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ABSTRACT
The allocation of discrete, complementary resources is a fun-
damental problem in economics and of direct interest to
e-commerce applications. Combinatorial auctions account
for complementarities by optimizing over o�ers expressed
in terms of bundles. Progressive versions of combinatorial
auctions alleviate the burden on bidders of expressing of-
fers for all bundles of interest by providing interim feedback
based on partial sets of bids. Feedback in terms of hypothet-
ical prices is particularly useful, as it directs bidders toward
those bundles potentially yielding the greatest surplus. For
a general class of discrete resource allocation problems with
free disposal, we establish by construction the existence of
competitive equilibrium prices on bundles that support the
eÆcient allocation. We introduce AkBA, a family of progres-
sive auctions that use these equilibrium bundle prices. We
examine a particular instance of the family, called A1BA,
and present some empirical data on its performance.

Categories and Subject Descriptors
H.4.m [Information Systems]: Miscellaneous

Keywords
Combinatorial auctions, equilibrium prices, progressive auc-
tions.

1. INTRODUCTION
In many potential e-commerce applications, agents have

complementary preferences for items in the marketplace.
Consider a factory that builds con�gurable products, such as
computers. Customers have di�erent valuations for di�erent
computer con�gurations|some are willing to pay more for a
larger disk, a better graphics card, or a faster CPU. The fac-
tory has a limited supply of components, and would like to
custom build the set of computers that generates the most
total revenue. This example is an instance of the general
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A B AB

Agent 1 0 0 3*
Agent 2 2 2 2

Table 1: An example without equilibrium prices for
individual items. Here and throughout, asterisks

mark the socially eÆcient allocation.

allocation problem characterized by heterogeneous, discrete
resources (e.g., components) and complementarities in agent
preferences (e.g., over complete computer con�gurations).
Discrete resource allocation has been the focus of auction

theory since Vickrey's 1961 article presenting the second-
price auction [25]. The allocation of single items, or multiple
homogeneous items, is well understood [6, 14, 17], however
a general solution to the allocation of heterogeneous items
has proved elusive.
The principal diÆculty lies in the fact that eÆcient allo-

cations may not be supportable by price equilibria. A sim-
ple example presented by McAfee and McMillan [15], repro-
duced in Table 1, illustrates the point. One agent values the
pair of items at 3 and gets no bene�t from the items singly.
The second agent values either item at 2, but gets no added
bene�t from getting both items. The socially eÆcient solu-
tion assigns both items to agent 1. For any assignment that
allocates items to agent 2, both agents can be made better
o� by an exchange of money from agent 1 with the items
from agent 2. Yet there exist no equilibrium prices support-
ing the socially eÆcient (or any other) solution. In order to
exclude the second agent from the allocation, the price of
each item individually must be greater than or equal to 2.
However, these prices put the cost of the pair at 4|above
the �rst agent's valuation.
In the example in Table 1, agent 1's preferences are su-

peradditive, that is, it gets more value from the pair of
items than simply the sum of the values it gets from each
item individually. Superadditive preferences can lead to
complementarity|an increase in price of one item associ-
ated with a decrease in demand of the other. It is well-
known that complementarities can prevent the existence of
equilibrium in price systems.
Recently, both economists and computer scientists have

explored mechanisms to deal with complementarities. Com-
binatorial auctions allow agents to submit bids that directly
express o�ers to buy a combination of items. This helps al-
leviate the exposure problem in which an agent desires a



bundle but can make o�ers only for individual elements. In
order to avoid getting stuck with only a subset of its desires,
the agent may behave in an exceedingly cautious manner.
However, combinatorial auctions often su�er from the free

rider problem: two agents together value disjoint subsets of
a bundle more than a third values the entire bundle, but
each bids little hoping the other will shoulder more of the
burden of displacing the third agent.
To characterize some distinguishing features of combina-

torial auctions, we make use of a general parametrization
of the auction design space [26]. The parameters deter-
mine the auction's behavior for each of its three main tasks:
(i) admitting bids, (ii) (optionally) generating intermediate
information|often in the form of hypothetical price quotes,
and (iii) determining an allocation, referred to as clearing

the auction.
In a progressive combinatorial auction (PCA), the bidding

rules require that each iteration's bids be an improvement
(in a well de�ned sense) over the previous. This promotes
steady progress toward a �nal result, eliminating the pos-
sibility of oscillation or deadlock. The process ends when
some termination criterion is reached, such as passage of a
round with no participant submitting a new bid.
The task of clearing involves two steps. First, the auction

must identify the bids that will be part of the transaction
set. This step is referred to as winner determination. In gen-
eral, solving the winner determination problem in a combi-
natorial auction is NP-complete, although tractable special
cases exist [21]. Fujishima et al. [8] and Sandholm [22] have
developed specialized algorithms for combinatorial winner
determination that combine clever pruning techniques with
depth-�rst search. These algorithms have performed well
on problems with thousands of bids. More recently, several
authors [1, 5, 18] have explored the application of standard
linear and integer programming techniques to the winner
determination problem. Importantly, these investigations
illustrate how very dependent computational results are on
assumptions about the distributions of bids.
Given the set of winning bids, the second step of auction

