =
wlo[g(:c%) = vg“x(:c%), Vlsz = VlR(:c%), we have

chr1 =n' - (Vi(2h) — chol.(2h)). (50)
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From Vit = Y1 bV, equation (50) becomes:

Acg=n"- () cévf(a;g) — c%w§(:c6))
=1
i=12 - 7
Define the coupling matrix A = (a;p)rxr by
ajp =n' - (VEi(zh) — ;08 (xh)). (51)
A is precisely the SLEP matrix by Nishiura & Fujii derived using
the SLEP method.

We see that A1 is an eigenvalue while (c},c3, -+ ,c5)™ is an eigen-
vector for A.
1 1
€0 €0
>\1 = A :
T T
€0 €0
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To construct higher order expansions, we may use any of the r
eigenvalues and the corresponding eigenvector of A. With such X\q
and (cj,c3, -+ ,ch), (43) has a solution |U| < C(1 4+ |¢]) which can
be written as

Uy = 27 + cid'.
Here < qi,Z{ >=— 0, and the parameters {c’il}q remain to be deter-
mined.

Finally, in the boundary layers, (43) becomes

Ulgg + fuU1 + foV1 = 0.

With Vls already obtained, there exists a unique solution Uf =
O(1 4+ |£]) in the boundary layers. See Lemma 2.

Quiz: If U;(€) = O(1 + |€]) — oo as €| — oo, then how can

@)

> U

J=0
be an asymptotic series?
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We summarize our result in the following theorem:

Theorem 7 Assume that (H1)—(H7) are satisfied, than the as-
ymptotic expansion of critical eigenvalues A\ and eigenfunctions
(U, V) can be obtained up to el. )i is an eigenvalue for the cou-
pling matrix A. The associated eigenvector {cg}? provides infor-
mations about the eigenfunction (U,V), which satisfies U§ = 0,
VR =0 and V{t = S 4V in regular layers; and U5 (¢) = cbg'(¢)
and Vi = 0 in the singular layer at x}.

Assume that (H8) is also satisfied:
(H8) \q is a simple eigenvalue for the matrix A\ — A. (The Jordan
blocks of \I — A corresponding to \1 are of order 1.)

Then the higher order expansion of critical eigenvalues and the
corresponding eigenfunctions can be obtained by a recursive pro-
cedure to any power of e.
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(3) The ¢-th order expansions, j > 2:

Assume that we have computed

)‘07>\17 t 7>‘j—1°

We have obtained in regular layers:

U07U17"' 7Uj—17
V07V17"' 7‘/]'—17
Wo, W, --- 7Wj—1'

In singular layers, we have computed all the above except for UJS_l
which, in the th internal layer, has the form

Uity =c 1"+ 20y, <d'Z'_y>=0.

Assume that Z§—1 has been determined but cf;._l is still a free para-

meter. In the ¢/-th expansion, we will determine X;, {¢}_1}7, V}, W;
and UJR. We will determine Uf up to chg".
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Definition An eigenfunction (U(e),V(e)) is called a normalized
eigenfunction if the corresponding parameters {cg.}f'i satisfy

Tr

Y (ch)? =1,

1=1
(C%ac[%?"'7CE)J—(C%7037"'706)7 > 1.

It is not hard to verify that if (U(e), V' (€)) is a normalized eigenfunc-
tion, and if a(e) = Zejaj is a scalar series, then (a(e)U(e), a(e)V (e€))
is the general form of all the eigenfunctions. In the sequel, we will
assume that the eigenfunctions are normalized.
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In the regular layer, since A\g = 0 and Ut = Vit =0,

UG 44+ XUt =t-0-t,
NVEE4 o+ XVii=1t0-t.

T herefore,

U+ foVii=t-0-t,
]a:a:+9uUR+gvVR—€ o-t,
UR —f V40,
Vit = (gufa M fo—g)Vii=t-0-t. (52)
From (H7), VR can be uniquely solved for if the boundary condi-

tions at x = O 1 and the jumps across {xo} _1 Can be found. The
jumps can be found by matching the internal and regular layers.
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In the ith internal layer, since UJS_l — cg._lq'i + Z;._l and V& =0,
MU 1+ NUG = cj1dad’ +codd +E-0t,
MoVP 4+ \VE =L-0-t.

()

c '_1)\1@i + 076 ng

J . . . .
= Ul + fuU7 + foV + fuuc’_qd"u1 + fuvch_1¢'v1 +£-0-t.
(53)
sz — WJS—l’ (54)
WJ% = —gquU]S_l — gijSll +£{-0-t,
= _C;'_lguqz —I— l-o- t, (55}
§
VPO =V + [0t (56)
& y
WH©) = WP (0) + [ (=cj_19ud) + -0 1, (57)
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Notice that (VjS,W]S) behaves like a polynomial of degree j as
&] — oco. The matching of higher powers of £ can be proved by
induction, see Lemma ?7?7. We only have to match the constant
terms. Integrating from & = —oo to oo, and applying the matching
principles, similar to (?7?) and (?7), we conclude that for 1 <i <r,

VI (zh) =20t

(Witl(zh) =cj_ 1M +¢-0-t.
In the boundary layers, since ¢: = 0,3 = 0,r 4+ 1, from (56), (57),
and the matching of outer and inner layers, we have

Vi 0o+) = V7O(0) + €0 t,

wH(0+) =w;y%(0)+ -0 t.
Therefore the boundary condition at x = 0 can be obtained,

AoW{H(0) + BoV(0) = ¢ -0 t.

Similarly, at x = 1,

AW () + BV (1) =¢-0-t.
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With all the boundary and jump conditions, based on (H7), we can
solve for VjR from (52). Using the superposition principle and the
basis functions {VCZ'}, we can express the solution as a function of

{03—1}7i-
T . .
VE=3c Vit ot (58)
i=1

In order to have a solution |U?'| < C(1+[¢)Y),1 < i <r for (53),
the nonhomogeneous terms must be in the range of a Fredholm
operator, see Lemma 3. This leads to

coNj + i x =<t VP + &by (fuud'ur + fuvd'vr) > +E- 0t
Using integration by parts similar to (49),
cio)\j + cé-_lAl =< ¢, fU(VjS — cé-_lwé%(m%)) >4L-0-t. (59)

From (56), we then have,

coNj + ci_1x1 =< ¢, fu(VP(0) — ¢ _qwli(ah)) > +L-0-t.  (60)

04



By the matching principle and (56),
VP(0) = Vii(ap4+) +¢-0-t.
Thus
c%)\j + c;_lAl =< ', fU(VjR(a:%—I—) — cé-_lwé%(x%)) >4f-0-t. (61)
Using (58) we have

. . . r . . .
coAj tcj_1A1 =mn"-( > cﬁ_l\/cg(:czo) — c;-_lwé%(:v%)) +4-0-t.

/=1
In the matrix form,
1
¢j—-1 0
(M —A) : =Xj|:|+£-0-t (62)
T T
Ci—1 0

We need the following hypothesis.
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(H8) )1 is a pole of order one for the matrix A\I — A. (The Jordan
blocks of \I — A corresponding to A1 are of order 1.)

Remark 1 If (H8) is not satisfied, then A(e) may not be expanded
as integer powers of €. A discussion of asymptotic expansions for
eigenvalues of an e dependent matrix can be found in [?].

Condition (H8) is always satisfied if all the eigenvalues of the cou-
pling matrix are distinct, which is certainly true if mono-internal
layer solutions are considered.

Based on (H8), (¢}, -+ ,ch) is not in the range of A1 — A. (62)
uniquely determines A; and {c;-_l}r, due to the normalization

(} 177" ; 1)J—(Cg—)7"' 66)
It is clear with such X; and {cj 1+1, we can uniquely find ZZ =

O(1 + &), < ¢, Z’L >= 0, such that the solution for (53) has the
form in the :th mternal layers:

Uy =

7 Z]+CJQ7
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VjR then comes from (58). VjS comes from (56). After obtaining
VjS, in the boundary layers, since qi =0,:=0,r4+ 1, the equation
for UJS becomes

Usee + fullf =€ -0 t.

Since the right hand side is of O(1 + [£)7), the above equation
with Neumann boundary conditions can be uniquely solved for a
solution U = O(1 + |¢]9) in RT or R~ respectively for i+ = 0, or
1=r—+ 1. See Lemma 2.
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Mono layer solutions and a geometric method

We first introduce a geometric method to determine mono-layer
solutions. We show that the geometric method also determines
A1, hence, the stability of the mono-layer solution. In the end of
this section, we comment on the relation of our approach with the
geometric singular perturbation theory.

Let ®_ and & be the solution maps of (21) where h = hO and
h = hl respectively for all . Since ®_ and ®_ are transverse to
0 and M2, the following are (n 4 1)-dimensional manifolds,

M. = U{o_(2)Sol0 < = < 1},
My = U{CD_|_(:U —1)S51|0 <z <1},

Lemma 8 If (H4)-(H6) are satisfied, then M_ intersects with M
transversely. The intersection C is a smooth one-dimensional curve
that satisfies C L.
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Conversely, if M_ m My and the intersection C satisfies C hrl
then (H4)-(H6) are satisfied.

proof Denote p = (vT,w', zT) the intersection of C and 'l. Since
! is of codimension one, if ToM_ N ToMy is two dimensional,
then there exists a nonzero vector

Therefore, a € T@Sl. From (H5), the flow at g is transverse to
Sl. The derivative of the Poincare mapping Pl will send a to a

vector in the tangent spaces of both S2 and S;. From (H6), it
must be a zero vector. The contradiction shows that M_ m /\/l+.

