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Intermediate spaces are useful for obtaining maximal regularity when studying
reaction—diffusion equations. We give a definition of exponential dichotomies in
these spaces. Roughness of the exponential dichotomies and other basic properties
are also proved. We then use these notions to investigate the stability of a periodic
orbit in a predator-prey model studied by Conway and Smoller when diffusion
terms are added.  © 1994 Academic Press, Inc.

1. INTRODUCTION

This paper is motivated by the study of the reaction—diffusion system

ulzdluxx_’-uM(u’U)’ (1 1)

v,=d,v, +0vN(u, ), O<x<l,

where either Neumann or periodic boundary conditions are imposed.
When d, =d, =0, the ODE system

u'=uM(u, v),
v’ =vN(u, v)

(1.2)

is a predator-prey model. Each solution of (1.2} becomes a spatially
homogeneous solution of (1.1). It is known that for large d, and d,, all the
solutions for (1.1) approach solutions for (1.2) as t — oc. See Hale (7) and
Conway et al. (3). However, as d, and d, decrease, stable spatially non-
homogeneous solutions may bifurcate from the solutions of (1.2). Let the
diffusion coefficients be d,+ 4d, and d,+ Ad,. A useful approach for
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studying bifurcations caused by varying 4d, and 4d, is to use the integral
equation

Un=T(t 1) Ulr) +Jr T(t,s5) F(U(s), 4d,, 4d,) ds. (1.3)

Here U= (u, v)" and F = (4d,u,,+uM(u, v), Ad,v,.+ vN(u, v))’. We thus
need results concerning the maximal regularity of the integral equation; i.e.,
U'(t) and U,, must have the same regularity as F(U(s), 4d,, 4d,). The
results in Henry (8) concerning semilinear parabolic equations are not
useful here. We use results from Da Prato and Grisvard (6) etc., concerning
so called fully nonlinear equations, though our problem is caused by the
presence of the linear terms u., and v,, in the perturbation terms.

The concept of exponential dichotomy and related estimates are very
useful for studying dynamical systems generated by ODEs. See Coppel (5).
Henry (8) discussed exponential dichotomies for semilinear parabolic
equations. Lunardi (11, 12) used exponential dichotomies to study fully
nonlinear periodic equations. In the first part of this paper we give a
definition of exponential dichotomies for abstract parabolic equations in
the spaces that allow the solutions to have maximal space regularity. Basic
properties such as the roughness of the exponential dichotomies, see
Coppel (5), are also proved.

In the second part of this paper we use the exponential dichotomy to
study a diffusively perturbed predator—prey model. The ODE model was
studied by Conway and Smoller (4). It is proved in their paper that a
heteroclinic cycle exists when a parameter y = y,. When y increases from y,,
a stable periodic solution p(t, y) bifurcates from the heteroclinic cycle.
Corresponding to p(t, y) there is a spatial homogeneous solution for (1.1),
still denoted by p(¢, 7). The stability of p(z, y) is known if 4, and d, are
both large. When 4, and 4, decrease, complicated bifurcations can occur at
equilibria of the heteroclinic cyclee. We want to know how those
bifurcations affect the stability of p(s,y) in the function space used by
Da Prato and Grisvard (6). In this paper (Theorem 4.5) we show that
decreasing d, or d, alone does not destroy the stability of p(¢, y). That orbit
remains stable if one of the diffusion coefficients is large. More complete
analysis of bifurcations near p(z, y) will appear in another paper.

2. LINEAR PARABOLIC EQUATIONS WITH MAXIMAL SPACE REGULARITY

There are basically three types of results concerning maximal regularity.
The first type concerns the maximal time regularity; it shows that U, and
U., are in a function space of Holder continuous functions if f(¢) is in the
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same space. The second type concerns the maximal space regularity; it
shows that U, and U, are in an intermediate space between X and D, if
f(¢) is in the same space for all «. Here D, is the domain of an unbounded
operator A. Other results showing that space (or time) regularity implies
time (or space) regularity are also available. At the present time it is
difficult even to quote the many existing results. To simplify the analysis,
we will only use space regularity. The proof of Theorem 2.2 was given by
Da Prato and Grisvard (6) and Sinestrari (15). Theorem 2.3 is due to
Buttu (2); it is a major tool to construct evolution operators for time
dependent parabolic systems.

Let A be a densely defined closed linear operator in a Banach space X.
Assume that the resolvent set p(A) contains the sector

S,e=12€C,z#w, larg(z —w)| < ¢}, (2.1)
where w e R and n/2 < ¢ <n. Assume that for 1€ S,, 4,
IR(A, Dl ry SM |A—o] ! (2.2)

Then A4 is the infinitesimal generator of a C, analytic semigroup e’
in X.

DeFiNITION 2.1, For each 0< @< 1, define a subspace D, (f) of X
to be
D,(8)={xeX|lim¢' %de*"x=0}.

1 -0

Also define D, (6+1)={xeD, | AxeD (8)}. D,(8) and D,(0+1)
are Banach spaces with norms

Ixlo= sup [t' “de* x|y +lxly,

O
Ixllgs = lAx] o+ IxNx.
Definition 2.1 was used by Sinestrari (15) who also studied the case
where D, was not dense in X. Several equivalent definitions of D ,(8) can
be found in Berens and Butzer (1) or Da Prato and Grisvard (6).

We use D ,(0) and D_,(0+ 1) to study the following abstract parabolic
equation:

u'(t)y= Au(t)+ f(1),

u(a)=uy,

(2.3)
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THEOREM 2.2. For each uygeD, (8+1) and [feC(la,b]; D, (0)),
Eq. (2.3) admits a unique solution u(t)e C'([a, b]; D () C([a, b];
D (6 + 1)), with

sup  {Ju' (Dl + [u(tos 1} < Cllluoloy + sup 1/(0)lla}-

ast<h ast<h

Moreover, the solution can be written as

u(r) =" Vug+ [ eV f(s)ds,  a<i<h. (2.4)

a

The proof of Theorem 2.1 can be found in Da Prato and Grisvard (6)
or Sinestrari (15). Solutions described in Theorem 2.2 will be called strict
solutions.

Theorem 2.2 can be use to construct evolution operator T'(t,s) on
D ,(0+ 1) for time dependent systems. To construct 7°(t,s) on D ,(8) we
need to consider nonstrict solutions to (2.3). Let U be any Banach space.
Let 0<a<1, and 0 < ff < 2. Define the following Banach spaces:

B,((a,b; D4(B))={d:(a, b]—x|¢(1)e D (B)
forall 1€ (a, b); ($>5= sup (1—a)|p()];<o0};

a<i<b

B([a, b); D4(6))={¢:[a,b]—> D ,(0), sup [¢(1)ls<0};

ast<b

C, .((a,b];U)={4eCl(a b]; U)]| [4],
= sup (t~a)' gDy <o}

a<i<b
Wla, b]=C%La, b); X)n B([a, b]; D 4(0));
Z(a,b)=C,_4((a, b1 X)n B,((a, b]; D 4(0));
Y(a,b)=C, _4((a,b]; D(A))n B,((a, b]; D (0 + 1)).