clearing determines the payments associated with the trans-
actions. We call this step payment determination. We use
the term \payment" because it is more inclusive than the
term \price". Typically, item j's price, pj , de�nes the per-
unit measure of the rate of exchange. Thus, an agent's pay-
ment is simply the sum of the prices of each item it receives.
Nonlinear pricing permits prices to vary with quantity. In
the case of heterogenous items, this corresponds to permit-
ting pjk 6= pj + pk, where pjk is the bundle price associated
with purchasing the combination. Prices are also classically
anonymous, that is, they do not depend upon an individ-
ual's identity|all participants can buy or sell the item at
the posted price. The exception is discriminatory pricing,
which allows prices to vary depending upon some attribute
of the agent, such as its identity or its current or historical
bids.
The common benchmark against which combinatorial mech-

anisms are compared is the Generalized Vickrey Auction
(GVA) [13]. The GVA can be viewed as a sealed-bid, com-
binatorial auction that computes discriminatory payments.1

1The monetary transactions determined by the GVA are re-
ferred to as payments because they are computed per agent,
and not per item, or combination of items. The GVA does
not specify the costs of unassigned items or bundles.

It is attractive because it is incentive compatible, individ-
ually rational, and eÆcient, but these desirable properties
come at a signi�cant computational cost for both the auc-
tioneer and the participants [2]. The auctioneer must solve
the winner determination problem to determine the optimal
allocation of items, and then solve a winner determination
problem once for each agent to determine payments. In ad-
dition, the GVA requires that each agent submit its utility
function which, in the worst case, speci�es 2n � 1 values
(where n is the number of items), each of which may be
computationally expensive for the agent to determine.
One motivation for investigating PCAs is the computa-

tional burden the GVA places on agents. Because a PCA
iterates, an agent need not prepare bids for every combina-
tion of items of potential interest; rather, it can wait to see
based on the feedback which combinations are likely to be
relevant [19]. Since combinatorial auctions, by de�nition,
involve a combinatorial number of potential bundles, this
can lead to a tremendous saving of e�ort for the agents. In
addition, the GVA requires that participants place a great
deal of trust in the auctioneer if they are going to completely
reveal their utility function. In a PCA, the participants need
reveal only that portion of their utility functions that they
deem relevant to the allocation.
The PCA we propose here achieves these general bene-

�ts of progressive mechanisms by using an anonymous, non-
linear pricing scheme. There are several potential bene�ts
to anonymous pricing. First, when prices are determined
based on identity (or bidding behavior), agents may have
a further incentive to bid strategically to misrepresent this
information. Second, we expect that participants in com-
binatorial auctions will desire an (admittedly incompletely-
de�ned) fairness in the payment scheme. In particular, par-
ticipants will presume that if another buyer purchased a
bundle of items, b, for a price, say �b, during the auction,
then all agents should have had the opportunity to purchase
b for �b. Though weaker than the no regret property [3]|
which says that, regardless of whether prices are anonymous
or discriminatory, an agent would not change its strategy af-
ter observing the other agents' bids|this property does say
that an agent would not want to purchase someone else's
bundle once it learns the �nal prices.
In the next section, we present the formal model of the

allocation problem and de�ne mechanism properties of in-
terest. Section 3 shows how the anonymous, nonlinear prices
are generated and proves that these prices have the desired
properties. Section 4 introduces a new progressive com-
binatorial auction based on this price setting method and
presents the results of our preliminary experiments with the
mechanism. We compare our mechanism to other combina-
torial auctions and discuss other related work in Section 5.

2. MODEL
We consider the task of allocating a set of n heterogeneous

items J to a set of m agents I. The agents are indexed by i

and the items by j. There are 2n� 1 di�erent combinations
of items (excluding the empty set). Let b 2 f0; 1gn where
bj = 1 implies that item j is an element of the bundle b. For
two bundles, b and c, we use the superset notation b � c

to indicate that for all j, bj � cj. The set of all possible
bundles, denoted B, forms a �nite lattice.
The value that an agent derives from a bundle is given by

vi(b). We assume that agents have quasilinear utility, are



risk neutral, and have no budget constraint. Further, we
invoke free disposal, which allows us to assume valuations
increase monotonically as items are added to a bundle. For-
mally, b � c implies vi(b) � vi(c).
A solution to the allocation problem is a feasible assign-

ment of bundles to agents. Let xib 2 f0; 1g take the unit
value only when b is assigned to i. The value of the socially
eÆcient allocation is given by

max
X
i

X
b

vi(b)xib (1)

s:t:
X
b

xib � 1; i = 1; : : : ;m;

X
i

X
b

b
j
xib � 1; j = 1; : : : ; n;

xib 2 f0; 1g:

The �rst constraint implies that each agent receives at
most one bundle. The second ensures that no item is allo-
cated more than once.
Let f� � fx�ibg be a solution to (1). The value of the

solution is simply

V (f�) =
X
i

X
b

vi(b)x
�

ib:

Let f�i be agent i's allocation in f�.
Let p be a vector of prices, one for each element of J .

