CONSTRUCTION AND ASYMPTOTIC STABILITY OF STRUCTURALLY
STABLE INTERNAL LAYER SOLUTIONS

XIAO-BIAO LIN

ABSTRACT. We introduce a geometric/asymptotic method to treat structurally stable in-
ternal layer solutions. We consider asymptotic expansions of the internal layer solutions
and the critical eigenvalues that determine their stability. Proofs of the existence of exact
solutions and eigenvalue-eigenfunctions are outlined.

Multi-layered solutions are constructed by a new shooting method through a sequence
of pseudo Poincare mappingshat do not require the transversality of the flow to cross
sections. The critical eigenvalues are determined byupling matrix that generates the
SLEP matrix [40]. The transversality of the shooting method is related to the nonzeroness
of the critical eigenvalues.

An equivalent approach is given to mono-layer solutions. They can be determined by the
intersection of dast jump surface and aslow switching curve which reduces Fenichel’s
transversality condition to the slow manifold. The critical eigenvalue is determined by the
angle of the intersection.

We present three examples. The first treats the critical eigenvalues of the system studied
by Angenent, Mallet-Paret & Peletier [1]. The second shows that a key lemma in the SLEP
method may not hold. The third is a perturbed activator-inhibitor system that can have any
number of mono-layer solutions. Some of the solutions can only be found with the new
shooting method.

1. INTRODUCTION

The existence of sharp internal layer solutions is an important feature in singularly per-
turbed parabolic systems. These systems are characterized by the drastic difference in
diffusion rates of the two equations and have found applications in the fields of chemical
reactions, morphogenesis, solidification, etc. We consider systems that can be written in a
fast-slow form with appropriate boundary conditionsat 0, 1,

Uy = Uy + flu,v), ue€R™ veR,

1.1
(1.1) Uy = Ve + g(u,v), 0<z<l1.
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A well-known example of the above is the activator-inhibitor model [35, 37] wifere
andg are scalar functions.

flu,v) =u—u’ -,
(1.2) 9(u,v) = agu — ayv,
U, =v, =0, x=0,1.

The existence of mono-internal layer solutions for such models were studied by many au-
thors [12, 14, 23, 36]. Multi-layered solutions can be constructed by a folding up principle
[40, 38, 46]. The stability of both mono and multi-layered solutions was first proved by
Nishiura and Fuijii [39, 40]. For brevity, (1.2) will be called the NF model.

Another well studied model is thedependent scalar equation

Uy = gy + (1 —u)(u—a(x)), 0<z<I,

1.3
(1.3) u, =0, x=0,1,

wherea(z) is aC* function witha(z?) = 0, o'(z%) # 0 at points0 < 2! < 22 < --- <
2" < 1. By lettingv = z which satisfies), = v,,, v(0) = 0, v(1) = 1, (1.3) can be
converted into (1.1) witly(u, v) = 0. Equation (1.3) also has a long history [11, 19]. Very
general results of (1.3) were obtained by Angenent, Mallet-Paret & Peletier [1]. (1.3) will
be called the AMP model.

We will only consider stationary internal layer solutions to (1.1). They satisfy the system

0 = uy, + f(u,v),

14
(14 0 =0 +9g(u,v), 0<z<l.

In both the NF and AMP models, the singular limit of the internal layer solutions can
be described as followsf(u,v) = 0 has three branches of solutions= h.(v) and
u = ho(v). The branches = hy(v) consist stable equilibria of the reaction equation,
uy = f(u,v), wherev is a parameter. The braneh= h,(v) is unstable for the same ODE.
An internal layer solutiofu(z),v(x)) stays near the two slow manifolds= h (v) for
most of the points. Theser form the regular layers. Exceptional points are near a finite
sequencqz'}], where the solution jumps between the two slow manifolds. These points
form the internal layers. They are also the places whkkrg, is no longer negligible.

In the singular layer near’, the stretched variable= (x —x%) /¢ is introduced. It = 0,
theu-equation becomes

(1.5) Uge + f(u,v) =0.

The condition on the parameter= v(z") is that (1.5) must have a heteroclinic solution
connecting the two slow manifolds= h.. (7).
In the regular layers, when= 0, v satisfies

(1.6) Uza + g(R(v),v) =0, h(v) = hs(v),
with boundary conditions at = 0, 1. Letz® = 0 andz"*! = 1. Thenv is C* in [0, 1] and

is C? in each(z', '*!). Whenz crosses’,1 < i < r, h(v) switches betweeh_(v) and

h+('U).
It is known that in the NF model, there is only one mono-layer solution which jumps
from nearu = h_(v) to nearu = h(v). This solution is stable as a stationary solution to
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(1.1). In the AMP model, there can be many such mono-layer solutions and their stability
is determined by the signs af(z*) wherez''s are the layer positions. Comparing the
multi-layered solutions, we find that in the AMP model, the layer positions are determined
by the zeros ofi(x), while in the NF model, multiple layers and the layer positions are
constructed by a folding up method [40, 38, 46].

Although internal layer solutions in the NF and AMP model differ in many ways, they
are structurally stable solutions that persist under small perturbatiofisioflg. To see
structurally unstable internal layer solutions, let us consider the following example,

0= Uz + f(u, ay + Ba(z)),

1.7
.7) 0= You + g(u,y).

a(z) is as in (1.3)and(u,y) = apu — ayy. The functionf(u,y) can be(l — u?)(u — y)

oru — u® — y. By settingv = (y, ), (1.7) becomes (1.4) with two slow variables. The
constantsy and are parameters. f < a <1, 8 =1 — «, (1.7) provides a homotopy
between the two types of systems. When mowvinfjom 1 to 0, the system moves from

the NF type to the AMP type, and mono-layered solutions will be created through some
structurally unstable solutions.

We consider structurally stable internal layer solutions and their stability under the as-
sumption that the slow manifolds are normally hyperbolic. Thus, internal layer solutions
in Van der Pol’s equation and some other equations with turning points will not be con-
sidered although they are structurally stable. The structural stability in this paper relies
on some transversality conditions which we believe to be optimal in the sense that further
weakening of these conditions would cause the solutions to be structurally unstable. The
understanding of the bifurcation of internal layer solutions is far from complete and will
not be touched in this paper. A special example of bifurcation of internal layer solutions,
caused by violation of the conditions of this paper has been studied by Hale and Lin [18].

We now preview some results in this paper.

In §2, we state some basic notations, definitions and lemmas.

In the first part of§3, we present a shooting method that determines singular internal
layer solutions. Since (1.4) can be converted into a singularly perturbed first order system
which has been treated before [30, 48], to compare our method with the one used in [30],
we first describe a geometric method from [30].

Let us consider the perturbed NF model (1.7) with the Neumann boundary conditions
atz = 0,1. Supposéu(z,e),y(z,€)) is an internal layer solution with layers near'};.

Let z° = 0, 2" = 1. On the regular layers, the solution is near the slow manifolds
u = hy(ay + Ba(z)). At the singular limite = 0, y should satisfy

(1.8) Yoo + g(he(oy + Ba(z)),y), 0<z <1,

with y.(0) = y,(1) = 0. Alternating signs of- must be used on successive intervals
(z%, 2'™1). The solution i<C" throughout0, 1] and isC? on each(z’, z'*1). At z,1 <i <
r, Yz has a first kind of jump.

When f(u,v) = u — u?® — v, (1.5) has heteroclinic solutions between the two equilibria
h.(v) if and only if » = 0. Therefore, one of the conditions a#, 1 < i < r is that
ay(z') + Ba(x?) = 0.
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The other condition or’ comes from the boundary conditions thét, ¢) must satisfy.
Let us rewrite (1.8) as a first order system

dy
@
dz
(1.9) = = 9(hlay + Ba(2)),y), h = he,
dr_y
dt
Define
I"={(y,2,2) : ay + Ba(z) =0}, i=1,...r,
P ={(y,z2) 0 =0} "™ ={(@yza):z=1},
So={(y,z,2) : 2=0, =0},
S ={y,z,2):2=0,z=1}.

The surfacd™, i = 1,...,r, where a fast jump of. can occur, is called thiast jump
surface. A solution of the boundary problem (1.8) must starbgand end at5; . At first,
h can either bé,_ or i, ; then each timéy, z, ) hitsT%, i = 1,..., r, h switches between
h_andh,.

The following hypothesis was imposed in [30].

Transversality Hypothesis In the regions near a specific orlfit(¢), z(¢), z(t)) of (1.9),
the flow of (1.9) intersects transversely with edth

By the Transversality Hypothesis the Poincare mappir@’ : I'* — I'**! can be defined
for each0 < i < r. Assume that the image & under the composite mappi®j - - - P* -

P intersects transversely withy in I ™!, This intersection determingg(1), z(1)). By
applying the inverse mappings #f,--- , PY to (y(1), 2(1), 1), we find all the switching
points(y(z*), z(x*), z*) and hence the solutiq, z, x).

The necessity of th&ransversality Hypothesiswas questioned by K. Palmer in a per-
sonal conversation. By studying the perturbed NF modébinl have confirmed that the
hypothesis is too strong. There exist structurally stable mono-layer solutions where the re-
duced flow in the slow variables is not transverse to the fast jump surface at the intersection.
See see Figure 6.5 and Remark (iv) at the erfibof

The new shooting method presented@3does not need theransversality Hypothesis
Under some mild conditions, (H4)-(H6), a sequencps#fudo Poincare mapping§ P’}
can be defined. The mappir® is not a diffeomorphism froni™ to I'"*!, however, the
image ofS, under the composite mappir®f - - - P - P is well defined. The transverse
intersection of P" - - - P1PY)S, with S; uniquely determined the solutidp, z, z).

In the second part &f3, we give a procedure to compute matched asymptotic expansions
of the internal layer solutions to any ordereofOur calculation relies on solving a reduced
system of boundary value problems with interface conditions (BVPIC), which has a unique
solution under conditions (H1)-(H6). I§¥7, we show, that under an additional condition
(H7), the (BVPIC) can be solved if the SLEP matrix, due to Nishiura and Fuijii [40, 38, 46],
is nonsingular.
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Higher order expansions provide more precise approximations to the internal layer solu-
tions and are easier to obtain than exact solutions. For this reason, the asymptotic method
has always been an important way to solve singular perturbation problems. The expansion
of internal layer solutions will also be used to obtain the expansion of critical eigenvalues.

There is a close relation between computing the formal and the exact solutions. Let
(U, V)= (020 €U;, > " €V;) be a formal internal layer solution, and [éf + AU,V +
AV') be an exact solution. The\U, AV) satisfies a system of equations similar to that
satisfied by(U;, V;), j > 1. If we know how to calculate higher order teritis;, V;), under
the same conditions, we should be able to calculate the corrg@iohAV’). The idea
will be outlined in the Appendix. See also [18].

In the §4 of this paper, we introduce a method to compute asymptotic series of critical
eigenvalues and corresponding eigenfunctions of the internal layer solutions. Our approach
can be used on some systems not covered by the SLEP method due to Nishiura and Fuijii
[40, 38, 46].

Nishiura and Fujii have shown that the stability of internal layer solutions of the NF
model is determined by critical eigenvalues\(e) = e\, + O(€?), wherer is the number
of internal layers and the coefficient is an eigenvalue of the so called SLEP matrix.

Consider the eigenvalue problem

(1.10) AU = €Uy + fuU + 1.V,

where(U, V) is the eigenfunction corresponding to the eigenvalpand the coefficients
of U andV are evaluated on the internal layer solutiofz, €), v(z, €)). For the NF model,
Nishiura and Fujii proved the following lemma.

Lemma A. The critical eigenvalueg, = >_ €/ p1;, uo = 0, of the operatoe®D,,, + f,, in
a suitable function space, is not equal to the critical eigenvalues of (1.10), (1.11). More

precisely\; # p.

By Lemma A,U can be solved from (1.10) and substituted into (1.11). This yields the
reduced eigenvalue problem

(1.12) AV = Voo + guX — €Dy — fu) 1V 4 g, V-

The SLEP matrix is derived from the above by correctly taking the limi as 0, which
retains the contribution of the internal layers as jump¥pfcross the layers\; < 0 is
proved by studying the eigenvalues of the inverse of the SLEP matrix,

The SLEP method is an important contribution to the theory of internal layer solutions. It
can be used on many systems where Lemma A is satisfied. However, it is shown by the two
examples irg6.2 that Lemma A may not be satisfied for some singularly perturbed systems.
The asymptotic method used in this paper does not rely on Lemma A. Assuming that the
critical eigenvalues and eigenfunctions have expansiors); and(>" €/U;, Y €/V;), we
can use the method of matched asymptotic expansion to corfiputé;, V;) to any desired
integer;j > 0.

We show that the calculation of; for everyj > 0 is related to a- x r matrix A,
which is not derived by the SLEP method, but is identical to the SLEP matrix [40, 38, 46].
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The matrix A will be called thecoupling matrix, for its non-diagonal terms reflect the
interaction between internal layers.

WhenA is diagonal, the coupling is trivial and the critical eigenvalues can be determined
layer by layer. An example is the original AMP model (1.3) where the non-coupling is due
to the conditiory = 0. General conditions for the non-coupling of critical eigenvalues are
obtained in this paper, c§6.1.

In §5, we study mono-layer solutions. A geometric method which is equivalent to, but
more convenient than the shooting method is presented. We show that the mono-layer
solutions are determined by the transversal intersectionfastgump surfaceI'! and a
slow switching curveC, whereI'! is the set of all points in the space of slow variables
that allow a heteroclinic connection between the two slow manifoldsCasthe set of all
points (v, w, z), w = v,, whereh must switch fromh_(v) to k. (v) in the slow equation
(1.6), so that the mono-layer solution can satisfy boundary conditions=at, 1.

It is shown in this paper that the critical eigenvalue of the mono-layer solution depends
on the angle of intersection betweEhandC.

We comment that the conditiaty h I'! is equivalent to the well-known condition on
the transversal intersection of unstable and stable manifolds in the geometric singular per-
turbation theory. It serves as a reduction of the condition to the lower dimensional slow
manifold. Details are given 5.

In §6, we present three examples. The first example treats the AMP model where we
show that\, can be determined layer by layer and is proportional to') wherea(z') = 0
andz's are the locations of internal layers. The second example is a coupled Ginzburg-
Landau equation where Lemma A is not satisfied. Howekggan be obtained by the
asymptotic method in this paper. The third example is the NF model perturbed by a fast
oscillatory term% sin(wz 4+ b). We show that the system can have any specified number
of mono-layer solutions by choosing, b, w). All these solutions are structurally stable
regardless if some violate the Transversality Hypothesis as stated in this section. The sign
of A\; may be negative or positive, depending on the angle of intersection betvaed
I't. As the angle of intersection @f andI'! goes to zero); — 0. In a separate paper
[18], Hale and Lin has showed that the intersectio @ndI'! can undergo saddle-node
or cusp bifurcation from their tangential intersections, which correspond to the bifurcation
of mono-internal layer solutions.

In §7, we show that the method of pseudo Poincare mappings works if the coupling
matrix is nonsingular. We also discuss the stability of internal layer solutions. In partic-
ular, Theorem 7.2 solves a resolvent problem by the asymptotic method and Theorem 7.3
indicates why the stability of internal layer solutions is determined by the formal critical
eigenvalues.

Our original plan was to discuss formal series only. It is suggested by the referee to
outline the proofs of the existence of exact internal layer solutions and critical eigenvalue-
eigenfunctions. This is done in the Appendix. We apologize for having skipped many de-
tails to keep the appendix “short”; some missing details can be found in [18]. By truncating
formal series, we first obtain approximations of the exact solutions. The existence of exact
layer solutions and critical eigenvalue-eigenfunctions near the approximations is proved by
the contraction mapping principle to the nonlinear systems, and an iteration method to the
linearized systems.
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Although the asymptotic method has a long history in mathematics, a systematic treat of
matched asymptotic expansions of internal layer solutions is possible only recently due to
some new development of fundamental concepts from dynamical systems theory, such as
exponential dichotomies [7, 44, 45], invariant manifolds [10] and homoclinic/heteroclinic
bifurcations [6, 42, 49]. Some recent works are listed in the Reference, which is far from
being complete. In the past, the asymptotic method was generally regarded as non-rigorous.
Recent progress in the theory of internal layer solutions has changed this greatly. Under
very general conditions, it is known that there is an exact internal layer solution near the
asymptotic one. The exact solution and the critical eigenvalues can be constructed by
analytical methods as in [12, 29, 30, 18]. Alternatively, a geometric approach based on the
“Exchange Lemma” has been developed recently that can be used to prove the existence of
internal layer solutions [25, 48, 27, 17], and perhaps the existence of critical eigenvalues
and eigenfunctions with some modification.