Here C? denotes Hélder continuous functions. The norms in these
spaces are defined in obvious ways. The following theorem is proved by
Buttu (2).

THEOREM 2.3. Let feZ(a b), and xe D, (0), then the function u
defined in (2.4) is the unique solution of (2.3) with ue Y(a, b)n W(a, b].
Moreover,

Juel) Yia by T [l Wlab) < C{ lxlg+ 110 Z(rz.b)}' (2.5)
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Evolution operators for time dependent systems were constructed by
Sobolevskii (16), Tanabe (17), and Lunardi (10). Our construction of
T(1,5) on D (8) 1s adapted from Buttu (2). Let D be a continuously
embedded dense subspace of X. Let A(¢): D— X, a<t<b, be a family of
linear operators such that the graph norm of A4(¢) is equivalent to the norm
of D. Assume that

(i) for each te[a, b], A(z): D — X satisfies (2.1} and (2.2);
(i) D,,(0+1)=D,.,(0+1) with equivalent norms for all ¢,
t€la b];
(ii1) the function t — A(r) belongs to C({a, b]; L(D, X)) C([a, b];
L(D(6+1), D,(8))).

Let A=A(t,), toe[a, b]. We will write D,(0+k) for D, (0+k).
Consider the initial value problem

u'(t) = A(t) u(t) + f(1),

u(s)=x, as<s<t<b

(2.6)

THEOREM 2.4. (i) For each xe D, (0+1) and feC([s, b]); D (0)),
Eq. (2.6) has a unique solution ue C'([s, b]; D ,(0))n C([s, b]; D, (6 + 1)),
with

sup {Nu'(D)llg+ (Mg i} SCllxlors+ sup [ £(2)o}.

s<Ish s<r<bh

(ii) Let xe D ,(8), feZ(s, b). Then (2.6) has a unique solution u(t)
with ue Y (s, b). Moreover, ue Wla, b] and

flull Yis,b) T flaell Wiss) S C{ Ixllg + ”f”zu-,b]}- (2-7)

(iii) Let the solution of (2.6) be denoted by T(t,s)x=u(t) when
xeD, (0+k), k=0,1, and f=0. Then (s,1)—>T(t,s)x is a continuous
Sfunction with domain a <s<t<b and range D ,(0 + k). We have

T(s,s)=1, T, 1) T(t,5)=T(1,s), ag<s<t<i<h  (28)
1T(t, s)xllo,x < Clixllgyn, k=01 (2.9)

Also, for xe D (0 + 1),

_é% T(t,s)x=—T(t, s) A(s)x. (2.10)

LA T(t, ) ooy < CLE—8)""+1},  a<s<i<b  (2.11)
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Finally, if xe D ,(0+ 1) and fe([s, b]; D,(8)), then the solution of (2.6)
can be written as

u(t) =Tt s)x+f_' T(1, &) f(E)dE, a<s<t<bh. (2.12)

<C sup /() (2.13)

6+ 1 sEESt

'U T(,€) f(8) de

Proof. (i) For xeD,(0+1) and feC({a, b]; D,(0)), s<t<s+h,
the equations

u'(1) = A(s) ult) + (A(2) — A(s)) u(t) + (1),
(2.14)

u(s)=x,

can be solved using the contraction mapping principle on C([s,s+h];
D, (6+1)) and using Theorem 2.2. Here we need the fact that
1 4(E)— A ip o+ 11: Doy 1S small if A is small. The smallness of 4 can
be removed by continuing the solution to [s, b].

(i) LetueY(s,s+h) Then (A(-)— A(s)) u(-)e Z(s, s+ h) and
1(AC) =~ A(s)) ul Wz 41y S CO Ml s omys

where 6 =sup, ., < n UI1A() = A Lip,, 0+ 1A = A Lipaio+ 1), Dacon -
If A >0 is sufficiently small, then Cé < 1. Using Theorem 2.3, (2.14) can be
solved by the contraction mapping principle to have a unique solution
ue Y(s, s+ h). The solution u(¢) can be continued to t=b. Details can be
found in Buttu (2). Estimate (2.7) also follows from Theorem2.3.

(ili) Property (2.8) follows from the definition of T'(r, s). Estimate
(2.9) has also been proved.

Our construction show that ¢ — T'(¢, s)x is continuous from [s, ] to
D0+ 1)ifxeD, (0+1). LetxeD,(0), y,eD, (8+1),neZ and y,— x
in D, () as n—»>oc. Then t— T(1,5)y, is continuous in D ,(#) and
approaches 7'(¢, s)x uniformly in D ,(8) for t€ [s, s+ b] due to (2.9). Thus
t — T(¢, s)x is continuous from [s, b] to D ,(6).

Define A(t)=A(b) for t>b. Let 1>0 be a small constant such that
A1) — AUt 1y, zy<S  whenever |1, —1,| <2h. Fix sza and let
sie[s, s+h]. For each we Y(s, s + /), consider the initial value problem

u()=A(su(t)+ [(A(t + s, —5)— A(s) ] w(1), SIS+ h,
(2.15)

u(s)=x.
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Let g(1)=[A(t+5,—s)— A(s)Iw(t); then Jgllz oom<O MWl yissm-
Using Theorem 2.3, (2.15) has a unique solution u=17(w,s,). I is
continuous from Y(s,s+h)x [s,s+h] to Y(s, s+ h). Also, {lull y( y1m <
¢d Wl yvis som+ € llxlg- If A is so small that ¢ < 1, we can use the uniform
contraction principle to find a unique fixed point of I, denoted by
u(ty=U(t, s)x. 5, = U(+, 5;)x 1s continuous from [s, s+ A] to Y(s, s+ h).
Thus, by Theorem 2.3, s, —» U(-, s,)x is continuous from [s,s+h] to
Wls,s+h]<B({s,s+h]; D,(8)). It is not hard to show that T'(¢, s,)x =
Ult+s—s,,8)%, s;<t<s,+h Thus, T(1,5,)x is continuous from
(s,,t}> D, (0) if s,e[s,s+h] and s, <t<s,+h Such restrictions can
easily be removed.

We have proved, for xe D (0), that T(t,s)x is continuous from
(1, s)— D (8). The result for xe D ,(8+ 1) can also be proved similarly.