In a price equilibrium, agents behave as if prices are deter-
mined exogenously and are una�ected by the agent's own
actions. Under quasilinear preferences, a solution, f�, and
price vector, p, form a price equilibrium if, for all i,

vi(f
�

i ) � p � f
�

i = max
b2B

[vi(b) � p � b]: (2)

If (2) holds for a price vector p, we say p supports the
equilibrium. However, as the example in Table 1 illustrates,
price equilibria do not always exist in the problem domain
under consideration. Thus we relax the de�nition of a price
equilibrium to account for nonlinear prices.
A complete speci�cation of nonlinear prices associates a

price, �b, with every bundle, b. The aggregation of these
prices forms the lattice �. Under quasilinear preferences,
the solution f�, and price lattice �, form a nonlinear-price

equilibrium if, for all i,

vi(f
�

i )� �f�
i
= max

b2B
[vi(b)� �b]: (3)

If (3) holds for lattice �, we say � supports the equilibrium.
We further require that the price of a bundle be at least

as great as any of its subsets (a natural consequence of free
disposal). Each agent faces the same price lattice, that is,
prices are anonymous.
To maintain nonlinear pricing, it may be necessary to

have some regulator enforce the allocation of one bundle per
agent. Otherwise, if �b[c > �b + �c, an agent could obtain
b[c at advantageous terms by purchasing b and c separately
and assembling the bundle. Similarly, if �b[c < �b+�c, two
agents may have an incentive to collude in order to purchase
the combined set at a discount, and reallocate the items
later.

3. EQUILIBRIUM PRICES
We now consider the existence of nonlinear-price equilib-

ria that support the eÆcient allocation when agents have
valuations that are monotone on the �nite lattice B. We
show that such equilibrium bundle prices always exist by
constructing them from the agents' valuations.

3.1 Construction
The construction proceeds in three steps. First, �nd the

eÆcient allocation. Next, compute prices on the bundles
that are allocated in f�. Finally, compute prices on the
unallocated bundles.
Step 1. Solve (1) and compute f� and V (f�). For ex-

ample, one can employ any of the aforementioned winner-
determination algorithms for this step.
Step 2. Let I� be the set of agents who receive items

in f�, that is, I� = fi j f�i 6= ;g. The set I:� denotes
the agents who receive nothing, I:� = I n I�. Let B� be
the subset of bundles that are assigned in f�, and B; be
the unassigned bundles. For each agent i 2 I:�, introduce
a null item �i to represent the agent's null allocation. Let
� � f�iji 2 I:�g. Every agent has a valuation of zero for
every element of �.
Let G = B� [ �, and g 2 G. G, along with the cor-

responding agent valuations, describes an assignment prob-
lem [24]. We refer to it as the assignment subproblem be-
cause in the process of formulating it, we have discarded
information about the original allocation problem. Speci�-
cally, we have omitted all of the bundles that are not part
of the solution. Note also, that we already have the solution
to the subproblem, f�, from Step 1.
We now compute �g, for all g, that support the solution to

the assignment subproblem. To accomplish this, we employ
the dual program used by Leonard [12] to compute minimal
prices for assignment problems. Let LPlower be the following
linear program:

min
X
g

�g

s:t: si + �g � vi(g); 8i; g;

si; �g � 0;X
i

si +
X
g

�g = V (f�):

The last constraint ensures that the �rst constraint is satis-
�ed at equality for the optimal assignment.
The si term represents the surplus achieved by agent i.

LPlower maximizes each agent's surplus within the range of
equilibrium prices that support the optimal solution to the
assignment subproblem. Note that the introduction of the
items in � is simply a trick to include the agents in I:�
in the assignment subproblem. In the solution, si = 0 and
��i = 0 for all i 2 I:�.
LPlower has a complementary program, LPupper, which

computes upper bound prices:



min
X
i

si

s:t: si + �g � vi(g); 8i; g;

si; �g � 0;X
i

si +
X
g

�g = V (f
�
):

Clearly the price vector produced in �nding a solution
to either LPlower or LPupper is a price equilibrium for the
assignment subproblem|the �rst constraint in both formu-
lations requires that an agent cannot gain any more surplus
from another assigned bundle than it receives from the one
allocated to it.
Step 3. Given a solution to either LPlower or LPupper,

the next step is to set prices on the bundles in B;. This can
be done in a straightforward manner using the surpluses
calculated in Step 2. For all b 2 B;,

�b = max
i
[vi(b) � si]: (4)

3.2 Properties

Theorem 1. The bundle prices, ��, computed by LPlower

and (4), support the eÆcient allocation.