2. NOTATIONS AND BASIC LEMMAS

Assume that an internal layer solutiofr, €) hasr internal layers near = z{, 1 <i <r
and two boundary layers neaf = 0, z"™! = 1. Both internal and boundary layers are
called singular layers where(x, ¢) does not converge uniformly to its limit as— 0.
Regions that are not singular are called regular layers. W& wseR to denote singular or
regular layers. We usg‘ or S’ to denote theth regular or singular region. Super-scripts
on a solution are used to show the type of layer where the solution is located.

ufi(z,e) = u(z,e), forz € R

ui(€e) = u(e€+ai,e), forze s
Each layer is further expanded in powers ofi™(z, ¢) = Zeﬂ “(z), etc. If the type of

j=0
layer is clear from the context, we sometimes drop the superscript for simplicity.
Let Cy, (1, R™) be the Banach space of uniformly continuous and bounded functions with

super norms. Heré is a closed finite or infinite interval. Let]” = {u|u,/,...u™ €
Ch.} with the norm

lulleg, = 3~ lu®llci,.
1=0
The space&”, m > 1is dense irC;" .
For a continuous functiow(¢) > 0, let Er(w) be the Banach space of functions with
the weightw(&).

Er(w) ={u:R — R"|u(-)/w(:) € Cp(R,R
[ul| wy = sup{|u(¢ )/w( )€ € R}
Eg(w) = {ulu, ... ,ul™ e ( )}

[l 2wy = D5 169 2w

Similarly, EZ*, (w) and E* (w) are Banach spaces of weighted functions that are defined
onR*" andR~. We useE™(w) to denotely*(w) or EF: (w) if no confusion should arise.

")}
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One of the most often used weight is

(2.1) wé) =1 +[)e, veR j20.
The second order equation (2.2) is equivalent to the first order system (2.3).
(22) Uge —+ f(u) = 0, u e R
Ue =V,
(2.3) ¢

ve =—f(u), u,veR".

Therefore the phase space for (2.2)R¥', consisting of pointgu,u¢). We sayp is a
hyperbolic equilibrium for (2.2) if(p, 0) is a hyperbolic equilibrium for (2.3). We say
eqguation
(2.4) Uge + A({)u =0
has an exponential dichotomy on an interVat R if the system
u5 =
ve = —A(&)u
has an exponential dichotomy dn Here A(-) : I — R™*™ is a continuous matrix valued
function. The stable and unstable subspaces and the projections associated to such spaces
of (2.4) are the ones associated to that of (2.5). See [7] for an introduction of the theory of
exponential dichotomies.

We sayu(€) is a heteroclinic solution of (2.2) ifu(&), u¢(€)) is a heteroclinic solution

for the equivalent system (2.3).
The following lemmas can be found in [33].

Lemma 2.1. Assume thap € R*, f : R* — R" is C! and there exists, > 0

(2.5)

(2.6) f(p) =0, Re{oDf(p)} < —oo.
Then
(2.7) uge + Df(p)u=0

has an exponential dichotomy @ with n—dimensional stable and unstable spaces. Let
0 < o < 4/og. Then the decay rate of solutions on the stable (or unstable) subspace is
bounded by ¢, £ > 0 (or e, ¢ < 0) respectively.
Let W and W™ denote the stable and unstable subspaces of (2.7), Wheand W*
are transversal to the subspa¢éu, v) : v = 0}, i.e.,

(u,v) e W*N{v=0} =u=0,
(u,v) e W*N{v=0} =u=0.
Letp',i = 1,2 satisfy (2.6). Let(¢) be a solution to (2.2) defined &r with ¢(¢) — p!
as¢ — —oo, or defined oR™ with ¢(£) — p? asé — oo. Then
(2.8) uge + D f(q(€))u=0

has exponential dichotomies ®r or Rt respectively, witiR Ps(¢t) and RP,(t) being
n-dimensional subspaces Rf". Here P,(t) + P,(t) = I, t € R~ ort € R*, are the
projections to the unstable and stable subspaces. Moreover, the exponential decay rate
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a > 0 is the same as that of (2.7). In the case th& a heteroclinic solution connecting
p' andp?, RP,(07) N RP,(0") is at least one dimensional, containifg0), G(0)).

Lemma 2.2. Assume thai’, i = 1,2 andq(¢) are asin Lemma 2.1. Assume that0) # 0
for all nontrivial bounded solutions to the equationie + D f(¢)u = 0. Let X be EZ, (w)

or ' (w), andg € X, wherew is as in (2.1) andvy| < «. Then there exists a unique
solutionu € E*(w) or Eg**(w) to the boundary value problem

uge + D f(q)u = g,
ug(0) = ¢,
Moreover,
ull gri2wy < C(llgllEm@w) + [|llrn)-

Letp’ € R*,i = 1,2, satisfy (2.6). Let;(£) be a heteroclinic solution to (2.2) connecting
p' top?. Let X = E(w) wherew(§) is as in Lemma 2.2. Defing, : X — X with
D(L,y) = EﬂgﬁQ(w) by
(2.9) Lqu = uge + D f(q(¢))u.

Lemma 2.3. L, is a Fredholm operator with Fredholm index zero. AssumedhatiKer(L,) =
1, thenKer(L,) = spar{¢} and Range(L,) = {1 }*+. Here is the unique nontrivial
bounded solution for the adjoint equation, up to a scalar multiple,

Ly @ pee + D (q(6)) = 0.
W ex]/ T (E)u€)de = 0},

From Lemma 2.3, ify € Ef'(w), then equation

(2.10) uge + D f(q(§))u=g,
has a solutiofu| < C((1 + |£)7)e™¢) if and only if

/ T (€)g(£)dE = 0.

Lemma 2.4. Assume the same conditions of Lemma 2.33Let (—, 1))” wherey as in
Lemma 2.3. Lef; < 0 < &, g be continuous oft;, &, andg, € RPs(&1), ¢u € RP.(&2)
be two given vectors. Consider (2.10) [@n -] with the boundary conditions

pie) (3) =0 P (1) = ou

The boundary value problem has a solutiondn &] if and only if

&2
W (1) ps(E1) — VT (§2)pa(Ea) + A »T(€)g(§)dE = 0.

If also< ¢,u > + < §,v >= 0, then the solution is unique and satisfies

|ul < C(|s] + [dul + 191),
whereC' does not depend afj or &s.
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3. CONSTRUCTING MULTI-LAYERED SOLUTIONS

3.1. Assumptions and the existence of singular internal layer solutionsWe first state
the assumptions used to construct a structurally stable singular internal layer solution. It
turns out that these conditions also allow us to compute all the higher order expansions of
the internal layer solutions, as well as a true internal layer solution fer0. Since our
work relies on the normal hyperbolicity of the slow manifold, we will avoid turning points.
Vector fields that satisfy our assumptions form an open set in suitable function spaces. The
internal layer solutions are structurally stable in the sense that they persist when the vector
fields are in that open set.

Consider a singularly perturbed system:

Uy = gy + flu,v), 0<z<1

Vp = Ve + g(u,v), w€R™ veER"

u;(0) = uy(1) = 0,

Ajva(4) + Bpo(j) = B, §=0, 1.

The boundary conditions onare the Robin typed; andB; aren x n diagonal matrices

satisfyingAoBy <0, A;B; > 0andA + B? = I.
We consider stationary internal layer layer solutions of (3.1) that satisfy

(3.1)

0= €uz + flu,v), 0<z<1,
uz(0) = uz(1) =0,

0= vy +g(u,v),

Ajv:r(j) + ij(j) = ij J=0,1

The slow equation is often written as a first order system

(3.2)

33 Vg = W,
(33) wy, = —g(u,v), uweR" veR.

In regular layers, thé*u,,, term in (3.2) drops. The-equation is algebraic. Assume
(H1) f(u,v) = 0 has several solution manifolds= h'(v), 0 < i < r, on which we have

Re{of,(h'(v),v)} <0, 0<i<r.

Condition (H1) is natural since with as a parameter, we want the reaction equation,
which is an ODE, to have multiple asymptotically stable equilibria. This is related to the
initial formation of internal layer solutions. See Fife [12] for further details.

With « = hi(v), thev-variable satisfies the following boundary value problem,

Vez + g(R(v),v) =0, 0<z<1,
Ajvﬁ(j)+ij(j):ﬁj7 J:O> 17
whereh(v) = hi(v),0 < ¢ < r. There arer + 1 vector fields for ther-equation, each
is related to oné’. We need to find a sequence of poifit$}7_, such that the switching

from the (i — 1)th vector field to theth occurs at: = z},. We will discuss how to find these
points in detail.

(3.4)
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At the point of switching, the, equation has a rapid jump from= h*"1(v) to h'(v).
This is possible if the second order equatidm,, + f(u,v) = 0, using a stretched variable
¢ = (z — zi) /e, has a heteroclinic solution in the following sense:

The second order equatian: + f(u,v) = 0 can be written as a first order system
ue = u, 4g = —f(u,v) wherev is a parameter. From (H1), the system has hyperbolic
equilibriau = h'(v). Theu-component of a heteroclinic solution to the first order system
will be called a heteroclinic solution to the original second order equation. Assume the
generic intersection of the unstable fibers of the equilibriurs 7'~ (v) and the stable
fibers of the equilibrium, = A(v). That is, there is a smoofh — 1)-dimensional surface
Y% in R such that the intersection is nonempty if and only i€ ¢ and the connection
breaks transversely if moves away front‘. More precisely, assume
(H2) For anyw* € X, the following equation

Uge + f(u, T)i) =0,

has a heteroclinic solutiofi(¢), 1 <4 < r connecting:’~!(v°) to h*(v"). Moreover, there
existsy, > 0 such that, in the region Re> —~,, the only eigenvalue of the linear operator
onU

Uge + fu(d'(€),9")U, U € L*(R)

is the simple eigenvaluk = 0.
Assumption (H2) implies that the eigenspace is spannef(l§y, and there is a unique
bounded solution?, 1 < i < r to the adjoin equation, (see [42])

Yee + fi(q'(£), 0') = 0,
<y q >=1.

The functiony)® can be used to measure the gap between the unstable fibers-of
h~1(v) and the stable fibers af = h'(v).
(H3) The following vector

(3.5) n' = / T E), i)

IS nonzero.
Using Melnikov’'s method, from (H2) and (H3), we can show that locally there exists a
(n-1)-dimensional surfacg;, ., C R" for 1 < < r, containingv’, such that ifv € %

local

thenug + f(u,v) = 0 has a heteroclinic solutiomnearg’. The vectom’ is the normal of
Yica atv'. The global surfac&’ is the union of the local ones.
We now describe the solutions of (3.4) geometrically. Let

I'={(v,w,z) ER*" xR*xRveX}, 1<i<r,
I’ ={(v,w,z): z =0},

I = {(,0,2) -2 = 1},

So = {(v,w, ) : Agw + Byv = By, z = 0},
S1={(v,w,z): Ayw + By = By, x = 1}.

Letw = v,. Obviously(vf, wl, ) satisfies a first order system:
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(3.6) —=—g(h'(v),v), 0<i<m,

Because of the boundary conditiors, w, z) must start atS, and end atS; and switch
fromu = hi~1(v) to hi(v) at each switching point’ &' (vf(2i), wk(z?), zi) onT"

Additional knowledge regarding the flow on the slow manifold &hi needed in order
to form the solution of (3.6). In [30], it is assumed that the flow of (3.6) is transverse
to eachI™. Then a Poincare mappir@ : I'¥ — I"*! 0 < ¢ < r can be defined. A
shooting method can be used to find the switching points. However, as mentioned in the
introduction, the transversality condition is too strong so that it rules out some structurally
stable internal layer solutions.

To use a shooting method without assuming the transversality of the slow flb¥y to
define thgpseudo Poincare mappingss follows:

For theith vector field, let the solution of (3.6) b&'(x). LetS® = Sy. Since the

flow ®°(-) is transverse t&°, M° £ J{®°(z) - S°, = > 0} is an(n + 1)-dimensional
smooth manifold. Assume that® intersects™® transversely.S! & M° & ' is an
n-dimensional submanifold df'. The procedure of associate the sg8ts— S!, denoted
by P, is a mapping between two sets. The mappitigwill be called a pseudo-Poincare
mapping. See Figure 3.1.

FIGURE 3.1. The psedo-Poincare mappings

We now proceed inductively. Assume thatalimensional submanifold? c I'* has
been defined. Assume that:
(H4) The flow®?(-) is transverse t&* , 1 <i < r.
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Assumption (H4) implies that
MEE | J@i(@)- ST, 2> 0}

is a smooth(n + 1) dimensional manifold. Assume that:
(H5) M® M T
Assumption (H5) implies that
Sitt dZEsz; A L
is ann-dimensional smooth submanifoldbft. With (H4) and (H5), the pseudo-Poincare
mapping
PS8 — ST
is locally uniquely defined. We assume that:
(H6) The image ofS® under the composite mapping:

pr...pLt.po
intersects transversely and nonemptily within "1,

The intersection clearly determing@sg?(1), wi*(1)) locally uniquely. The pseudo-Poincare
mapping is only a set mapping, but due to (H4), its inverse is a smooth point mapping form
S — S’ . The switching points’ on the surface§® can be obtained by applying the
inverse mappings oP”,--- , P’ to S N S; successively. The solutiopf, wf, x) of
(3.6) can be computed by usidg(z) between these switching points.

Remark. Similar to the construction oP? but going backwards in time, we can define
pseudo Poincare mapping% : S — S, r > i > 0, staring withS}"' = S;. However,
this time we do not need any new assumptions. It can be showr@thiatwell defined

by the same assumptions (H4)-(H6). Also, on eBthwe can show tha§’ M S, which
uniquely determines the switching pojsit These comments are of theoretical interest but
will not be used in the sequel. The proof is omitted.

We have found a sequence of points
y=0<ay<ap<--<mp<l=apt!
and a solutiong’ € C'([0,1]) of (3.4). The second derivative, may have a jump across
zj. The solutionvg is piecewiseC™ on (z), zi') and is inC>([z), z{*']) by choosing
one sided limits at} andz}™.
Let ¢° = hO(v{¥(0)), 2° = v{¥(0), ¢! = A" (vfi(1)), " = vf(1) be constant func-
tions.
The union of the regular and singular (boundary and internal) solutions,
ud = (v (2)), vl = vfi(z), forazh <z <ai™ 0<i<nr,
foré e R, 1<e <,
ugt = ¢'(€), v5' =v', (forée RY, i=0,
foré e R, i=r+1,
forms a singular internal layer solution. It is th#n order expansion for a multiple internal
layer solution.
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Based on the singular internal layer solutions, in the Appendix we show show by a
Newton’s method that for smadl> 0, there is a unique true multiple internal layer solution
that is near the singular internal layer solution, and admits asymptotic expansions to any
orders ine. See [12, 30, 18]. The existence has also be proved by a geometric method
[25, 48]. The rest of this section is devoted to computing the expansiqngefv(e)).

3.2. Formal expansions of the layered solutionsDenote the expansion in regular layers
by

(u(z,€), v(z,€)) = (Z ejuf(ac), Zejvf(x))

Let the position of the internal and boundary layersabg) and introduce a stretched
variable¢ nearz’(e).

z'(e) = dxt 0<i<r+1,
(3.7) . Z ’

§ = (z—a'(e)) /e,

where¢ e Rfor1 < i <r, ¢ > 0fori =0and¢ < 0fori =r + 1. The leading term
z{, has been obtained by the shooting method. Since the position of the boundary layers
aree independent, Ietg? = x;T*l = 0 for all j > 1. Denote the expansion of boundary and
internal layers near‘(¢) by

(™€ ), v* (€& 0) = (D uf(€), Y vf(€)).
0 0
The expansions are determined by three things. They must formally satisfy differential
equations derived from (3.2) and (3.3), boundary conditions in boundary layers, and match-
ing conditions between any two adjacent regular and singular layers. We now describe them
in detail.
1. In regular layers, the expansions must satisfy

0=e*ull + f(uf,v),

(3:8) 0= vl + g(uft,vf).

In singular (boundary and internal) layers, using (x — z*(¢)) /e,
0= usg + f(uS’ Us)a

(3.9) 0 =g + e2g(u’,v%),

or  vf =ew",
s S .
wy = —eg(u”,v°).

Remark. Avoid the erroneous choiceg = w®, wi = ¢?g(u®,v%) andvy = w®, w =
g(u®,v®), which we realized only after unsuccessful trials.

We shall see in the future thaf is a constant function. Thus;® (¢, €) = vg (£, €)/e =

> 2o €wy(€). The formal expansion ab® starts frome” term rather tham ™' term.
2. Boundary conditions in the boundary layers.
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The following boundary conditions f@u“ (¢, €), v° (€, €)) are to be satisfied in boundary
layers:

(3.10) ug'(0,€) =0, i=0,7+1,
(3.11) Ao (0, €) + Bov**(0, €) = f,
(3.12) A0, €) + BioSTH (0, €) = By

3. Exponential matching principles.
Let u® be the outer solution in one of the regular layers adjacent either to the left or right
of z{. The expansion of by the inner variablé is denoted:*.

o0 (e 9]

> (€)= uf (Yl + €€),
0 0

Z ejT)JR(f) = vR(Z al + €).
0

0

The exponential matching principle

(313) () — u ()] + [aE(©) — ui()] < C1+]gf)e,
(3.14) 7€) = 07 (€)] + 1T5¢(6) — vje (O] < C(A+[gP e,

Let > wji(¢) denote the inner expansionofi(e). If we recall that

v (e) = w(e), inregular layers

xT

v (e) = ew®(e), insingular layers
we can rewrite (3.14) in an equivalent form

57(€) — v (O] + @) — wi (&) < C(1+|€F)e e
The main result of this section is the following theorem.