We now prove (2.10). Let B(t)=A(r)— A(s). For xeD, (68+1),
t->U(t,s)x=—TI(1,58) A(s)x is a function in Y (s, s + k) satislying

Ul(t, s)x = —e® 2 A(s)x+f eI =T B(1) Ulx, 5) x dt.
Let 4 20. Then

T(t,s+d)x=etN 3Dy +J e = By T(1, s+ 4) x dr.
s+ A

Let n(t,s, d)x=4 "YT(t, s+ A)x—T(t,5))x, 0<A4<t—s<h Then we
can verify that

nit, s, 4)x—U(t, s)x
=J e By n(t, s, Ad)x — Ulz, s)x] dt
s+ 4
+ [A f—l(eA(x)lr/ .\-—A)_eAlxnr— .\‘])'\,_*_eAl,\-j(f—u.y) A(S).\']

s+ 4
—47! f e =T B(1) T, s) x dr

s+ 4
“_J AW B 5y U(r, s) x dt
:JI +J2+J3+J4

Using sup, ¢ . <+ [ B(7)]l wr.z)§ & —0as h— 0, wefind that ||J || Yo+ d s+ S
50 =Ulyis 4 4.som if A is sufficiently small. Also, using the smallness of
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SUP c1cs+4 ”B(T)”L(DA(0+II. 4oy WE Can prove that ||/, yis+ds+m—>0
as 4 — 0. We have

“‘]4” Y(is+d s+ h)

s+
eA(s)(tf—s - A4) '[ €‘41xi(.v+A T) B(T) U(T, S) X d‘[

K

Yis+ A5+ h)

<C

s+ 4
J e+ A D By U, 5) x dt

s 10

+4
le

R
< CJ. At d = ”HL(X. D4(6)) ”B(T)“L(DA, X) Nz, S)HD,, dr
5

s+4
<C sup B@upem | 5+ A=0) "t UG Dy

sty + A4

1
<C swp 1B o, n f (1—r) " ' ar

sETEs+ A4

-0 as A4-0.

Thus [9(~s, A)x = U, )X yiyo05+m—0 as 4—0, implying that
nlt,s,4)y—> —T(t1,s) A(s)x in D () as A —0.

The case 4 <0 can be treated similarly.

We now prove (2.12). Let xe D (6 +1), feC([s, t]; D,(8)), and u(t)
be the solution of (2.6). Then 7— T(t, 1) u(z), s<t <1, is differentiable
with values in D ,(0), and (&/é7)[T(+,t) u(z)]1=T(¢, 1) f(z). Thus, (2.12)
follows, and (2.13) follows from part (i) of this theorem.

Finally (2.11) follows from (2.7). |

3. EXPONENTIAL DICHOTOMIES FOR THE LINEAR SYSTEMS

Exponential dichotomies for ODE systems were discussed in detail by
Coppel (5). Henry (8) gave a definition for systems generated by semi-
linear parabolic equations. Lunardi (11, 12) used the idea of exponential
dichotomies to study periodic parabolic systems with maximal regularity.
The definition given below only concerns the space regularity to be used in
this paper. Since the phase space is D, (6 + 1), it is natural to define the
exponential dichotomy in D (8 + 1). For completeness, decay properties in
D ,(0) will be proved from those in D (8 + 1), but will not be used in this
paper.

Let X be the Banach space and A(¢): D — X as mentioned in Section 2.
Let T(t, s) be the evolution operator as in Theorem 2.3.
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DerFiNiTiON 3.1. The evolution operator T'(f, s)e L{D (8 + 1)) is said
to have a pseudo exponential dichotomy on I=[q,b] (or (-0, b], or
(a, +c], or (—oo, 0)) if there exist projections P,(¢)+ P(t)=1 in

D, (0+1) for each tel, and constants K,, K,>0 and f <o with the
following properties for s, ¢ in /:

(1) P()T(1,s)x=T(t s)P,(s)x, v=u, s,
for each xe D (8+1) and 1>5.
(i) 1T P ipgos i <Ki ™0, 15
(i) T(t,s): P (s)D,(0+1)-P,(t)D,(B+1), t=5 is a homeo-
morphism with the inverse denoted by T(s, t): P, (t)D,(0+1)—
P,(s)D,(6+1).
(iv) 1T (s, 1) Pu(t)Hl_(D_4(()+ll)<KZeiu“_x), tzs.

(v) There exist #>0 and C;> 0 such that

f’ T(1, 5) f(s) ds

T

O+ 1

< Cqy sup |f(s) o, forall t—t<hand[1,t]cl

TESsSHt

The evolution operator is said to have an exponential dichotomy if,
additionally, >0 and 8 <0.

For xeD,(8) and s<b, define P,(s)x=T(s,b,)P,(b)) T(b,s)x,
where s< b, <b. Since T(b,,s)xe D ,(0+1), the definition makes sense.
Also P,(s)x does not depend on b,.

Let 0<f0<1, yeR and I=[a, b], possibly a= —0 and/or b= + .
Define C, ,(f) to be the Banach space of continuous functions in D ()
with the norm

I71l,.0=sup lle” " f(t)llq

tel

being finite.

THEOREM 3.2. Assume that T(t,s) (t,s€l) has a pseudo exponential
dichotomy with constants K|, K,, Cy, >0 and exponents o> . Assume that

FeC,a(l).
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(1) If f<y<a, then
F(t)=_[IPS(t) T(,5) f(s)ds+ [ T(Ls)P(s)f(s)ds, 1€l

is a continuous function with values in D ,(8 + 1). Moreover,

sup |[F(llg, <Ce” ||f(t)|l~,~.u,

tel

where C|(y)=CoK, ' ""(1 —e# =DMy~ 1 L C K, eI+ 1D _ glr=2hy—1
(i) If v<P and —oo <a, then F(t) is continuous in D,(0+1).
Moreover

sup [[F(t)llgr 1 <C e’ = e | fl],4,

tel

where C= CoK, e"'"(1 —e "~ B")y 1 4 C K, e+ _ oty 0y =1

(iii) If y>a and b< + o0, then F(t) is continuous in D (6+1).
Moreover

sup [F(t)llg.1 S Ce™' P | f 4,

ref
where C = C0K1 el;‘lh(l _e(ﬂ 'r')h)'*l + C0K2 e(imH!*/l)h(l — e V)lr) I'

Proof. Lett—(n+1)Yh<a<t—nh Let n=0 if a= — . Then

[ Py 71,5 15) s

a

4+ 1

< Z 17(s, t—ih) Ps(t—l'h)“L([)A(oJrn)
i=0

i=

X

j'i " e Tt — ih, s)(e " f(s)) ds

max{(t—ih—ha)}

6+1

n
< T K, Pt et Mgy 1)
i=0

i=

Thus, if f <y, then

[P0 T 5) f5) ds

x
< CoK, elvh ot Z e!f—vyih ”f“vvl’
1

2+ i=0

SCoKy e (1= e i fll . (30)
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If y<f and —oo <aq, then

f’ P.(t) T(1, 5) f(s) ds

0+ 1

n
<Gk, el el Z elv i “f”,o

i=0
S CoK,elMetr Pl —elr =M= Lelt | f]|, . (32)

On the other hand, let t + mh<b<t+ (m+ 1)h Letm= oc if b= + oc. Then

fh (1, 5) P,(s) /(s) dsi

P

0+1

T(t, min{t+ih+h b}) P (min{t+ih+h b})

m
<
i=0

min{r+ih+hb}
XJ\
1

e” T(min{r+ih+h, b}, s)(e” "f(s)) ds

+ih 0+1

nt
< Z K2 PR e-ylr+ih).€(\1\ + vk Co ||[|]’0
i=0

Thus, if y <«, then

< C()Kz el Izl)h(l — el z)h) bevt Hf”,o
7+ 1 (33)

fh T(1, s) P,(s) f(s) ds

If y>a and b < + o0, then

jh T(1, s) P, (s) f(s) ds

!