Proof. The construction begins by identifying an opti-
mal allocation, f �. The question remains whether the con-
structed bundle prices, ��, support f�. A solution to LPlower

has the property that f�i maximizes i's surplus among the
bundles in G. Koopmans and Beckmann (1957) show that
an integer solution to the assignment problem always ex-
ists. By the Duality Theorem of Linear programming, we
can support this integer solution with prices. For all other
bundles, we set the price such that ��b � vi(b) � si (4).
Therefore, no bundle provides more surplus to i than its
assignment.

Theorem 2. The bundle prices, ��, computed by LPupper

and (4), support the eÆcient allocation.

Proof. Same as for Theorem 1 with LPupper in place of
LPlower.

These bundle prices satisfy the same monotonicity con-
straint imposed on valuations.

Theorem 3. The price lattice computed by LPlower and (4),

or by LPupper and (4), is monotone.

Proof. Condition (4) implies that, for all i, b 2 B;,

�b � vi(b)� si;

which can be written

si + �b � vi(b): (5)

The �rst constraint in LPlower (LPupper) imposes the same
condition on all b 2 B�.
Therefore, (5) holds for all i and b. Let h be the agent

that maximizes �b. That is, h = argmaxi[vi(b)� si]. Thus,

A B C AB AC BC ABC

Agent 1 6 6 5* 10 7 8 12
Agent 2 3 3 2 8* 5 6 11
Agent 3 4 2 1 7 6 5 10

Table 2: An example with three agents.

sh + �b = vh(b). When valuations are monotone, c � b

implies that vh(c) � vh(b). Therefore

sh + �c � vh(c) � vh(b) = sh + �b;

which reduces to

�c � �b:

Let �� be a lattice of prices calculated by LPupper and (4).
Similarly, �� is the price lattice resulting from solving LPlower

and applying (4). We now consider a range of equilibrium
bundle prices that support the optimal allocation.

Theorem 4. For all k 2 [0; 1], k�� + (1 � k)�� is a

nonlinear-price equilibrium.

Proof. Let b be (one of) agent i's most preferred bundles
at ��, and c be some other bundle. Because �� and �� both
support the same eÆcient allocation, i must not prefer c to
b at ��. Formally,

vi(b)� �
�

b � vi(c)� �
�

c;

and

vi(b)� �
�

b � vi(c)� �
�

c:

In both cases, the relation is invariant to positive scalar
transformations. Thus, for k 2 [0;1],

k[vi(b)� �
�

b] � k[vi(c)� �
�

c];

and

(1� k)[vi(b)� �
�

b] � (1� k)[vi(c)� �
�

c]:

Adding the two equations and simplifying gives

vi(b)� [k��b + (1 � k)�
�

b] � vi(c)� [k�
�

c + (1 � k)�
�

c]:

We refer to auctions that set prices in accordance with
Theorem 4 as k-bundle auctions. The k parameter here is
directly analogous to the parameter used in the k-double
auction [23]. �� and �� bound the range of anonymous
bundle prices for which supply equals demand. Reducing
any price in �� would create excess demand for some of
the items. There is a slightly weaker analogy for the upper
bound. We cannot raise the price of any b 2 B� without
disequilibrating supply and demand. However, in some cases
we can increase the prices of bundles in B; without adverse
a�ects.



AB C �3

Agent 1 10 5 0
Agent 2 8 2 0
Agent 3 7 1 0

Table 3: The assignment subproblem.

A B C AB AC BC ABC

�� 4 4 3 8 6 6 11
�� 4 2 1 7 6 5 10

Table 4: Equilibrium price lattices.

3.3 Example
Consider the example in Table 2. The eÆcient allocation

is to assign AB to agent 2 and C to agent 1. Agent 3 gets
nothing. This allocation has a social welfare of 13.
In order to construct equilibrium bundle prices, we in-

troduce the null item �3. Now, solve the linear programs
LPlower and LPupper for the assignment subproblem in Ta-
ble 3.
The solution to LPlower for this problem is �AB = 7, �C =

1, and of course ��3 = 0. This leaves s1 = 4, s2 = 1, and
s3 = 0. The �nal upper and lower equilibrium price lattices
are given in Table 4.
Figure 1 shows the binding linear constraints for this ex-

ample projected into the space �AB � �C. The constraints
pictured correspond to:

�AB � 7 (6)

�AB � �C + 5 (7)

�AB � �C + 6 (8)

�AB � 8 (9)

The �rst constraint ensures that agent 3 doesn't want to
buy AB, while (7) and (8) ensure that agent 1 prefers C to
AB, and agent 2 prefers AB to C, respectively. The last con-
straint ensures that the price of AB does not exceed agent
2's valuation. The white region is the space of equilibrium
prices, and points on the dashed line between �� and �� are
k-bundle prices.