We now show that C h L. Assume a vector a € T,C C T, then
as the above, a € Sln /\/l+. Thus, as before, a = 0. This shows
that ch It

The converse of the lemma can be proved by a similarly elementary
argument and will not be given here.



QED

The curve C dzef/\/l_ N M is called a slow switching curve since
the slow flow has to switch from u = h%(v) to hl(v) at some p € C
in order to satisfy boundary conditions at x = 0,1. C is not a
solution curve of (21) if the slow equation has a jump causing by
hO =+~ hl.

We have obtained the following theorem.

Theorem 9 Assume that (H1)—(H3) are satisfied and C th 'l at
some nonempty point o = (vl,w',z"). Then there exists a singular
mono-internal layer solution with the internal layer at x = ' and
(v(z"),w(z")) = (vI,w!). Moreover, the asymptotic expansions
of the mono-internal layer solution to any powers of € can be
calculated recursively as in §3.



Let (Av, Aw,Ax) be a nonzero tangent vector of C at p. We can
show that Az # 0. For otherwise using (Av, Aw) # 0 as an initial
condition at x = xg, the linear system

Vgc — W,
Wy = (gufu_lfv — gU)Va

where h = kO if £ < 0, h = k! if > zg, has a nontrivial solution
that is C1 on [0, 1]. This is a contradiction to (H7).

After rescaling, assume that t = (Av, Aw,—1) is a tangent vector
of C at p. We have the following simple result.

Theorem 10 \; = nl! - Av where nl is the normal of the surface
>1 asin §3 and (Av, Aw,—1) is a tangent vector of M_N M at
(v (z0), wl(z0),z0). Let N = (n!,0,0) be a normal of I't. The
result can also be expressed as

A =t-N.



proof Since there is only one internal layer, we drop the super-
index 1 = 1 for the layer. Let (V., W,) be a solution of the system

(42) with
[V](zg) = 0O,
[W](z0) = g(q(—00),v) — g(q(c0), ).
Then
(Ve(zg), We(zg—),0) € ToM_,
(Ve(z0), We(zo+),0) € TpM .
The following two vectors are equal,
(Ve(zo) — wh(z0), We(mo—) + g(q(—00),7), —1)
= (Ve(wo) — wl(z0), We(zo+) + g(q(00), ), —1). (63)
It is clear that

(—wl(z0), g(q(—00), D), -1) € TpM_,
(_’wg(x())a g(Q(OO)a 7—])7 _1) S T@M—I—a



since they are flows of ®_ and &_ respectively. Therefore the
common vector in (63) is in

Thus, we must have V.(zg) — wé%(:co) = Awv. The desired result
now follows from Theorem 7 where

A= (a11) = n' - (Ve(zo) — wi(z0)) =n' - Av.
QED

A similar theorem can be stated for the existence of a singular hete-
roclinic solution which has an internal layer. Let (p' 0) be a hyper-
bolic equilibrium for the reduced system v/ = w, w’ = —g(h*(v), v)
with ¢ = 0,1. Assume that dimW4*((p°,0)) — dimW4((pl,0)) =1
where the stable unstable manifolds of (p*,0) are referred to the

vector fields with h = h*. Assume the nonempty transversal in-

tersection of W¥((p®,0)) and W#((pt,0)) on R??. Then C def
WU (p®) N Wi (pl) is a smooth one dimensional curve. Define 'l



to be the set of points (v,w) € R?"™ where «" + f(u,v) = 0 has a
heteroclinic solution connecting v = h9(v) to hl(v).

We can show if C M 'l at a nonempty point, then there exists
a singular internal layer solution connecting (u,v) = (h9(°), p°)
to (u,v) = (h1(pl),pl). The singular heteroclinic solution has an
internal layer based at CnN ri Moreover, asymptotic expansions
of internal layer solutions can be obtained to any order of ¢. The
critical eigenvalue can also be determined by the angle of inter-
section of C and IM'l. This is most useful if ¢ and 'l has multiple
intersection points, for it shows that generically the stability in-
dex of these mono-layered solutions changes alternatively. See the
example in §6.3.

There is a close relation between our approach to the geometric
singular perturbation theory. According to Fenichel [?], there exist
smooth stable and unstable manifolds in R2m+27 of the normally
hyperbolic slow manifolds v = h%(v), i = 0,1. These manifolds



admit smooth foliations by strongly stable and unstable fibers
respectively. Let 91~ be the union of unstable fibers passing
through (u,0,v,w) with v = RO(v), (v,w) € W¥((p°,0)) and let
M+ be the union of stable fibers passing through (u, 0, v,w) with
uw = hl(v), (v,w) € W5((pl,0)). Using the geometric singular per-
turbation theory, if 91~ intersects transversely with MT at e = 0,
then they also do so at small e. The internal layer solution is
determined by this intersection.

It can be shown that the transverse intersection of 9~ and M
is equivalent to the condition C 1. Details are left to the read-
ers. We have found a simple way to check Fenichel's transversal
condition in R2mt+2n by reducing it to a lower dimensional space
R2"™.

Suitable changes can also be made for the case of a singular trav-
eling wave solution by included the wave speed as a phase variable.



et us return to the original boundary value problem with boundary
conditions at £ = 0,1. Again, the slow manifolds are normally
hyperbolic. Let 91~ be the union of strongly unstable fibers passing
through (u,0,v,w,z) with v = h9), (v,w,z) € M_ and let MT
be the union of strongly stable fibers passing through (u, 0, v, w, x)
with v = hl(v), (v,w,z) € M4. We prove that C h 'l is equivalent
to the transversal intersection of 9t~ and 9™ as follows.

Let us write uge+ f(u,v) = 0 into a system ug = @, Ug+ f(u,v) = 0.
At the singular limit e = 0, we pick a point p = (u,4,v,w,z) € M N
Mt where p = (v,w,x) is on M_NM_ and (u,a) = (¢(0),4¢(0)) is
on the heteroclinic solution (gq,q¢) connecting hP(v) to hl(v). Let

(Au, AT, Av, Aw, Az) € Ty~ NTMT.

Then (Av, Aw,Azx) € T,C. On the other hand, since moving along
(Av, Aw, Ax) does not break the heteroclinic solution, we must
have (Av, Aw, Az) € Tyl

If Il ¢, from the above argument, we have (Av, Aw, Az) = 0,
and the tangent vector (Awu,Au,0,0,0) is on T,W*NT,W?5. But



the strongly unstable fiber W¥%(p) has an one-dimensional inter-
section with the strongly stable fiber W9(p). This shows that
(Au, Aw) = C(¢(0),§(0)) where C is a scalar, and T~ NT,MT is
one-dimensional. Since dimTpyIN~ = dimTpim+ =2n+ 1+ m and
the intersection occurs in a 2n 4+ 2m + 1 dimensional space, thus
M~ h 9<MT. The converse is also true.




Examples
A r—dependent system.

When the matrix coupling A is diagonal, then there is no coupling
among the internal layers through the slow field up to O(e), and

the r eigenvalues, A1, are determined locally layer by layer. This
happens if the jumps Mi & 4(4i(—o00), 7)) — g(¢i(c0),7?) = O for

1 << r.

AsS a special case, consider the following x dependent system
ure + f(u,z) =0, weR™ 0<z<1,
ur =0, x=0,]1.
Letting v = z, we have (3) with ¢ = 0, whence M! = 0 for all
i. Therefore, (V}!, W!) =0 and V{* = 0. See (??). The coupling
matrix has the simplest form
A = —diag(n’ - wi(x4))_1.
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Using wi = v{t, = 1 and (20), we have the r eigenvalues

A= — <, fo(d'(€),ap) >, 1<i<r
The above formula for A1 is valid when » and f are in R™, m >
1. For scalar equations, observing that the linear equation Ugg -+

Fu(@'(€), zh)U = 0 is self adjoint in L2(R), we must have ¢! =
§'/|¢*|%. See (H2). Therefore,

e A G CUGRESEE

Following Fife [?], let Ji(z) = fg_(fgx)f(u, z)du. Then
=2 & i -
A o= —|g 2L gi@h), 1<i<r
dx

T.he' existence of a heteroclinic solution at z* is equiva!enj: to
J*(x) = 0 (equal area rule), while (H3) is equivalent to %Jz(xg) o=
0.



In the original AMP model, f(u,z) = (1 —u?)(u — a(x)). If ¢
connects u = —1 to u = 1, then Ji(z) = —3a(z). Thus Ji(z}) =
0 & a(zh) = 0, and A1 = 2|¢?|~2d/(z}). It is known that ¢i(¢) =
tanh(%) and |cj’é|%2 = % Therefore, A1 = V2d/(z}).