0+1

m

< C()KZ ell;’|+(1|)h eat Z ‘)17 a1+ ih)
i=0

S CoKy et el 20 (L —elx D) L || f 4. (3.4)

Assertion (i) then follows from (3.1) and (3.3). Assertion (it) follows from
(3.2) and (3.3). Assertion (iii) follows from (3.1) and (3.4).

Assume that 7'(¢,s) has a pseudo exponential dichotomy on / with
constants K,, K,, Cy,>0 and exponents a>pf. For f<y<a and
feC(I;D,(9)), define

1 soo=sup lle ™ f(O)le.  10€R

tel
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The functions f with ||f], . < + o form a Banach space, denoted by
Coo.01)-

THEOREM 3.3. (2) Let I=[a,b] be a finite interval. For ¢,e P (a)
D,(0+1) and ¢,e P, (b)D (0+1) and fe C(I; D (8)), there exists a
unique ue C(I; D (8 +1))n C"I; D ,(8)) such that

w'(t)=At) u(t) + f(1),
P (a)u(a)=¢,.
P (b)u(b)=¢,.

We can write

WD) =T(1,a) §,+ T(1b) by | P,(1) T(2,5) fls) ds

n f T(1, ) P,(s) f(s) ds. (3.5)
b
Moreover

(D)o + N (D)ll

<K "o+ KT N pllg + Cre? [ P (3.6)

where C,(y) is given in Theorem 3.2 (i).

(b) Let I=[a, +). For ¢p,eP(a)D,(0+1) and feC, , ),
there exists a unigue ue C(I; D, (0+ 1))nCY(I; D (0))NC,4,(I) such
that

u'(1)=A(1) u(t) + f(1),
P (a)u{a)=1¢,.
We can write

w(t)=T(1, a), + j P.(1) T(1,5) f(5) ds + j T(1, 5) P,(s) f(s) ds.

Moreover

() g1+ 16 (Dl < Ce™ = {Ndalo 1 + 1/ 1000}

505108, 1-4
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(c) Let I=[—cc,b). For ¢,€P,(b)D,(0+1)and feC, 4 ,(I), there
exists a unique ue C(I; D (8 + 1) C'(I; D 4(0))n C, 4, I) such that

w'(t)=A(t)yu(t) + f(1),
P (b) u(b)=¢,.

We can write
W) =T, b)Y, + j P.(1) T(t,5) f(5) ds + j T(t, 5) P,(s) £(s5) ds.
— a0 b

Moreover

|\u(t)na+1 + \lu'(t)“o< C, ev('>b){\$¢h‘\o+1 + HfH] (),b}'

(d) Ler I=R. For any feC,, (1), there exists a unique
ue C(I; D6+ 1) CI; D () C, o (T) such that

w'(t)=A(t)u(t)+ f(1).

We can write

uty=[ PUAT(55) fts)ds+ [ Tit,5) Pls) fls) d.
Moreover
lw(@llg, s+ 11 (Do <Cre™ ™ £, 00
Proof. We first prove case (a). Solutions of Eq. (2.4) can be written as
u(t)=T(1, a) u(a)+f T(1, 5) f(s) ds.
Thus

PL(0) ul0)=P,(1) T(t, @) ula) + [ P.(0) T(t,5) f(5) ds

—T(t,a) d, + j P.(1) T(t, 5) f(s) ds.

Since

u(b)=T(b, 1) u(t)+_[b T(b, 5) f(s) ds,

8y=P.(B)ulb)=T(b,0) P()ul0) + | P,(5) T(b.5) f(s) ds
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we have

PL(1)u())=T(1,b) 64— [ T(1,b) P,(b) T(b, 5) f(s) ds

— Tt b) ¢,,+L' T(1, 5) P,(s) f(s) ds.

Since u(t)=(P,(1)+ P, (1)) u(1), we have (3.5). Estimate (3.6) follows from
Theorem 3.2.

Cases (b), (c), and (d) can be proved similarly by letting a > — oo
and/or b— + 0. |

We now derive decay estimates of T(s,s) on P,(s)D,(0) and
P.(s) D ,(6). We make the follwing hypothesis:

(H) There exist positive constants 4,, C, such that
1T(t, s)x[e<Cy | x]g forall t—s<h,and [s,t]cl

Remark. Hypothesis (H) and the condition (v) in Definition 3.1 are
satisfied if /=[a, b] is a compact interval. But they are needed if 7 is
not compact. According to Buttu (2), the constant C in (2.5) depends
on 8, ho, hy, sup,.o {1° 14" e} and sup,., {t° 014" e Lpacor 00}
with k=1, 2. Therefore, it can be shown that if 4(¢) is periodic in ¢ or if
A(1)— A, as t — + oo in appropriate function spaces, then (H) and (v) in
Definition 3.1 are satisfied.

Recall that for xe D (0) and s<b, (I=[a,b],bcan be + ), P,(s)x=
T(s,b,)P,(b,) T(h,,s)x, for s<b, <b. Let hy=min{h, h,}, where A is the
constant in Definition 3.1 (v). For b— s> h,, we have

P,(s)x=T(s, s+ ho) P,(s+ ho) T(s+ hy, s)x.

By Definition 3.1 (v),

A
JOT(S+h0,S+I) T(s+1,s)xde

IT(s+ho, s)xllg1<hy' ‘
0

a+1

<Cohg' sup | T(s+1,5)x],

O<t<ho

< CoCrhy " |lx|l g

This inequality should be compared with (2.11), where the compactness of
[a, b] is assumed. Using Definition 3.1 (iv), we have || P, (s)x[lo. < C |lxlly
if b -5 2 ho .
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For b —s < h,y, we have
P, (s)x=T(s,b) P,(b) T(b,s)x.

Similarly we can prove that [P, (s)x|y, < C(b—s)"" |x|lpif b—s<hy. In
general, we have

1P (s)xllg s S CL+(b—5)"") llxllp. (3.7)
Let P (s)x=x—P,(s) x for xe D ,(0). It is easy to verify that
Pi(s)=P,(s) and P2(s)=P(s) in D, (6).

Moreover, we have the following

THEOREM 3.4. Assume that T(1,s) has an exponential dichotomy on
[a, b3, and (H) is satisfied. Then P (t) and P,(t) can be defined for t <b,
xe D (8), by continuation. Moreover, we have

P,()YT(t,s)x=T(t,s) P.(s)x, xeD,(0),v=u,s5. (3.8)
1T(t, ) Py(s)xllo < Ky e Jlxlly, s<t<b, (3.9)
IT(s, ) Pu(Dllgs 1 SKze ™ xlly,  s<t<h, (3.10)

where K, =C(14+(b—s) " “Yand K,=C(1+(b—1)"").

