LOCAL AND GLOBAL EXISTENCE OF MULTIPLE WAVES
NEAR FORMAL APPROXIMATIONS

XIAO-BIAO LIN

Introduction

The formation of multiple wave fronts is important in applications of singularly
perturbed parabolic systems. These solutions can be effectively constructed by
formal asymptotic methods. When truncated to a certain order in €, they become
formal approximations of solutions to the given system. The precision of a formal
approximation is judged by the smallness of the residual error in each regular and
singular layer and the jump error between adjacent layers.

The purpose of this paper is to introduce Spatial Shadowing Lemmas that
help to construct exact solutions near the formal approximations. The Shadow-
ing Lemma was first developed for discrete mappings in R™, see [8]. It has been
extended to continuous flows governed by ODEs [11], and semiflows governed by
abstract parabolic equations [2]. We will call these Temporal Shadowing Lemmas
since the dynamical systems considered there evolve in time.

The Temporal Shadowing Lemma has been used to construct exact solutions
for singularly perturbed ODEs [11]. However, it cannot be applied directly to
singularly perturbed parabolic equations. For formal approximations of multiple
waves, the jumps between adjacent layers are functions of ¢ and they occur along
the a-direction. Since parabolic equations cannot be solved in the z-direction,
therefore, they do not define a dynamical system in the spatial direction.

To solve this problem, we use an idea motivated by the works of Kirchéssner
and Renardy [10, 15]. We find stable and unstable subspaces of the trace space
so that the parabolic system can be solved forward and backward in the spatial
direction. Thus the jumps along the lateral common boundaries can be corrected
using the technique of the usual Shadowing Lemma in abstract spaces.

This paper is divided into two parts. In the Part I, we show that for a general
parabolic system, if a formal approximation is precise enough, then there is an
exact solution near the formal approximation for at least a short time. The result
obtained here applies to various systems including reaction-diffusion equations,
Cahn-Hilliard equations [1], and viscous profile of conservation laws. In Part II,
we show that with additional restrictions, the process in Part I can be repeated

Date: August 12, 2004.

Key words and phrases. Singular perturbation, asymptotic expansion, reaction-diffusion sys-
tem, internal layers, spatial shadowing lemma.

Research partially supported by NSFgrant DMS9002803 and DMS9205535.

1



2 XIAO-BIAO LIN

to obtain global solutions if the formal approximation is a global one. Examples
include reaction-diffusion equations and phase field equations [7].

PART I. Local Existence of Multiple Waves
1. Consider a general singularly perturbed parabolic system,
(1) eur + (—=H™D¥™u = f(u,euy, -, (eDy)*" tu,x,¢), u€R™ x€R,

where f is C*° with bounded derivatives in all the variables. Assume that the
system has regular and internal layers located alternatively along the = axis. For
simplicity, we solve the system for x € R, with no boundary conditions other than
u € H*™!. Assume that there are curves I' = {(x,t) : x = 2%(t), t € [0, At]}, i €
7Z, that divide the domain x € R, ¢ € [0, At] into regular or singular layers ¢, each
is between I'"~! and I,

Assume that a formal approximation is given, piecewise continuous, with
u = w'(z,t,€) in B¢ Using the stretched variables £ = z/e, T = t /e, let w' (&, T, ¢€) =
W (€€, €T, €) which depends slowly on 7. Assume that w® € H?™1(3?). Let W' =

(w', Dew?, - - - ,D?m_l)T. The error terms in the followings are —g* and —¢°,
(2) w:— + (_l)ngmwl - f(wz7 e 5657 E) = _giv in Eia
(3) WZ(SZaT) - Wi+1(§ia7-) = 751‘(7)3 at F’L
Let an exact solution be u’ 4+ w’ in X Let U’ = (u’, Deu?, - - - ,ng_lui)f

Let 7 € I = [0, A7] where A7 is independent of e. The domain [0, A7] corresponds
to a short time interval [0, eA7] in the ¢ variable. Assume that e is small so that a
near identity change of coordinates in ¢ can be used to straighten the boundaries
I'“~! and T'. In the following, we assume that £ = % /e is independent of 7, but
may depend on e, QF = (£71,¢%), and X = Q° x I. With the new coordinates
introduced above, linearizing (1) around w' at the fixed time 7 = 0, we have

2m—1
(4) ul + (=1)" D™’ — Z AL(EDIu' = N (u', g*, €), in X,
(5) U, r)—Ut (¢, r) =0'(r), atI?,
(6) u'(€,0) = uf(¢), in Q.

Here A; (&) = D; f(w'(£,0,€), Dew'(£,0,€),- - ) is the partial derivative of f with
respect to the j-th variable. uf € H™(Q%). N* depends slowly on 7 and INi‘L2(Ei)
= O(|u"[372m, 2z 195t + [eAT|[u! | gamasi).

We look for a sequence of solutions {u?}*>_ with u* € H*™1(%%). Let H*(I)
be the usual Sobolev space and let H(I) be the completion of C* functions,
which are zero in a neighborhood of 7 = 0, in the H* norm. Define the product
spaces
1— 2k+1

B™(I) =275 VHY %5 (1),  Bpr(I) =275V Hy ™ o (I).
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From the Trace Theorem, [14], the mapping
§—=U(E), 9" — B™(I),
is continuous with
U (&, ) pm ) < Clu’|gama(siy.
Therefore, §' € B™(I) in (3) and (5). Let U§ = (uf, -+, D~ 'uf)". Let m; be the

projection to the first j-tuples in the product space H?E]R{", Le,mi(ur, -, usm) =
(u1,- -+ ,u;), A compatibility condition is also assumed on the initial data and the
Jjumps,

(7) Us(€") = Ug ™ (") = mmd" (0)-

Notice that only the first m components of 6° have well defined traces at 7 = 0.
We now discuss the method of solving (4)—(6) with the compatibility (7) in
Sections 2-5.