Theorem 3.1. Suppose (H1)-(H6) are satisfied. Then there exists a unique formal series
expansion of internal layer solution for (3.2). The solution hasternal layers and two
boundary layers. The formal series solution satisfies (3.8) in regular layers, and (3.9) in
singular layers. Moreover, the expansions must satisfy (3.10)-(3.12) in boundary layers,
and the matching of adjacent regular and singular layers (3.13) and (3.14).

TheOth order expansioriuf, v{*) in regular layers and 3, v5) in singular layers form
a singular internal layer solution. In singular layersy’ = ¢¢, v5* = o¢ with o € X¢ if
1 < i < r. Inregular layerspf is a C*(0, 1) solution for (3.4) withvl*(z) = ¥%, and
ul(z) = hi(vfi(x)) if x € (28, 21H1).

Higher order expansions of solutions are computable by a recursive procedure described
in the rest of the section.

Recall thatlh|(z}) = h(zi+) — h(xzi—). We need to consider the following boundary
value problem with interface conditionsf, 1 < i < r.
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‘/mc ( f_lfv gv)v Ela

A]V( )+ B;V(j) = Ey;, j=0,1,
(BVPIC) n'- (wo (%)Ax + V(x0+)) = E§7
F/]( o) = B,

Vol(zd) + [wl](zh) Azt = EL.

Heref = f(ull,v%), g = g(ul,vf), By : [0,1] — R is C* on each(z}, ;™) and has a
C> extensiontdzy, =], Ei € R, andEy;, EX, Ei € R, {Ax'}!_, is a set of parameters,
to be determined as part of the solution.

Lemma 3.2. Assume that (H4)-(H6) are satisfied, then for @, Es;, Es, Ey, E5), the
(BVPIC) has a unique solutidn : [0, 1] — R™ and{Ax*}}. The solutioV € C*>((x%, z5"))
and has aC* extension on each closed interyaj, z;"].

Remark. With one more condition (H7), we can show that if the SLEP matrix, introduced
in §4, is nonsingular, then (BVPIC) has a unique solution. §ee

Proof. The general solution for the first equation in (BVPIC) cont&n&+1) parameters,
that is,2n parameters in each of the-1 intervals(zj, z5'). Together withAz?, 1 < i < r,
we have2n(r + 1) + r unknowns, which have to be determined from the othequations
inthe (BVPIC). Itis easy to see that the otHerquations lead to@n(r+1)+r] x [2n(r +
1)+r] linear algebraic system of equations. The Fredholm index for this finite dimensional
linear system is zero. It suffices to show that if all the right hand sides are zero, then the
(BVPIC) has only the trivial solutio’ = 0, {Ax'}7 = 0.
The second order equation foris converted into a first order system

dv/dt = W,
dW/dt = (g flfv 90)V;
dx/dt = 1.

Assume theéV, W) and{Az'}; is a solution of the homogeneous (BVPIC). L&t =
Ax"™! = 0. We show that at the switching poipt the vectors

(3.15)

(V(zh£) + ot (zh ) Az, W (zhE) + wis (zh£) Azt Az?) € TS, 0<i<r+1,
where minus (or plus) is ignoredif= 0 (ori = r + 1). Due to the interface condition, the
two vectors corresponding to plus and minus are equal and is deafoted

Fori = 0, because oAz’ = 0 and the boundary condition at = 0, it is clear that
a’ = (V(0),W(0),0) € T,0S°.
Assume that (3.15) is true foywe show that it is true for+ 1. First, the assumption im-
plies thatV(aj+), Wi(xh+),0) € T, M?. Applying D&, we find that(V (z5 —), W (257 ~), 0) €
T,+1. M. Observe that\z! (vl (x g“ ), wi (251 =), 1) € Tin M. Addlng the two
vectors we have proved that the safi" is in 7, M" .
From the third equation of (BVPIC)*! is tangent td ! atpit!. SinceT,in ST =
TpiJrlMZ; N Tpiﬂri"'l, thusa‘t! e sz'ﬂSiJrl.
The statement (3.15) has been proved by induction.



STRUCTURALLY STABLE INTERNAL LAYER SOLUTIONS 17

From Az"*! = 0, the vectora™! is also inT,-+S;. From (H6),a" "' = 0. Tracing
backwards in time and using (H4), we can prove tfat 0 forall 0 < i < r + 1. This
proves thatV, W, { Az'}) is a zero solution. O

Equations satisfied b}, vf) and(u$, v7) are obtained by expanding (3.8) and (3.9)
in powers oOfe.
¢’th order expansion

In regular layers:

f(u,v) =0,
From (H1), the first equation has locally unique solutids) = h*(v), 0 < i < r. Plug
into the second equation, we have
Vaz + g(h(v), v) =0,

whereh = k' for zj) < z < x§"™. The functionv{, obtained by the shooting method, is a
solution of the above. To unlquely determin®, we must find jumps ofv{, v{t ) across

eachz{ and the boundary conditions:at= 0, 1.
In singular layers (internal and boundary layers):

uge + f(u,v) =0,
(317) Ve = 0,
wg =0.
The above indicates thaf, w; are constants in singular layers. Lgt = %, w3’ = w'.
From the matching conditions, we have
vy =" = vy (ap+) = v (25—,
wg' =" = wy'(wp+) = wy'(2—).
In particular,(vf*, w{t) has no jump throughod, 1]. Thusvf* € C1([0, 1]).
By expanding (3.11), (3.12), the boundary conditiong@h wy ) are
Agw®(0) + Bovg”(0) = fo,
Alwg’r—’—l(()) + By US T+1(0) = Bl'
Based on the matching principle, we conclude that the boundary conditiofgom®)
are precisely as in (3.4). Therefarg is the unique solution to théth expansion in regular

layers.
We now consider the equation in singular layers.

(3.18) uge + f(u, ') =0, 0<i<r+1.
From the matching conditiona;® should satisfy
hi(vE(zh)), € — —o0, if 1 <1,
ugz(g) N iJ(rlO (RO))i 5 o
R (vt (), € — oo, ifi <.

If i =0, r+ 1, uy’ should also satisfy the boundary conditiafj(0) = 0. All these are
satisfied ifuj® = ¢’ in theith singular layer.
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Higher order expansions

Assume that?, v, u?,v§, 25, 0 < £ < j have been obtained. They satisfy the equa-
tions, boundary conditions and matching conditions ug té.
In regular layers:

Consider the'th order expansion first,

(3.19) Juur + fov1 =0,

(3.20) Vigz + GulU1 + gpv1 = 0.

Here the arguments ¢f,, f.,, 9., g, are(ul, vf). From (3.19) and (3.20), we have
up = —f,  fovr,

(3.21) Vtze — (Gufu ' fo — gu)v1 = 0.

Consider the7th order expansion. All the terms involving only®, v/, ¢ < j will be
denoted - o - t.

(3.22) Uj—2,22 + futlj + fov; =L -0-t,
(3.23) Vjgz + Guttj + guvj =L -0- 1.
Actually u;_s ., € £ - 0-t. Form (3.22) and (3.23), we have
(3.24) uj = —f, fov;+L-0-t,

(3.25) Vjew — (Gl fo = go)v; = £-0-1.

From Lemma 3.2, if we can derive boundary conditions at 0, 1 and interface condi-
tions atz), 1 < i < r, we can uniquely solve’, whenceu.
In singular layers:

Consider the'th order expansion first,

(3.26) uge + fuur + fovr =0,
(3.27) vie = wf = W',
(3.28) wie = —g(ug, v).

The arguments of.,, fo, gu, g» are(us, vg).
If we know v (0), w?(0), then,

vy (€) = vy (0) + ',
3 .
wf(©) = wf(0) - [ gluf,o)ds
0
Consider theth order expansion. All the terms involving onlyf, v7, ¢ < j will be
denoted - o - t.

(329) Ujee + fuu]' + fv’l)j =/{-0- t,
(330) Vje = Wj—1,
(3.31) Wje = —Gulj—1 — GuVj—1 +L-0-t.



STRUCTURALLY STABLE INTERNAL LAYER SOLUTIONS 19

If we knowv5(0), wf(0), then

3
(3.32) v;(€) :vf(())—l—/ l-o0-t,
OE
(3.33) w;(€) :wf(O)—i-/ l-o0-t.
Plug (3.32) into (3.29),
(3.34) Ujee + futiy + fo(05(0)+L-0-t) =L-0-t.

It is easy to verify by induction that- o - t terms above satisfy
€0t < C(L+ [¢).
Using Lemma 2.3, (3.34) has a unique solution satisfying
u?| < C(L+[€F), u7(0) L4 (0)

if and only if

| @) fas e =t
By the definition ofn’ in (3.5), which is the normal of?, the condition simplifies to
(3.35) n' v()—éot

By induction also, the integrands in the right sides of (3.32) and (3.33) @¢lof |£|71),
therefore,
\vs\ +wi] < C(1+€F).
To further compute;R w andw we must use the matching conditions. Recall
thatol, wi* areC> in (aco, xg“) The domaln where the functions aré® can be extended

to an open interval containing?, z5"']. Consider the inner expansion of outer solutions
from the right ofz},

> e = v (Y ey +e),

0
iejwf(f) = wR(Z !+ €f).
0

0

In particular,

T (&) = vy (),

Wy (€) = wy (),

01(€) = v (xp+) + vgy () (21 +€),

u?f(f) f($0+) + wOw(xO—i_)(xl +§),
(3.36) 07 (€) = vl (zh+) + v (xh)zl + 0; + Py,
(3.37) WiH(€) = wi(xh+) + wi (wh+)zl + & + P,
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The constants; and¢; depend o}, 1 < ¢ < j. The polynomials”?, P} contain terms
¢, ¢ > 0 only. Similar formulas hold for the expansions @f?, v?) from the left ofz}.
On the surface, the matchingq? ando;* or wf andw is very complicated, since all the
powers of¢ has to be matched. However, we can show the following.

Lemma 3.3. For all the choices ofv7 (0), w?(0)), we have

vf — 5 = C1 4+ O((1+|€)7)e k),
w — B = Cy+ O((1 + |€)e ),

J

where the constants;, C, depend or{vf (0), w7 (0)).

Proof. Recall that(} e¢/vf, 3~ e/w}) satisfies (3.3). Using the stretched variable-
(z — Y €xh)/e, we find that(z eﬂvR > wft) formally satisfies

U? = €U)R
’LDR = _Eg( Ra R)'

Expanding in the powers ef we find that(ﬁj , W; R) satisfies equations similar to (3.30),
(3.31).
(3.38) ;g Wy,
(3.39) j£ = —guuﬁ1 — f]vfjﬁl +/{4-0-t.

Here,g, = g.(af, o), etc.. By induction, the right side of (3.30) and (3.38) or (3.31) and
(3.39) differs byO((1 + |£]7~1)e~7¢l). After integrating and subtracting, we have

€ ,
of =it = 030) = ')+ [ O((1+ Jg e s
Similar statements hold far. This proves the lemma. O
The matching ofv}, w?) and (¢}, w}') from the right ofz{ becomes

(3.40) v (ah+) + o (zh )7t = vf (0) + €0 ¢,
(3.41) wit(zh+) + wi(zh+)ah = wi(0) + - 0-t,

wherel - o - t are computable constant terms. From Lemma 3.3, The polynoijizasd
Pi*in (3.36), (3.37) cancels with corresponding terms in (3 32), (3 33) with exponentially

smaII errors. Similar formulas hold for the matchingof , w?) and(v*, wf) form the left
of zj. Therefore, (3.40), (3.41) and (3.35) lead to

(3.42) n' - (v (zh+) + vgh(zh)al) =n' - 0f(0)+L-0-t =1L 0t

(3.43) [U]R] () =1{-0-1,

(3.44) [w]R] (zb) + [w(i](wg)x; =/-0-t.

Here we have used the fdef} | (i) = 0.
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(3.42), (3.43) and (3.44) form a complete set of interface conditiong‘@fwhich satisfies
system (3.25). We still need boundary conditionsdjﬁr From (3.40) and (3.41) af) = 0
and the factrg.’ =0forall j > 1, we have

(3.45) Aowf((H—) + Bovf(()—l—) = Aoszo(()) + Bovfo(()) +l-0-t="0-0-1.
Similarly,
(3.46) Aowf(l—) + Bovf(l—) = Aowf’TH(O) + Bovf’T’Ll(O) +l-0-t="0-0-1.

Please refer to (3.11) and (3.12). From Lemma 3.2, with interface conditions (3.42), (3.43)
and (3.44) at}, 1 < i < r, and boundary conditions (3.45) and (3.46), equation (3.25) can
be uniquely solved. Once we hawg, from (3.40) and (3.41) we can fir{@d? (0), w7 (0)).
From (3.32) and (3.33) we can firidy, w?). We then findu? from (3.24).

The existence o}, 1 < < r such tha{u}’| < C(1+|¢|7) is guaranteed by condition
(3.42), hence (3.35) and Lemma 2.3. In boundary layiets,0,r + 1, sinceq’ = hi(v?)
are constants, from (H1), and the first part of Lemma 2¢,+ Df(¢")u = 0 has an
exponential dichotomy. Also bounded solutions arélifif ¢ = 0 or W* if i = r + 1.
From Lemma 2.1 again, bounded solutions witfj0) = 0 must satisfyu = 0. The
existence of.5", i = 0,7 + 1 with [uf’| < C(1 +|¢£)Y) is a consequence of Lemma 2.2.

The matching of* andu” is satisfied due to the following lemma.

Lemma 3.4. If [uf — alf| < C(1+ [¢)7), then|uf — alf| < C((1+ [¢]7)e ).

The proof of Lemma 3.4 uses Lemma 2.3 and can be found in [30].

4. CRITICAL EIGENVALUE AND EIGENFUNCTIONS

The purpose of this section is to present a procedure to compute formal expansions of
the critical eigenvalue and corresponding eigenfunctioxis), U(e), V (¢)). We need to
solve (1.10) and (1.11) formally .

Analogous to the expansions of the layered solution, the critical eigenvalue and eigen-
functions are determined by three factors: a system of differential equations; boundary
conditions in boundary layers; and the matching conditions. Ag3jrthe arguments of
fur for Gu, 90 are(ul, vf) in regular layers, and are;, v3) in singular layers.

1. In regular layers,

(4.1) Ae)U(e) = EQU(G)M + fuU(€) + fuV (e),
(4.2) AV (€) = V(€)ar + gulU(€) + guV (€).

In singular layers, using the stretched variapbes in (3.7), we have
(4.3) MOU(e) = Ul€)es + ful(€) + £V (€),

AV (€) = V(e)ee + €*(guU(€) + g,V (€))-
LetWW = V,. Convert thé/ equation into a first order system:

(4.4) Ve(€) = eW (e),
(4.5) We(e) = —€guU(€) — €9,V (€) + e(€)V (€).
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Denote the expansions in both regular and singular layers by

(e o]

Ule) =) €U;,
=0

(e 9]

V(e) = Z V.

=0
We shall show later that’(¢) = 0. Thus, there is ne~! term in the expansion di/* =
VS /e.

¢

o0

W3, €)=Y Wi (©).

j=0
2. The boundary conditions in the boundary layers are
Ug(z,€) =0, forxz=0,1,
AjW(j, 6) + BJV(j, 6) = 0, ] = O, 1,
wherelW = V. Expanding in the powers ef we find:
UZ0)=0, i=0,r+1,
(4.6) AgW?22(0) + ByV;>°(0) = 0,
A1VV]$7T+1(0) + Blvij,rJrl(O) _ 0’
forall j > 0._UsingW_S(§, €) = }/’55(5, €)/e, we havelV? = V5
3. Exponential matching principles.

Let UZ be the outer solution in one of the regular layers adjacent,toThe inner
expansion ot/# is denoted by/~.

P in the above.

o0 o0

Do SUE) = UR(Y daf + 6, ),
Zej%R(f) = VR(Z il + € e).
0 0
The exponential matching principle
4.7) |UF(€) = UF(©)] + |Uf(€) = UR(&)] < C(L+ |e)e ™,
(4.8) Vi) = VP @1+ Vi (€) = Vie()] < C(1+ [gl)e™.

Let >~ €W (¢) denote the inner expansionBf~. (4.8) is equivalent to
(4.9) V() = VIO + W€ — Wi (©)] < C(1+[¢l)e e,

(1) The €°-th order expansion: Since)(e) is critical, Ay = 0.
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In regular layers, from (4.1), (4.2),
quO + fv% - 07
Therefore, Uy = —f, ' f, Vo,
In singular layers, from (4.4), (4.5)

(4.10) Uoee + fulUo + fuVo =0,
%5 = 07
Woe = 0.

The last two equations imply th&f® and W are constants in singular layers. Form the
matching principle,

Voll(zh) = Wil(ah) =0, 1<i<r
In the boundary layers, the constant solutidf’, Wy) = (V§ ( ), W5(0)) matches with

VE(z), Wl (z), z = 0, 1 respectively. Therefore, from (4. 6) the boundary conditions for
VE are

(4.12) AVa()+BiV()) =0, j=0,1.

We need the following hypothesis,

(H7) If V € C*([0,1]) N C?((zh, z5™),0 < i < r, thenV = 0 is the only solution for the
following boundary value problem:

_(uf 1fv v) —07
(4.12) AV()g+BV() 0, j=0,1.