Similarly, for the internal layer jumping from near u = 1 to u = —1,
we can show that A\ = —v/2d'(z}).

We summarize the results in the following
Theorem 11 For the x-dependent system, A is diagonal, with
A = — <P, fo(¢¥(€),x4) >, 1 <i<r. In particular, for the AMP

model A1 = sign{q*}v/2a'(z}).

T he stability index of the multi-layered solution derived from above
agrees with the result in [?7].

Coupled Ginzburg-Landau equations



Consider (1) with f(u,v) = u — u3 — %v, g(u,v) = o(v — v3) and
ur = vy = 0 at x = 0,1. The stationary solution of this system is
a pair of Duffing oscillators with a unilateral coupling in the fast
equation. We will show that Lemma A in §1 is not satisfied in this
example. This example is highly special since the slow equation
does not contain u. In the end of this subsection, we will give
another example where coupling terms appear in both equations.

As in the examples in §1, f(u,v) = 0 has three branches of solution
manifolds u = hg(v) and v = h+(v). At v = 0, (4) has a hetero-
clinic loop, ¢(£) and ¢(—¢), connecting v = h_(0) and u = h(0).
Write the second equation of (3) as a system
Vy = W,
64
wy = —o(v —v3). (64)
For any constant o > 0, (64) has three equilibria (v, w) = (0,0) and
(£1,0) and has two heteroclinic orbits connecting the hyperbolic
equilibria (£1,0). Notice that the interval [—1,1] is contained in
the domains of h+(v). The region bounded by the heteroclinic



loop is filled up with periodic solutions that surround the center
(0,0). For every point (n,0),0 <n < 1 on the v axis, there passes
a unique periodic orbit whose period will be denoted d(n). Using
an elliptic integral one can show that d'(n) > 0 and there exist

one sided limits d(0t1) = % and d(1) = co. For any m € Nt
21

let o be sufficiently large so that 7= < % Fix that o. It is clear
from the above that there exists a unique O < g < 1 such that
d(ng) = 2/m. Let (v(z),w(x)) be the period 2/m solution that
satisfies v(0) = ng, w(0) = 0. Let (v§(z),wf(z)) be the restriction

of (v(z),w(x)) to = € [0,1]. v satisfies the following.

ve({/m) =0, £=0,1,...,m,

v(¢/m) = (-1)no, €=0,1,...,m, (65)
1

,U( _I_E):O, E:O,l,...,m_l-
2m m

Let {21 < 22 < --- < 2"} be a subset of{ﬁ—l—% 4=0,1,...,m—1}.
It is clear that v{'(#") = 0,1 <i<r. Letz® =0 and 2"t = 1. For
r € (=1, %), define ug“(:v) = h_|_(v5°(:c)) if ¢ is odd, and ug(:c) =



h—(vi(z)) if i is even. The function (uf,v{) is the Oth order
expansion of a r-layered solution in regular layers. Let

WSice) — {gf(&) =q(—¢),  ifiisodd,
| q' (&) = q(§), if 4 is even.

Let vgi(g) 0. The union of (u (z),v] LZ(2)) in regular layers
(zi-1 29,4 = 1,2,....,r+ 1, and (usz(f) vb%(g)) in singular lay-
ers at 2%,i = 1,2,...,r is a singular internal layer solution. We can
verify that Hypotheses (H1)-(H7) are satisfied by this solution.

It is trivial to verify (H1)-(H3) since the u-equation is the same as
the activator-inhibitor model in §1. The Transversality Hypoth-
esis in §1 is satisfied since the fast jump surface M = {(’U w,x) :
v = 0} is transverse to the flow at each z', due to va(a;Z) = 0.
From the transversality hypothesis, (H4) and (H5) are satisfied.
We only need to prove (H6) and (H7). Let Sop = {(v,w,x) : z =
O,w=0} S ={(v,w,z) :xz=1,w =0} as in §3.

Let ®(x)(vg, wg) be the solution map for (64) with ®(0)(vg,wg) =
(vg,wp). Assume that 1)5”(:13) consists of mm monotonic paths with



m being even. (The case m is odd can be considered similarly.)
Let (v{'(0),w{(0)) = (19,0). Then (v{(1),wf(1)) = (19,0) since
m is even. Let An be a small variation of ng. The periodic solution
with the initial data (ng+ An, 0) has the period d(ng+An) = 2(1+
Azx)/m where Az is small. This leads to ®(1+ Ax)(no+ An,0) =
(no + An,0). Since d'(n) > 0, we have

dAx
dAn

> 0. (66)

A tangent vector on (P ... P1PO)S, can be obtained by taking the
limit as An — 0 on the following vector

®(1)(no + An,0) — P(1)(no,0)
An
An
(1 + Azx)(no + An,0) — P(1)(ng,0)
An '

_|_




As An — 0, the first quotient in the right hand side has the
limit ggg(wgu), —o(vf(1) — (v§(1))3)), due to equation (64), and
the second has the limit (1,0) since ®(1 4+ Ax)(ng + An,0) =
(no + An,0) and ®(1)(no,0) = (n0,0). Thus, (1,430 (v (1) -
(v&(1))3)) is a tangent vector on (P"...P1PO)S,. By (66) and
—o(vf(1) — (vf(1))3) # 0, the tangent vector is not on TSy. This
proves both (H6) and (H7).

The results of §3 and §4 can be used on our system since (H1)-
(H7) are valid. We conclude that there is a matched asymptotic
expansion of internal layer solution (¥ €/u;j, Y €/v;). Due to the
special form of our system, v = fugf IS independent of €. There
also exist asymptotic expansions of critical eigenvalues ZejAj and
corresponding eigenfunctions (3 €/U;, > €/V;) both in internal and
regular layers.

From (H7), we see that the eigenvalues for the problem AV =
Ve —|—gv(v§(x))v is nonzero. Let A(e), be a critical eigenvalue



for (28) and (29). Using A\g = 0, we infer that the eigenfunction
(U, V) satisfies V = 0. Substitute into (28), the critical eigenvalue
satisfies

AU = €?Upy + fuU, Ugx(0) = Ux(1) = 0.

From the above, the critical eigenvalue is precisely the eigenvalue
of the operator €2Dy; + fu in the function space Hx (1), see [?].
Therefore, the system does not satisfies Lemma A.

However, using the method of §4, we can calculate expansions of A
to any order of €. In particular, since VlR = 0, the coupling matrix
Arxr is diagonal. From (50), the ith critical eigenvalue satisfies
A1 = —n’-vf (z'), similar to the case in the AMP model.

We now briefly describe another example where both equations
contain coupling terms. The example is adapted from the AMP
model. Consider (1) again with f(u,v) = (1—u?)(u—3v), g(u,v) =
o(v—v3)4+~yu2v, and uy = vy = 0atx = 0,1. The roots of f(u,v) =
O consist of three branches: w = hi(v) and u = hg(v) where



hy(v) =1, h—(v) = —1 and hg(v) = 3v. (4) has a heteroclinic
loop ¢(&) and g(—£&) connecting the equilibria v = +1 if v = 0. In
regular layers, inserting u = +1 into the second equation of (3),
we have a reduced system

vz + o(v —v3) +yv,  v:(0) = vz(1) = 0.

For any m & N"‘, as before, we can find ¢ > 0,7 > 0 so that the
above has an oscillatory solution ’Ué%(:c) that satisfies (65). For
any r < m, a singular r-layered solution can be defined as in the
previous example. One can verify that (H1)-(H7) are satisfied,
so the method of §3 and §4 can be used to obtain asymptotic
expansions for internal layer solutions and critical eigenvalues and
eigenfunctions. Since ¢(1,0) = g(—1,0), M! =0 for all 1 < <
r, cf. (46). Therefore, the eigenfunction (U,V) for a critical
eigenvalue satisfies Vj* = 0. The coupling matrix is diagonal. The
critical eigenvalues for (28), (29) and for the operator e2Dy; + fu
in H&(I) agree up to ¢l.

Multiple existence of mono-layer solutions.



This is the longest example and partially motivates the entire pa-
per. As in the introduction, we consider a homotopy between the
AMP and the NF types system. Assume that a(z) = sin(wx + b)
and a« =~ 1, 8 =~ 0 so that the system can be treated as a per-
turbation to the NF type system. After rescaling, assume that
a=1and 0 < B < Bg wWhere 8y > 0 is independent of € and is
to be determined in the sequel. Only mono-layer solutions will be
considered. Our goal is to show that by choosing (8,w,b), the
system may have any prescribed number of mono-layer solutions.
Moreover, some of these solutions can only be found by the new
shooting method using pseudo Poincare mappings.

We will only consider mono-layers that jumps upwards, so the
superscript : = 1 which is used to index internal layers will be
dropped. For the convenience, let 8 = % where 0 < k£ < [Bow.

The assumptions on F' and G are listed in A1-A5 below. The
nullclines of F' and G are plotted in Figure ??. These assumptions



are identical to those used in [?] and are qualitatively similar to
the activator inhibitor model (1), (2).