Proof. For any xe D ,(8), (3.8) can be proved by letting ye D (8 +1)
and y—x in D,(f). We can also obtain (3.10) from (3.7) and
Definition 3.1.

To prove (3.9), observe that from (3.7), |P,(s)x}l, K C(L +(b—15)"") | x|l
Thus, if 1t —s < hg, (3.9) follows from (H). Let t —s5> h,; then

1T, sy P(s)xllg =Tt s+ ho) Po(s+ho) T{s+ hy, s)X|g5
<K' TMNT (s + by, 5) X g4y
< CKhy ' e 9 | x|
This proves (3.9). 1|
Let t - B(t)e C(I; L(D 4, X))n C({; L(D ,(6+ 1), D ,(8)). Assume that

sup {1 B(1)l] e T IBO Lpos1), D,m)m} < 0.

tel

When 6 is sufficiently small, we can show that

w'(t) = (A(1) + B(1)) u(t) (3.11)
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also has an evolution operator Tg(z, s) defined on D ,(8) and D, (6+ 1).
Let T(t,5) have a pseudo exponential dichotomy on I with projections
P (1), P, (1), constants K|, K,, C,, and exponents f§ <a.

THeOREM 3.5 (Roughness of Exponential Dichotomies). Let § and d be
two constants with § < f <& <o and let C.(B) and C (&) be the constants as
in Theorem3.2 (i) with y replaced by B and & respectively. Let
C,=max{C,(f), C,(@)} and C,=C (K, +K,)/(1—-C,8). If Cod<]1,
Ci(f)-d<1, C,(&)-6<1, and C,8<1 then (3.11) also has a pseudo
exponential dichotomy on I with the projections denoted by P (t) and P, (1).

Moreover

IT5(t, 5) P(s)lo. < Ky e, s<1, (3.12)
ITg(s, ) Po(t)lgr i < Kye 3=, s<t, (3.13)
j Ts(t,s) f()ds|  <Collflles lt—tl<h,  (3.14)
T 0+1
and
~ C,0
1P =Pl ST (3.15)

Here K=K, (1-C,8) '1-C,8)"!, K,=K,(1-C,8) '1-C,8)""
and Cy=Co(1—=Cy38)"'. We use ||-|4.,, to denote norms of operators in
L(D,(6+1))

Proof. We only prove the theorem when /=[a, 4] and —w<a<
b < + 0. The other cases can be proved similarly. Let ¢ e D (0 + 1). From
Theorem 3.3, the following mapping 7 (s) maps Cj 4., ,[s, b] into itself:

(T(5) N0 =T(e,5) Po(s)g+ [ Pole) (e, &) BE) y(8)

[ 706 P& BE) 30 de

T () PN oy <Ky ™ 18 os s+ Cr(B) P =8 | ¥z 00 s

where CI(E)~is given by Theorem 3.2 (i).
Since C;(B)d <1, then F (s) is a contraction in Cg,,, , [s, 5] Let the
unique fixed point be y(¢;s, ¢), s<t<b. y(t; 5, ¢)isasolution for (3.11) with

K,

———=—ldllos1 (3.16)
1-C, ()

(B{GEN T FIRWES
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Conversely, any solution y(t), s<t<b, with P(s)y,=P,(s)¢ and
P,(b) y(h)=0 is a fixed point for 7 (s). The assertion is also true if
b=+ and yeCp 4, [s, +o0)

Similarly, any solution z(¢) of (3.11) for a<<r<s with P, (s)z(s)=
P,(s)¢ and P, (a)z(a)=0 is a fixed point for the equation

1) =T(t,5) P ()8 = | T(0,€) P.(&) BE) 2(E) d

+[ P T &) BE) 2(0) de (3.17)

Since C,(8)é <1, Eq.(3.17) has a unique solution in C; ,,, ;[a,s],
denoted by z(7;s, ¢). We have

K;

T*_‘C—l(g)—5|i¢|lu+p (3.18)

Iz(; 5, )| Ciporalas] <

Let Wis) = {y(s;5,¢) | ¢eD,(0+1)} and W¥(s) = {z(s;s,¢)| d€
D (68 +1)}. Then one can show that

Wi(s)y={ueD (0+1)| Tg(b,s)ueP,(b) D, (6+1)}, (3.19)

We(s)={Tp(s, a)u|ue P, (a)D,(0+1)}, (3.20)
ifa>—oand b< +oc. (Ifa= —oc then W¥(s)={ue D, (0+1)| a back-
ward solution Tx(1, s)u, t <sis defined with [[Tp(t, shull ¢, (<t}
If b= +oc, then W¥(s)={ueD (6+1) with | T4(z, s)quM“‘[& vy <
+ o }.) It is also obvious that ¢ — y(s; s, ¢) and ¢ — z(s; s, ¢) are homeo-
morphisms from P (s)D,(8+1) to B*(s) and from P, (s)D,(0+1) to
W*(s), respectively. Here W*(s) and W*(s) are equipped with the norms

induced from D, (8+1).
We now show that

We(s)+ W*(s)=D,(8+1).
For ¢ € D (0 + 1), consider
X=_V(S;S, ¢)+Z(S;S, ¢)

=g+ [ P(9) T(s £) BE) 2(&35, 9)

b
— [ T, &) Pu(&) BE) $(E 5, 9) .

5
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We can show that
x—@llpor 1y <C20 IBllos1s

where C, has been defined before. Since C,d <1, »y(s;s, ¢)+z(s;5, ¢):
¢ — x is a homeomorphism in D, (f+1) and we denote the inverse by
¢ = PD(s, x). We have

ID(s, X))ot S0 =C26) " lx]lgy s (3.21)
We now show that W*(s)n W*(s)= {0}. Let ¢, ¢, D ,(0 + 1) with
y(s;s, ¢))=z(s:5, ¢,).
Let ¢ = P,(s) #, — P,(s) 6,. It can be verified that
x=0=y(s;s, ¢)+z(s;s, 8).

We have ¢=(s,0)=0, implying that P (s)¢,=0 and P,(s)¢,=0.
Therefore W (s)n W*(s}={0}.
Define

P (s)x=y(s;5, (s, X)),
P,(s)x=2z(s; s, D(s, x)).

We have shown that P.(s) and P,(s) are projections associated to the
splitting W*(s)® W*(s)=D (6 + 1). The equation

Ty(t,s) P (s)=P. (1) Ty(t, 5)

can be proved by the invariance of W (s) and W"(s); see (3.19) and (3.20).
Details are omitted. To show (3.15), observe that

1P (s) = Po(s))xlip s
< lhy(ss s, D(s, x)) = P, (s) D(s, X) o4
+ 1P, (s) (s, x) = P(s)x]lg4 1

<

[ 705 &) (&) B&) y(Es5, (s, ) de

5

g+ 1

[ £.06) T, €) B (5, 05, 31

"

< 6| o(]| .V“ﬁ,()+l.a + qui,oﬂ,xj«

6+ 1

From (3.16), (3.18), and (3.21), we have (3.15).
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From (3.16) and (3.21), we have for r >,

(T sty 5) Po(s)xN 5041, = 100155 @5, X1 g1,
SK(1=C8) "(1=Cy0) Hixlpy-

And from (3.18) and (3.21) we have, for 1 <s,

T 5(t, ) Pu(s)Xll5 04 10 =12(t; 5, D, X)) 5041,
<K, (1-C18) "(1—Cy8) " |xllgy -

Thus (3.12) and (3.13) are proved. The proof of (3.14) is easy and is not
given here.