We comment the if (H7) is not satisfied, then the regular eigenvalues, which solve the
reduced eigenvalue problem (7.1), will have= 0 as a root. In this case, asymptotic
expansions of critical eigenvalues are quite different and will not be touched in this paper.
In §7, a stronger assumption (H9), which implies (H7), will be imposed to ensure that the
regular eigenvalues are in the region\Reé —v < 0.

From (H7), we can prove the following lemma:

Lemma 4.1. Assume that” satisfies
Vee = (9ufi ' fo = 9,)V = En,
[V](p) = En,
[Va](2h) = Es,
AjVi(j) + BV (j) = E4j, j =0, 1.
Here E,, Es, Ey; € R*, By € C((z},2"™)), 0 < ¢ < r and has one-sided limits at

the boundary points. Then there exists a unique piece@issolutionV e C([0,1]) N
C?((zd, z4™)), 0<i <,
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Proof. The general solution for the first equationris 1 intervals ha@n(r + 1) parameters

which must be determined by a linear system of algebraic equation derived from the other
4 equations. It is easy to verify that the Fredholm index of this algebraic system is zero,
therefore, it suffices to prove that the linear homogeneous system has only the zero solution.
The latter follows from (H7). O

It follows from (H7) thatV;® = 0 on [0, 1], and hencé/® = 0 in all the singular layers.
With V% = 0, (4.10) has a bounded solutiéfy = ¢ in the ith singular layer. When
i=0orr+1,US" = ¢ = 0, which satisfies the Neumann boundary conditions. We shall
assume) = c;tt = 1. Itis clear that the matching of inner and outer solutions are also
satisfied.

To summarize,

Ao = 0, critical eigenvalue
V=0, U8 =0, inregularlayers
V& =0, U5 =cg’, intheith singular layers

The constants) = ¢t = 1, but{c}}} remain to be determined.
(2) The €!-th order expansion:

In the regular layers, sinceyUZ + M\ UE = 0 = A\ VE + M\ V{.. We have, from (4.1),
(4.2),

fUL + fVE =0,
Vi + g Ul + g, Vi = 0.
Therefore, U = —f 1 £,V
Vi, = (gufi fo — go)ViE =0
In theith singular layer, the equations @y, V;°, W,°) become

(4.13) Mcod' = Uge + FuUT + oV + 6o (fun'ui + fun'v?),
(4.14) Vi =Wy =0,
(4.15) Wiz = —9.U5 — 9.V = —guchd’-

From (4.14), (4.15),

V® = constant= V?(z}),

WS(00) — WS(~00) = —c; / G (6)dE, 1< i <.

Let M' = g(q'(—0), v%) — g(¢*(c0), v"). By the matching principle,

[Vif)(p) = 0,

[Vizl(zp) = oM.

In the boundary layersj = 0, i = 0,7 + 1. Thus(V°, W{) are constants solutions

in the boundary layers. By the matching conditions and (4.6), the boundary conditions for
VR are again (4.11).

(4.16)
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From Lemma 4.1, there exist solutidfi, 1 < i < r of (4.12) that satisfies
[V](zg) =0, forallwv,

(4.17) [Vo](z5) =0, forall £ # i,
[Vel(ap) = M.
By the superposition principle,
(4.18) ViE =Y Vi
1

In order to find a solutio’;y = O(1 + |¢|) for (4.13), the nonhomogeneous terms must
be in the range of a Fredholm operator, see Lemma 2.3. Therefore

Ach < ¢ >=<, LV + e (fuudu? + fuod'v?) >
The above can be simplified using integration by parts as follows:
fuud'uf + fun@'vy
=0c(fuui + fov]) — fuule — fovie
:af(_uf&) - fuufg - fvvigg
= — {(ue)ee + fu(ue)} — fovie.
Since the term in th¢} is in the range of a Fredholm operator, we have
<9, {(ufg)ii + fu(ufg)} >=0.
Therefore,
(4.19) <P, (fuu'ul + fuwGv]) >=— <4, fooie >

b <Y, ¢ >=< W>fv(V1 - COU1§) >
If we recall that< ¢, ' >= 1, n’ =< ¢, f, > andV;® andvj, are constants, we have
cd =n- (VS — 001)15) USIngv1§ = wy = wl(z}) = véi(aco) VSt = VE(xd), we have

(4.20) coh =1’ (Vi¥(z) — chugy (7).

From (4.18), equation (4.20) becomes:

Aich=n'- ZCOVZ — chwd(zh)).
i=1,2,--,7.
Define thecoupling matrix A = (a),«, by
(4.21) aig =0’ - (V(5) — bivgs(x5))-
We comment that is precisely the SLEP matrix in the NF model. We see thais an
eigenvalue whiléc}, c3, - - -, ch)™ is an eigenvector foA.
c &
Ml =A
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To construct higher order expansions, we may use any of tigenvalues and the cor-
responding eigenvector of. With such\; and (¢}, c3,--- ,¢}), (4.13) has a solution
|U| < C(1+ |£]) which can be written as

Uy =77 + dd".
Here< ¢', Zi >= 0, and the parametefg’ }1 remain to be determined.
Finally, in the boundary layers, (4.13) becomes
Uige + fuUy + fuV1 = 0.

With V;° already obtained, there exists a unique solutigh= O(1 + |¢|) in the boundary
layers. See Lemma 2.2.
(3) The €/-th order expansions,j > 2:

Assume that we have computed

AOy Ah ) )‘j—l‘
We have obtained in regular layers:
UOa U17 ) Uj*l?
‘/07‘/17"' 7‘/]'—17
W07 W17 Tt 7VVJ'71~

In singular layers, we have computed all the above excerﬁfjfgrwhich, in thesth internal
layer, has the form

Uy =c i+ 7y, <¢,Zi_>=0.
Assume tha?Z;_, has been determined htjt , is still a free parameter. In theé-th expan-

sion, we will determine\;, {c}_,}1, V;, W; andU}. We will determinel/* up tocig.

Definition An eigenfunction(U (¢), V'(¢)) is called a normalized eigenfunction if the cor-
responding paramete(s; }} satisfy

=1

(c%,cf,--- ,Cp) J_(c(l),cg,-~- ,ch)y > 1.

It is not hard to verify that i U (¢), V (¢)) is a normalized eigenfunction, anddfe) =
Y €la; is a scalar series, thén(e)U(e), a(e)V (¢)) is the general form of all the eigen-
functions. In the sequel, we will assume that the eigenfunctions are normalized.

In the regular layer, sincg, = 0 andU# = Vi = 0,

NUG+ -+ XU =10t
MV XV =L0-t.
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Therefore,
R R
quj +vaj :E-o-t,
‘/j};m+guUfz+gv‘/]R :E'O't,
R — R
UR=—f7 fVE+ 004,
(422) ‘/jﬁm - (guqulfv - gv)‘/jR =/l-0-t.

From (H7),V;* can be uniquely solved for if the boundary conditiong:at 0, 1 and the

jumps acrosgz{}"_, can be found. The jumps can be found by matching the internal and
regular layers.

In theith internal layer, sinc&? | = ¢, _,¢' + Z;_, andV{ = 0,
MUS |+ 4+ NUS =g+ chN\g' + L0t
AVE+ NV =0t

C;-_IAlqi + CBAJQZ

4.23 S S
( ) = U]’S.;«g + quJS + fv‘/js + fuuc}flqzul + fuvcz'flqzvl + E -0-t.
S S
(4.24) vE—ws,
VVJS§ = —guUf,1 — gUVjs,l +/l-0-t,
(4.25) = —cj-_lguq'i +/4-0-t,
13
s s
(4.26) %@Fﬂﬂm+A£n¢
& .
@4.27) WEE) = W)+ [ (i) + 0t
0

Notice that(V;°, W) behaves like a polynomial of degrg@s|¢| — co. The matching
of higher powers of can be proved by induction, see Lemma 3.3. We only have to match
the constant terms. Integrating frafm= —oo to oo, and applying the matching principles,
similar to (3.43) and (3.44), we conclude that fox i < r,

V() = €01,
[VVJ-R] (zf) =5 M +L-0-t.

In the boundary layers, sing¢= 0, i = 0,7 + 1, from (4.26), (4.27), and the matching of
outer and inner layers, we have

R S0
ViH0+) = VR (0) + L0 ¢,
R _ S0
WA 0+) = WP(0) +£-0- t.
Therefore the boundary conditionat= 0 can be obtained,
AWH0) + BV (0) =L -0 t.
Similarly, atz = 1,

AWEQ) + BV (1) =00t
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With all the boundary and jump conditions, based on (H7), we can soIvngfdrrom

(4.22). Using the superposition principle and the basis func§®fi$, we can express the
solution as a function ofc’_, }.

T

(4.28) VA=Y d Vitloo-t.

J
=1
In order to have a solutiof/*| < C'(1 + [¢]7), 1 < i < r for (4.23), the nonhomogeneous
terms must be in the range of a Fredholm operator, see Lemma 2.3. This leads to

oAy + S h =< LV 4 ¢y (fuud'wn + funG'vr) >+ 0t
Using integration by parts similar to (4.19),
(4.29) oA+ i h =<, fo(VP = d_quwii(x)) > +L-0-t.
From (4.26), we then have,
(4.30) A+ i h =< P, £,(VE(0) — ¢ _jwii(zh)) > +L-0-t.
By the matching principle and (4.26),

VE(0) = VE(ah+) + L 0-t.

Thus
(4.31) b+ e =< ¢, L (VE(@h+) — ¢ _jwli(@h) > +L- ot
Using (4.28) we have

T

coNj + Cj'fl/\l =n'-( CﬁflVf(xé) - j-flw(?(mé)) +L-0-t.

{=1
In the matrix form,
¢ c
(4.32) (MI—A)| =N | +L-0-t
Cj-1 Co

We need the following hypothesis.

(H8) ), is a pole of order one for the matrixl — A. (The Jordan blocks okl — A
corresponding td; are of order.)

Remark. If (H8) is not satisfied, then(e) may not be expanded as integer powers. &
discussion of asymptotic expansions for eigenvalues eftpendent matrix can be found
in [20].

Condition (H8) is always satisfied if all the eigenvalues of the coupling matrix are dis-
tinct, which is certainly true if mono-internal layer solutions are considered.

Based on (H8)(c}, - - - , c}) is not in the range ok, I — A. (4.32) uniquely determines
A; and{c}_,}7, due to the normalization

(le'—la U 70;—1) 1 (C(l)a U 766)'
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Itis clear with such\; and{c;_, }{, we can uniquely find! = O(1+[¢}), < ¢', Z; >=0,
such that the solution for (4.23) has the form,

S ) i 1
Uy =2+ a4,
in theith internal layers.

V! then comes from (4.28)/° comes from (4.26). After obtainirig”, in the boundary
layers, since’ = 0, i = 0,r + 1, the equation fonS becomes

S S

Since the right hand side is 61(1 + |£|?), the above equation with Neumann boundary
conditions can be uniquely solved for a solutidr= O(1 + |£]7) in RT or R~ respectively
fori =0,0ri=r+ 1. See Lemma 2.2.

We summarize our result in the following theorem:

Theorem 4.2. Assume that (H1)—(H7) are satisfied, than the asymptotic expansion of crit-
ical eigenvalues\ and eigenfunction&l/, V') can be obtained up té. \; is an eigenvalue

for the coupling matrix4A. The associated eigenvectpt;}7 provides informations about
the eigenfunctionl, V), which satisfied/& = 0, Vi = 0 andV;® = > iV in regular
layers; andUJ(¢) = ci¢'(¢) andV§® = 0 in the singular layer atr}.

Assume that (H8) is also satisfied. Then the higher order expansion of critical eigenval-
ues and the corresponding eigenfunctions can be obtained by a recursive procedure to any
power ofe.

The formal series expansions of eigenvalue and eigenfunction satisfy (4.1), (4.2) in reg-
ular layers, (4.3), (4.4) in singular layers, boundary conditions (4.6) and matching condi-
tions (4.7), (4.8).

5. MONO LAYER SOLUTIONS AND A GEOMETRIC METHOD

We first introduce a geometric method to determine mono-layer solutions. We show that
the geometric method also determings hence, the stability of the mono-layer solution.
In the end of this section, we comment on the relation of our approach with the geometric
singular perturbation theory.

Let ®_ and®_ be the solution maps of (3.6) wheie= 1h° andh = h! respectively for
all z. Since®_ and®, are transverse t6° andI'?, the following are(n + 1)-dimensional
manifolds,

M_=U{P_(2)S|0 <z < 1},

My =U{P,(z—1)5|0 <z <1}
Lemma 5.1. If (H4)-(H6) are satisfied, thetM _ intersects withM | transversely. The
intersectionC is a smooth one-dimensional curve that satisfiesT.

Conversely, itM_ m M, and the intersectiod satisfiesC m I't, then (H4)-(H6) are
satisfied.

Proof. Denotep = (vf, w', z') the intersection of andT''. Sincel is of codimension
one, ifT,M_ N T, M, is two dimensional, then there exists a nonzero vector

ac T,M_NT M NTT.
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Thereforea € T,,S*. From (H5), the flow ap is transverse t&! . The derivative of the
Poincare mappin@! will senda to a vector in the tangent spaces of b&thandS;. From
(H6), it must be a zero vector. The contradiction shows tat h M., .

We now show that h I'". Assume a vectoa € T,,C C T,I'!, then as the above,
a € 8! N M,. Thus, as before = 0. This shows tha€ h I'!.

The converse of the lemma can be proved by a similarly elementary argument and will
not be given here.

(]

The curveC &£ M_ n M, is called aslow switching curvesince the slow flow has

to switch fromu = h%(v) to h'(v) at somep € C in order to satisfy boundary conditions
atz = 0,1. C is not a solution curve of (3.6) if the slow equation has a jump causing by
hY £ ht,

We have obtained the following theorem.

Theorem 5.2. Assume that (H1)—(H3) are satisfied afidh I'! at some nonempty point

o = (v, w', 27). Then there exists a singular mono-internal layer solution with the internal
layer atz = zf and (v(z"), w(z")) = (v, w'). Moreover, the asymptotic expansions of the
mono-internal layer solution to any powerseatan be calculated recursively as §83.

Let (Av, Aw, Az) be a nonzero tangent vector®ht p. We can show thatx # 0. For
otherwise usingAv, Aw) # 0 as an initial condition at = z,, the linear system

Ve =W,
Wx - (gufu_lfv - gv)‘/y

whereh = h° if z < 0, h = h' if z > 0, has a nontrivial solution that 8! on [0, 1]. This
is a contradiction to (H7).

After rescaling, assume that= (Av, Aw, —1) is a tangent vector af at . We have
the following simple result.

Theorem 5.3. \; = n! - Av wheren?! is the normal of the surfac®! as in §3 and
(Av, Aw, —1) is atangent vector of1_NM; at (vl (xo), wl(zo), z0). LetN = (n',0,0)
be a normal of"!. The result can also be expressed as

A =t-N.

Proof. Since there is only one internal layer, we drop the super-irndexl for the layer.
Let (V., W.) be a solution of the system (4.12) with

[V](z0) =0,
[W](zo) = g(g(—00),v) — g(g(0), D).
Then

(Valwo), Welo—),0) € T,M._,
(Valizo), We(2o+),0) € M.
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The following two vectors are equal,

(5.1) (Ve(wo) — wi(wo), We(zo—) + g(q(—00), D), —1)
= (Ve(wo) — wil(wo), We(wo+) + g(q(c0),v), —1).
It is clear that
(—wy(20), 9(g(—00),0), 1) € TyM_,
(—wg'(z0), 9(q(00),0), —1) € TuM,,
since they are flows ob_ and®, respectively. Therefore the common vector in (5.1) isin
T,.C =T, M_NT,M,.

Thus, we must hav®,.(xg) — w{(zy) = Av. The desired result now follows from Theo-
rem 4.2 where
A= (a1) =n' - (Vo(zo) — wi(zo)) = n' - Av.
U

A similar theorem can be stated for the existence of a singular heteroclinic solution which
has an internal layer. Lép’,0) be a hyperbolic equilibrium for the reduced system-
w, w' = —g(h'(v),v) with i = 0, 1. Assume that difi’“((p°, 0)) — dimW((p*,0)) = 1
where the stable unstable manifolds(pf, 0) are referred to the vector fields with =

h'. Assume the nonempty transversal intersectioWdf (p°, 0)) andW#((p', 0)) on R*".

ThenC &' Wu(p°) N W*(p!) is a smooth one dimensional curve. Defifleto be the set

of points (v,w) € R** wherev” + f(u,v) = 0 has a heteroclinic solution connecting
u = h%(v) to h'(v).

We can show iC M I'! at a nonempty point, then there exists a singular internal layer
solution connectindgu,v) = (h°(p°), p°) to (u,v) = (h'(p'),p'). The singular hetero-
clinic solution has an internal layer based’at I't. Moreover, asymptotic expansions of
internal layer solutions can be obtained to any ordet. athe critical eigenvalue can also
be determined by the angle of intersectionCodndI'!. This is most useful i andI'!
has multiple intersection points, for it shows that generically the stability index of these
mono-layered solutions changes alternatively. See the exam§e3in

There is a close relation between our approach to the geometric singular perturbation
theory. According to Fenichel [10], there exist smooth stable and unstable manifolds in
R?™+2" of the normally hyperbolic slow manifolds = h'(v), ¢ = 0,1. These mani-
folds admit smooth foliations by strongly stable and unstable fibers respectivelfitLet
be the union of unstable fibers passing throggho, v, w) with v = h°(v), (v,w) €
W ((p°,0)) and letdM* be the union of stable fibers passing througho, v, w) with
u=h'(v), (v,w) € W*((p',0)). Using the geometric singular perturbation theorgJif
intersects transversely wifit ™ ate = 0, then they also do so at smallThe internal layer
solution is determined by this intersection.