Al. The nullcline of F' is sigmoidal and consists of three curves

R™={(u,y) iu=h_(y),yel_}
RO = {(u,y) : u = ho(y), y € Ip},
RY = {(uw,y) cu=ho(y),y €I},

where

I = (y_,OO), IO — (y—ay—l—)a I—I— — (—OO,y+)

A2. Define J(y) = :j(;y))F(s,y)ds. J(y) has an isolated zero

y € (y—,yq):
J(y) =0, dJ(y)/dy <DO.
A3. F, <0on R~ and RT.

Ad4. G<0Oon R and G>0on RT. %G(hi(y),y) <0 forye I+.
The latter is equivalent to —GyF, 'F, + Gy < 0.



To use the method in our paper, we verify (H1)-(H8). For a
mono-layer solution, (H8) is always satisfied. We first verify that
when k = 0, the singular limit solution actually satisfy (H1)—(H7).
We then use a perturbation method to show that (H1)—(H7) are
satisfied when k/w is small and when certain conditions are posed
on parameters (k,w,b).

The unperturbed system: £ =20

Under A1-A5, it is well known that there exist og,eg > 0 such
that (22) has a unique stationary mono-internal layer solution
(u(z,e),y(x,e)) iFfO<o <ogand O <e< e [?, 7, 7, 7?7]. This
solution jumps upwards from near v = h_(y) to near u = hy(y)
at = ~ xg. As e — 0, this solution has a limit (uf(z),y{(z)) in
two regular layers separated by zg € (0,1). (ug(:c),yg(w)) has
a jump discontinuity at the internal layer zg. Using a stretched



variable £ = (x — xg) /e, there exists the limit in the internal layer
(u(zo + €€, €), y(z0 + €€, €)) — (u§(€),y§(€)) as ¢ — 0. The mono-
layer solution (u(z,€),y(z,€)) and the limit in regular layers (uf, y§)
are plotted in Figure ?7. In particular, the jump point xg satisfies
yé%(:cg) — y where gy as in A2, and ygf is concave up for z < xg and
concave down for z > zq; and y& > 0,0 <z < 1.

There is a another mono-layer solution that jumps from near
v = hy(y) to near v = h_(y). But this will not be used in this
section. By mono-layer solution, we always mean the one that
jumps upwards.

While the existence of the mono-internal layer solution is well
known, the existence of matched expansions of this solution, or the
existence of matched expansions of critical eigenvalue and eigen-
functions has not been proved before. To this end, we will verify
(H1)—(H7).



From A1, the slow manifolds are RT := {u = hy(y)} and R~ :=
{u=h_(y)}. From A3, f, <0on RTUR™. Thus (H1) is satisfied.
It is clear that v{' = (y{', =) satisfies (18) with z} = zg and r0 =

~

ho,hl=hy. Atz =20, 0= <y> equation
TQ

uee + f(u,v) = uge + F(u,y) =0

has a heteroclinic solution ¢(¢) due to the fact J(y) = 0, (the equal
area rule, see A2). Thus the surface in (H2) is ¥ = {(y,z)|y =
y,z € R}.

The function q is clearly an eigenfunction corresponding to the
eigenvalue A = 0. Using the fact

Uge + fuU =0, (67)

has exponential dichotomies on R~ and Rt, we see that (¢(0), ¢(0))
IS in the intersection of the unstable subspace at O— and stable
subspace at 04, both are one dimensional. Thus, the eigenspace
is spanned by ¢. Equation (67) is self adjoint. Let ¢ = ¢/||q||;2.



Then < 9,q >= 1 and q is not in the range of the operator
O¢e + fu - I. Condition (H2) is satisfied.

The normal of > is

n=[ O; 7 (q(€), D), w(€)de

hy ()
=2 + ~
= ||q /h_@) Fy(u,y)du
= 14l 2 Ju (%)

= (427 (@) (é)

since wf(zq) = (yOx(w0)>, we have n-wf(zq) = J'(§)-y§, (x0) # 0.

Therefore, (H3) is satisfied. See A2. Also the flow is transverse
to 2.

The major job is to verify (H4)-(H7). We use a geometric method
similar to that used in Theorem 10. Since the flow of the x variable



IS trivial, it is reasonable to consider a reduced system that is
equivalent to (21). (Equation (21) is 5—dimensional.)

Lemma 12 For the unperturbed system, k = 0, (H7) is satisfied.
Also, uo h puy at o in N. See Figure ?772.

proof We first prove (H7). From (H7), it is easy to see that ug rh p1

at o in I1.

Let (Y—,Z7) be the solution of the linear variational system of the
of (23) around the Oth order expansion, with k£ = 0,

Y, = Z,
Ly = (Qquflfv — gv)Y,
Y(0) =1,
Z(0) =0,
If we recall that u!* = h(y!*) where h =h_ if x < zg and h = hy if
x> g, then using gufy 1 fo—gv = Jd%G(h(y),y) < O for x £ xq, it is



easy to show that Y (xg) > 1, Z~ (xg) > 0. Similarly, the solution
(YT, Z71) of the linear variational system

— 7
Ly = (QUsz_lfv — gv)Y,
V(1) =1,

Z(1) =0,

satisfies Y1 (zg) > 1, Z1T(xg) < 0.

Assume that (H7) is not satisfied for the mono-layer solution.
Then there exists a nonzero C1 solution V to (42). Without loss
of generality, assume that V(xg) > 0. Then there exist v1,v > 0
such that V(zg) = 1Y (zg) = Y1t (z0). However, we have a
contradiction Vi(zg) = ~v1Z (zg) > 0 and Vi(zg) = vZ T () < 0.

QED
Since - ylo[z(a:o) > 0, '] is a cross section of ®_ and &, reg-

ular Poincare mapping P I’ — I‘Z_I_l, = 0,1 can be defined.
Hypotheses (H4)-(H5) are clearly satisfied.



Lemma 12 implies that M_ intersects M_ transversely. The in-
tersection is an one-dimensional curve C passing through p. As
in §5, it is called a slow switching curve since the slow flow has
to switch from v = h_(y) to hy(y) in order to satisfy boundary
conditions for y at x =0, 1.

Let (Y€, Z¢) be a solution to the following linear system:

Y /dx = Z,

dZ/dx = —O%G(h(y),y)Y,

Z(0) =0, Z(1) =0, (68)
[Y](z0) =0,

[Z](x0) = o(G(h—(¥),7) — G(hy(¥),¥))-
From Lemma 12, such solution (Y€, Z¢) uniquely exists. Similar to
85, we can show that the vector

(Y(x0) — 28(x0), Z°(x0—) + oG (h—(¥),7), —1)
=(Y(zq) — 2§(x0), Z°(xo+) + oG (hy(),7), —1)

is a tangent vector of C at (y{'(xq), 2§(x0),z0). Nishiura & Fujii
in [?] proved that Y¢(zg) — z§(zg) > 0. Thus, C intersects Iy



transversely. Suppose that ®_ maps 50 onto S_ in I and by
maps 5‘1 onto S_|_ in I=1. It is now easy to show that

S_m S_|_ on |=1.

In fact, since C intersects M transversely, the tangent spaces of
Mz have a common subspace T,C which is not on Tyl 1. If the
tangent spaces of S_ and &4 coincide, then ToM_ =T, M. This
is contradictory to M_ m M. From here we deduce that (H6) is
satisfied.

Perturbed internal layer solution: £ #=0

We now show that (H1)-(H7) are still valid if k/w is small.

We use our geometric method to construct singular limit solutions
of (23) and show that (H2)-(H7) are satisfied for these solutions.
Since (23) is piecewise C®°, it is convenient to find the matching
point o = (yT,27,z7) first. With p as an initial point at z = T,



a solution can be obtained by solving (23) in [0,z'] and [T, 1].
Notice that when k=0, p = (7, 28'(x0), z0).

As in the case k = 0, let ®_ and ®_ be respectively solution maps
of (23) with h = h_ and h = hy throughout z € [0, 1]. Define M_
and M_ as before.

The intersection of the three manifolds M4 and ; determines
the matching point . Since it is difficult to study the intersection
of My with M_ or M, we study the intersection of M_ and M
first.

Lemma 13 The distances between My and the corresponding
ones with k = 0 are O(%) in C° metric and are and are O(%) in
Cl metric. When k # 0 but k/w is small, M_ and My intersect
transversely. The intersection C = M_NM,g is a Cl curve, and
its distance from the one with k = 0 is O(k/w?) in C° metric. and
is O(k/w) in C1 metric.



proof With the initial data (y,z,z) = (n,0,0), M_ can be expressed
as

M- =U{(y,z,2)|(y,z,z) = P_(x;1,0,0;k), 0<=z<1,neR}

where ®_ is the solution map of (23) with h = h_. Also, —85'2‘

satisfies the linear variational system

(i) = 2k,
/ d k. . 8 /1 .
(z) = —0—G(h(y + —sin(wz +b)),y)yr, — o —G(h,y)h'—sin(wz + b),
dy W ou W

(z) = 0.
(69)

The forcing term for (69) is of O( ), thus, in general (yi, 2z, ) =
O( ) only. However, since sm(wa;—l—b) is fast oscillatory, using a
standard method in the theory of averaging, we have

1
(Ygs 215 1) = O(—).
w
T his proves that

k
®_(z;n,0,0;k) — P_(x;7n,0,0;0) = O(—).
w



Thus, the distance between M_ and the one with £ = 0 is of
O(k/w?) in the CO metric. Using the same method, one can show

a%{cb_(a;; n,0,0; k) —®_(x;71,0,0;0)} = O(g)-

From the right hand side of system (69), we have

82
OkOx
T herefore, the distance between M_ and the one with £k = 0 is of

O(k/w) in the C1 metric.