4. STABILITY OF PERIODIC SOLUTIONS IN CONWAY AND SMOLLER’S EXAMPLE

The Global behavior of the following predator-prey equations was
analyzed by Conway and Smoller.

w'(t)=u(f(u)—v),

v'(1)=v(u—7y).

(4.1)

Assume that

(A) f(b)y=f(k)=0, where O0<b<k; f(u)>0 for b<u<k, and
f(u) <0 otherwise;

(B) f'>0o0n [b,m), f'<0o0n (mk], f"<0, and f"(m) exists;
(C) b<y<k.

Under the above assumptions, the positive quadrant (#>0, v>0) is
invariant for (4.1). There are four equilibria: O =(0,0), B=(b,0), K=
(k,0), and P=(y, f(y)). It is easy to check that B and K are hyperbolic
saddle points. Conway and Smoller showed that there is a unique 7,
b <y, <k, such that when y =y, the unstable manifold W*(K) of K meets
the stable manifold W*(B) of B to form a heteroclinic solution §'(¢) in the
first quadrant.There is also a heteroclinic solution §,(¢) from B to K which
lies on the u-axis for all y € R. Let the two components of §,;(¢) be g,,(t) and
4., (1), i=1,2 Tt was shown that ¢},(¢)<0 and ¢5,(¢)>0, re R. Conway
and Smoller also proved that W*(K) and W*(B) must meet 2= {(u, v),
u=vy}, b<y<k. Let Y, =(y, y,(y)) (or ¥Y,=(y, ¥,(7))) be the first point
where W*(K) (or W*(B)) meet 2. Then G(y)= y,(y)— y,(y) measures the
distance between W*(K) and W*(B). Clearly G(y,)=0.



EXPONENTIAL DICHOTOMIES 55

LEMMA 4.1. 3G(y,)/dy <O.

Proof. Let U= (u,v)" and rewrite (4.1) as
U'(ty=F(U, 7). 4.2)
The only bounded solution for the linear equation
U'(t)= D, F(4,(1), 7o) U(1),
is ¢\ (¢) up to constant multiples. The adjoint equation
V(1) = (D, F(G, (1), y0))* ¥(1)

has a unique bounded solution ¥*(¢) = (¥, (1), Y, (1)), te R, up to constant
multiples. Moreover, ¥*(t) — 0 exponentially as |7| — co. See Palmer (13).
Let 4,(0)eX. Since ¥*(0) L §,(0), without loss of generality we can
assume that ¥,(0)=1. Therefore G(y)=<{(¥*(0),(Y,—Y,)>. One can
prove (see Lin (9), for example) that

ég(lo_): jx CP*(t), D F(G, (1), yo) ) dt
dy -

- “Iy W (0) g (n) .

Observe that ¥, (1) ¢\, (1) +¥,(1) g1, (£)=0, teR. Thus ¢,(0)>0 and
q1.,(t)<0, te R, imply that y,(¢)>0 for all te R. The desired conclusion
of Lemma 4.1 follows from the fact that ¢,,(¢)>0, teR.

Let the eigenvalues of the linearized ODE be —A, <0<4; and
—Aig <0< Ay at the equilibria B and K. Though it is well known that the
stability of the heteroclinic cycle ¢, (¢) and §,(t) from inside is determined
by the quantity

Ay i —Agig,

we still give some detail here since it is used in the sequel.

Let y=1y,. Let 2, 2|, 2, and X', be cross sections that are transverse to
Wi..(B), Wi .(B), Wi, .(K), and Wi _(K), respectively. Assume that each
2, is in a small neighborhood of the corresponding equilibrium. Let
Y(1)= (u(1), v(t)) be a solution of (4.1) that is inside the heteroclinic cycle.

See Figure d4.1. Let Y(0)el,, 0<1,<1,<15<14, 2q=24, and each 1, be
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Vv
q,t)
o/ /v p)
%o V) ?
- / \\ - <V
B q )
2“1 u=y ? Zz
FIGURE 4.1

the first time that Y(1,)e X,. Let wg=1, and wp=15;—1,. We can show
that there exists a constant ¢ >0 such that

.= + a-
C—le~/.8wg<e7/lkw,‘<(,€ AB(DH.

Or equivalently, there exists C >0, independent of wg, such that
E B (4.3)

The proof is trivial if one observes that the ODE near B and K can be C'
linearized. Using C' linearization again we can show that

¢, ‘e < dist(Y(0), Wi, (B))<cie 58,

toc

(44)

c, le ke dist(Y(ts), Wi (K)) < c e 5K,

loc
Here dist(-, -) is the distance along 2y, or 2';. The constants C, and C,
depend on X, 0< i< 3. We then have

dist(Y(z3), Wi (K))

loc

dist (Y(0), W1i,.(B))

loc

< Ce(}.;wg ~ Ag WK)

< Ce'k%8 = A,;z,;yw,,,ui;’ (4.5)

due to (4.3) and (4.4).
In the sequel we assume that

(D) A} —igiy <O.

Condition (D) is not an empty assumption. It is satisfied by at least an
example studied in Conway and Smoller (4).
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Gty

FIGURE 4.2
From (4.5), if (D) is satisfied, then

loc

dist( Y(0), W:. (B))

loc

dist( Y(z,), W3 (B))_)0

as wy— oo. From (4.4) again, if dist(¥(0), W;..(B)) is sufficiently small,
then wy is sufficiently large and Y{(r,) is closer to Wy . (B) than Y(0). Let
Q=2,n W, .(B) A segment @(0) on X, is mapped to itself by the
Poincaré map 1(y,): 2y — 2, induced by the flow. Using the continuous
depend/c'xlce of the flow on y and Lemma 4.1, we see that [I(y): X, — 2,
maps QY(0) to itself for y, <y <y,+ ¢, where ¢ >0 is small. See Fig. 4.2.

We can use the C' linearization of the flow near K and B again to prove
that 7I(y), 7, <y <7,+é¢ is a contradiction on QY (0). Thus, there must
exist a unique periodic solution p(7,7), 7o <y <7o+8& p(0,y)e,, which
is near the heteroclinic cycle and is asymptotically stable. We also observe
that as y—y,, p(0, *,;L—» Wi..(B) and wz— co. Therefore the rate of
contraction of 71(y) : QY(0) —» Q Y(0) approaches zero as ¢ — 0.