It can be shown that the transverse intersectio®bf and 9" is equivalent to the
conditionC rh I'l. Details are left to the readers. We have found a simple way to check
Fenichel's transversal conditionR¥™ 2" by reducing it to a lower dimensional spak# .

Suitable changes can also be made for the case of a singular traveling wave solution by
included the wave speed as a phase variable.
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Let us return to the original boundary value problem with boundary conditioms-at
0, 1. Again, the slow manifolds are normally hyperbolic. D&t be the union of strongly
unstable fibers passing through 0, v, w, z) with u = 2°(v), (v, w,z) € M_ and letIn+
be the union of strongly stable fibers passing through, v, w, z) withu = h'(v), (v, w,x) €
M. We prove that m I'! is equivalent to the transversal intersectio®®f and9t* as
follows.

Let us writeuee + f(u,v) = 0 into a systemue = @, 4 + f(u,v) = 0. At the singular
limit e = 0, we pick a pointp = (u, 4, v,w,z) € M~ N IM*T wherep = (v,w,z) is on
M_NM, and(u,u) = (q(0), ¢(0)) is on the heteroclinic solutiofy, ¢) connecting:’ (v)
toh'(v). Let

(Au, Ad, Av, Aw, Az) € T, NT, "
Then(Av, Aw, Az) € T,C. On the other hand, since moving alofiyv, Aw, Az) does
not break the heteroclinic solution, we must héde, Aw, Az) € T,I'.

If T M C, from the above argument, we hayAv, Aw, Azr) = 0, and the tangent
vector(Au, A, 0,0,0) is onT,W" N1, W*. But the strongly unstable fibéy (o) has
an one-dimensional intersection with the strongly stable filbé(o). This shows that
(Au, At) = C(¢(0),4(0)) whereC' is a scalar, and,,9t~ N T,9t" is one-dimensional.
Since dinT,~ = dimZ, 9" = 2n + 1+ m and the intersection occurs irka + 2m + 1
dimensional space, th@&~ M ™. The converse is also true.

6. EXAMPLES
6.1. A x—dependent systemWhen the matrix couplingd is diagonal, then there is no
coupling among the internal layers through the slow field up 9, and the- eigenvalues,
A1, are determined locally layer by layer. This happens if the jumﬁéj—ff 9(q'(—00),0%)—
9(¢*(00),v") =0for1 <i <r.
As a special case, consider the followingependent system

EUge + flu,2) =0, veR™ 0<x <1,

u, =0, x=0,1.
Lettingv = z, we have (1.4) witty = 0, whenceM® = 0 for all i. Therefore(V, W!) =
0 andV/f = 0. See (4.18). The coupling matrix has the simplest form

A= —diagn’ - wy(a5))i_;-

Usingwf = v = 1 and (3.5), we have theeigenvalues

The above formula fok; is valid whenu and f are inR™, m > 1. For scalar equations,
observing that the linear equatiéi, + f.,(¢'(¢),z5)U = 0 is self adjoint inL*(R), we
must have)® = ¢'/|¢|>. See (H2). Therefore,

M:—wwjmfwﬁwwwwm

— 00

iy d q*(c0) .
——a1 7 [ e

q*(—o0)
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Following Fife [12], letJ!(x) = fhh_(f()x) f(u,z)du. Then

M=l T, 1<i<r

The existence of a heteroclinic solutionatis equivalent toJ’(z}) = 0 (equal area
rule), while (H3) is equivalent teg- J* (zf) # 0.

In the original AMP modelf(u,z) = (1 — u?)(u — a(z)). If ¢ connectsy = —1 to
u =1, thenJi(z) = —3a(z). ThusJi(zf) = 0 < a(z)) = 0, and; = §|¢|2d/ (). It
is known thatg’(¢) = tanh(%) and|¢‘|2, = % Therefore\; = v/2d'(z}).

Similarly, for the internal layer jumping from near= 1 tou = —1, we can show that
A= —/2d' ().

We summarize the results in the following

Theorem 6.1. For the z-dependent system, is diagonal, with
AN = — < Y folq'(€),xh) >, 1 < i < r. In particular, for the AMP modeh; =

sign{'}v/2a’ ().

The stability index of the multi-layered solution derived from above agrees with the
result in [1].

6.2. Coupled Ginzburg-Landau equations. Consider (1.1) withf (u, v) = u — u® — 1v,

3

g(u,v) = o(v —v?) andu, = v, = 0 atz = 0, 1. The stationary solution of this system
is a pair of Duffing oscillators with a unilateral coupling in the fast equation. We will show
that Lemma A in§1 is not satisfied in this example. This example is highly special since
the slow equation does not contain In the end of this subsection, we will give another
example where coupling terms appear in both equations.

Asinthe examplesifl, f(u,v) = 0 has three branches of solution manifolds: h,(v)
andu = hy(v). At o = 0, (1.5) has a heteroclinic loog,{) and¢(—¢), connecting
u = h_(0) andu = h, (0). Write the second equation of (1.4) as a system

Uy = W,
(6.1)

wy = —o(v —v?).

For any constant > 0, (6.1) has three equilibriev, w) = (0,0) and(£1, 0) and has two
heteroclinic orbits connecting the hyperbolic equilibfial, 0). Notice that the interval
[—1,1] is contained in the domains @f.(v). The region bounded by the heteroclinic
loop is filled up with periodic solutions that surround the ceritef). For every point
(n,0),0 < n < 1 on thev axis, there passes a unique periodic orbit whose period will
be denotedi(n). Using an elliptic integral one can show th&tn) > 0 and there exist

one sided limitsd(0") = % andd(1l) = oo. For anym € NT, let o be sufficiently

large so tha% < 2. Fix thato. Itis clear from the above that there exists a unique

0 < mo < 1 such thatd(n,) = 2/m. Let (v(z), w(x)) be the perio®/m solution that
satisfiesv(0) = no, w(0) = 0. Let (vf(z), wf(x)) be the restriction ofv(z),w(z)) to
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z € [0, 1]. vl satisfies the following.
v({/m)=0, £=0,1,...,m,

(6.2) v(t/m) = (—1)no, £=0,1,...,m,
1 14
St —)= (=0,1,... — 1.
v(2m+m) 0, 0,1,....m
Let {z! < z* < --- < 2"} be asubsetof;- + £ : ¢ =0,1,....,m—1}. ltis

clear thatf(z') = 0,1 < i < r. Letz® = 0 andz"™ = 1. Forz € (2! z%), define
uli(z) = hy (vfi(x)) if 7is odd, anckft(z) = h_(vE(x)) if i is even. The functiofuf, vf)
is the(Oth order expansion of &layered solution in regular layers. Let

uSHE) = {q%&) =q(~¢),  ifiisodd
P49 =q(9), if i is even

Letv5?(¢) = 0. The union of uf(x), v (x)) in regular layergz*~!, 2%),i = 1,2,...,r+1,
and (u(£),v5%(€)) in singular layers at?,i = 1,2,...,r is a singular internal layer
solution. We can verify that Hypotheses (H1)-(H7) are satisfied by this solution.

It is trivial to verify (H1)-(H3) since the:-equation is the same as the activator-inhibitor
model in§1. TheTransversality Hypothesisin §1 is satisfied since the fast jump surface
I = {(v,w,z) : v = 0} is transverse to the flow at each due tov{} (z') # 0. From
the transversality hypothesis, (H4) and (H5) are satisfied. We only need to prove (H6) and
(H7). LetSy = {(v,w,z) : 2 = 0,w =0}, S = {(v,w,z) : x = 1,w = 0} as in§3.

Let ®&(z)(vo, wo) be the solution map for (6.1) witl(0)(vy, wy) = (v, wp). Assume
thatvl(z) consists ofm monotonic paths withn being even. (The case is odd can be
considered similarly.) Letv{t(0), wg(0)) = (no,0). Then(vft(1), wk(1)) = (no,0) since
m IS even. LetAn be a small variation ofyy. The periodic solution with the initial data
(no + An, 0) has the period(n, + An) = 2(1 + Ax)/m whereAz is small. This leads to
®(1+ Azx)(no + An,0) = (no + An,0). Sinced'(n) > 0, we have

dAx -
dAn

A tangent vector offP" . .. P1P%)S, can be obtained by taking the limit &) — 0 on
the following vector

(1) (no + An,0) — (1) (0, 0) _ 2(1)(10 + An, 0) — (1 + Az) (10 + A, 0)
An An
L 2+ Az)(no + An, 0) — &(1)(m0,0)

An

As An — 0, the first quotient in the right hand side has the Ii@ﬁ%(w{f(l), —o(vg(1) —
(vf¥(1))?)), due to equation (6.1), and the second has the (ilit) since®(1 + Az)(n, +
An,0) = (1o + An, 0) and®(1)(n0,0) = (10,0). Thus,(1, =920 (v(1) — (v'(1))%)) is
atangent vector ofP” ... P1P%)S,. By (6.3) and—o(v{(1) — (v{¥(1))?) # 0, the tangent
vector is not or{’'S;. This proves both (H6) and (H7).

The results o3 and§4 can be used on our system since (H1)-(H7) are valid. We con-
clude that there is a matched asymptotic expansion of internal layer salpfjieh:;, > e/v;).

(6.3) 0.
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Due to the special form of our system,= o is independent of. There also exist
asymptotic expansions of critical eigenvalugse’\; and corresponding eigenfunctions
(>-€U;, Y €9V;) both in internal and regular layers.

From (H7), we see that the eigenvalues for the probMm= V,, + g,(vf(z))V is
nonzero. Let\(¢), be a critical eigenvalue for (1.10) and (1.11). Usikg= 0, we infer
that the eigenfunctioflU, V') satisfies/” = 0. Substitute into (1.10), the critical eigenvalue
satisfies

N = U, + fuU, Uy(0) =U,(1) = 0.

From the above, the critical eigenvalue is precisely the eigenvalue of the opéraos- £,
in the function spacé/,(I), see [39]. Therefore, the system does not satisfies Lemma A.

However, using the method 6#, we can calculate expansions)ofo any order ot. In
particular, sincd/ = 0, the coupling matrixd,...,. is diagonal. From (4.20), thgh critical
eigenvalue satisfies; = —n’ - vt (z%), similar to the case in the AMP model.

We now briefly describe another example where both equations contain coupling terms.
The example is adapted from the AMP model. Consider (1.1) againfifithv) = (1 —
u?)(u — 3v), g(u,v) = o(v — v*) + yu®v, andu, = v, = 0 atz = 0,1. The roots
of f(u,v) = 0 consist of three branchest = hy(v) andu = ho(v) whereh,(v) =
1, h_(v) = —1 andho(v) = 3v. (1.5) has a heteroclinic loag¢) andq(—¢) connecting
the equilibria. = +1 if v = 0. In regular layers, inserting = +1 into the second equation
of (1.4), we have a reduced system

Vo + 0 (v —0°) + v,  v,(0) = v,(1) = 0.

For anym € N, as before, we can find > 0, > 0 so that the above has an oscillatory
solutionvf(x) that satisfies (6.2). For any < m, a singularr-layered solution can be
defined as in the previous example. One can verify that (H1)-(H7) are satisfied, so the
method o3 ands4 can be used to obtain asymptotic expansions for internal layer solutions
and critical eigenvalues and eigenfunctions. Siptg0) = g(—1,0), M* = 0 for all

1 <i<r,cf. (4.16). Therefore, the eigenfuncti¢ti, V) for a critical eigenvalue satisfies

VR = 0. The coupling matrix is diagonal. The critical eigenvalues for (1.10), (1.11) and
for the operatoe?D,, + f, in H%(I) agree up te'.

6.3. Multiple existence of mono-layer solutions.This is the longest example and par-
tially motivates the entire paper. As in the introduction, we consider a homotopy between
the AMP and the NF types system. Assume tf{at) = sin(wz + b) anda ~ 1, 5~ 0 so
that the system can be treated as a perturbation to the NF type system. After rescaling, as-
sume thaty = 1 and0 < 3 < 3, whereg, > 0 is independent of and is to be determined
in the sequel. Only mono-layer solutions will be considered. Our goal is to show that by
choosing(3,w, b), the system may have any prescribed number of mono-layer solutions.
Moreover, some of these solutions can only be found by the new shooting method using
pseudo Poincare mappings.

We will only consider mono-layers that jumps upwards, so the supergc#pt which
is used to index internal layers will be dropped. For the conveniencg, J:etf where
0 < k < Byw. We consider the following system.
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k
Uy = Uy + F(u,y + — sin(wz + b)), 0<z<l,
w
(64) Yt = Yza + UG(ua y)a u, y € R>
Uy = Yy = 0, x =0, 1.

Letv = (y, x). The stationary solutions of (6.4) satisfies

0 = ug, + f(u,v),

0 =10z + g(u,v)7

U =Y, =0, z=0,1,
z(0) =0, (1) = 1,

where
f(u,v) = F(u,y + £ sin(wz + b)),

o= ()

The above system is of the form (3.2).

The assumptions oR’ and G are listed in A1-A5 below. The nullclines df and G
are plotted in Figure 6.1. These assumptions are identical to those used in [39] and are
gualitatively similar to the activator inhibitor model (1.1), (1.2).

y G=0

FIGURE 6.1. The nullclines ofF andG

Al. The nullcline ofF is sigmoidal and consists of three curves

R™ ={(u,y) :u=h_(y),y € I},
R® = {(u,y) : u=ho(y), y € I},
RY ={(u,y) :u=hy(y), y €1},
where
I =(y-,0), lo=(y-,y+), I+=(-00,y:).
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A2. DefineJ(y) = :_*((5)) F(s,y)ds. J(y) has an isolated zee (y_,y.):
J(§) =0, dJ(§)/dy <0.

A3. F,<0onR andR™*.
Ad. G < 0onR andG > 0onR". %G(hi(y),y) < 0 fory € I.. The latter is
equivalentto-G,F,'F, + G, < 0.
A5 Gy‘Ri S 0

To use the method in our paper, we verify (H1)-(H8). For a mono-layer solution, (H8) is
always satisfied. We first verify that whén= 0, the singular limit solution actually satisfy
(H1)—(H7). We then use a perturbation method to show that (H1)—(H7) are satisfied when
k/w is small and when certain conditions are posed on parametevsb).

The unperturbed system: k& = 0

Under A1-A5, it is well known that there exist, ¢, > 0 such that (6.4) has a unique
stationary mono-internal layer solutign(z, €),y(z,€)) if 0 < 0 < 0o and0 < € < ¢
[12, 14, 23, 36]. This solution jumps upwards from nea& h_(y) to nearu = h, (y) at
T ~ x9. Ase — 0, this solution has a limituZ(x), y(z)) in two regular layers separated
by zo € (0,1). (uf(z),y(x)) has a jump discontinuity at the internal layey. Using
a stretched variablé = (z — xg) /e, there exists the limit in the internal layéun(zq +
£, €),y(xo+e€,€)) — (u3(€),y5(€)) ase — 0. The mono-layer solutiofu(z, €), y(, €))
and the limit in regular layeréult, ylt) are plotted in Figure 6.2. In particular, the jump
point z, satisfiesylt(zy) = § whereg as in A2, andyf is concave up for < z, and
concave down for: > zp; andylt > 0,0 <z < 1.

k
uy H
u(x,€)

FIGURE 6.2. Mono layer solutions and theingjular limits

There is a another mono-layer solution that jumps from near i, (y) to nearu =
h_(y). But this will not be used in this section. By mono-layer solution, we always mean
the one that jumps upwards.

While the existence of the mono-internal layer solution is well known, the existence of
matched expansions of this solution, or the existence of matched expansions of critical
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eigenvalue and eigenfunctions has not been proved before. To this end, we will verify
(H1)—(H7).

From Al, the slow manifolds arB* := {u = h;(y)} andR~ := {u = h_(y)}. From
A3, f, <0onR*UR~. Thus (H1) is satisfied. It is clear thaf = (y{, )™ satisfies (3.4)

with zj = zpandh® =h_, h' = h,. Atz =20, v = <£f ) equation
0

Uge + f(u,l_)) = Uge + F(u,gj) =0

has a heteroclinic solutiof{{) due to the fact/(y) = 0, (the equal area rule, see A2). Thus
the surface in (H2) i& = {(y,z)|y = 9,z € R}.

The functiony is clearly an eigenfunction corresponding to the eigenvaluel. Using
the fact

(6.5) Uge + fuU =0,

has exponential dichotomies & andR*, we see thafq(0), ¢(0)) is in the intersection
of the unstable subspacetat and stable subspace(at, both are one dimensional. Thus,
the eigenspace is spanned pyEquation (6.5) is self adjoint. Let = ¢/||||2=. Then
< 9, ¢ >= 1 andgq is not in the range of the operaté§; + f, - I. Condition (H2) is
satisfied.