®_(2:1,0,0; k) = O(1/w).

T he statements about M_|_ can be proved similarly.

The assertions concerning C can be proved using the implicit func-
tion theorem, or a contraction mapping principle and will not be
given here. QED

When k£ = 0O,

(Y(x0) — 28(x0), Z%(xo—) + 0G(h—(7),7), 1)



is a tangent vector of C at p with the y component being positive.
Therefore, locally the curve C can be expressed as

r=z"(y,b), z=2"(y,b), §—T<y<yg+T, (70)
where z* and z* are C! functions and 7> 0 is a constant.

Lemma 14 %—f(g, b) = —(Y(xg) — 2§ (xg)) "L if k = 0. Ifk # O
then,

ﬁm*( b) = O(k/w?),

L W

0 ,0x*(y,b

ST = oGk /w).

proof The assertion for k = 0 is obvious.

To prove the assertion about (%, we can use a linear variational

system to show that &4 is a C! function of b and 8¢i = O(k/w?)
in CY metric and is of O(k/w) in C1 metric. Similar to the proof of
Lemma 13, the fast oscillatory property of sin(wx+b) is important
in the proof.




Final remarks and stability of internal layer solutions

1. Our methods of constructing asymptotic series for the internal
layer solutions and the critical eigenvalue-eigenfunctions are actu-
ally related, although one uses the pseudo-Poincare mapping or
the (BVPIC), the other uses the coupling matrix (SLEP matrix).
An intuitive reason is that the unknown shift {Az'} in the (BVPIC)
can also be formulated by adding multiples of qi in the ¢th internal
layer as in the coupling matrix. The following lemma asserts that
asymptotic expansions for internal layer solutions can be obtained
if the coupling matrix is nonsingular:

Lemma 15 Ifin addition to (H4)-(H6) as in Lemma 77, condition
(H7) is also valid, then (BVPIC) has a unique solution if and only
if the coupling matrix is nonsingular.

proof Let V¢ and M’ be as in (47). Define V := Y] V/Ax! which
satisfies the first two equations in (BVPIC) with zero right sides,

70



and

V@) =0,

[Vel(zh) = MiAz! = Azt [wd ](zh), 1<i<r
Let V=V 4V, V as in the (BVPIC), then

‘7:1::13~_ (gufu_lf}j - gv)v = k1,

A;iVi(§) + BV () = Bzj, j=0,1,

[V1(zh) = Ej,
According to Lemma 6, the above has a unique solution V. Sub-
stituting V = V — V into the third equation of (BVPIC), n®-
(wi(zh) Az’ + V(zh+)) = E%, we have

.
n' . (wf (@) Az — Y VEALY) = B — n'V(zh+).
/=1
The linear system for Az' has a unique solution if the coefficient
matrix, the negation of the coupling matrix, is nonsingular. QED

2. The name ‘“critical eigenvalue” used in this paper is not pre-
cise. Following Nishiura and Fujii, we have only considered critical



eigenvalues whose eigenfunction (U,V) has a jump in V, across
:z;g. These eigenvalues will be called “singular” critical eigenval-
ues. There may be “regular’ critical eigenvalues that satisfy the
reduced eigenvalue problem (30) with V € C1[0,1]. Calculation
of regular critical eigenvalues is quite different from the procedure
given in this paper. From (H1) there exists v; > 0 such that if
Re\ > —v1 then (fu — \)~1 exists. To avoid regular critical eigen-
values, we assume that

(H9) There exists v > 0 such that for Re\ > —~, the following
equation
Vaw — A+ gu(fu = N) " o — )V =0, (71)

with boundary conditions (41) does not have any piecewise smooth,
nonzero solution that is in C1[0,1].

Notice that (71) comes from (30) by setting e = 0. With (H9), it
IS easy to show that there is no regular critical eigenvalue in the
region ReX > —.



For system (22) with k = 0, Nishiura and Fujii showed that (H9) is
satisfied [?]. If k/w is sufficiently small, (H9) can be verified easily
as a small perturbation to the one with k£ = 0.

3. To use the expansions of critical eigenvalues in the stability
analysis, we need to prove that, in the region RelA > —3g > —~, all
the eigenvalues are the singular critical eigenvalues obtained in §4.

Consider an asymptotic series u(e) = 3; ejuj with pg > —po,
Assume that u(e) is not equal to any of the critical eigenval-
ues obtained in this paper. That is, for any critical eigenvalue
Ne(e),1 <4 < r, there exists an integer j such that p; = A%, j < ji
but pjo 7# Aig. Let

jo = max{j5,1 < i <r}.

We want to show that u(e) is a regular value. Note that if the
corresponding eigenfunction of u(e) has an asymptotic expansion
in €, then we know that u(e) is not an singular critical eigenvalue



due to results of the previous sections. However, since we can not
assume that the corresponding eigenfunction has an asymptotic
expansion in e, the result needs to be proved separately.

Assume that h(xz,e) = (h%(x,¢€),hV(x,€)) is C*° and admits asymp-
totic expansions in the same regular and singular layers defined by
the internal layer solution (u(x,¢),v(x,e)). Consider the resolvent
problem

,UU — €2Ua:a: + qu + va + hu,

with suitable boundary conditions at = 0,1. We look for a
matched formal series solution (U(e),V(e)). Denote the above as

We show formally that the inverse of u— 2 exists, with (u—2%)~! =
O(e70).

Theorem 16 Assume that u(e) =3, ejuj, 1o > —0Bo = min{~yo, v},
IS an asymptotic series that is not equal to any of the critical



eigenvalues obtained in this paper. Let jo be the largest of the
powers as above. Then for any h(e) = Y ;e/h! with h; = 0 for
j < jo and hj, # 0, the eigenvalue problem (72) has a unique
matched formal series solution = = Z}?io e/ =;.

proof Case 1. jo0 =0, i.e. ug # 0.
Consider the ¢%th expansion:

In Regular layers,

poUs' = fulg' + fuVg' + hé,
UF = (po — fu) L (fo VG + RY),
uoVgt = Vi, + lgu(uo — fu) L fo + 9ol VE* + gupo — fu) ~thE + K.

From (H1) and (H9), if we know the jumps (V§%, Vd) at zf), we
can solve for (U, VY.

In the 2th internal layer,

Vosg =0, Wégg = 0, VOS = constant, W@g = constant.



It means that there is no jump for (VJ*, W{t) across z. Thus we
can solve for VOR. We also have V¥ = VOR(Q:%).

noUS = Ubee + fuUS + fuV§ + .

From (H2), pg is not an eigenvalue for the above. One can
uniquely solve for U§.

In the €Jth expansion, we can solve for (Uj, V;) both in regular and
singular layers much like the same way for (Ug, V).

Case 2. jo=1. In this case uyg =0, up # Xy forany 1 <i <r
and hg = 0 but hj = 0.

In the €0-th expansion, since A\g = 0, hg = 0, we have

U§ = 0, VOR = 0, in regular layers,
V§' =0, US' = di¢', in the i-th singular layer.

’6 remains to be determined.



Consider the elth expansion:

In the regular layer, since ug = 0, U§* = 0, V5* = 0, then

o = f U+ fu Vi + nY,
_fu 1(fUV1 + h )
Vl:z::z: - (gufu Jo — gv)Vl = gufu_lhu — hj.

From (Hl) and Lemma 6, if we know the jump of (V1 : Vﬁ) across
each zy, we can solve for (U1 , )

In the i-th singular layer, since V§ = 0, ugVy + p1Vy = 0, then
Vi, =w§ =0,
Wi = —gudpd’

Integrate from £ = —oo to oo, and use the matching principle,

Vit(zh+) — Vi (zh—) = 0,
Wit (zp+) — Wit(zh—) = dp M.



We can now solve for (V{{, Wft). They are of the form
r . . T . .
Vit=N"dpVi4t-0-t, W= dWi4t-0-t.
1 1

Here £-o-t involves hy. Using matching, Vi = V{{(z}). Plug into

1dz qz — U1§§ + qu1 + fvvl + d (fuuq uy + fuvq ’Ul) + hua

we can solve for U if the nonhomogeneous terms are orthogonal
to ¢*. Integration by parts as in (49),

) r
Zo,u1=2dn Vg(:co)— n wo(mo)—|—<¢7’ i1>4+L-0-t.

d§ dg <yl pYl >
w1 | i | =A | + ; +7-0-t.
dg dg <", hi" >
Since u1 = A1,1 <:<r, it is not an eigenvalue. The above has a
unique solution (dg,--- ,dy).