Consider now the diffusively perturbed system

u,(t, X) =d1 uxx(r’ .\') + u(f(u) - U) +Ad1 Usxs

(4.6)
v, (t, x)=dyv . (t, x)+v(u—7y)+ Ad,v ., O<x<l
with the boundary condition
u (6,0)=u.(t,1)=0v.(4,0)=v.(1,1)=0 (4.7")
or
u(t,0)=u(s, 1), u (6,0)=u.(r,1),
4.7")

v(1,0)=0o(1, 1), v (6,0)=0.(s 1)
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Here assume f is a C* function, d,,d,>0, and 4d, and Ad, are
perturbations of &, and d,. Let U= (u,v)’, A=diag{d, d..,d,0,.},

and F(U,y, 4d,, 4dy) = (f(u, v,y) + Ad,u,,, &u,v,7)+ 4dv,.), where

flu, v, y)=u(f(u)—v) and g(u, v, y)=v(u—7y). We now rewrite (4.6) as an
abstract equation

U't)=AU(t)+ F(U, v, 4d,, Ad,). (4.8)

Let X=[L*0,1)]% D,={Ue[H?*0, 1)]* | Boundary conditions in (4.7)
are satisfied}. A4 : D, — X. The closed linear operator A clearly generates
an analytic semigroup e* on X. Let D,(8) and D,(0+ 1), 0<8<1 be
defined as in Section 2. We seek the strict solution U(t) for (4.8), i.e,
Ue C'([tg, to+1); D 4(0)) nC([to, 1+ 1); D (04 1)).

Since the spatial domain is one dimensional, 7and §: H™0, 1) x R* >
H™(0, 1) is a C* mapping for m > 1. When Neumann boundary conditions
are imposed, we observe that

Dgn={Ue[H0,1)]* 0% 'U=0,1<k<matx=0,1}.

Thus it can be directly verified that f(U, y) and (U, 7) : D ynx R — D 4m are
C*. Therefore from the nonlinear interpolation property

F(u, v, yyand g(u, v,7): D (8 +m)xR— D, (8+m), mz1,
are C*. It is now easy to see that
F(U,y,4d,,4d,): D (0 +m)xR’ > D (0 +m—1) (4.9)

is C*. (4.9) is also valid if periodic boundary conditions are imposed.

By using the results in Section 2, we find that (4.8) generates a dynamical
system on D (0 + m), m>=1, that is C™ is the parameters Ad,, Ad,, and y.
More precisely, we have a local solution in time for any initial condition
xe D (8+m).

THEOREM 4.2. Let f(u, v, 7) and g(u, v,v) be C* functions in R and let
Ad, and Ad, be sufficiently small. Then for all xe D ,(8+m), m=1,
Eq. (4.8) with U(ty) = x admits a unique strict solution on [1,, to+¢]. Here
£>0 may depend on x. Moreover, U(t) is a C™ function of (x, 7, 4d,, Ad,).
Here xeD ,(0+m), b<y<k, and |Ad,| + |4d,| <n, UeC'([to, to+£],
D,(0+m—1))nC([ty, ty+e€], D(8+m)), m=1.

The following result shows that the time interval does not need to be
small if the solution is near a given solution U(¢).

THEOREM 4.3. Let f and § be C* functions in R* and let Ad, and Ad,
be sufficiently small. If U(t) is a solution for (4.8) that is defined on
[to, to+ 11, 7>0. Then there exists { >0, such that if |x—U(ty)lp,m<$,
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then (4.8) has a unique solution U(t)e C'([ty, to+1], D4(84+m—1))n
C([to, to+ 1], D0+ m)), m=1. Moreover U is C* in (x, 7, Ad,, Ad,) in
the indicated domains and norms.

In the rest of this section we assume that Ad, = 4d, =0, d, >0 and d, > 0.
The boundary conditions in (4.7) imply that each solution to (4.1) can
induce a spatially homogeneous solution to (4.6). Thus, (u(t, x), v(t, x))=
(k,0) or (b, 0), denoted by K or B again, is an equilibrium for (4.6). Also
(u(t, x), v(t, x)) = p(1, x), Yo <7 <7, +¢&, is a periodic solution for (4.6).

Let (éi(z), ©#(z)) be a solution to the ODE (4.1). Linearizing (4.6) around
(a(t), B(2)) we have

u,=dyu. + Laf () + (@) — 5} u — dw, (4.10)
v,=dyv 4 bu+ (F—y)v.
We can rewrite (4.10) as an abstract parabolic equation in D (6 + 1),
U'(r)= () U(2). (4.11)
Let oy = .&/(1) (or oy = o/(1)) at the equilibria B (or K). By (4.10), it is

easy to show the following

ProPOSITION 4.4. (i) Suppose that the Neumann boundary conditions in
(4.7) are imposed. Then the eigenvalues of sty are {4,(B), A3,(B)}, n =0, with

/lln(B) = bf'(b) —nznz dl

Jn,(BY=b—7y—n’n?d,.
The eigenvalues of oy are {4,,(K), 4,,(K)}, n=20 with

I (K)y=k—A—n?n?d,

o (K)=kf'(k)y—n*n’d,.
The eigenvalue A, (B) (or 4,(K)), i=1,2, is a pole of order one for
(A—oy) ! (or (A— ) "). The eigenvectors for A,,(B) and i,,(B) (or

‘K and 2,,(K)) span the 2-dimensional subspace {(u,cos nnx,
v, cos nnx) | (u,,v,)eR*} in D (6 +1).

(ii) Suppose that the periodic boundary conditions in (4.7") are
imposed. Then the eigenvalues of oy are {4,,(B), A,,(B)}, n 20, with

in(B)=bf"(b) —4n’n* d,
Iy (BY=b—y—4n’n’ d,.
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The eigenvalues of oy are {1,(K), 4,,(K)}, n=0, with
A (K)=k—y—4n’nd,
Ao (K)=kf'(k)—dn’n’ d,.

The eigenvalue A, (B) (or 1,(K)), i=1,2, is a pole of order one for
(A—ofg)" ! (or (A—stx)™"). The eigenvectors for 1i,,(B) and A,,(B)
(or A, (K) and 1,,(K)), n=1, span the 4-dimensional subspace
{(u,, cos 2nnx,

v, cos 2nnx) @ (w, sin 2nnx, z, sin 2nmx) | (u,, v,,, w,,, 2,) € R*} in D (0 + 1).

THEOREM 4.5. (i) Assume that the Neumann boundary conditions are
imposed. Then for each (d,, d,), satisfying d, >0, d, >0 and

(k=y)(bf'(b)—n*d,) + (k —y—n* dy)(y — b) <O, (4.12)

there exists an 4> 0 such that the periodic solution p(t,7y), yo<7y <79+ &g,
is asymptotically stable in D ,(0+ 1). Here €, depends on d, and d,.

(1) Assume that the periodic boundary conditions are imposed. Then
the same result as in (1) is valid if (4.12) is replaced by

(k—y)(of'(b)—4nd\) + (k —y —4n® d,)(y — b) <0,

(ili) The maximal norm of stable characteristic values approach zero
as y—vys both in cases (1) and (ii).