The normal of2 is

(e o]

n= 2 (4(£),0),9(&)dE

— 00

s h+(@7)F ny
= [|4|| : w(u, §)du

R
sincewlt(xq) = yOxng) , we haven - wlt(zo) = J'(§) - y&t (x9) # 0. Therefore, (H3) is

satisfied. See A2. Also the flow is transversé:to

The major job is to verify (H4)-(H7). We use a geometric method similar to that used
in Theorem 5.3. Since the flow of thevariable is trivial, it is reasonable to consider a
reduced system that is equivalent to (3.6). (Equation (3.%}@mensional.)

dy/dx = z,
(6.6) dz/dx = —oG(h(y + £ sin(wz +b)),y),
dx/dx =1,
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wherek = 0, h = h_ if z < ¢, h = hy if z > x,. Obviously,(yf, 2%, z) wherezl = y&
is a solution of (6.6). Let

=G G T 5
1 il
A e A P

(6.7)

—~
=
“N
8
Pt
8
I
N W
I
o O
——

{(y, 2, 7)|lz = o}

Denoted _ the solution map of (6.6) with = h_ for all 0 < z < 1. Denoted, the
solution map of (6.6) witth = h, forall 0 < z < 1. We first prove (H7).

Let

M_=U{D_(2,0)5]0 <z < 1},

My =U{®, (2,1)8,0 <z < 1}.
Letpo = M_NII, y; = M_NIL Note that the matching poipt= (y{'(zo), 2§ (o), z0) €
Ho () fhr-

Lemma 6.2. For the unperturbed systerh,= 0, (H7) is satisfied. Alsay, M p; at e in
I1. See Figure 6.3.

M1

x=0 x=1 X

FIGURE 6.3. The transversal intersection;of and,

Proof. We first prove (H7). From (H7), it is easy to see thath p, atgp in II.
Let (Y, Z7) be the solution of the linear variational system of the of (6.6) around the

Oth order expansion, with = 0,

qurlfv - gv)Y>
L,
0

I

g

NN
I = N
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If we recall thatu® = h(y") whereh = h_if z < g andh = h, if z > z,, then
usingg.fo, b fo — go = G%G(h(y),y) < 0for z # x, it is easy to show that —(zy) >
1, Z~ (xp) > 0. Similarly, the solutionY ", Z*) of the linear variational system

Y, =2,

Z(: (QUf 1fv U)
(1

Nt

satisfiesy " (x¢) > 1, Z*(z0) < 0.

Assume that (H7) is not satisfied for the mono-layer solution. Then there exists a nonzero
C' solutionV to (4.12). Without loss of generality, assume thdtr,) > 0. Then there
existy;,y2 > 0 such thal/(zg) = 1Y~ (z9) = 12Y *(20). However, we have a contradic-
tion ‘/x(.fll'o) = ’YlZ_(.CI?()) >0 and‘/x(.fll'o) = ’)/QZ—’—(.CI?O) < 0.

0]

Slnced Yo B(zy) > 0, Ty is a cross section ob_ and @, regular Poincare mapping
P T; — Iy, i = 0,1 can be defined. Hypotheses (H4)-(H5) are clearly satisfied.

Lemma 6.2 implies that_ intersectsM, transversely. The intersection is an one-
dimensional curve® passing througlp. As in §5, it is called aslow switching curve
since the slow flow has to switch from= h_(y) to h,(y) in order to satisfy boundary
conditions fory atz = 0, 1.

Let (Y, Z¢) be a solution to the following linear system:

dY/dx = Z

dZ/dx = —J%G(h(y), Y)Y,
(6.8) Z(0)=0,Z(1) =0,

[Y](x(]) = 07

[Z](w0) = o(G(h-(9),9) — G(h+(9),9))-

From Lemma 6.2, such solutigiy®, Z¢) uniquely exists. Similar tg5, we can show that
the vector

(Y(w0) = 20'(20), Z°(20—) + 0G(h—(9), 9), 1)
=(Y*(x0) — 7' (w0), Z°(w0+) + 0G(h4(7), §), —1)
is a tangent vector of at (yg(zo), 2 (o), o). Nishiura & Fujii in [39] proved that

Ye(zo) — zg(:po) > 0. Thus,C intersectsl’; transversely. Suppose th@&t mapsS,
ontoS_ in I'; and®, mapsS; ontoS, inT';. Itis now easy to show that

S_.hmS, on I

In fact, sinceC intersectsl’; transversely, the tangent spaces./eff. have a common
subspacéd ,C which is not onT,I';. If the tangent spaces & andS, coincide, then
T,M_ =T,M.,. Thisis contradictory to\{_ h M_.. From here we deduce that (H6) is
satisfied.

Perturbed internal layer solution: & #£ 0

We now show that (H1)-(H7) are still valid f/w is small.
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Assumption (H1) can be quickly verified by the Implicit Function Theorem. In fact, the
slow manifolds are graphs of

k
u=hy(y+ " sin(wz + b)).

In system (6.6), we now have # 0 andh = h_ or h, if z < zf, orz > 2' where the
jump pointz! is part of unknowns to be found here.

We use our geometric method to construct singular limit solutions of (6.6) and show that
(H2)-(H7) are satisfied for these solutions. Since (6.6) is piece@/isgit is convenient
to find the matching poinp = (y', 27, 2T) first. With p as an initial point atr = ', a
solution can be obtained by solving (6.6)[inz] and [z, 1]. Notice that wherk = 0,
= (g> Z(})z(x(])a .fll'o).

First, due to the facf () = 0, equation

k
uge + Fu,y + = sin(wz + 1)) =0,
has a heteroclinic solutiopif y + £ sin(wz + b) = . Thefast jump surfacefor k # 0 is
= k
Fl = {(ya Z, .CIZ')‘y + ; sin(w:z: + b) = g}

The matching point must satisfy € T';. The surfacd; is plotted in Figure 6.4.

-
N

-
[

-
o

FIGURE 6.4. Poincare mappingsduced by the flow of (6.6)
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As in the casé = 0, let®_ and®, be respectively solution maps of (6.6) with= h_
andh = h, throughoutc € [0, 1]. DefineM_ and M as before.

The intersection of the three manifoldgl.. andT'; determines the matching poipt
Since it is difficult to study the intersection bf with M_ or M., we study the intersec-
tion of M_ and M, first.

Lemma 6.3. The distances betweel . and the corresponding ones with = 0 are
O(%) in C° metric and are and ar@ (%) in C* metric. Wherk # 0 butk/w is small,
M _ and M intersect transversely. The intersectién= M_ N M, is aC* curve, and
its distance from the one with= 0 is O(k/w?) in C° metric. and i0(k/w) in C'* metric.

Proof. With the initial data(y, z, z) = (n,0,0), M_ can be expressed as
M- =U{(y, 2z 2)|(y, 2,2) = ©_(;1,0,0;k), 0<z<1 neR}

whered _ is the solution map of (6.6) with = h_. Also, % satisfies the linear variational
system

(yk)/ = Zk,
69) (20 = —o-LG(h(y + & sin(we + 1), gy — 0-2-Glh, y)H' > sin(we + b)
. k) — dy Yy w » Y)Yk ou Y w )
(.Yik)/ =0.
The forcing term for (6.9) is 0D(1), thus, in generaly;, z, zx) = O(%) only. However,

sincesin(wz + b) is fast oscillatory, using a standard method in the theory of averaging, we
have
(Yks 21y T1) = O(%)-
This proves that
®_(2;7n,0,0;k) — P_(2;7,0,0;0) = O(wﬁ)

2

Thus, the distance betweewl _ and the one withk = 0 is of O(k/w?) in the C° metric.
Using the same method, one can show

0 k
8—77{(1)_@, 7,0,0;k) — ®_(x;1,0,0;0)} = O(;)
From the right hand side of system (6.9), we have
2

0kox

Therefore, the distance betweéi_ and the one wittk = 0 is of O(k/w) in theC'! metric.
The statements abot!, can be proved similarly.
The assertions concernirtgcan be proved using the implicit function theorem, or a
contraction mapping principle and will not be given here. O

®_(2;7,0,0;k) = O(1/w).

Whenk = 0,
(Yc(xo) - z(l)’%(x(]% ZC(xO_) + O-G(h*(g)a Z]), _1)
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is a tangent vector af at p with they component being positive. Therefore, locally the
curveC can be expressed as

(610) le'*(y,b), Z:Z*(yab)7 g_T§y§g+T7
wherez* andz* areC" functions andl’” > 0 is a constant.

Lemma 6.4. 57(5,b) = —(Y*(z0) — 25/ (z0)) " if k = 0. If k # 0 then,

D (5,8) = O/,
0 ,0x*(y,b)
%( oy
Proof. The assertion fok = 0 is obvious.
To prove the assertion abo%’f, we can use a linear variational system to show dhat
is aC" function of b and 22+ = O(k/w?) in C° metric and is ofO(k/w) in C' metric.
Similar to the proof of Lemma 6.3, the fast oscillatory propertyiofwz + b) is important

in the proof.
SinceC is the intersection aM ., and since

C=U{(y, 2 )|z =2"(y,b), z = z"(y,b)}.
using the implicit function theorem, or contraction mapping principles, one can show that

z* andz* areC" functions ofb and the desired estimates gn:* and %yw*. O

) = O(k/jw).

Assume nowkt # 0 butk/w is small. The transversal intersection,gf and ., is still
true after the small perturbation. Thus (H7) is satisfied. From Lemma 6.3, after the small
perturbation, we still haveM _ m M. Locally, C is still of the form (6.10). Observe
that the variation of’; is +£ in they direction. If £ < T, the intersection of with T';
is nonempty. Each point in the intersection is a candidate for the switching goihihe
guestion is whether (H4)-(H6) are satisfied at the intersection. From Lemma 5.1, conditions
(H4)-(H6) are satisfied i€ h T'; at .

SinceT'; is flat in thez direction, to study the transversality of the intersectiori pf
andC, it is convenient to project out theircomponent. The images of the projection are
Iy — IIT'; andC — IIC. Several possible intersections@®andl’; are depicted in Figure
6.5. Thez direction is not shown. It follows from Lemma 6.4 thaftifis sufficiently small
andw is sufficiently large, the@%x*(y, b) = —(Y(xg) — 28(z0)) 1 + O(T + kJw) < 0
forally € (§ —T,9+ T). The non transverse intersectionl@if; andIIC can occur at the
part of III"; that is decreasing. We now elaborate at this.

First assume thdit is sufficiently small so that

(6.11) |2 (D) ko < 7

The subscript = 0 indicates that the left hand side of (6.11) is evaluatdd-at0. Using
the estimate on the dependence&adn k& from Lemma 6.3, ifl" andk/w are sufficiently
small, we have

o 1
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forally — T <y < g+ T. Since the maximum of the slope Bf’"; is &, TIC intersects
I1I'; transversely at a unique poipt= (yf, 27, 2T) for anyb € R.
Next, assume thdt is sufficiently large so that

o . . 1
(6.12) |a—y$*(y, b)[k=0 > a

If T andk/w are sufficiently small, we have

0 1
¥ b > =
forally —T <y<gyg+T.

The intersections af andI’; correspond to solutions of the equation

k
—sin(waz”(y,0) +b) +y =7.

Let ¢ = wz*(y,b) +b. With ® as a parameter diil';, the intersections correspond to zeros
of the function
k
¢(p,b) L wa*(§ — ~sing,b) +b— ¢ = 0.
w
Once¢ is found, the intersection is determined by

o—0b N :
r=——, y=7— —sing.
w w
Since 2.2*(y,b) = O(k/w?), (Lemma 6.4), and*(y, b) is a periodic function ob, we
have% > 0 and¢ — +oo asb — oo. Therefore, ifw is sufficiently large so thafg- <T,

then for eachy € R, there exists a unigue= b*(¢) such thai = 0. Moreoverp* is aC"*
function of ¢ with

ob* or*, ox*
9 _(1+wab) (1+k:ay

Let y& be a solution constructed by suphConditionC  I'; become$b* /d¢ # 0, or
equivalently,

(6.13)

oS @).

or*

3y cos ¢ # 0.

Consider one period € [—37/2, /2] for the time being. Fop € [-37/2,—7/2),
cos¢p < 0, (6.14) is valid. The left hand side of (6.14) is positivepif= —m /2, but is
negative ifp = 0. Therefore, itis easy to see that there exist (—7/2,0), ¢ € (0,7/2)
such that

(6.14) 1+Fk

or*

Oy

Using the fact tha%* is almost a constant, it is easy to verify titat ¢, are the only points
in [—37/2, /2] that do not satisfy (6.14).
We summarize our results in the following theorem.

(6.15) 14k cosp; =0, j=1,2.
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Theorem 6.5. (1) Assume that is sufficiently small so that (6.11) is satisfied. Then there
existswy, depending ork, such that ifu > wy, then for anyb € R, there exists a unique
singular limit solutiony* that satisfies that (H4)-(H6).

(2) Assume that is sufficiently large so that (6.12) is satisfied. Then there exjistde-
pending ork, such thatifu > wy, then the following is true: Assume thatt ¢;+2vr, j =
1,2, v € Z. Letb = b*(¢). Let the matching pointg = (y, 27, z') be determined by such
¢ andb. Then the singular limit solutiop/t constructed by, satisfies Hypotheses (H4)-
(H6). Moreover, for anyr > 0, there existst = k(r) such that ifw is chosen to be
sufficiently large, then the number of solutiggfsthat satisfy (H4)-(H6) is greater than

Proof. Whenw is sufficiently large, zooming in by a factor af, the graph oflIC is ap-
proaching a straight line with constant slope. The proof of the last statement can be done

by examining the graphs of the limiting straight line an&lsin ¢. O
y kL
flow y=y- a)sn(cox+b)
®3 e
x:x*(y,b)
X
flow
&
® x
4 X=X (y,b)
y

%7
x=x*(y,b)

FIGURE 6.5. Several possible intersectionsléf andIIl’; are depicted,

not occurring simultaneously. (H4)-(H6) are not satisfied at the tangential
intersections corresponding 9, ¢, but are satisfied aps, ¢4 where the
flow is tangent tolIl';. The internal layer solution is stable @i, ¢, but
unstable atyg.
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The stability analysis of the perturbed internal layer solution is relatively easy once its
existence is established. Since there is only one internal layecotging matrixA is
a scalar. Recall that = (y,z), V = (Y, X) andy = ¢/||¢||3,. From§4, the first two
coefficients in the expansion of the critical eigenvalge) are \, = 0 and

M =A=n-(Vez) — wg(xo)).
n= [ £ 0w,

+(y + sin(wz+b)) L
= llqll” 2/ Fy(u, y + — sin(wz + b))du
h_ (y—i—f sin(wz+b)) w

k
— ldll 2y + - sin(wz + b))
= [14lI7* ' (7)(1, k cos(wz +b))".
The basis solutioft, = (Y, X) satisfies

Yoo — 0(GuF 1 F, — Gy) (Y, X)™ =0,
Xy = 0.

[Y](x0) = [X](z0) = [Xa](x0) =0,

Yz (20) = o(G(h-(9),9) — G(h+(9),9)),
X(0) = X(1) =0,

Y,(0) = Yo(1) =0.

It follows that X = 0. Then the equation for” simplifies to (6.8). Thuy” = Y°. Since
wl = (28, 1), V. = (Y<,0),

= 42T () (Y(2) — 28 (z) + Xk cos(wz + b) — k cos(wz + b))
= [|glI72J" () (Y () — 25 (x) — k cos ¢),

wherez = z'.

Consider the case whérns sufficiently small so that (6.11) is satisfied. Using Lemma6.4,
if T is sufficiently small and is sufficiently large, we have < k < Y¢(z) — 2£(z). The
unique internal layer solution as in Theorem 6.5 satisfiesc 0, and hence is stable. In
particular, this is true wheh = 0. This result is in agreement with Nishiura & Fujii [39].

Consider the case whéfis sufficiently large so that (6.12) is satisfied. Using Lemma 6.4
again we hav&’¢(z) — 2&(x) < k. The stability of the internal layer solution depends on
the parametep. If ¢ +2vm < ¢ < P2+ 2vm, v € Z, the internal layer solution solution is
unstable §; > 0); If ¢ + 2vm < ¢ < ¢1 + 2(v + 1)7, then the solution is stable{ < 0).

Theorem 6.6. (1) Assume that (6.11) is satisfied. Then there exists- 0 such that for
eachb € R, there exists a unique internal layer solution that is stable.

(2) Assume that (6.12) is satisfied,Then there exists- 0 such that ifw > w*, then
the following is true. Leb = b*(¢) where¢ # ¢; + 2vm, j = 1,2, v € Z. Letylt be
determined by suchand ¢. Then the internal layer solution corresponding to syghis
unstable ifp; + 2vm < ¢ < ¢ + 2vm, v € Z, otherwise the solution is stabla;( < 0).



STRUCTURALLY STABLE INTERNAL LAYER SOLUTIONS a7

Remark. (i) Our analysis also suggests that whies: b*(¢;) + 27v, j = 1,2, the inter-
section ofC andI'; is nontransversal, and saddle-node type bifurcations may occur. The
analysis of bifurcations caused by movilhthrough critical values is completed in [18].