Assume that the ¢~ 1lth expansion has been obtained. We have
UJS_Zl = dz 14t + ZZ _1 Where ZZ _1 has uniquely been determined



but d§—1 has not. In the &/-th expansion, we can similarly show
that

. T . . . . . .
dj 11 = KZ d_ynt - Vi(ah) — diin’ - wh(ah)+ <o kY > 400t
=1

1 1 1 pul
dl_; .\ <yl >
1 s = A s + : +£Z-0-t.
a5, v ) < ner >
From this, we can solve for (djl-_l,--- i)

Case 3. jp > 1. In this case there exists an critical eigenvalue
Al(e) such that p; = A;'-, j < Jo, Hj, 7= A;'-O. We shall solve

u=—A(e)= = h(e) (73)
where h; = 0 for j < jg, hj, 7 O.

An important observation is that it suffices to find asymptotic
series for (73) up to the €/0th expansion. Let the normalized



eigenfunction corresponding to \(e) be

(T'(e), Vi(e)) = O T > V).
In the future, we drop the index z on )\7, and (U*, V*). For expansions
to the order ¢/, j < jo, since h; = 0, and pj = Aj, we have the same

equations as the elgenvalue/elgenfunctlon equations. Therefore,
we set

U; = koU;, V; =koV;, W;=koW,, j<jo,

except for US 1= koU 1+ d'¢" in the ith internal layer. The
parameters (dl, -, d") remaln to be determined.

Consider the €/0-th expansion. Let

Ujo = kol_fjo + U,

Vi = koVijo +V,

Wiq = kOWjO + W.
Here U = U5,V = VS W = W¥ in internal layers, and U = UR, vV =
VE W = W£E in regular layers.



In regular layers, since (U(e),V(e)) satisfies the eigenvalue equa-
tions, then all the terms multiplied by kg should cancel. In the
eJo-th expansion, after the cancellation, we have

0= quR + vaR + hqj'boa
0= Vg + guU" + gV + 15,

UR = —f LoV E — fthY

0 =VE — gu(fi  foVE - fath%) 4+ goVE + RY..

We can solve for (U, V) if jumps of (VF, V,[*) across z} are obtained.

In the -th internal layer, we again can cancel all the terms in both
sides of the equation that are also in the eigenvalue equation.
Since

1oUS -+ A1joUS = koOT35 _14- - AN T8+ A d'di+ko (1o~ o) T6

After the cancellation,

Md'q + ko(ujy = Aj) U8 = Ug + fulU® + foV® + bl



e =0,

Wg = —d'gud’

V(@ +) — VE(@L—) =0,

whh4+) — wh(zh—) = dM".
The solution of VE has the form

.
vE =5 dVE+ o(lhy, ).
/=1

Substituting V° = VE(z}) into the equation for U®, using the
Fredholm alternative, and integrating by parts as (49), we have

. . . r . . .
Ad" + ko(pjy — Njg)ch =n' - [ Y d'VE(zh) — dwl(zh)] + O(|hj, ).
(=1

1 1 1
d d cH

M|t | =A | —koljo—Njg) | + | +O(hjl)-
dr dr e



Since (c%, ...,c5)7 isin the kernel of (A —A), it is not in the range
of \iI — A. Since since puj, = Aj,, there exists a unique kg that
allows the equation for (d!,...,d") to be solved. Without loss, let

(dt,....d") L (c},--.,ch).

After the €J0th order expansion has been obtained, we can compute
the ¢J0T1lth and other higher order expansion by induction, with
the similar method. QED

T he series expansion is a formal solution to the resolvent problem.
With the help of some contraction mapping and iteration method,
similar to the ones outlined in the Appendix, one can show that
there exists a small eg > 0 such that if € < ¢g, then 2}700 eﬂpj IS
a regular value of the internal layer solution. The constant ¢g
depends on [uj, — Ajyl-

Denote the critical eigenvalues by A0 () = % ejA§£), 1<e<r.
A critical eigenvalue A(D(e) is said to be stable if Rexl”) < 0. 1t is
said to be unstable if Re>\§€) > 0. We can show the following



Theorem 17 With (H9), there exists a constant eg > 0 such that
if 0 < e < ¢€g, then the internal layer solution is unstable if there
exists at least one unstable critical eigenvalue; the internal layer
solution is stable if all the critical eigenvalues are stable.

proof Only the idea of the proof is given. First if A@)(e) is an
unstable eigenvalue with ReX{ > 0, then from Theorem 21 there
exists a true eigenvalue of the internal layer solution in the right
half complex plane if € is sufficiently small. Thus the internal layer
solution is unstable.

Next assume that all the critical eigenvalues are stable. There
exist eg > 0 such that all the truncated eigenvalues \(e) = e)\gg)
lie in the left half complex plane provided that 0 < e < ¢g. A cone
centered at Af(e) is defined as {eX : |\ — \{| < 6} and is called a
¢ — o6 cone. We choose 6 > 0 so that all such cones lie in the left
half complex plane for 0 < € < €.



Let 1 be a complex number with Reu > 0. Then for some suffi-
ciently small §, p is not in any of the /—§ cone. From Theorem 16,
formally p is a regular value. Using contraction mapping argument,
we can show rigorously that there exists a small ¢g such that u is
a regular value if O < e < ¢g. Care must be taken to ensure that a
common eg can be found for all such . Details will be omitted due
to the length of the paper. We have shown that all the eigenvalues
are in the left plane Re\ < O, therefor the internal layer solution is
stable. QED




The existence of the layer solutions and the critical eigenvalue-
eigenfunctions

The iteration method as stated in Lemma 18 will be used through-
out this section. Let £ be a bounded linear operator from Banach
spaces FE1 to Er. We say § | E» — Eq is an approximate right
inverse of L if |[I — LS| < 1.

Lemma 18 If £ has an approximate right inverse S, then the
abstract equation Lx = y has a (non unique) solution x = S Y 3°(1—
L‘S)jy. If moreover, S is invertible, then the solution is unique.

In practice, F4 is the space of solutions and FE» is the space of forc-
ing functions plus the space of boundary and jump terms related
to a system of differential equations. The operator § is usually
the inverse of a simplified operator £1 derived from L by dropping
some coefficients, changing the forcing terms, jump terms or the

71



deforming the domain of solutions. If § = Llfl, Lix1 = y, then
I — LS| =C1 <1 means

|(£1 — ,C)(xl)| < C|y|, for all x1 € E1. (74)

Condition (74) can be checked, a posteriori, without using the
exact solution x = /L‘ly. To solve a difficult abstract equation,
we may need to find a finite chain of operators: L;,1 < j < k,
satisfying (74) for any two adjacent operators. The last equation
Lipx1 =y must be easy to solve.

For any integer m > 0, let zf,(e) = ’8%«7'3;?, 1 < ¢ < r bean
approximation of the position of the ¢th internal layer . We look
for Az’ so that xfy = zf,(¢) + Az’ is the exact layer position. For
convenience, we set Az* =0 for £=0,r+ 1. Thus, 2Q =9, =

and a;rA’H =zt = 1. Let #,0 < 8 < 1, be an “intermediate
variable” . Define a sequence of points a*,0 <1 < 2r + 3. Except
for a® = 0 and a?"1t3 = 1, points al to a2"1T2 are defined as

a2i=miA—eﬁ, 1 <:<r+41,
a21+1=xZA—|—eﬁ, 0<i<r.



The interval [0,1] is divided by {a?}2"%3 into 2r + 3 subintervals
that alternatively house singular and regular layers, see Figure .

I'={z]a" <z <a’1<i<2r+ 3},

12+l o< ¢ <r+1, are for the (r + 2)-singular layers,
1%t 1 <¢<r+1, are for the (r + 1)-regular layers.

1 2 3 4 -1 i i+1 i+2 2r+1 2r+2. 2r+3
I I I I I I I I I I I
] I | I | I | I | I | L
38 al a2 . a3 a|-2 a|-1| al 61|+|1+161|+2 aer a2r+1(,312r+2a2rr_:i>
X X X X X X

The partition of singular and regular layers
where i =204+ 1, 2t € I' = [2¢+1 the ¢th internal layer.

Let & = a'/e and € = x/e. Then in the stretched variable, I' =
{¢|¢71 < € < €}, The width of a singular layer is O(e®) in the
z-variable, but is O(e?~1) >> 1 in the ¢ variable. The interval I’ is
customary also called rregular or singular layers if 1 = 2¢ or 26+ 1.



If Axt = 0 for ¢ = 1,...,r, then the corresponding unperturbed
sequences of points and intervals are denoted by a}, &, and I.

For any integer m > 0, define the €™th approximations of eigen-
values, internal layer solutions with W = (u,v), and eigenfunctions
with W = (U, V) by truncating the asymptotic series as follows:

™m
Ao, =Y eIk, k=1,... 1

0
m . .

Wap(a:,e)ZZejW]R(w), xel i=20,1</<r+1,
m |

Wap(wae) — ZGJW]SE((:C o SUEA)/G,G), xr € IZ: 1= 2£+ 170 S 4 S r + 1.
0

A function W in I* will be denoted W if necessary.