2. Consider

ur + (-1)"Di"u=0, £€R,TeRT,
with «(£,0) = 0. Applying the Laplace transform, we have the so called dual
system,

0 I 0 0
(8) Uc = J(s)U = L £
(—1)™s 0 0 - 0

The matrix J(s) has 2m eigenvalues A = [(—1)™*1s]zn .
Consider a sector in C,

So(M)={s: |s| > M, |arg(s)| <0}, M>0,7/2<0<m.

When s € Sy(M), the eigenvalues A are in 2m disjoint sectors of C, with |Re\| >
cos(g—;f) Q’W . There are m eigenvalues with positive real parts and m with neg-
ative real parts. Each eigenvalue has an n-dimensional eigenspace spanned by
(uy My -, A2 L)T € R,
Let E™"(s) be the Banach space of points in R?™" with an s-dependent

norm,

2m—1 )

(o, ur, -+ s tzm—1) (e = 3 (L4 [s["72%) [ugm—1-j]rn.

j=0
We actually will only use v = 0 or ﬁ in this paper. Let Ps and P, be the
projections in R?™" to the stable and unstable spaces of J(s), s € Sg(M). The
projections are of rank mn and can be constructed using eigenvalues and eigen-
vectors. Using the E™"(s) norm, we can show that there exist K, a1, o > 0, such

that

@ Py < Ko VIS < om0 VD g g,

TP, | ey < Keot Ve < geo+ Ve ¢ <,
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3. Consider
2m—1 , ] , )
(10) Ur + (=)D u— Y AYEDlu=0, &el¢h ¢,
j=1
with u(€,0) = 0. Using the Laplace transform, we have a dual system,
A A 0 0 . 0 A
(11) Ue=J(s)U+ (-1)™ U.

Ap(8) A& oAb, (9)
Let T%(¢,¢, s) be the solution matrix for system (11). System (11) is said to have
an exponential dichotomy in E™"(s) for £ € [€771,£%], s € Sp(M) if there exist
projections P!(£,s) + Pi(€,5) = I in E™Y(s), continuous in ¢ and analytic in s,
and positive constants K, a, such that

|Ti(§7<a S)P:(Ca S)|E’""’(s) < K67Q(1+ QW)KiCh 5 > Ca
[T (€, ¢ 5) PG 8)| v (s) < Kem @O VIDIE e <

Suppose that supgeq. 4 0<k<2m—1 |4%(€)] < C. From the Roughness of Expo-
nential Dichotomy Theorem, [3], which is also valid in the Banach space E™"(s),
we find that there exists M = M (C') > 0, sufficiently large, such that (11) has an
exponential dichotomy in E™(s) for & € [¢€71, ¢ and s € Sp(M). On the other
hand, if M is fixed, then there exists C' = C(M) > 0, sufficiently small, such that
the same conclusion holds.

A function f(s) is in the Hardy-Lebesgue class H(7), v € R, if

(i) f(s) is analytic in Re(s) > ;

(i) (51D (5, | (0 + i) Pd)} /2 < 0.

H(v) is a Banach space with the norm defined by the left side of (ii). Based on the
Paley-Wiener Theorem, [16], if =7 f(t) € L2(R"), then f(s) € H(y), vice versa.
For k > 0 and v € R, define a Banach space

H*(7) = {u(s) | u(s) and (s —7)*u(s) € H(y)},
[l () = [y + 1(5 = 1) ulpy)-
For any v € R, k > 0, there exists C' = C(v, k) such that
Cla4sF) <14 |s—AF <C(1+|s%).

Therefore an equivalent norm for H* () is

\u|§_(k(,y) = sup/ lu(o + iw)[2(1 + |o + iw|**)dw.
o>vJ—o0
It can be shown that if e f(t) € HE(R'), then f(s) € H¥(v).
We often use Banach spaces of functions with norms weighted by e~77. For
example BJ'(RT,v) = {¢ : e 7"¢(r) € By'(R+)} with obvious norms. Other
spaces like L?(R x RT, ), etc. can be defined similarly.
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Let K™ (y) = "y “5r (). From the definition of Bf*(R*, ), we see
that
¢ € Bi'(R",7) & ¢ € K (7).
Suppose now the system (11) has an exponential dichotomy in E™Tm (s) for
€ € [€71¢%] and Res > 7. An equivalent norm for X™(v) is

o0

m(y) ~ dw]'?, s =0+ iw.
ol ~ Pl 1609 g 12,5 =i

— 00

Based on this, one can show that (11) also has an exponential dichotomy in K™ ()
for ¢ € [¢¢71,¢%]. The definition for exponential dichotomies in a Banach space like
K™ (7) is standard, and can be found in [9]. Using the definitions of the function
spaces and exponential dichotomies,it is not hard to show the following. (See [13]
for the case m = 1.)