(i) Recall that(Y¢(z) — 2{(z),---,—1) is a tangent vector of. If C is oriented with

the positive direction pointing to the decreasingepthen)\; < 0 if C passes through;

from below; \; > 0 if C passes through; from above. This interpretation agrees with
Theorem 5.3.

(iii) The smallness of:/w is only used to ensure the shape of the slow switching odirve

is computable by a perturbation method. For a general system, this curve can be obtained
by numerically computing the intersection® .. Conceivably, we may find points where

C  I'' even when the oscillatory perturbation is not small. The break of stability and and
the bifurcation of internal layer solutions may occur in much general systems.

(iv) From Figure 6.5, we see that at the intersections corresponding-tas, ¢4, the flow

of (6.6) is tangent td";, however, the internal layer solution is structurally stable due to
C h T';. These solutions will be missed if one insists that the flow must be transvdrse to

7. HNAL REMARKS AND STABILITY OF INTERNAL LAYER SOLUTIONS

1. Our methods of constructing asymptotic series for the internal layer solutions and
the critical eigenvalue-eigenfunctions are actually related, although one uses the pseudo-
Poincare mapping or the (BVPIC), the other uses the coupling matrix (SLEP matrix). An
intuitive reason is that the unknown shffAz’} in the (BVPIC) can also be formulated by
adding multiples of;’ in the ith internal layer as in the coupling matrix. The following
lemma asserts that asymptotic expansions for internal layer solutions can be obtained if the
coupling matrix is nonsingular:

Lemma 7.1. If in addition to (H4)-(H6) as in Lemma 3.2, condition (H7) is also valid,
then (BVPIC) has a unique solution if and only if the coupling matrix is nonsingular.

Proof. Let V! and M be as in (4.17). Defing := Y] V Az® which satisfies the first two
equations in (BVPIC) with zero right sides, and

[V](z5) =0,

Vi](zh) = MiAx = Azt [wl](zh), 1<i<r
LetV =V +V, V asin the (BVPIC), then

‘Zm:~_ (gufu_lfg - gv)v - Ela

AVe(j) + BiV(j) = By, §=0,1,
Vl(zg) = Ej,

[
[Val(zp) = E&.

According to Lemma 4.1, the above has a unique solutioBubstituting’” = V — V into
the third equation of (BVPICk! - (wli(z{)Az® + V (zi+)) = EX, we have

n' - (wl(zh) Az — Z VEIAZY) = EL — n'V(zi+).

/=1
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The linear system foAz* has a unique solution if the coefficient matrix, the negation of
the coupling matrix, is nonsingular. O

2. The name “critical eigenvalue” used in this paper is not precise. Following Nishiura and
Fujii, we have only considered critical eigenvalues whose eigenfun(tiori) has a jump

in V, acrossz). These eigenvalues will be called “singular” critical eigenvalues. There
may be “regular” critical eigenvalues that satisfy the reduced eigenvalue problem (1.12)
with V' € C'[0,1]. Calculation of regular critical eigenvalues is quite different from the
procedure given in this paper. From (H1) there exists- 0 such that if R& > —~; then

(fu — A)~! exists. To avoid regular critical eigenvalues, we assume that

(H9) There existsy > 0 such that for R& > —~, the following equation
(71) ‘/$$_ ()‘+gu(fu_)‘)_1fv_gv)vzoa

with boundary conditions (4.11) does not have any piecewise smooth, nonzero solution that
isin C1[0, 1].

Notice that (7.1) comes from (1.12) by setting- 0. With (H9), it is easy to show that
there is no regular critical eigenvalue in the regiom\Re —~.

For system (6.4) wittk = 0, Nishiura and Fujii showed that (H9) is satisfied [39]. If
k/w is sufficiently small, (H9) can be verified easily as a small perturbation to the one with
k = 0.

3. To use the expansions of critical eigenvalues in the stability analysis, we need to prove
that, in the region Re > —(, > —~, all the eigenvalues are the singular critical eigenval-
ues obtained i§4.

Consider an asymptotic serigge) = > ¢/u; with 1o > —f, Assume thag(e) is
not equal to any of the critical eigenvalues obtained in this paper. That is, for any critical
eigenvalue\’(e),1 < i < r, there exists an integef such thatu; = X/, j < j; but
M50 7£ )\;0 Let

jo = max{ji, 1 <i<r}.
We want to show that(e) is a regular value. Note that if the corresponding eigenfunction
of u(e) has an asymptotic expansionerthen we know thati(e) is not an singular critical
eigenvalue due to results of the previous sections. However, since we can not assume that
the corresponding eigenfunction has an asymptotic expansigrile result needs to be
proved separately.

Assume that(z,e€) = (h*(x,¢€), h¥(x,¢€)) is C* and admits asymptotic expansions in
the same regular and singular layers defined by the internal layer solutiore), v(z, €)).
Consider the resolvent problem

,LLU - €2U33:13 + qu + fvv + hu7
:U’V = Ve +guU+gvV + hv’

with suitable boundary conditionsat= 0, 1. We look for a matched formal series solution
(U(e),V (¢)). Denote the above as

(7.2) p= —A(e)= = h(e), == (U,V),h=(h"h").
We show formally that the inverse pf— 2l exists, with(u — 1) ™! = O(e 7).
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Theorem 7.2. Assume thati(e) = > _; e uj, o > —Bo = min{y,7}, is an asymptotic
series that is not equal to any of the critical eigenvalues obtained in this papey, bet

the largest of the powers as above. Then for &ty = >, e hd with h; = 0 for j < jo
andh;, # 0, the eigenvalue problem (7.2) has a unique matched formal series solution

== Z;’;OEJEJ-.

Proof. Case 1.j, =0, i.e. ug # 0.
Consider theth expansion:
In Regular layers,

poUs" = fuUG + fu Vo + b,
Us' = (o = fu) 7' (FVi" + hi),

Vet = Vol + [gu(pto — £.) 7" fo + 9ol Va + gulpo — fu)7'hif + b

From (H1) and (H9), if we know the jumgd/jt, V) atx{, we can solve fotUZ, V).
In thesth internal layer,
Vie =0, Wz =0, V§¥ = constant W = constant
It means that there is no jump fov, W) acrosse}. Thus we can solve fdrt. We also
haveV® = Vf(zd).
poUs = Usee + fuUS + f.V5 + hi.

From (H2),1, is not an eigenvalue for the above. One can uniquely solv&for

In thee’th expansion, we can solve f(;, ;) both in regular and singular layers much
like the same way fofUy, V5).
Case 2.jp = 1. Inthis caseuy = 0, p; # ¢ foranyl <i < randhy = 0 buth; # 0.

In the °-th expansion, sinc&, = 0, hg = 0, we have

Ul =0, V=0, inregularlayers

Vi =0, U = dig', inthei-th singular layer
di remains to be determined.
Consider the'th expansion:

In the regular layer, since, = 0, Ul* = 0, V;} = 0, then
0= U+ f,VE+hY,
Ut = = (VT + B,
m];m - (gufu_lfv - gv)‘/lR = gufu_lhllt - h11}

From (H1) and Lemma 4.1, if we know the jump(@f®, V%) across each?, we can solve
for (UE, V).
In thei-th singular layer, sinc&® = 0, oV + 1V = 0, then
Vlg = Wég =0,
Wit = —gudyd’.
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Integrate from¢ = —oo to oo, and use the matching principle,
Vi (ag+) — Vif(ap—) = 0,
Wit(ao+) — Wit (ap—) = deM'.

We can now solve fofV;®, W[). They are of the form
V=N diVi+too-t, W=D dWi+t-0-t.
1 1

Herel - o - t involvesh,. Using matchingy;® = Vif{(z}). Plug into
,Uld6 /= Ulsgg + qu1S + fv‘/ls + dé)(fuuqzul + fuvqivl) + h?[ta

we can solve foil/{ if the nonhomogeneous terms are orthogonalto Integration by
parts as in (4.19),

dipy = Zdéni VEHE) — din® - wl(zh)+ < YL hY > -0t
{=1
d} d} <Pl pet >
ml | =A1 |+ : +/l-0-t.

d, dy <YY", hY" >
Sinceu; # A,1 < i < r,itis not an eigenvalue. The above has a unique solution
(d(1)> T adG)'

Assume that the’~'th expansion has been obtained. We h&ye, = d; ¢’ + Z;_,

whereZ;_, has uniquely been determined hijt , has not. In the’-th expansion, we can
similarly show that

o

oS

dj 1 = Z ' VEeh) = di_n’ - wli(zh)+ < @Y > Lot

dj_, d;_, <t Ryt >
dj_y di_4 <Y by >
From this, we can solve faul}_,,---,d} ;).

Case 3.jy > 1. In this case there exists an critical eigenvaltig) such tha; = \;, j <
Jo, 1o # NS, We shall solve

(7.3) pu= —2A(e)= = h(e)

whereh; = 0 for j < jo, hj, # 0.
An important observation is that it suffices to find asymptotic series for (7.3) up to the
e’oth expansion. Let the normalized eigenfunction corresponding(to be

(U'(e), Vi(e)) = ZEJU;,ZGj‘_/ji).



STRUCTURALLY STABLE INTERNAL LAYER SOLUTIONS 51

In the future, we drop the indéon X’ and(U*, V*). For expansions to the order j < jo,
sinceh; = 0, andy; = \;, we have the same equations as the eigenvalue/eigenfunction
equations. Therefore, we set

Uj = kon, ‘/] = ko‘_/jy VV] = kOV_ij j < j07
except forlUy | = koUZ _, + d'¢' in theith internal layer. The paramete(@', - - - ,d")

remain to be determined.
Consider the’o-th expansion. Let

Uj, = koUjy + U,

Vie = ko‘_/jo +V,

W, = koW, + W.
HereU = U,V = VS W = W¥ininternal layers, an®@ = UZ,V = VE W = WFin
regular layers.

In regular layers, sincé(¢), V (¢)) satisfies the eigenvalue equations, then all the terms
multiplied by k&, should cancel. In theo-th expansion, after the cancellation, we have
0= quR + fvvR + h}LOy
0=VE+g.U"+ g,V + 10,
R - R —1zu
U :_fulf’UV _fulh/jo?

0=V — gu(f, f V7 = £7B2) + gV E + R

We can solve fofU, V) if jumps of (V2 V1) acrosse) are obtained.
In thei-th internal layer, we again can cancel all the terms in both sides of the equation
that are also in the eigenvalue equation. Since

poUp + -+ 1ioUs = koM Uj 4 -+ 4 X U5) + Md'q" + kolpjo — Xjo) Uy
After the cancellation,
)\ldzqZ + kO(Mjo - )‘jo)U(? = Ugsg + fUUS + f”VS + h?o'

VA (xi+) — Vi (axp—) =0,
WE@i+) — Wh(2i—) = dM".
The solution of’ £ has the form

VE =3 d'Vi+ O(|h,)).
=1

Substituting’® = V£ (z}) into the equation fot/*, using the Fredholm alternative, and
integrating by parts as (4.19), we have

Md’ + kol = No)e = 0’ - [ dVi () — dwgt(25)] + Oy ).

/=1
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d* 4! el
M =A ] = k(o — A) | ] + O(lhgl)-
dr dr o
Since(c}, . .., ch)" isin the kernel of \; — A), itis not in the range ok, I — A. Since since

Wi # Ao, there exists a uniqui, that allows the equation fdil', . . ., d") to be solved.
Without loss, let(d?, ..., d") L (c,...,c5).

After thee’°th order expansion has been obtained, we can computé théh and other
higher order expansion by induction, with the similar method. O

The series expansion is a formal solution to the resolvent problem. With the help of some
contraction mapping and iteration method, similar to the ones outlined in the Appendix, one
can show that there exists a sm@ll> 0 such that ife < ¢, then Zéo e/ u; is a regular
value of the internal layer solution. The constantlepends oy, — Aj, |-

Denote the critical eigenvalues bff) (¢) = 37 €A\, 1 < ¢ < 7. Acritical eigenvalue

AO(e) is said to be stable if R§” < 0. Itis said to be unstable if R’ > 0. We can
show the following

Theorem 7.3. With (H9), there exists a constaat > 0 such that if0 < ¢ < ¢, then the
internal layer solution is unstable if there exists at least one unstable critical eigenvalue;
the internal layer solution is stable if all the critical eigenvalues are stable.

Proof. Only the idea of the proof is given. First i)(¢) is an unstable eigenvalue with
Re\! > 0, then from Theorem A.4 there exists a true eigenvalue of the internal layer
solution in the right half complex plane dfis sufficiently small. Thus the internal layer
solution is unstable.

Next assume that all the critical eigenvalues are stable. ThereegxistO such that
all the truncated eigenvalues(e) = eA@ lie in the left half complex plane provided that
0 < € < €. A cone centered at‘(e) is defined age) : |\ — \{| < ¢} and is called a
¢ — 6 cone. We choosé > 0 so that all such cones lie in the left half complex plane for
0<e<e.

Let u be a complex number with Re> 0. Then for some sufficiently smal| . is not in
any of the/ — 6 cone. From Theorem 7.2, formallyis a regular value. Using contraction
mapping argument, we can show rigorously that there exists a ggnsilich thatu is a
regular value if0 < ¢ < ¢5. Care must be taken to ensure that a commaran be found
for all suchu. Details will be omitted due to the length of the paper. We have shown that
all the eigenvalues are in the left plane)Re: 0, therefor the internal layer solution is
stable. O

APPENDIXA. THE EXISTENCE OF THE LAYER SOLUTIONS AND THE CRITICAL
EIGENVALUE-EIGENFUNCTIONS

The iteration method as stated in Lemma A.1 will be used throughout this section. Let
L be a bounded linear operator from Banach spdge® E,. We sayS : £, — E; is an
approximate right inverse d if |1 — LS| < 1.
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Lemma A.1. If £ has an approximate right inversg then the abstract equatiofr = y
has a (non unique) solution = S > °(I — LS)?y. If moreover,S is invertible, then the
solution is unique.

In practice,F; is the space of solutions arfd, is the space of forcing functions plus
the space of boundary and jump terms related to a system of differential equations. The
operatorS is usually the inverse of a simplified operai®y derived from£L by dropping
some coefficients, changing the forcing terms, jump terms or deforming the domain of
solutions. IfS = £, Liz, =y, then|I — LS| = C; < 1 means

(A.1) (L1 — L)(z1)| < Cly|, forallz; € Ey.

Condition (A.1) can be checked, a posteriori, without using the exact solutien—1y.

To solve a difficult abstract equation, we may need to find a finite chain of operators:
L;,1 < j <k, satisfying (A.1) for any two adjacent operators. The last equdtjon = y

must be easy to solve.

For any integern > 0, let xf;p(e) =30 efxﬁ, 1 < ¢ < r be an approximation of the
position of thefth internal layer . We look foAz* so thatr’y, = «f (e) + Az’ is the exact
layer position. For convenience, we get’ = 0 for ¢/ = 0,7 + 1 and letz} = mgp = 0and
it =it = 1. Lete?, 0 < 3 < 1, be an “intermediate variable”. Define a sequence of
pointsa’, 0 < ¢ < 2r + 3. Except fora® = 0 anda® 3 = 1, pointsa! to a*"*2 are defined
as

a =z -, 1<i<r+1,
a®tl :xiA—i—eﬁ, 0<s<r.
The intervall0, 1] is divided by{a’}?>"5? into 2r + 3 subintervals that alternatively house
singular and regular layers, see Figure A.1.
I'={zla"' <z <a,1<i<2r+3},
I*710 < ¢ <r+1, are for the(r + 2)-singular layers
I**, 1 <t <r+1, are for the(r 4 1)-regular layers

| 1 | 2 | 3 I4 | i-1 | i | i+1 | i+2 | 2r+1 | 2r+2I 2r+3
[ x J x | | | | | x J [
ag al a2 L a3 a|-2 al-lI a| a|+1+1a|+2 a2rr a2r+1a2r+2a2rr:-f
X X X XI X X

FIGURE A.1. The partition of singular and regular layers
wherei = 20 + 1, 2 € I' = I?**1, the/th internal layer.

Let £' = a'/e. Then in the stretched variabfe= z /¢, I' = {£|¢7! < € < €'}, The
width of a singular layer i€)(¢”) in the z-variable, but isD(¢’~!) >> 1 in the& variable.
The intervall® is also called regular or singular layersiit= 2¢ or 2¢ + 1. If Az’ = 0
for/ =1,...,r, then the corresponding unperturbed sequences of points and intervals are
denoted by, & and .
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For any integern > 0, define thecth approximations of eigenvalues, internal layer
solutions and eigenfunctions with” = (u, v) andW = (U, V') respectively, by truncating
the asymptotic series as follows:

Ay =) €N, k=1,...,r
0

Wap(z, ) =Y Wi (a), z el i=20,1<0<r+1,

0
m

Wap(z,€) = ZejWJSE((x —24) /e ¢), rel, i=2+1,0<0<r+1.
0
A function W in I* will be denoted/V* if necessary.

Although the intervall® varies withAz* ande, W, is still well defined. In regular
layers, using the differential equations, the domaimg‘f(x) can be extended from €
RY = (2571, 2¢) to an open intervaD’ containingR¢. Therefore, ife and max,{Axz‘}
are sufficiently small, thedi* C O so thatW,,(z, €) is defined in/*. In a singular layer,
Wap(z, €) is only shifted in ther direction whenAz* + 0.