Although the interval I changes with Az’ and e, Wy is still well
defined. In regular layers, using the differential equations, the
domain of W]-R(:c) can be extended from z € (R)! = (:cé_l,a:é) to



an open interval O! containing (R)¢. Therefore, if e and max,{ Axz*}
are sufficiently small, then I* C O* so that Wyp(x, €) is defined in I°.
The width of a singular layer is fixed and Wyp(x,€) is only shifted
in the z direction when Azt # 0.

Formal approximation of internal layer solutions

(uap, vap) defined above is a formal approximation in the sense
that after substituting into (31), the residual errors in all layers,
boundary errors at £ = 0,1, and jump errors between adjacent
singular and regular layers are small.

If we let (—F*, —G%) be the residual error of the approximation in
I, then

Uap g + f(tap, vap) = —F",
fUa,p,ajaj _I_ g(Ua,p, Uap) — _GZ, 1 S ) S 2r _I_ 3.

It is easy to verify that |F?| 4+ |G| = O(¢™T1) in regular layers. In
singular layers, the Taylor expansion of f and g involves polynomial



growth terms of £&. Since the layer width in £ is of 65_1, the residual
error due to truncation is of f is O(emT1lgmtl) = O(fln+1)  1n
singular layers, only the em~1lth order expansion of g was used
due to the extra term ¢ in front of g, thus the truncation error
IGi| = O(e™P). In the z scale, the L1 norm is O(f(m+1))  In

conclusion
|Fi| + |Gi| = O(em‘H), in regular layers, (75)
|FY 4 |Gi|L1 = O(’"*+ D)) in singular layers.

If we define the jump errors between layers with Azt = 0,/ =
1,...,r as

ught(ap) —ugp(ap) = —Ji,  uihz(ap) — ap, (ah) = —J5,
veg T(ab) — vip(ap) = —J4,  veh(ag) —viy 1(ah) = —J4,

then we have

4 4 ,
SN i < oPtmtL), (76)
i=1j=1



For a proof see [?7, 7, ?].
EXxistence of internal layer solutions

Let (uap + u,vap + v) be the exact solution with the exact layer
position xf,(e) + Az‘. The functions (u,v) satisfy the following
linear variational equations. In regular layers,

Uge + fuu—l_ fvv - Fz(f) + Mz(u v 6)
vezr + ghu + glv = GY(z) + N'(u, v, €).

In singular layers,

ugf _I_ f&u + fqzjv — FZ(&) _I_ Mi(uav7€)7
vee = GYz) + N¥(u, v, €).

T he coefficients are based on linearizing at the e9th order approxi-
mations. For example, in regular layers, fi = fu(ugf(a;) vf(x)),i =
2¢. In singular layers, fi = fu(ugﬁ(g xh/€), v3t(E—xh/e€)),i = 20+1.
Similar definitions apply to fv,gu,gv If £ is used in regular layers,
let £ = ex and if x is used in singular layers, let £ = z/e.



A direct linearization would vield vz +gtu—+giv = G*(z) +N*(u, v, €)
in singular layers. But since the length of the layer is O(¢?), giu +
giv = O(e’(Ju| + |v])) and is included in N*.

The nonlinear terms satisfy,

MY 4+ [N 1 < C(Ju']? + |02 4+ P (Jul + [v])).

Let I', s = 2¢ + 1, be a singular layer. Observe that adding Az’
does not change the values of u' at the boundaries of I*. When
Azt # 0 the jump conditions for (u,v) are,

UZ:+1.(G7;) u'(a') = uap(az) — UZ—H(ai) o

UZ(az—l) o z 1(CL7’ 1) — u (az 1) Zp(az—l).

After linearization, we have

W THa) —ui(a) = Ji ~ ”+1<xo+>m + K1,
u'(a' 1) — a1 = J 1y uox (aco YAz + KZ 1



The nonlinear terms satisfy
Ki = 0(18a"? + [u"™ 12 + [ugt 2 + P Aaf] + [u™ 2 + a1,
K1t = 0(18"? + [u' Y2 + |upm Y2 + (1A + [uf 2 4 [ui )

Similar formulas for the jumps of ug;,v,vy Can be written at the
junction points.

If we can solve the following system of linear nonhomogeneous
equations, then the nonlinear system can be solved by the con-
traction mapping principle.

In a regular layer I*,i = 24,1 < ¢ <r+1,
uge + fou+ fov = F (), (77)
Vxx +gzu+93;v = G'(z). (78)
In a singular layer I*,i =20+ 1,1 <¢<r 41,

uge + fuu + foo = F'(6), (79)
ver = G'(x). (80)



The boundary conditions at x = 0,1 are
U:C(O) — U:v(l) = 0,

81
Ajue() + Bjo() =0, j=0,1 (e

Denote wu,ug, v, vz by z, the jump conditions for i = 2¢ 4+ 1, I' a
singular layer, are:

2@ — 24(a?) = J}; — zé%x(a:é—l—)Azcg,
2@ =2 @Y = T 4 2 (ah-) Al

where 7 =1,2,3,4 if z = u,ug, v, vy respectively.

(82)

We can prove the following result

Theorem 19 Thesystem (77)-(80) with boundary conditions (81)
and jump conditions (82) has a unique solution (u,v,{Ax'}]), that
satisfies

{Az'} + |ul + vl < CLOUF T+ 1G I a+ ). > 151

i =1



By the superposition principle, the proof is divided into two steps.

(1) STEP ONE: We solve the nonhomogeneous system (77)-(80)
in each regular or singular layer, taking care of the boundary con-
ditions (81) but ignoring the jump conditions (82).

(2) STEP TWO: We solve a homogeneous system (77)-(80) with
Zero (Fi,Gi) and zero boundary conditions, but nonhomogeneous
jump conditions, which are modified to accommodate the changing
due to the first step. The sum of the solutions in the two steps is
the solution of Theorem 19.

System (77)-(82) bears some resemblance of the linear systems
in §3. However, in regular layers, the term Uge = eQum can not
be dropped to make an algebraic-differential system. Because of
this, even the relatively easier STEP ONE is not trivial to carry
out. The point is we need to find a solution in each layer that is
bounded uniformly by (F*, G*) as the length of intervals approaches



infinity in the ¢ scale when ¢ — 0. The procedure of performing
STEP ONE is discussed in [?] and will be skipped in this paper.

To accomplish STEP TWO, based on Lemma 18, we will simplify
the system to make it easy to solve. Eventually, the system is
reduced to the (BVPIC) which is known to have a solution.

In regular layers, by the change of variable u =y — (f2) 1 flv, (78)
becomes

Ve + g’,llil,y + [93) — QZ(ffL)_lfﬁ]@ = 0.
The idea is if y=0, we are on the slow manifold of the linear

system, so that the deviation y must be small. If we drop gzy then
the system to solve in regular layer is

uge + fuu+ fio =0, (83)
Uz + [93) - g?{/(ffb)_lfé]v = 0. (84)



In singular layers, we convert vy, = 0 into a system v, = w, wye = 0,
and approximate it by v = 0,w; = 0. Then in singular layers

uge + fau+ fiv =0, (85)

Recall that by the iteration method, all we need is to solve the
system approximately with small errors. After solving for (u,v,w),
we can show a posteriori that gly is small in L' norm, see [?] for
a proof, and |w|;1 < CePlw|r is also small.

We look for solutions of a system consisting of (83)-(86) plus the
boundary conditions (81) and the jump conditions (82). The next
step is to reduce the system to the (BVPIC) as in §3.

First we solve for v in regular layers from (84). We need jump
conditions for v in two ajacent regular layers, one before the other
after the ¢th internal layer I = 1%+l Observe that from (86),



(v',w") are constants in I'. If we Recall that [v§ ](z§) = 0, from
the jump conditions (82), we find that

o' a) =o' M) = J5 (87)
wtl(a) —w' (a1 = Ji 4+ I, 4 At [wl ] (25), (88)
Agvz(at) + Bov?(a') = AgJg + BoJ3, (89)

A1U£T+2(a2r+2)+Blv2T+2(a2T+2)— — Ay J2T+1 B1 J27’+1 (90)

et us turn to the v equations in singular and regular layers. Con-
sider (83) and (85) in regular and singular layers with Neumann
boundary conditions. For the jump conditions on (u,uz), consider
the ¢th singular layer It, i = 2¢ + 1.

uwt(ah) —u'(a’) = H 1= Jj - ”“( b+)aat,
uf{"l(ai) —ul(a") = H2 = J2 + uoa3 (:UO YAzt
Equations for v have the property that in the two boundary layers

and all the regular layers, u§§+f,gu — 0 has exponential dichotomies
in It = (&1 ¢Y). In each internal layer It = [+l ¢y =1 ... r,

(91)



Uge —+ ffbu — O has exponential dichotomies only on the two half-
subintervals of I*. By having an exponential dichotomy for a sec-
ond order equation, we mean that the correspponding first order
system on (u,u¢) has an exponential dichotomy. The constants
and exponents of the dichotomies do not depend on € or the length
of the intervals, which approaches infinity as ¢ — 0. Let the pro-
jections to stable and unstable spaces in I* be P!(¢) and PL(§).
The projections in internal layers have a jump at the middle of the
interval I' since the dichotomies only exist on half of each I°.