Lemma 1. For any ¢ € BJ*(R™T,~), consider
up =mLH (T E ) PUET 9)d(s), €267,
ug =m LN (T(E €5 5)Pi(El 5)d(s), € <€

If SUDgelgi-1 ¢i],0<k<2m—1 ‘Ak(£)| < 00, then uj € H2m71([§i_1’§i] X R+77)’ J=
1,2 and is a solution to (10) with u;(&,0) = 0. Moreover

|Uj |H2m,1(,\/) < C|¢‘B(§"’(R+,'y)'

4. A sequence of functions f? € F?, i€ 7, where F? is a Banach space, will be
denoted by {f}. Define the norm [{f*}|p: = sup,{|f*|r:}.
Consider a linear system,

2m—1
(12) ul + (-1)" D"’ — Z AL(€)DIu' = h(¢,7), in X,

with jump conditions (5), initial conditions (6) and compatibilities (7). Assume
that the coefficients A;- (€) are extended to ¢ € R by constants outside Q. After
the extension, assume that the associated homogeneous dual system (11) has ex-
ponential dichotomies in E™¥(s), v = 0,1/4m, for £ € R and Re(s) > ~. Assume
that g* € L3(X%,~), 8 € B™(R*,v) and u§ € H™(Q?). In this section X! = Qf x T
with 7 = RT. Assume

|{5i}|Bm(]R+,7) + \{hi}h?(zi,w) + H%HHm(Qi) <00

We look for solutions u® € H?*™(%%), i € Z.
By a standard method, we can continuously extend h* and uj to £ € R so
that

1| 2@ty < CIWL2(siy,  uplenm @) < Cluglamqi-
We first solve (12) in the domain R x RT, with an initial condition u but
no jump conditions. Denote the solution by #*. From the existence of exponential
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dichotomy in E™0(s), for Re(s) > v, we can prove that (12) defines a sectorial
operator A’ in L?(R). Moreover,

; C
i|—1
A=Al < Ty

ReA > 7.

The proof of the case m = 1 can be found in [13]. The general case can be proved
similarly. It is than easy to see that @' can be solved by the analytic semigroup
e’ and the variation of constant formula. We have

|ai|H2mv1(R><R+,’y) S C(|hi‘L2(RXR+’~/) + |U(Z)|Hm)
Let U' = (a', Dett’, -+, DF™~'a")", and 6' = U'(¢,-) — U'1(&",+). Then
10°| 5 v+ ) < CU{R HL2(si ) + HubH mm 0i))-

Let the solution to (12), (5)(7) be u* = @’ + v*. The function v’ satisfies (12)
with h* = 0 and v*(£,0) = 0. Let n° = 6° — §°. Then n° € BJ*(RT,7). Let
Vi= (vl Devt, - - ,ng_lvi)f. Then the dual systems for V? are

B B 0 0o .- 0 B

(13) Ve=JEV + (=)™ _ _ V*.
Ap(€)  ALE) oAby (§)

We want to solve (13) and (14) with /¢ € K™ ().

k() < CU18' | pm (et ) + [{h H L2 (i ) + Huo}H ).

For two subspaces M & N = R?™"_ denote by P(M, N) the projection with
the range and kernel being M and N respectively. Assume that at each ¢?, we have

REL(E ) & RPIE ) = B

7’

Here R stands for the range of an operator, and P! and P! are projections
associated to the exponential dichotomies in Q¢ and Q*! respectively. Assume
that the norms of the projections associated with the above splitting are uniformly
bounded with respect to ¢ € Z, Res > 7 in the E™"(s) norm. Notice that the
assumption is valid if we choose v > 0 to be sufficiently large, due to the Roughness
of Exponential Dichotomies again.

We now solve (13), (14) by an iteration method that is used to prove the
Temporal Shadowing Lemma, [11]. As a first approximation, let

$u(€',5) = P(RP,(E',5), RPIFHE, )i (),
¢ (€7 5) = —P(RP{(§7",s), RP,THE ™ )i~ (s),
¢'(&,8) =T'(§,6 7, 8)u (67", ) + T(&, €', 5)l, (8, 5).
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From Lemma 1, m L7 (¢*(&,5)) € H>™1(Q! x RT,4) and is a solution for (12),
with h* = 0. However, at &, the jump is not exactly 7*. Let ¢*(%,-) —¢* "' (¢%,-) =
A" — 4. Then

Mi(s) = THHE, € 8)gi M (€h,s) = TH(E, €77, 8) L (671, 9).

{1 Hiem () < Ce™ {7 Hiem (4)-
Here d = inf{¢*+! — ¢}, The above process can be repeated with {f*} replaced by
{ni}, and the second approximation denoted by {¢i}. By iteration, we can have
a sequence {ﬁ;}, j > 1 and a sequence of approximations {¢;} Suppose now the
constant C; = Ce~ %% < 1, then the convergent series

P=612 9
j=1

is the desired solution to (13) and (14). 71 £71(®?) is an exact solution for v*. The
uniqueness of {v'} can be proved by the exponential dichotomy argument and will
be skipped here. Observe that by the Paley-Wiener Theorem,

(15) n(r)=0for Tt <AT,i€Z, = '(7)=0forT<AT i€Z.
This fact will be used in the next section.

Finally, the solution to the system (12), (5)—(7), u® = 4* + v%, satisfies
(16)  Julmomsmimy < OO} mm e ) + A Hpagemy + o i)

5. The nonlinear system (4)—(7) can be solved by using the result of §4 on the linear
system and a contraction mapping in a suitable Banach space. The following Local
Spatial Shadowing Lemma is the main result of Part 1.

Theorem 2. Assume that f is C'°° with bounded derivatives with respect to all
the variables, {w'} is a formal approzimation with |{wi}|H27n,1(21) < oo. Let I =
[0, AT]. Assume that € > 0 is small so that a near identity change of coordinates
can be made in [0,eA7] as in §1. Let d = inf;{¢T1 — £} > 0. Then there exist
Bo, €0 > 0 and a positive linear function p*(8), 0 < 8 < fBo. If 0 < € < €p, and

{uo} mm oy + {92y + {8 Hpmy < 1" (8),
then there is a unique solution {u'} to (4)-(7), with [{u'}| grzm.1(siy < B. Moreover,

{u'Hazma sy < C({ug mm @iy + {g' Hezsn + {8 pmm)-

Proof. Let h* € L?(X%), i € Z. Since v > 0, it is easy to extend the domains of §°
and h' to 7 € RT, so that

{P' Y L2 @ixkt ) + {8 Bt y) < CU{R M L2 (mi) + {0} Bm(1))-
Consider the associated linear system (12). From the assumptions, it is clear
that sup, ; 5, |A}(€)] < co. Assume that the coefficients have been extended to
¢ € R by constants, then from §4, there exists My > 0 such that if M > Mj then
(12) has an exponential dichotomy in E™"(s), v = 0, = for £ € R and s € Sp(M).