Formal approximation of internal layer solutions

(uqp, Vap) defined above is a formal approximation in the sense that after substituting into
(4.1), the residual errors in all layers, boundary errors-at0, 1, and jump errors between
adjacent singular and regular layers are small.

If we let (—F*, —G") be the residual error of the approximation/inthen

Uap,e¢ + f(uapv Uap) = _Fi7
Vapzz + §(Uap, Vap) = —-G', 1<i<2r+3.

All the norms in this section are supremum norms unless otherwise specified. It is easy to
verify that| F| +|G?| = O(e™*!) in regular layers. In singular layers, the Taylor expansion
of f andg involves polynomial growth terms @f Since the layer width ig is of ¢#~1, the
residual error due to truncation is gfis O(em+'¢m+1) = O(#(™*+V., In singular layers,
only thee™'th order expansion aof was used due to the extra teerim front of ¢, thus the
truncation errotG?| = O(¢™?). In thex scale, thel.' norm isO(*(™*+1), In conclusion

|F| + |G| = O(e™*h), inregular layers

A.2 : .
(A-2) |FY| + |G|, = O(A™HD), i singular layers

If we define the jump errors between layers with’ =0,/ =1,...,r as

bt (ah) — iy (ah) = —Ji, wifl(ah) — ul, ,(ah) = —J,
U(lzzl(aé)) - ’U(lzp(azl) = _J:;? U;;;((lé) - UZPJ(GB) = —Ji,
then we have
4 4
(A.3) Z Z T < OB,
i=1 j=1

For a proof see [29, 30, 18].
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Existence of internal layer solutions
Let (uqp + u, vy + v) be the exact solution with the exact layer positigp(e) + Axz”.
The functiony u, v) satisfy the following linear variational equations. In regular layers,
uge + fou+ fov = F'(€) + M'(u,v,¢),
Ver + ghu+ glv = G'(z) + N'(u, v, €).
In singular layers,
uge + fyu+ fov = F'(§) + M'(u,v,¢),
Vee = G*(2) + N*(u, v, €).
The coefficients are based on linearizing at ¢fth order approximations. For example,
in regular layersfi = f,(uf(z),vf*(x)),i = 2¢. In singular layersfi = fi(us‘(¢& —
xi/e), v54 (& — xb/€)),i = 2¢ + 1. Similar definitions apply tof, g, g. If € is used in
regular layers, let = €£ and ifx is used in singular layers, |€t= xz/e.

A direct linearization would yield,, + gu + giv = G¥(x) + N'(u,v,€) in singular
layers. But since the length of the layer@%¢®), giu + giv = O(e°(Ju| + |v|)) and is
included inN.

The nonlinear terms satisfy,

M+ N[ < O + [ * + € (Ju] + [o])).
Let I', i = 2/ + 1, be a singular layer. Observe that addihg’ does not change the
values ofu’ at the boundaries df. WhenAz* # 0 the jump conditions fofu, v) are,
u (@) = u'(a') = uy(a') — i (a),
ui(aifl) _ uifl(aifl) — ui;l(aifl) _ uflp(aifl)‘
After linearization, we have
ua') = ui(a’) = J} — ugy T (agH) Art + K,
u' (™) —u" e ) = T+ uORf(xé—)sz + Kih
The nonlinear terms satisfy
K = O(|Az"? + [u™? + (| A’ + [u'™]),
Ki = O(| Az + |[u™ 2 + (| Af| + [u1).
Similar formulas for the jumps af,, v, v, can be written at the junction points.
If we can solve the following system of linear nonhomogeneous equations, then the

nonlinear system can be solved by the contraction mapping principle.
In aregular layer®,i = 2¢,1 < ¢ <r +1,

(A.4) uge + fou+ fiv = Fi(€),

(A.5) Ve + gl + glv = G'(x).
Inasingular layerd®,i =2/ +1,1 </ <r+1,

(A.6) uge + fuu + fov = F'(€),

(A7) Ve = G'(2).
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The boundary conditions at= 0, 1 are
uz(0) = u,(1) =0,
Ajua(j) + Bpo(j) =0, j=0,1.
Denoteu, u,, v, v, by z, the jump conditions foi = 2¢ + 1, I a singular layer, are:
2 ah) = 2(a') = T - 2B (e A,
Z(a™) -2 a) = J;_l + 28 (z5—) Az,
wherej = 1,2,3,41f z = u, u,, v, v, respectively.
We can prove the following result

(A.8)

(A.9)

Theorem A.2. The system (A.4)-(A.7) with boundary conditions (A.8) and jump conditions
(A.9) has a unique solutiofu, v, { Az'}"), that satisfies

{ACY + Jul + o] < COY_IE T+ 1Gm+ Y > 151}

i =1

By the superposition principle, the proof is divided into two steps.

(1) STEP ONE: We solve the nonhomogeneous system (A.4)-(A.7) in each layer, taking
care of the boundary conditions (A.8) but ignoring the jump conditions (A.9).

(2) STEP TWO: We solve a homogeneous system (A.4)-(A.7) with z&foG*) and
zero boundary conditions, but nonhomogeneous jump conditions, which are modified to
accommodate the changing due to the first step. The sum of the solutions in the two steps
is the solution of Theorem A.2.

System (A.4)-(A.9) bears some resemblance of the linear systeff& inlowever, in
regular layers, the term; = €*u,, can not be dropped to make an algebraic-differential
system. Because of this, even the relatively easier STEP ONE is not trivial to carry out.
The point is we need to find a solution in each layer that is bounded uniformlyhy=")
as the length of intervals approaches infinity in §recale wherr — 0. The procedure of
performing STEP ONE is discussed in [18] and will be skipped in this paper.

To accomplish STEP TWO, based on Lemma A.1, we will simplify the system to make
it easy to solve. Eventually, the system is reduced to the (BVPIC) which is known to have
a solution.

In regular layers, by the change of variable- y — (f?)~! fiv, (A.5) becomes

Vg + 9oy + [9h — gL (fD) M fiJv = 0.

The idea is if y=0, we are on the slow manifold of the linear system, so that the devjation
must be small. If we drop!y then the system to solve in regular layer is

(A.10) Uge + flu+ flv =0,

In singular layers, we convett,, = 0 into a system, = w,w, = 0, and approximate it
by v, = 0,w, = 0. Then in singular layers

(A.12) uge + fiu+ flo =0,

(A.13) vy =0, w, =0.
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Recall that by the iteration method, all we need is to solve the system approximately with
small errors. After solving fofu, v, w), we can show a posteriori thaty is small in L
norm, see [18] for a proof, ana|;: < Ce’|w|.~ is also small.

We look for solutions of a system consisting of (A.10)-(A.13) plus the boundary con-
ditions (A.8) and the jump conditions (A.9). The next step is to reduce the system to the
(BVPIC) as in§3.

First we solve for in regular layers from (A.11). We need jump conditions fdpe-
tween two adjacent regular layers, one before the other aftefthhiaternal layer® =
I?*+1, Observe that from (A.13}p¢, w’) are constants iff. If we Recall thafvZ |(z§) = 0,
from the jump conditions (A.9), we find that

(A.14) vt () — v e = JL 4+ Ji

(A.15) wt(a) —w™ N a"h) = Jp+ I+ Azt (2),
(A.16) Agv2(a') + Bov?(a') = AgJ} + BoJs,

(A17) A 2(a?2) 4 B (@) = — A, J2 — B

Let us turn to the: equations in singular and regular layers. Consider (A.10) and (A.12)
with Neumann boundary conditions. For the jump conditiongwn., ), consider the/th
singular layerl®, i = 2¢ + 1.

it (al) — ui(a’) = H == J —ul" (2b+) At

uit(a?) — ul(a’) = H = Ji 4+ ul (zf—) Az,

T T

(A.18)

Equations for, have the property that in the two boundary layers and all the regular layers,
uge + fiu = 0 has exponential dichotomies if = (¢!, ¢%). In each internal layer
I'=T* 0 =1,...,r, ue + fiu = 0 has exponential dichotomies only on the two half-
subintervals of/’. By having an exponential dichotomy for a second order equation, we
mean that the corresponding first order systen{wan.) has an exponential dichotomy.
The constants and exponents of the dichotomies do not depeadrotine length of the
intervals, which approaches infinity as— 0. Let the projections to stable and unstable
spaces in/* be P/(¢) and P:(£). The projections in internal layers have a jump at the
middle of the interval’ since the dichotomies only exist on half of edéh

If Hi,j = 1,2, is given, the system with jump conditions and exponential dichotomies
described above has been studied in [29, 31, 30, 18]. The problem to solve is similar
to the classical shadowing lemma except for the lack of exponential dichotomies in the
whole internal layers. Assuming &t RP:(¢%) & RP(£Y) which can be verified in our
system, we have the unique splittitlf?, H:)™ = ¢! — ¢¢ wheregitt € RP1(£%) and
¢! € RP!(Y). Denotey!, := Q' (Hi, H)™, o't = Q'(H}, Hy)™. The system for can
be approximated by a local boundary value problenffin

Uge + féu + fi?) = 0,
P& ) (u(€ ), uz(€71)) = 4L,
Py(E)(u(€"), ua(€")) = i,

In regular layers, and in the two boundary layers, the above always has a solution for any
continuous of.! functionuv(¢) and any vectorép, ¢! ). In internal layersy is constant, If
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¥ = (=4, ¢"), wherey? is the solution to the adjoint equation agih To have a solution
win I = 1%+, which is(—¢%~1, €#~1) using local coordinate, a Melnikov type condition
must be satisfied, see Lemma 2.4.
A . o o
| O s = (e, — e,
= (€)Q, (Hy, Hy)™ — W (¢ QT (Hy ' Hy )™

It is now clear, base o#(¢) is exponentially small a§ — oo, we can drop the\z’ in
the (H:, H) terms, defined in (A.18). The right hand side is approximated by given terms

involving only (Ji~*, Ji~t Ji  J3). If we denoten)) := i:l fipt(€)d¢ and use the jump
conditionv’*1(a?) — vi(a') = Ji — wl(z§)Axt, we have a condition onf ™! (a’):
(A.19)

ng - (v (@) + wg'(zg) Azt) = THENQL (1, J3) — WH(ETHQT (T )T
In the simplified system, the variable in regular layers must satisfy (A.19), with jump
conditions (A.14), (A.15) and boundary conditions (A.16), (A.17).

If we shrink the the singular layer to a poirff, 0 < ¢ < r + 1, and move:?* anda?**!
to 25, and approximate thef) by n‘ = [ fiy)!(¢)d¢, then (A.19) is approximated by

n’ - (v (z54) + wl (z§+)Az’) = given terms

This is precisely the third equation in (BVPIC). The boundary conditions become the sec-
ond equation in (BVPIC) and the jump conditions the last two equations in (BVPIC). Ac-
cording to Lemma 3.2, the modified system has a unique solution. If we solve this (BVPIC)
and map the solution in each) ™, %) by a near identity map tea?~*, a*), we have a
good approximation of the in regular layers. The error of the approximation approaches
zero ax — 0. By Lemma A.1, this means that the system for theariable in regular
layers has a unique solution.

Thew in singular layers can be obtained by jump conditions to their neighboring regular
layers. Finally, since the Melnikov type condition is satisfied in each internal layeith
boundary and jump condition can be obtained.

Once the linear system has been solved, the nonlinear variational system can be solved
by a contraction mapping principle. We summarize the result below:

Theorem A.3. For any integerm > 0, then there exists, > 0 such that if0 < € < ¢,

there exists a unique internal layer solutiOn..q.;, vezqct) N€Ar the formal approximation

(uaqp; Vap)- The internal layer solution has exact layer positions (determined by some phase
condition)zf,,;, 1 < ¢ < r, that is nearz’,. Moreover,

exact’

‘uewct - uap‘ + |erct - Uap| + Z |m£zact - xﬁp‘ < Ceﬁ(mﬂ)a 0<pB <L
V4

Formal approximation of critical eigenvalue and eigenfunctions

By truncating the formal series of eigenvalues and eigenfunctions as above, we can show
that\,,(¢) and(U,,, V.,) are approximations of eigenvalue and eigenfunctions with small
residual in eacti* and jump errors between layers.
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If we let (—‘Fi, —G") be the residual error of the approximation of eigenvalue and eigen-
functions inl*, then
— NapUap + Usp ee + fL(exacdU + fi(exac)V = —F",
— NapVap + Vipoa + gl (exacdlU + ¢! (exacdV = -G, 1<i < 2r+ 3.
Here f!(exac) = fu(Uezact, Vezact) IN regular layers, etc.. One can verify that| and|G?|

satisfy estimates (A.2) with perhaps different consténts
WhenAf =0,/ =1,...,r, the jump errors between layers are defined as

Uit ah) = Uy (ah) = —=Ji, Uibi(ah) — U, (ah) = =T,

ap,x ap,r

Vi (ag) = Vay(ag) = = T3, Voga(ag) = Vi o(ap) = = J4.

They satisfy (A.3) with perhaps different constats

Existence of critical eigenvalue-eigenfunctions
We outline the proof of the following result:

Theorem A.4. For any integern > 0 and1 < k£ < r, there exists, > 0 such that if0 <
e < €, then there exists a unique eigenvalue-eigenfunction trilgt.ct, Uezact; Veract)
near (X% (€), Up, Vap). Moreover,

’)\];p — Aexac| + ‘Uap — Uegact| + ’Vap — Vesaet| = O(e(erl)ﬁ).

When we construdl,,, an undetermined terat'c’, ¢ can be added in théth singular
layer. The vectofc!, },_, will be determined now. Let an exact solution be

__\k m+1
)\ewact - )‘ap + € )‘7

Ueract = Unp + €™, in regular layers
Ueract = Uap + €™t G5 + €U, in the ¢th singular layer
Vezact = Vap + €™V, in regular and singular layers

In regular layers,
Uge + [, U + f,V = F'(&) + M'(U, V. A\ e),
Ve + gU + giV = G'(z) + N' (U, V, A €).
In the /th singular layer,
— Mg’ = Aepd" + U + LU + [V + fuuCmd'un + funcmd'on
= F'(&) + MY(U,V,\, ¢ e),

Ve =W, We=—gic,i +G'(z)+ N (U,V,\c,e).

- m

The nonlinear terms satisfy
| M|+ N[ < C(UP + [V + AP+ [en | + (U] + [V] 4+ [A] + i)

In regular layers, the nonlinear terms satisfy a similar estimate.

There are also boundary conditionszat 0,1 and jump conditions afa’} to be satis-
fied. The nonlinear system can be solved by a contraction method if the following linear
system can be solved.
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In regular layers,
Uee + fuU + f,V = F'(€),
Vie + .U + g,V = G ().
In the /th singular layer,
= MG’ = Aod’ + Uge + [LU + LV + fruCnd un + fuucmd'on = F'(€),
Ve=0, W= —g;cfan + G'(z).
The boundary and jump conditions are,

Usr(a®) = U23(a®F?) =0, A;Vo(4) + B;V(j) =0,
Ut (a") — U'(a") = J}, Uit (a’) — Ui(a’) = J3,
Vit (@) — Vi(a') = Ji, Vit (a') — Vi(a') = Jj.

The linear system is again solved in two steps. First we solve the nonhomogeneous
system in each layer with no concern of jump conditions. This is done in [18] and will be
skipped here. In the rest of this section, we solve the systemMiits 0,G* = 0. The
iteration method as Lemma A.1 will be used.

Integrating in the/th singular layer, we have

Vz(az) o Vi(aifl) _ O,
Wi(a') = WHa'™") = e, (9(q" (=€), v) — g(¢" ("), v)) & ¢, M.

Here M* := g(¢*(—0),v) — g(¢*(c0),v) as defined irg4. It is now clear that the jump of
(V, W) between the two regular layers next/t6** are approximately

ViJrl(ai) . Vifl(aifl) _ J§ + J§717
WiJrl(ai) _ Wifl(aifl) —_ Jzi + Jifl 4 CanZ.
Using the change of variablé = Y — (f!)~! fV/, in regular layers
Vaw = [0, (f) 7 fs — 9]V + 9, Y = 0.

Dropping the small term! Y, also observing’ anda’~! aree” close toz}, an approximate
system ofl” has the form

V(xh) = J5 + T3,

Val(ag) = T+ i + e MY,

with homogeneous boundary conditions. The solution can be writtén-as’ V.*+ given
terms,V as ing4.

To determine’ , plugV into theU equation in internal layers. In order to have a solution
in 121 we have a Melnikov type condition

e 4 4 4
| 0O Nt = N+ IV Fhhdun + St > d
_ﬁfl

=given terms
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Replacing the domain of integral bi-oo, 00), using (4.19), and recalling that’ =
[72. foptd€, we finally have
Ach, + A =n'(>_ c Vi — o wli(xf)) + given terms
1
With A being the coupling matrix, the above can be written as

(A — M\iI)c,, = Acy + given terms

Here we denote a-vector(c!,...,c")” by ¢ . Since)\; is a simple eigenvalue ang is

not in the range ofA — A1, there exists a uniquk such that the above can be solved for
a unique vector,,. After that, we can determine a uniqU&‘t! L ¢° in each singular
layer. Approximations foU, V') in regular layers can also be solved accordingly. The
exact solution of U, V, A, {c’,}) is obtained by the iteration method as in Lemma A.1.
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