If H;-,j — 1.2, is given, the system with jump conditions and
exponential dichotomies described as above has been studied in
[?7, 7, ?, ?]. The problem to solve is similar to the classical shad-
owing lemma except for the lack of exponential dichotomies in
the whole internal layers. Assuming at &, RPi(¢)) @ RPIT(eh)
which can be verified in our system, we have the unique splitting
(HY, Hy)™ = ¢t — ¢, where ¢ith € RPITH(EY) and ¢, € RP(€Y).



Denote ¢!, := Q' (HY, H5)7, il — QL(HY, H5)T. The system for
u can be approximated by a local boundary value problem in It

uge + fyu + fyv =0,

PUE D (u(@ ), ue(¢1) = ¢,

Py (&) (u(€"), uz(€")) = ¢y,
In regular layers, and in the two boundary layers, the above always
has a solution for any continuouse or L1 function v(¢) and any
vectors (gL, #%). In internal layers, v is constant, If W = (—f, yt),
where ¢£ is the solution to the adjoint egaution as in §2. To have
a solution w in It = 121 which is (—ef~1,eP~1) using local coor-
dinate, a Melnikov type condition must be satisfied, see Lemma 4.

Bt . L L
|y @ fide = WS, — WiE
=W (NQL(HT, H5) — Wi (& HQy (Hy  HY )™
It is now clear, base on W(¢) is exponentially small as § — oo,
we can drop the Az’ terms in the definitions of (H%, HS) in (91).
The right hand side is approximated by given terms involving only



: ) . ) -1 .
(Jit, gyt i g, If we denote nf = ffﬁ_lfg¢€(§)dg and use

the jump condition v*T1(a?) —vi(a?) = J§ — wli(z§) Azt, we have a
condition on v t1(a?):

ng- (' T 1(a")) Fwh (zg) Ax’) = WH(EHQL(JT, JB) T —WH (¢ Ny (i Ty
(92)

In the simpified system, the v variable in regular layers must satisfy

(92), with jump conditions (87), (88) and boundary conditions

(89), (90).

If we shrik the the singular layer to a point z§,0 < ¢ < r + 1,
and move a?¢ and a?“T! to zf, and approximate the nf§ by n =
25 f&bg(é‘)dg, then (92) is approximated by

n’ . (VT (z54) + wl (a§+) Azt) = given terms.

This is precisely the third equation in (BVPIC). The boundary con-
ditons become the second equation in (BVPIC) and the jump con-
ditions the last two equations in (BVPIC). Acoording to Lemma 77,
the modefied system has a unique solution. If we solve this



(BVPIC) and map the solution in each (xé_l,xé) by a near iden-
tity map to (a?/~1,42%), we have a good approximation of the v
in reqular layers. The error of the approximation approaches zero
as ¢ — 0. By Lemma 18, this means that the system for the v
variable in regular layers has a unique solution.

The v in singular layers can be obtained by jump conditions to
their neighboring regular layers. Finally, since (92) is satisfied, u
with boundary and jump consitons can be obtained.

Once the liear systenm has been solved, the nonlinear variational
system can be solved by a contraction mapping principle. We
summarize the result below:

Theorem 20 For any integer m > 0, then there exists eg > 0 such
that if O < € < €g, there exists a unique internal layer solution



(Uezact; Vezact) N€Ar the formal approximation (uap,vap). The inter-
nal layer solution has exact layer positions (determined by some

phase condition) zt 1 < /¢ <r that is near 2t . Moreover,

exact’ ap

|uexact — Uap| + |’Ue:z:act — ’Uap| + Z |$£xact — mgp| < Ceﬁ(m—l—l)’ 0 < 5 < 1.
/¢

Formal approximation of critical eigenvalue and eigenfunc-
tions

By truncating the formal series of eigenvalues and eigenfunctions
as above, we can show that Agp(e) and (Ugp, Vap) are approxima-
tions of eigenvalue and eigenfunctions with small residual in each
I* and jump errors between layers..

If we let (—F*, —G%) be the residual error of the approximation of
eigenvalue and eigenfunctions in I*, then

— AapUap + Ugp ge + fu<e><act>U + Mexact)v = —F",



Here f!(exact) = fu(Ueract; Vezact) iN regular layers, etc.. One can
verify that |F?| and |G?| satisfy estimates (75) with perhaps differ-
ent constants C'.

When Af = 0,/ = 1,...,r, the jump errors between layers are
defined as

Ui M (ab) = Up(ah) = —Ji,  Ugfi(ah) — Uipa(ab) = —J5,
Vitt(ah) — Vi (al) = —J5,  Viti(ab) — Vi, (ah) = —Jj.
They satisfy (76) with perhaps different constants C.

EXxistence of critical eigenvalue-eigenfunctions

The existence of a true critical eigenvalue-corresponding eigen-
function near the approximation ()\’;p(e), Uap, Vap) Can also be proved
by the contraction and iteration methods. For a related system,
see [?]. We can prove the follwing result:



Theorem 21 For any integer m > 0 and 1 < k < r, there exists

eg > 0 such that if 0 < € < €g, there exists a unique eignevalue-
eigenfunction triplet (Aezact, Uewact, Vezact) n€ar (A&, (), Uap, Vap). More-
over,

|)\§p — >\exact| + |Uap - Uexact| + |Vap — Ve:cact| — O(e(m_l_l)ﬁ)-

When we construct Ugp, an undetermined term e™ct gt can be
added in the ¢th singular layer. The vector {cfn}gzl will be deter-
mined now. Let an exact solution be

Aezact = A];p + 6m—|—1>\,

Uezact = Uap + emtly. in regular layers,
Uezact = Uap + €™ct ¢" + ¢™TLU, in the ¢th singular layer,
Vezact = Vap + € ‘HV, in regular and singular layers.

In regular layers,

Vex + guU -+ gUV GZ(SC) -+ NZ(U V A, e)



In the ¢th singular layer,

— A1chd” — Achdt + Ugg + fLU + iV + flucmi v + flocrdo
= F'(&) + M'(U,V, A, iy, ©),
Ve=eW, We= —glc mqg + GY(z) + NY (U, V, A, cm, €).

Th nonlinear terms satisfy

MY+ N1 < CUUPRH VP + N2+ b2 +e(UI+ V] 4 X+ chD)-

In regular layers, the nonlinear terms satisfy a similar estimate.

There are also boundary conditions at x = 0,1 and jump conditions
at {afi} to be satisfied. If we drop the nonlinear and small terms,
we have a linear system.

In regular layers,

Uee + qubU + fqiv = in(f)a
Viw + gzU + gf,V — Gz(w)



In the ¢th singular layer,

0 -/ 0 v 1 ) 1 X N NS S )
— A1¢pq° — Acpq + U§§ + qu + foV + fuuCmd v1 + fupvcmd v1 = F'(£),
Ve =0, We=—ghcni"+ G'(2).

The boundary and jump conditions are,

Uz (a®) = U 3@ 3) =0,  A4;Va(j) + B;V() =0,
Uty -U%a) =Ji,  USHa") —Uk(a’) = J,
Vitla) —vie) = J5, Vit - Vi(ah) = Ji.

Integrating in the ¢th singular layer, we have
Vi(a") = V'(a' 1) =0,
Wia') — Wia'™1) = ¢, (9(a" (=" 1), v) — g(¢ (" 71),v)) = M.
Here Mt := g(¢*(—0),v) — g(¢*(c0),v) as defined in §4. It is now
clear that the jump of (V, W) between the two regular layers next
to 12¢t1 are approximately
Wt —w ") = g4+ T + M



Using the change of variable U =Y — (f2)~1f.V, in regular layers

Vew — (gL (FL) "L — g1V + gLy = 0.
Dropping the small term g¢.Y, also observing a! and a~1 are ¢°
close to xé, an approximate system of V has the form

Vex — [g?&(fz?},)_lfé_ g:f)]v = 0,
[V1(zg) = J5 + J5 %,
[Val(z§) = J5 + Jit 4+ & MY,

with homogeneous boundary conditions. The solution can be writ-
ten as V = £ VA4 given terms, V¥ as in §4.

To determine cf;,b, plug V into the U equation in internal layers.
In order to have a solution in I?/t1 we have a Melnikov type

condition
—1

8 | o . o .
[ <8O, —Machd’ = Achd! + 3V + Fiuchitur + Finchitvr — F1(€)

—=given terms.



Replacing the domain of integral by (—oco0,00) and recalling that
nt = [ f,ytde, we finally have

.
Aich, + A = ng(z ¢t VE— b wl(ah)) + given terms.
1

With A being the coupling matrix, the above can be written as

(A — XI)cm = Acg + given terms.

Here we denote a r-vector (c¢l,...,¢")7 by ¢ . Since A1 is a simple
eigenvalue and cqg is not in the range of A — A\1I, there exists a
unique A such that the above can be solved for a unique vector c¢;,.
After that, we can determine a unique U2¢t1 1 4% in each singular
layer. Approximations for (U, V) in regular layers can also be solved
accordingly. The exact solution of (U, V, A, {cfn}) is obtained by the
iteration method as in Lemma 18.