3.4 Discussion
To our knowledge, the only other study of nonlinear-price

equilibria in combinatorial auctions is by Bikhchandani and
Ostroy [4]. B&O analyzed the competitive equilibrium prop-
erties of the package assignmentmodel. In their formulation,
buyers and sellers exchange packages of items with the re-
striction that buyers are allowed to request only one package
from each seller, and sellers are allowed to earmark only one
package for each buyer.
B&O show that for the single-seller model, third-order

Walrasian equilibrium exist, but second-order equilibrium
may not. In their terminology, third-order equilibrium prices
allow a separate price vector for each buyer (i.e., are dis-
criminatory), whereas second-order pricing has one nonlin-
ear vector presented to all parties and is equivalent to what
we call anonymous, nonlinear prices. An example from their
paper is shown in Table 5.
Equilibrium in the package assignment model requires that

the seller choose to sell the combination of bundles that max-
imizes its revenue. In this example, in order for the seller to

AAAAAAAAAA
AAAAAAAAAA
AAAAAAAAAA
AAAAAAAAAA
AAAAAAAAAA
AAAAAAAAAA
AAAAAAAAAA

(7)

(6)

(9)

(8)

π
∗

π
∗

πC

πAB

8

7

1 2 3

Figure 1: The space of possible equilibrium prices

for the example in Table 2. The dashed line indicates

the range of k-bundle prices.

be maximizing its revenue with respect to the prices, sepa-
rate price vectors are needed for each buyer, labeled �1 and
�2 in Table 5.
B&O's results seem at odds with ours. The discrepancy

is explained by a di�erence in the allowable actions in the
two models. In contrast to B&O's model, our model does
not allow the seller to earmark bundles for buyers. Instead,
we assume the seller has consigned all the items to the auc-
tioneer, who then redistributes them to the buyers. For
the example in Table 5, (3:4; 3:6; 3:4; 6:65; 6:4; 6:9; 8:4) is an
anonymous price lattice, computed using our method, that
supports the assignment where agent 1 receives AB and
agent 2 receives C. We have �xed the price for C at 3.4 to
make the prices comparable to B&O's. Notice that the seller
receives less revenue (10.05 versus 10.3) under our scheme
than B&O's. In fact, were the seller in our scheme free to
choose how to sell its bundles, it would prefer to sell AC and
B, generating an apparent revenue of 10.5. In some sense,
this loss of revenue to and loss of control by the seller is the
cost of producing anonymous prices.
The construction in Section 3.1 proves that any optimal

allocation is supportable by some anonymous, nonlinear-
price equilibrium. However, it should also be noted that
by relaxing the pricing scheme from linear to nonlinear, we
admit equilibria that support nonoptimal allocations. For
example, the price vector (2; 2; 2:5) supports a competitive
equilibrium for both the problem in Table 1 and the prob-
lem in Table 6. However, in the latter case the allocation
it supports is ineÆcient|agent 1 gets both items. For this
example, the price vector (2; 2; 3) supports the eÆcient al-
location.2 Clearly, one of the challenges in developing an
eÆcient allocation mechanism will be avoiding these ineÆ-
cient equilibria.

2We present the price vector that is computed by our al-
gorithm, but in this problem, the eÆcient solution actually
has an equilibrium that is supported by linear prices.



A B C AB BC AC ABC

Agent 1 4 4 4.25 7.5* 7 7 9
Agent 2 4 4.25 4* 7 7 7.5 9

�1 3.5 3.4 3.75 6.9 6.5 6.5 9
�2 3.5 3.75 3.4 6.5 6.5 6.9 9

Table 5: An example from Bikhchandani & Ostroy.

The top two rows specify the agents' valuations.
The bottom two rows display third-order equilib-

rium prices. �1 and �2 are the price vectors that

govern trades with agent 1 and 2, respectively.

A B AB

Agent 1 0 0 3
Agent 2 2* 2 2
Agent 3 2 2* 2

Table 6: An example with multiple equilibriumbun-

dle price vectors.

4. ASCENDING k-BUNDLE AUCTIONS
Although we have developed the price setting policy un-

der the assumption that the mechanism knows the agents'
valuations, the procedures derived can be applied to bids
and used in the quote or clearing steps of an iterative auc-
tion. Thus, we can combine the k-bundle price policy with
a wide variety of other auction rules [26], giving potentially
hundreds of new auction types to explore. In this section,
we present the class of Ascending k-Bundle Auctions (abbre-
viated AkBA), and examine one particular member where
k = 1 (abbreviated A1BA).
Without loss of generality, we assume that agent i's bid,

ri, is expressed as a collection of mutually exclusive o�ers
on bundles of the form ri(b), where ri(b) 2 R+.

3 ri(b) is
not necessarily equal to vi(b). An agent can bid on any or
all bundles, but will be assigned at most one bundle.