7 4m
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This also implies that (12) has an exponential dichotomy in K™ () for v = M,
of which the exponential decay rate is @ = a(1 + QW) By choosing larger M,
we have C) = Ce™%? < 0.5, where C is as in §4. The result in §4 concerning the
system (12), (5)—(7) is now valid. Let the unique solution be denoted by

{w'} = 7, ({ug}, {6'}, {R'}).
Restricting the solution to the finite interval I = [0, A7], in the unweighted
norm, using (16), we have,

|{U/i}|H2m,1(Zi) < Ce’YAT|{Ui}|H2m,1(Qi xR+ )
< O ({ug} gy + W H L2 wn + {0 Hem (1)
Let the solution in that finite time interval I be denoted by
{u'} = Fr({up}, {07}, {n').

Consider Q(ﬁ) ={{u'}: v’ € H27’f*1(2i), {u'} grzma < B} Let [{uf} grm (i
+ {6} Bm(r) + {9 HL2(si) = p. For {u'} € Q(3), we have

N (', g, €)l L2 sy < 9[22 + C(Ju']? + eATlu’])
< C(B% 4 eATB + p).

Consider the mapping
{ull} = -7:1({“6}7 {51}7 {Ni(uiv give)})'
We have
{ui} gzma sy < Cp+ 5 + eATp).
Let 3 be small such that C5% < %5. Let 1 and €y be small, depending on (3, such
that Cu < %6 and CeAT < 3. Then F; maps Q(f3) into itself. One can also verify
that if 3 is small, then F; is a contraction mapping. Therefore, there exists Gy > 0
such that F; : Q(8) — Q(B) has a unique fixed point {u'}.

Finally, the solution {u’} does not depend on the method of extending the
domain of {§}, {¢g’} to 7 € R*. This can be verified by using (15). O

Remark. In many formal constructions, d = inf{¢*! — ¢!} — oo as € — 0. Then
the condition C; = Ce~% < 0.5 is valid if € is small. We do not need to choose
large v = M to make & large.

PART II. Global Existence of Multiple Waves

6. The multiple wave solutions constructed in Part I exist only for a short time
t € [0,At], At = eA7. If {u'} is not too large, using the output of the previous
interval as the input of the next time interval, the process can be repeated to
obtain solutions in [jA¢, (j + 1)At], j = 1, 2,--- recursively. It is shown, in [13],
that if a formal approximation is defined for ¢ € R*s, under certain conditions, it
is possible to obtain global solutions for ¢ € RT. In the second part of this paper,
we summarize the results in [13].
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Although the method should work for some higher order parabolic systems,
such as the phase field equations, [7], to simplify the matter, we will consider a
second order system,

(17) €ur = upy + f(u,,€), x €R,t>0.

Assuming by the method of matched expansions , we have the formal series

for the wave fronts,
m

= Zejnf(t), LeZ,
0

and formal series solutions in the ¢-th regular and singular layers,

(z,t,€) Zej Re (z,t),
e):ZejufZ(f,t).
0

Here “R” and “S” stand for regular and singular (internal) layers, and £ = (x —

' (t,€)) /e

For convenience, assume the the following Periodicity Hypotheses.

(1) (ux+xp,) f(u, z,€);

(2) e (t,€) = n(t,€) + xp;

(3) R<M (x,t,¢) = u(z — ), t,€);

(4) uSEFR (g t,e) = uSh (€, 8 e).

Here xz,, > 0 and integer £, > 0 are two constants. The periodicity hypotheses
ensure that all the estimates obtained here are uniform with respect to layer index

£. They do not play any other rolls and are not necessary.
Let 0 < 8 < 1 and let the width of the internal layers be 2¢5~!. Define

y*(t) =t ) + ¢,
v =0 (te) — €
The family of curves I'" = {(z,t) : 2 = 3(t)} divides the domain into regions

¥ i € Z, where X' is between I'""! and I'*. A formal approximation can be
obtained from the matched expansions,

Wzt €) = {um(x,t,ee), 1=20—1,
o usz(%(t’e),t,e), i=20.
Here are the assumptions on w:
H 1. There exist C, 4 > 0 such that for all small € and i, £ € Z,
|w'(z,t,€) —w'(x,00,€)] < Ce 7, (x,t) € R%
In’(t,€) —n'(0c0,€)| + |Din’(t,e)] < Ce™, teR™.

Here w'(z, 00, €) = lim; o wi(x,t,€), ete.
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H 2. There exists & > 0 such that in each regular layer X%, i = 2¢ — 1,
Reo{fu(w'(z,t,¢),2,€)} < =0
uniformly for all (z,t) € ¥¢, i € Z and small € > 0.

H 3. For an approximation w’(¢,,€) in an internal layer, as £ — 400 and € — 0,
both w! and dw®/O¢ approach the corresponding values of w'*! or wi~! at common
boundaries. More precisely, if i = 2¢, then for any p > 0, there exist N, ¢g > 0
such that 6571 > N, and for 0 < e < ¢, t >0,

(Wit e) = Wity =1 (t), t,e)| <p,  for —eP~t <E<—N,
(Wi t,e) = Wit (yi(t), ¢, €)] < p, for /=1 > ¢ > N.