Proof. We only need to prove part (i) since the proof of part (ii) is
similar. The leading two eigenvalues for 7, are u,(B)=4,,(B) and
Uo(By=max{i,(B), A(B)}. Here u,,(B) is simple and u,(B) is semi-
simple. Thus, U’'=. U has a pseudo exponential dichotomy with
the exponents being u,(B) <y, (B). Similarly, U’ =/, U has a pseudo
exponential dichotomy with the exponents being u,(K)< u,(K), where
t1 (K)=4,0(K) and p,(K)=max{1,,(K), A5 (K)}.

Let (é(r), 0(¢))= p(t,y) and T(t, s), t 2 s, be the evolution operator for
(4.11) in D, (0 +1). Assume that y >v,, y—7, is small, and 2, 2, (and
2,,%23) is near B (and K), we have that o/(r)— o, 0<t<1, and
A (t)y— oy, 1,<t<7t; are uniformly small in the space L(D, (0+1),
D ,(8)). From Theorem 3.5, U'(t)=2/(t) U(t), 0<t<t, has a pseudo
exponential dichotomy with exponents fy<ap, where az=pu,(B) and
Bg=u,(B). Similarly, U'(t) = /() U(t), 7, <t < 1; has a pseudo
exponential dichotomy with exponents 5> u,(B) and a, = u,(X). Let the
stable and unstable projections be P (t) and P,(r) for 0<r<1, and
T, 1,4,



EXPONENTIAL DICHOTOMIES 61

Let X={(u,v)eD (0+1)] [ou(t,x)dx=[v(t, x)dx=0} be a closed
subspace of D, (0+1). Since the coefficients in system (4.10) do not
depend on x, it is not hard to show that 7(¢,0).¥ < X for all 1>0. From
Propsoition 44, X is in the stable subspace of e¢*”. From the proof of
Theorem 3.5, (3.19), T(z,,0)X < X implies that ¥ < #P,(0). Similarly,
X< RP,(1,). Let Ue X and |U|,.,=1. Then

|T(2,,0) Ulg, < CePs,
| T(1,, 0 Ulg, < Ceﬂgws’
<

[T(t3, 72) T(12,0) Ulgy, CePswn+ Frox,

Therefore

|T(24,0) Uly, < Cetbo tonontinros

.+ - gt L+

o+ (Ag + CrAg/ ¢ A
< Ce[ﬁaltk (Ag 1Ak ‘UB)ﬂk]wﬁ/’K’
< CerB'/A;E .

Here we have used (4.3). The quantity in the [ ] is denoted by J.

We claim that J < ¢ <0, where ¢ does not depend on w . The assertion is
easy to prove if wg= + o, iz = pu,(B), and f, = u,(K). In fact, we then have
J= 2} ua(B)+ Ag i (K). If ip(B) =4y, (B) and i (K) = 4, (K), we can use
(4.12) to conclude that J<0. If u,(B)=4,,(8B) and u,(K)=1,,(K), we
have J<igij —AgAg <0 from condition (D). If y,(B)= A5 (B)= —4g,
then since p,(K)< Az, we still have J<O0. It is now clear that if wg is
sufficiently large and if 8 and B, are sufficiently close to u,(B) and p,(K),
then J < ¢ <0. These conditions are satisfied if we first choose 2, and X,
(and 2, and X;) to be close to B (and K), and then ¢ to be small. We then
have, for Ue X, |Uly,, =1,

[T(14,0) Ulg,1=c¢,(wp)—>0 as wp— . (4.13)

Based on condition (D), we have seen that p{r, y) is an asymptotically
stable periodic solution for (4.1) with the stable characteristic value
approaching zero as y —yg. Therefore, there exists neR? |/ =1, such
that if f(x)=#n for 0<x <1, then e D ,(0+ 1) and

[T(t4,0)n| =cy(wg)—0 as wp— 0. (4.14)

Let X*=X®span[f] <D (0 +1). Then T(z,,0)X* < X*. For Ue X*,
based on (4.13) and (4.14), we have |T{7,,0)U| — 0 as wz— oc. Observe
that X* @span[p(0,y)1=D(0+1), and |T(z4, 0) p(0, y)| =|p(0, y)|. It
follows from Theorem 2.4 in Lunardi (12) that the periodic solution p(t, )
is asymptotically stable.
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APPENDIX

Conway and Smoller (4) studied a special case where f(u)=
a(k —u)(u— b). Using a proper rescaling we can set a = 1. The stability of
the heteroclinic cycle from inside is determined by AjAf +A i, =
bk —b)(k —7yo)—k(k —b)(yo—b), or by the sign of b(k—y,)— k(y,—b).
Conway and Smoller showed that periodic solutions bifurcating from the
heteroclinic cycle must be stable, which implies that b(k — y,) — k(y,— b)) <0.
But this does not rule out the possibility of having an equals sign. To show

that A4, + 4,45 <0, we want to verify that

2

Ub+ 1k o (A1)

It is known that y,<(b+k)/2 and G((b+k)/2)>0; see Conway and
Smoller (4). Define A4, (b, k, a) = [ (b* + k*)/2]"*. Tt is a classical result that
A, bk, —1)< A, (b, k, 1), and the difference is small if k—& is small.
Proving (A1) is equivalent to finding a fine estimate for y,. Here 1 have
used a numerical method to show that G(A4,,(b, k&, —1))<0. Thus (Al) is
proved numerically. Table Al lists some values of v, —v,, where v,
and v, are the v-coordinates of W*(K) and W?*(B) evaluated at u=
[b+ A, (b, k, —1)]/2. The integration was done with the Runge-Kutta—
Fehlberg method and a step size # =0.01. Repeating the same computation
with A=0.05 shows no significant difference in the results. Similar

computation has also been done for 10 <k <20, showing that v, — v, is
strictly positive on all the sample points computed.

TABLE Al

Values of v, — v,

kK  b=01k b=0.2k b=03k b=04k b=05k b=0.6k b=0.7k b=08k b=09%

0.7768 0.4570 02672 0.1509 0.0799 0.0382 0.0154 0.0044 0.0006
2.0660 1.2485 0.7474 04318 02347 0.1155 0.0482 0.0147 0.0020
38142 2.3397 14190 0.8309 04583 0.2297 0.0982 0.0310 0.0046
5.9965 3.7150 22727  1.3428 0.7483 0.3798 0.1651 0.0536 0.0084
8.5982 5.3647 33031 19646 1.1031 05653 0.2490 0.0825 00135
11.6100 7.2829 45062 26942 15218 0.7858 0.3497 0.1178 0.0199
15.0208 9.4675 58793 35294 20033 1.0408 04671 0.1594 0.0276
18.8323 11.9103 74203 44697 25474 13303 0.6012 0.2074 0.0367
23.0331 14.6045 9.1259 55154 31535 1.6540 0.7519 02618 0.0471
27.6183 17.5570 10.9966  6.6635 3.8208 20115 09192 03225 0.0590

OO W~ N B W R —
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