4.1 AkBA Rules
AkBA accepts bids in the form described above, and com-

putes a tentative optimal allocation and a quote, in the form
of a price lattice, by using the k-bundle price procedure.
AkBA applies the ascending rule and the beat-the-quote
bidding rules [26]. The combination of these rules requires
that agent i's new bid, r̂i, satis�es r̂i(b) � ri(b) for all b,
and r̂i(b) � �b+Æ for at least one b, where Æ is the minimum
bid increment. The auction clears when a period of bidding
inactivity concludes.
As a practical matter, rather than having an agent specify

a valuation for every member of the lattice in each bid, the
auction stores the agent's previous o�ers (beginning at zero)
and the agent's message is treated as an update. We assume
that the auctioneer interprets these updates in a manner
consistent with the assumption of monotone valuations; if
agent i increases its o�er on b, the auction ensures that i's
o�er is raised on all c � b for which the agent's previous o�er
was less than its new o�er on b. Formally, for all c � b,

r̂i(c) = max(ri(c); r̂i(b)):

3This is the standard XOR format described by others,
which is fully expressive [18]. In particular applications,
more concise bidding languages can be used.

A B AB

Agent 1 5* 3 7
Agent 2 2 3* 6

Table 7: An example in which prices would decrease

if agent 1 increased its o�er on B.

Note that o�ers cannot be withdrawn even if they are not
part of the current tentative best allocation.
The auction begins with a quote in which each price on

the lattice is zero. Thereafter, it calculates a new price lat-
tice each time a bid is admitted.4 With k = 1, the quote is
the price lattice �� computed from the current set of bids.
Because of the manner in which the prices are determined,
the agent knows it is winning the bundle that maximizes
ri(b) � �b. If more than one bundle satis�es this condi-
tion, the agent may not be able to tell from among these
which it is winning. To remedy this, the auction informs
each agent which bundle, if any, it is tentatively winning.
With this enhancement, the quote becomes separating, that
is, it accurately informs all agents of the contents and associ-
ated payment of their assignment in the tentative allocation.
Note that the auction needs to announce prices on only those
bundles that have received o�ers, since the agents can easily
perform the inference to determine minimal prices for the
rest of the bundles.
The auction design is directly applicable to situations where

bids are restricted in order to admit polynomial time al-
gorithms for computing f� [21]. It is equally well-de�ned
whether the bids are sparse or dense. In addition, we can
straightforwardly substitute approximation algorithms into
step 1 of the price setting procedure. In such cases, the auc-
tion can use the better of the previous best allocation and
the newly computed approximate solution to the winner de-
termination problem. This is a promising area for future
research as it may lead to high performing auctions that are
not constrained by the complexity of solving optimally the
winner determination problem.
We classify AkBA as a progressive auction because through

iteration it makes progress toward termination. The bidding
rules require that each agent's bid ascend, that is, be an im-
provement over its previous bid. However, this does not
necessarily mean that prices on the lattice monotonically
increase across iterations. Table 7 illustrates an example of
two agents bidding on three bundles. Based on these bids,
A1BA would determine that the best allocation involves giv-
ing A to agent 1 and B to agent 2, and would compute a
price lattice (5; 3; 7). Suppose that agent 1 increased its bid
on B to 4. The optimal allocation would remain the same,
but the supporting price lattice would now be (4; 3; 6). The
auction decreases the price of item A so that agent 1 would
still (weakly) prefer to buy it over any other bundle.
If agent 2 did not raise any of its o�ers, agent 1 could

further increase its o�er on B to $5, resulting in its winning
A for $3. Thus, by increasing its o�er on an item it is not
winning|possibly above its actual valuation|the agent is
able to reduce its payment. This illustrates one possible
strategic behavior in the auction. However, bidding higher

4AkBA could also generate price quotes on a �xed schedule,
or when a bid has been received from all of the participants.
Similarly, variations of AkBA could terminate at a �xed
time, or after a �xed number of rounds.



Solution Type Percent of Experiments

fABCDEg 1.5%
fABCDg fEg 11.8%
fABCg fDEg 6.5%
fABCg fDg fEg 26.4%
fABg fCDg fEg 16.3%
fABg fCg fDg fEg 33.1%
fAg fBg fCg fDg fEg 4.4%

Table 8: Distribution of (normalized) solutions

when � = 1:5.

than one's value for a item is a strategy that bears signi�cant
risk. If, for instance, after agent 1's second increase, agent 2
increased its o�er on A to $4. The best allocation would now
be to give A to agent 2 and B to agent 1 at prices (4; 4; 6).

4.2 A1BA Simulations with Myopic Agents
A complete game-theoretic analysis of A1BA is diÆcult.

To gain insight into the auction's potential performance, we
analyzed a protocol in which agents followed a straightfor-
ward best-response bidding strategy.

4.2.1 Simulation Design
The agents were assigned valuations on all possible bun-

dles according the the following algorithm, parametrized by
` and � > 0.