Here the function W = (wi,wé) is expressed in the stretched variable £ = (z —
n'(t,€))/e.
Let £ = 5(5) be a function of £ such that

3 for [¢] < e,
E=1¢ —ef1, for £ < —ef1,
A1, for &€ > 01,

For each t > 0, i = 2/, consider the operator A%(¢) : L>(R) — L?(R),
Al (t)u = uge + Dy’ (t, €)ue + fu(w'(€,t,€),n"(t, €) + €€, €)u.

H 4. A(t),i = 2¢,t < 0, has a simple eigenvalue \'(e) = e\j(t) + O(e?). The
rest of the spectrum is contained in {ReX < —5}, & as in H2. Moreover, for the
limiting operator A*(c0), we have,

)\é(oo) < )Xo <0, uniformly for all i = 2¢.

We look for exact solution u that is of the form w® 4+ u? in each X?. The limit
u'(x, 00, €) describes the correction to w'(x, 0o, €) that yields a stationary solution,
while u(z,t,€) — u'(z, 00, €), together with w’(z,t,€) — w'(x, 00, €), describes how
the solution approaches its limit as ¢ — oco. Therefore, we define the following
Banach spaces. For a constant v < 0, let

X(QxRY y) = {u:u=uy +us, uy € L3(Q), ug € L>(Q x RT,y)}.

|ulx () = lurlz2(0) + [u2]L2@xrt )

X2H QxR y) ={u:u=us +uz, u € H*(Q), uz € H>'(Q x RT,y)}.

|U|X2=1(7) = |U1|H2(Q) + |U2|H2v1(Q><R+”Y)'
It can be verified that for u € X (Q xR*,7) or X21(Q xR*,v), the decomposition
u = Uy + u2 is unique.

For ¥ = {(z,t) : y"71(t) < = < y'(t), t > 0}, we say that u € L*(¥%,~),

H>Y(X% ), X(2,7) or X212, 5), etc., if u is the restriction of a function @ €
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L?(R x RT,~), etc., to the domain . The norms are defined by
|U‘L2(Ei7,y) = inf{‘ﬂlL%RxR*,y)L
|U|X2,1(Ei’,y) = inf{‘a|X2v1(R><]R+,'y)}-
Let
XE(y) ={u|u=m1uy +uz, uy €R™ uy € H*()}, v < 0.
Xhka (y) = XP(y) x X*2(y), k1 20, k2 2 0.
Similar definitions can be given to spaces L2(2x I, ~), H**(QxI,v), H>(XN
I,7), but not X(Q x I,7) or X¥(v), if I is a finite time interval.
The main result of Part II is the following Global Spatial Shadowing Lemma.

Theorem 3. Let {w'} be a formal approzimation of solutions for (17). As-
sume that the Hypotheses H1-H4 are satisfied, and the constants ¥ and & satisfy
—0 < —4 < 0. Then there exist positive constants jg, J2, €g and a negative con-
stant v = O(e) satisfying the following properties. Assume that {w'} is a formal
approximation near {w'}, with

(18) |wi — wi|X2vl(Ei7»y) < Clejl, 1 €7,

for some C1 > 0 and j1 > 1. Assume that for the approzimation {wz}, we have
(19) ‘gi|X(Ei7,),) + |(5i|X0.75><0.25(R+7,),) < Cgej2, J2 > Jjo-

Then for 0 < € < €, to any locally H' function ug with |ug—w"(0)| g1 (singr=o})
Coe’2, there exists a unique ezact solution to (17) that satisfies Uepact(w,0)
uo(x), and

A

[Uenact — 'lz)i|X2,1(Ei7,y)) = O(6j3), i € 7.
Here j3 = min{j1, jo — Ja}, J2 > 0 is a constant that does not depends on €. All
the norms in this lemma are expressed by the stretched variables € = x/e, T = t/e.

Remark. (1) The constants jo and Jo depend on {w’}. However the approxima-
tion may not satisfy (19). By adding higher order expansions, the new approxima-
tion {w’} will satisfy (18). Therefore, it has the same constants jo and .J, which
are stable with respect to perturbations. Moreover, if the order of expansion is
sufficiently high, {w’} will also satisfy (19).

(2) The values of jy and J; are not important in applications. since j3 = j; if
jo is sufficiently large. Computing j; is relatively easy. One only need to compare
{w'} with the next approximation.

(3) Hypotheses H1-H4 are consequences of hypotheses used to construct
formal expansions for system (17). See §11 for a brief discussion.

7. To prove the theorem, we use a partition of the time interval t € Rt,
R* = UIZ [iAL, (7 + 1AL U [tf, 00),

where t; = rAt. We assume that At = eA7, where A7 is independent of €. ¢ is
large such that e=7* = O(€?), where 7 is as in H1. If € is small the variations of
boundary curves x = y*~1(¢) and y*(t) are small such that a near identity change
of coordinates can be made in each X} = X' N {t € [jAt, (j + 1)At]}, j <r—1or
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$i =%"N{t € [ty.00)} to straighten I'""! and I'". In the sequel, we assume that
I* = {z = y}} in the jth time interval, where y? is independent of ¢.
Define

E=lz— (i +y))/2/e, inX,
Li(e) = (y; —y; ")/ (2e),
Q5 = [=Lj(e), Lj(e)],
P =[0,A7],0<j<r—1, and I"=1[0,00).
Let 7 = (t — jAt)/e. Then X! = Q! x I7. In each ¥}, j < r — 1, we linearize

around w® at the fixed time 7 = 0, while in X, linearize around w' at the fixed
time 7 = co. Denoting the solutions in X% by u}, we have

(20) ul, = ulee + Vi€l + AL (Oul + N (uh, €, 7,¢), in X,
(21) Uj(L'(€),7) = Ui H (=L (), 7) = 0j(7),  at T,
(22) w18, 0) = w561, A7), ug(€,0) = ug(€).