1. Assign values to individual items from the uniform
distribution of integers between one and `. That is,
vi(j) 2 [0; `].

2. Starting with bundles of size 2, and progressively in-
creasing the bundle size,

Let vb = maxc�b vi(c).

Let vb = maxc�b vi(c) + vi(b n c).

Assign a value to vi(b) selected from a uniform dis-
tribution whose range is [vb; vb + �(vb � vb)].

The parameter ` determines the range of valuations for
individual items. The parameter � controls the potential su-
permodularity of agent preferences. If � = 0, then an agent's
valuations are extremely subadditive|an agent's valuation
for the bundle is its maximal valuation for any element of
the bundle. When � > 1, an agent has the potential for
superadditive valuations. When � = 2, any given valuation
assignment has a 0.5 probability of being superadditive.
This method of constructing random valuation functions

was designed to produce problems which were likely to have
both subadditive and superadditive components. The simu-
lation consisted of 1000 randomly generated problems, each
with �ve agents and �ve items, with ` = 10 and � = 1:5.5

The distribution of optimal solutions among the 1000 ran-
dom problems (with items relabeled to normalize the solu-
tions) is shown in Table 8.
The agents implemented the following myopic bidding strat-

egy. Let �bi be agent i's tentative allocation, as asserted by
the auction. A myopic agent behaves as if it can win any

5Problems of sizes up to 8 items and 8 agents were solved
on a desktop computer. Because we completely specify each
agents' valuation function, an 8x8 problem consists of up to
2048 o�ers.

bundle that it is not currently winning by bidding �b + Æ.
The agent's real surplus from purchasing its tentative allo-
cation at the announced price is vi(�b) � ��b. The myopic
agent's strategy is to bid on bundle, b0, that maximizes its
real surplus at the given prices,

b
0
= arg max

b

�
vi(�b)� ��b if b = �b;
vi(b)� (�b + Æ) otherwise:

(10)

Then, if the solution to (10) provides strictly more surplus
than the agent's tentative allocation, the agent will increase
its o�er on b0 to �b0 + Æ.6

4.2.2 Results of the Simulation
A1BA was run for the 1000 random problems with agents

using the myopic best-response bidding policy and Æ = :5.
In 918 of the trials, the allocation reached by the protocol
was optimal.7 The average eÆciency of solutions found by
the protocol was 99.8%. On average, the seller (who we
assumed had zero reserve prices) captured 80% of the social
welfare generated. The lowest revenue percentage was 44%.
Although these results are encouraging, the numbers them-

selves should be viewed with some skepticism. As has been
pointed out in similar studies, eÆciency percentages can be
in
ated by adding a large constant to everyone's valuations|
the ratio 1

2
does not look as good as 1001

1002
. Also, the minimum

bid increment, Æ, a�ects both the convergence speed and the
quality of the solution: large Æs converge faster, but can pre-
vent an agent from placing a winning bid that triggers the
eÆcient allocation.
Further, the assumption that agents would follow the my-

opic best-response strategy in any PCA should be suspect.
An examination of the trials in which the auction terminated
at ineÆcient allocations reveals something about possible
agent strategies in A1BA. In several of these trials, an agent
won a large bundle, say b, without ever bidding on a subset,
c � b, that it would receive as part of the optimal solution.
Because the agent did not bid on c, the auction lacked the
information necessary to �nd the eÆcient allocation.
Table 9 illustrates the type of problem in which this can

occur. Suppose agent 1 bids on only the bundle AB and
agent 2 bids myopically. Eventually, it will win this bundle
at �AB = $5 � Æ. Thus, it will get a surplus of $2 � Æ.
If, instead, it bids on all of the bundles, a likely outcome is
that it will pay $2�Æ and win B (as it should in the eÆcient
allocation). However, agent 1's surplus is less in the second
scenario than in the �rst, and the agent therefore has an
incentive to bid strategically.

6Note that b0 is not necessarily unique. When �b is one of
the bundles that maximizes the agent's real surplus, the
bidding policy ensures that the agent won't change its o�er.
However, in other case where more than one bundle max-
imizes (10), agents must still choose among the potential
candidates. In the experimentation, such ties were broken
in favor of bundles that come earlier in a particular ordering
based on the bundles' binary representations.
7In 222 of the trials with eÆcient outcomes, the auction
reached a di�erent allocation than the A* search algorithm
we used to compute the optimal solution. This indicates
that many of the problems had at least two eÆcient solu-
tions.



A B AB

Agent 1 5 3* 7

Agent 2 5* 2 5

Table 9: An example in which it is in agent 1's in-

terest not to bid on B.