Here & = @§ (€) is a near identity change of coordinates induced by the coordinates
change that straightens the boundaries in each Z; VJ7 is the constant wave speed
in an internal layer, but is slowly ¢ dependent in a regular layer due to the fact
that the boundaries are not parallel there.

The idea of the proof is presented in the next three sections. In §8, we study
the spectral properties of the linear systems and exponential dichotomies asso-
ciated to the dual systems of the linear systems. In §9, we study the system in
the last interval [ty,c0). There we need to obtain asymptotic behavior of the so-
lution {u®}. Thus the space X2 (X%, v) will be used. The result obtained there
also serves as an upper bound of the accumulation error in the first r intervals
[1At, (j+1)At], 0 < j <r—1.In §10, we study the system in finite time intervals.
Since r is large, the estimates obtained in Part I is not accurate enough. More
precise estimates will be derived which rely on the Hypotheses H1-H4, while the
estimate in Part I does not.

8. Since nonlinear systems can be solved by contraction mappings, we study a
linear system first. Drooping the subscript j, we consider,

(23) uy = uge + V(Eug + A (Eu' +1'(E,7),
(24) U'(L'(e),7) = UTH(=L" (), 7) = 8'(7),
(25) u'(€,0) = up(9).
The homogeneous dual system of (23) is
. 0 I .
20 U= (o uie vie) O

Here U = (@, 7)™, Tt is crucial to study the exponential dichotomies for system
(26).



LOCAL AND GLOBAL EXISTENCE OF MULTIPLE WAVES 13

We first discuss the system in regular layers. Freezing £ = £y and consider (26)
with constant coefficients. Using H2, we can verify that for Re(s) > —og, 09 =
& /2, the system is hyperbolic, having n eigenvalues with positive (negative) real
parts.

Now recall that in regular layers, A%(¢) = f, (w*((y*~! + y*)/2 + €&), (¥~ +

y')/2 + €, €) depends slowly in &, i.e., 8‘4815(5) = O(e). Also, from the change of
coordinates, cf. [13] for details, V¢(£) also depends slowly on € in regular layers.
Then a theorem from [3] indicates that (26) has exponential dichotomy for £ € R
and Re(s) > —oy.

In [13] it is shown that if (26) has an exponential dichotomy in R?" for £ € R
and for every s € {Re(s) > —og}, then it has an exponential dichotomy in the
space E1'7(s),v =0 or 0.25.

Let the right hand side of (23) define a linear operator A(t), t = jAt, 0 <
j<r—1,ort=o00,j=r. Using the fact that (26) has an exponential dichotomy
in EL7(s),v =0 for £ € R and s € {Re(s) > —0p}, we can show that in regular
layers, A’(t) is an exponentially stable sectorial operator in L%(R), i.e.,

Re{oc A'(t)} < —00,

for every t > 0.

We now discuss (26) in internal layers. Here the spectrum of A%(t) is given by
H4. Also Dyn(t,€) = Vi, i=20if t = jAt, 0 <j <r—1,and V;' = 0. From H3,
if 41 is small, then for |£] > N, the coefficients A*(€) and V*(€) are close to that of
A (£L(e)) and V¥ (£Li(e€)). But the system with constant coefficients A*(+L(¢))
and V*(+L(e)) is hyperbolic. Therefore, from the Roughness of Exponential Di-
chotomies, which is also valid in spaces E>V(s),v = 0, 0.25, (26) has exponential
dichotomies in E*¥(s),v = 0, 0.25, for Re(s) > —og and [£] > N.

The exponential dichotomies in the region ¢ < —N and £ > N extend to
¢ € R~ and ¢ € RY respectively. Let the projections be P! + P¢ = I. We can show
that

(27) RP,(07,5) ®RP,(0",5) = R*, if s # A'(€) and Re(s) > —oy.

If (27) were not true, we could find a solution U(€, s) for (26) that decays expo-
nentially as & — 4oco. Then s would be an eigenvalue with U (&,s) as an eigen
function. This contradicts to the fact A’(e) is the only eigenvalue in the region
Re(s) > —oy.

In [13], it is also shown that the projections defined by the splitting (27) is

o1+ m) Observe that H4 also implies that for the linearization at t = oo,

(26) has an exponential dichotomy in £ € R in the region Re(s) > %, where

Ao < 0 is as in H4.

9. We now study (23)—(25) in the time interval [t, 00). The procedure of solving
them is similar to that used in Part I. The right hand side of (23) defines a sectorial
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operator A%(co) in L?(R). Extend the domain of u{, and h' to £ € R. Let

’l_Li _ eAi(oo)Tué +/ eAi(oo)(q——C)hi(C)dC.
0
As shown in §8, ‘
oA (00) C {Re(s) < —Ce < 0},
both in regular and internal layers. Because of the spectra of A%(co), with some
v = Ce < 0, we can show

(28) @' x21(y) < Cle "2 gl + €O |h x())-

The solution {u'} for (23)—(25) can be written as u’ = @® + v!, with {v’}
satisfying

(29) vh = v + VIt + AN,
(30) VH(L (), ) = V=L (), 7) = (1),
(31) v'(€,0) = 0.

Here V = (v,v¢)7, ' includes 6° and corrections from the jumps of {a'} at bound-
aries. We have

|7’]i|X0.75x0,25(,Y) < C(‘(Si|X0.75><0,25(7) + 6_0'5|{u6}‘H1 + 6_1'5|{hi}|L2(2i77)).

Since for the dual system of (29)—(31), the exponential dichotomies exists in the
region Re(s) > v, v < 0, using the Laplace transform and the iterative scheme
similar to that used in Part I, we can show that system (29)—(31) has a unique
solution {v'}, with

[0 x2.1() < C|{?71}|X0.75x0.25(,y).
Therefore, in the last interval, the solution {u'} satisfies

|ui|X2,1(,y) < C(|{5i}|X0,75x0A25(,y) + 6_0'5|{u6}|H1 + 6_1'5|{hi}|L2(2i77)).
Using the above result, the nonlinear system can be solved by a contraction

mapping in a ball of radius €, r; > 1.5, in X%!(v). The following result is proved
in [13].

Theorem 4. Let [¢"|x () = o(eT9), Juf| g1 = o(e"F02), |67] go.rsxo.25 () =
o(€™), where r1 > 0.5. Let ty be e dependent such that e~ 7' < Cye®, where
is as in H1 and Cy is independent of €. Then there exists eg > 0 such that for
0 < € < €, the nonlinear system (20)- (22) has a unique solution {u'} satisfying
the following estimate,

(32)  Hu'}x2a(y) < C{{8 Hmorsxozsiyy + e {ughm + e {g"Hx i }-

10. We study system (20)—(22) in the finite intervals, [jA¢t, (j+1)At], 0 < j < r—1.
The existence of solutions in a finite interval has been discussed in Theorem 2.
However, to guarantee the existence of solutions up to the last interval [tf, 00), a
stringent restriction on the accumulation errors in these finite intervals must be
met. Since the critical eigenvalue \*(€) may not be negative, u} may grow as j
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increases. From Theorem 2, {u} is determined by {u}(0)}, {g}} and {4?}. Among
them only {u}(0)}, carries the information from the previous j intervals. Therefore,
it is crucial to control |u’(A7)| in terms of [{u}(0)}|.

Let Q5’ and Q%' be the projections corresponding to the spectral set in
A (e) and {Re(s) < —op} in the ith internal layers and the jth time interval. Let

é’j u; = aé(bj- where (bé» is the eigenvalue corresponding to the eigenvalue A (e).

Then
|| + Q7 ujl
is an equivalent norm for |u; |g1. The following estimate has been proved in [13],

k(AT + 1Q (A7) 1 < (1+ Ce) sup(lar (0)] + Q! (0)] )

=+ C|{5§}|H0.75x0.25(p‘) + CHQ;}‘LZ

Since the spectral projections for the j and (5 + 1)th interval differ by O(e),
a1 (0)|+]Q%7 Tl 41 (0)| g1 is also bounded by the right hand side of (33). There-
fore, one can show that

|05(0)] + Q%7 w5 (0) | < (1+ Ce) sup(|og (0)] + [Q ug| )

1+ Ce)? i :
4 g zipl(H(SkHHo.mxo,% + ‘{gk}|L2)'
J

Using the fact (1+Ce)/(¢9) < eand j < r ~ log(2) /e, we see that (1+Ce)? <
¢~ B for some B > 0. Therefore, if all the terms in the right hand side are bounded
by €M for some large M > 0, have the solution {ug} for all the finite intervals, and
the initial condition for the infinite interval is small enough so that Theorem 4 can

be used there. Here is the main theorem in this section.

Theorem 5. There exists At > 0 such that if r = [10g(c+)6)/67yAT] + 1), then

we have the following concerning the solutions of (20)—(22) in I7,0 < j <r—1.
There exist My and Ms > 0, such that if

{ub(0)} 2 + {85} mrorsxo2s + [{gj} 22 = O(e™),

uniformly for 0 < j <r—1, then (20)-(22), 0 < j < r—1 has a unique solution u;
for 0 < e < ey, where € > 0 is a small constant. The solution in each I7 satisfies

|05(0)] + Q47 uj (0)| a1 < Ce™ M2 [sup(|ag (0)] + |Q5 up| 1)
+ Sup(|{5z}|Ho.75xo.25 + ‘{giHLz]
k<j
In particular, if My is sufficiently large, in the rth (infinite) interval |{ul(0)}| 1 =
o(e"F95) 1 > 1.5. Therefore, Theorem 4 applies in the last infinite interval also.

To describe the idea of the proof of (33), it suffices to consider the linear sys-
tem (23)—(25). For simplicity, we consider the 0th interval and drop the subscript
j. The procedure of solving such system is similar to that used before. Define u® as
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in Part I, and let @' (7) = a'(7)¢" + QL%%! (7). In internal layers, A = O(e). Also
in the stable space, the semigroup is exponentially stable. We can show,
@ (AT)| < MFCIAT(|0(0)] + VATIRL2),
QL@ (AT) 1 < C(e™727|Q5 u (0) 11 + [’ (0)]),
for some o < 0. Observe in the above, @(0) = u*(0). Thus &*(0) = a*(0).
Let A7 > 0 be large so that Ce 787 < 1/2. We then find C; such that
eIH+CIAT < 1 4 Ce. We have
(34) [a"(AT)[+]QL°a (0)]mr < (14 Cre)|a’(0)] + 1/2|Q% u" (0)] m1 + C|A°[ 2.

The above is also valid in regular layers with a‘ = 0.

The solution for (23)—(25) again is written as u’ = 4’ + v*, where {v'} sat-
isfies (29)—(31). As in Part I, system (29)—(31) is solved by iterations, and {v’}
is bounded by {1’} in suitable function spaces. An complication arises here since
{n%} also include corrections of the jumps of {u‘} at common boundaries. The
latter in term is bounded by [{af(0)}| and [{Q%%u?(0)}|, of which the coefficients
have to be carefully controlled.