5. RELATED WORK
Under some well established conditions on the agents'

preferences, price equilibria exist. For example, it has been
shown that price equilibria exist if a gross substitutability

condition holds [10], or if utility functions satisfy the no-

complementaritiescondition [9]. Bikhchandani and Mamer [3]
demonstrated that price equilibria exist i� the total value of
the solution to the discrete allocation problem is equal to
the value of the corresponding relaxed linear optimization
problem.
There are a several notable alternatives to the GVA de-

signed to allocate heterogeneous items with complementar-
ities. The most well-known mechanism is the Simultane-

ous Ascending Auction (SAA) used by the FCC to allocate
spectrum rights [15, 16]. Three other promising mechanisms
have been studied: the Adaptive User Selection Mechanism

(AUSM) introduced by Banks et al. [2], a combination of
the SAA and AUSM called the Resource Allocation Design

(RAD) auction [7], and iBundle [19, 20].
These mechanisms di�er in many subtle ways. Two di-

mensions of particular relevance to this discussion are the
semantics of bids and the scope of items being priced. SAA
accepts bids on individual items, and sets prices on the in-
dividual items. RAD accepts bids on bundles, but still com-
putes prices exclusively for the individual items. AUSM
accepts bids on bundles and makes those bids public, essen-
tially announcing the prices of the bundles.8

The auction that most closely resembles A1BA is the
iBundle mechanism proposed by Parkes [19]. Both A1BA
and iBundle are progressive combinatorial auctions whose
primary innovation is in the payment determination step.
Both rely on existing algorithms to solve the winner deter-
mination problem, but the two auctions di�er in the manner
they compute bundle prices. iBundle comes in three 
avors:
iBundle(2) uses anonymous, nonlinear prices, iBundle(3)
has nonlinear discriminatory prices, and iBundle(d) switches
from anonymous to discriminatory prices when a single agent
bids on disjoint bundles. Interestingly, the motivation for
switching to discriminatory prices|to present a higher price
to an agent that is not winning a bundle than the price pre-
sented to the bundle's current winner|is the same situation
in which A1BA reduces the price on some bundles (namely,
the bundles that the agent is winning). In fact, the essen-
tial di�erence between A1BA and iBundle is the manner
in which the auction handles bids that contain o�ers on dis-
joint bundles. In iBundle, such a bid triggers discriminatory
pricing against that agent for the duration of the auction.
The same bid in A1BA will cause a downward adjustment

8This is an oversimpli�cation. The mechanism announces
the prices of the winning bundles, and provides a secondary
queue with which agents bidding on smaller bundles can
coordinate their bids to displace larger bundles. The prices
listed in this queue imply prices for their complements with
respect to supersets that have bids.

in prices only when it is necessary to attract the agent to
the bundle it is tentatively assigned.
Parkes has shown that, when discriminatory pricing is al-

lowed, agents following a myopic strategy in iBundle achieve
the optimal allocation, and thus the B&O third-order equi-
librium prices, within a factor that is linear in the bid in-
crement [20]. Our experimentation with myopic agents in
A1BA produced eÆciency results similar to those found by
Parkes [19], but we have not proved a theoretical bound on
the solution quality.
There are also several di�erences between the bidding

rules used by A1BA and those used by iBundle, as we un-
derstand them. Both A1BA and iBundle permit XOR ex-
pressions. iBundle also permits non-exclusive (OR) o�ers
within a bid, and de�nes a method for handling such of-
fers that has di�erent strategic implications than the nat-
ural XOR expression of the same preferences. In addition,
iBundle uses an ascending rule akin to that used in the SAA;
an agent's new bid must repeat o�ers for whatever bundles
the agent was tentatively winning in the previous round,
and any new o�ers must beat the quote by Æ. However,
o�ers on bundles that the agent is not tentatively winning
do not have to be repeated in the next round. Although
the asking price remains �xed after the non-winning o�er is
withdrawn, the o�er itself is no longer available to be used
in later solutions. Finally, iBundle has an option to take an
\�-discount", which is meant to be used by an agent when
the asking price has exceeded its valuation. In general, the
bidding rules in iBundle are more complex than in A1BA,
and seem to allow more avenues for strategic manipulation.
However, more research is needed to understand the simi-
larities and di�erences between the two auctions.

6. CONCLUSION
The allocation of discrete, heterogeneous resources when

agents have complementarities in preferences is a very gen-
eral problem that is likely to arise in many e-commerce appli-
cations. In this paper we have established that anonymous,
nonlinear equilibrium prices that support the eÆcient allo-
cation always exist. We accomplish this by solving a pseudo-
assignment problem for the bundles that are assigned in the
optimal allocation, and then constructing prices on the rest
of the bundles using a simple rule. This technique, which we
refer to as k-bundle pricing, leads to a range of equilibrium
price lattices.
We have also shown how the k-bundle price technique can

be used as a foundation for a progressive combinatorial auc-
tion. We believe that ascending combinatorial auctions that
generate anonymous bundle prices are likely to be acceptable
and explainable to real participants. Thus, we see A1BA as
an important step in the quest for a practical mechanism
that performs well in the face of complementary preferences.
We intend to continue our investigation of the family of k-
bundle auctions in general, and A1BA in particular.
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