It can be shown that {5’} depends weakly on a*(0), since |a’¢’| < Ce~7l¢l
for some o > 0, and L(¢) — oo as € — 0. However, it is a little tricky to control
the dependence of [{n'}| on [{Q%%u*(0)}|. The key here is to use the exponential
decay of eA'™ in the stable subspace (which is the whole space in regular layers).
To do so, weighted norms have been used, [13],

|U|HO,75><D.25(IJ"O-) = |6707U|H0,75><0.25([j), o <0,
[ul 20 (Qix1i o) = €7 Ul g2 qixiy, 0 <0.
Observe here the interval I7 = [0, A7] is finite. It is shown that
|’I]i|H0,75><0A25(1j70) < Ce‘alAT‘{5i}|H0.75x0.25(1j)
+sup{efa’ (0)] + C|QL ' (0)] + Cel?I27|n| 12},
for some o < 0, independent of €. Also it is shown that the solution of the system
(29)—(31) satisfies
0| 21 @ix13,0) < CH{N o mx025(15 0y
Let Qp’v = &gl
& (A7) + QL0 (A7) 11 < Clot (A7)
< Ce™ |V |2 (i 1s )
S O|{5i}|HO,75XD.25(Ij)
+sup{C1e”2T|QY ' (0)| i1 + Cee™7 [ (0)] + C|h’| 12}
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Let A7 be large so that C1e27|Q%7u*(0)| g1 < 0.5. Combine the above with
(34), we have an estimate for the linear system,

[0 (AT)] + Q5 ' (AT) |1 < (14 Ce) sup(|a(0)] + Q5 u" (0)] 1)

+ C|{5i}|HO.75><0.25(Ij) + C|{hi}|L2.

The estimate of the nonlinear system (33) can be obtained from (35) by replacing
h* with N¢, and using the fact that if |u?|g2.1 <€,

N2 <|g' |2 + Celu*|gaa.

11. Constructions of multiple waves in singularly perturbed equations have been
discussed in many papers, see for example [5]. Expansions for system of reaction-
diffusion equations to any order of € can be found in [12]. The following hypotheses
are used in that paper.
There is a partition
R = U?ifoo[mgafh_l}

that is periodic with respect to £, compatible with the period of f. A C'*° function
p'(x) is defined on [2'1, 2] with fo(p’(z), z) = 0. Also assume that p**% (v+x,,) =
pl(x), x € [x¢71, 2.

H* 1 Reo{fou(p'(z),2)} <0 for x € [2'71, 2], i € Z.

T—x
, we assume that the Oth order expan-

Using a stretched variable & =
sion of Eq. (17),
(36) uge + fo(u,z") = 0.
has a heteroclinic solution ¢*(¢) connecting p(z?) to p'*!(z?). Assume

H* 2 The linear homogeneous equation

has a unique bounded solution qé({), up to constant multiples.

From H*2, we infer that the adjoint equation

has a unique bounded solution ;(§) up to constant multiples.
The following assumption implies that the heteroclinic solution breaks as z
moves away from x’.

H* 3 [70 07 (€) fou(q'(€),2")dE # 0, i€ L.
When z is in a neighborhood of %, we look for traveling wave solutions with

wave speed Vi(z). It is also of interest to find out conditions to ensure that the
wave front moves towards x’. Consider A’ : L?(R) — L?(R), defined as

Alu = uge + fou(d'(€),a")u, D(A) = H*(R).
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H* 4 \ = 0 is a simple eigenvalue for A%, i € Z. There exists oo > 0 such that
a(AY) C {A =0} U{ReA < —0}.

Since A = 0 is simple, we have
| rodd 2o,

H* 5 1= [[7 o7 (€)ai(&)de] ™" [72 ¢7 (&) fou(q' (), 27)dE > 0, i € Z.

Under Hypotheses H¥*1-H*5, it is shown, in [12], that formal expansions of
wave front positions {n°(t,€)} and matched expansions of solutions {w(x,t,€)}
can be constructed. These hypotheses are general in the sense that H*2 and H*3
are generic assumptions. Hypothesis H*1 is equivalent to the stability of pi(x) in
a regular layer, as an equilibrium of an ODE, obtained from the Oth expansion of
(17), i.e., by setting eu,, = 0. Hypothesis H*4 is equivalent to the stability of the
traveling wave solution ¢* in an internal layer, in the sense of Evans [4]. Hypothesis
H*5 implies that the wave front is moving towards z?, if x is near z*. In fact, if is
shown in [12]

oV (z ;
% =—T1 (x—2".
Similar conditions like H*5 was used by Fife [5]. Without such conditions, the
wave front may move away from the stationary position and the formal solutions
may not exist globally in time.

It is shown in [13] that Hypotheses H*1-H*5 imply Hypotheses H1-H4 of
this paper. Only H4 needs some explanation. When {w’} is a Oth order approx-
imation, A = 0 is always an eigenvalue. When higher order terms are added, the
eigenvalue becomes O(e). In [13], a precise formula expressing A*(¢) as a function
of the wave speed and the wave front position was proved. In particular, when
t = o0, it yields

ON! B V'

de Oz’
Here Vix) is the wave speed as a function of the wave position z. It is now clear
that H*5 implies H4.

Many authors have found that the signs of A%(e) or the derivatives of the
wave speed determine the stability of the multiple waves, [6]. The precise relation
between the two quantities in general systems is interesting in its own right right.

In conclusion, the formal approximations obtained in [12] satisfies our hy-
potheses in Part II. Therefore, the Global Spatial Shadowing Lemma can be used
to ensure the existence of a global solution near the formal approximation.
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