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1 Introduction

In the classical Merton portfolio optimization problem, an investor dynamically allocates
wealth between a risky and a riskless asset and chooses a consumption rate, with the
goal of maximizing total expected discounted utility of consumption. For HARA utility
function the Merton problem has a simple explicit solution. See for example Fleming and
Soner [F1So] Example 5.2. In the Merton model, the interest rate  of the riskless asset
is a constant and the risky asset price fluctuates randomly according to a logarithmic
Brownian motion. However, in our real world, even for the money in the bank, the
interest rate may fluctuate from time to time. Therefore, in the present paper we assume
that the “riskless” interest rate r; is an ergodic Markov diffusion process on the real
line —oo < r < co0. A typical example is the Vasicek model, in which r; is of Ornstein
- Uhlenbeck type. In addition, the change of interest rate could be correlated with the
price fluctuating of the risky asset. A recent example is that, the US Federal Reserve
has lowered the interest rate several times since 2000, due to the bad performance of
the US stock markets. We also take this into account in this paper. Please see Section
2 for details.

Another motivation for our work comes from models for optimal investment, pro-
duction and consumption, of a kind considered by Fleming and Stein [FISt2]. This
interpretation of our model will be explained at the end of Section 2. See also Fleming
and Pang [FIP].

We use the dynamic programming method. The stochastic control problem which
we consider has state variables xy,7:, where x; is the wealth. The controls are the
fraction u; of wealth in the risky asset and ¢; = %’ where C; is the consumption rate.
The state dynamics are the stochastic differential equations (2.1) — (2.4). For HARA
utility, the value function V'(x,r) is a homogeneous function of z: V(x,r) = a7 W (r),
where « is the HARA parameter. For v > 0, a source of technical difficulty is that
W (r) increases rapidly to infinity as |r| — oo. In fact, Z(r) = log W(r) should grow
quadratically as |r| — oco. The dynamic programming equation (2.14) for V(z,r) is
equivalent to a nonlinear ordinary differential equation (2.22) for Z(r). We call (2.22)
the reduced dynamic programming equation.

We use a method of subsolution and supersolution to show that the reduced dynamic
programming equation (2.22) has a solution Z (r) with appropriate behavior as |r| — oco.
The sub/supersolution method is developed in Section 3. It is applied in Section 4 with
v > 0, to find a classical solution Z(r) to (2.22) which is bounded below and which
grows at most quadratically as |r| — oo. A verification result (Theorem 3) then shows
that Z(r) =Z(r) and that the corresponding control policies u*(r),c¢*(r) in formulas
(4.60) are optimal. These results require that 0 < v < 4 for suitable ¥ < 1. In Section 5
we consider y < 0. In this case W (r) = exp(Z(r)) decays to 0 as |r| — oo like |r|20—1),
The verification result is Theorem 5 in this case.

The results in this paper are adapted from the second author’s Ph.D thesis [Pang].
In Chapter 2 of [Pang], a related optimal investment problem on a finite time horizon
0 <t < T was also considered. The goal is then to choose an investment control
u; to maximize expected HARA utility of final wealth E[y~'z7.]. This model is of a
type previously considered by Bielecki and Pliska [BiPl], Zariphopoulou [Z], Fleming
and Sheu [FIShl]. The analysis for that finite horizon stochastic control problem is
considerably simpler than for the optimal investment-consumption model considered in
the present paper.

Fleming and Hernandez-Hernandez [FIHH] considered an investment/ consumption
model in which the interest rate is constant but the volatility of the risky asset price
is stochastic. The approach in [FIHH] has some features in common with the present



paper. However, the methods and technical issues to be resolved in the two papers are
different.

Our methods should apply to a wider class of stochastic control problems in which
the dynamic programming equation reduces to an ODE of the form —LZ = h(r,Z) as
in (4.3). The function h(r,Z) in (4.2) is the sum of a term vQ(r) — 8 and a decreas-
ing function of Z. The function Q(r) grows quadratically as |r| — co. This feature
significantly complicated the analyses in Section 4 and 5, in the cases v > 0 and v < 0.



2 The Dynamic Programming Equation

We use a logarithmic Brownian motion to describe the price P; of the risky asset:

d?ft = bdt + Uldwl,t7
where b, 0, are positive constants and w; ; is a standard 1-dimensional Brownian motion.
Let z; be the wealth at time t. The investment control u; at time ¢ is the fraction of
wealth invested in the risky asset. So (1 — u;) is the fraction of the wealth invested on
the riskless asset. Denote Cy the consumption rate at time ¢. For technical reasons, we
take ¢; = %‘ as a control instead of C;. Suppose the initial wealth is > 0. Then the
stochastic differential equation for the process xz; is

dl’t = It[’f't —+ (b — Tt)’ll,t — Ct]dt + Jlutxtdwl’t, (21)
g = uwm, (2.2)

where r; is the interest rate of the riskless asset at time t. Instead of a constant interest
rate in the classical Merton’s model, we consider a randomly fluctuating interest rate
model:

d’)"t = f(T't)dt+02d1I)t, (23)
rg = T, 2.4

where o5 is a constant and ; is a standard 1-dimensional Brownian motion. In some
cases, the fluctuation of the interest rate is correlated with the price change of the risky
asset. To describe this, we let w, = (w1, wa2)" be a standard 2-dimensional Brownian
motion. Define w; such that

dwy, = pdwy ¢ + /1 — p?dwa,, (2.5)
where p € [—1,1] is a constant. Since wi; and ws; are independent, we have
Eldw 4 - dwy] = pdt. (2.6)

So p is the correlation coefficient.
In this paper, we will consider the generalized Vasicek model:

f(r) € C*(R), (2.7)
|frr(M)] < K(1+|r]%), (2.8)
—co < fr(r) < —cq, (2.9)

where K, a, c; and ¢ are positive constants.
We consider a HARA utility function U(-):

UC) = %C”’, —co<y<1, v#0. (2.10)
Our goal is then to maximize the objective function
J(z,ru.,c)=Eg, /0OO e PtU (cpay ) dt, (2.11)
where (u_, c.) belong to a class II of admissible controls. Then our value function is
V(z,r) =sup By » /000 e PtU (cpay)dt. (2.12)
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We require that the control (ug,ci;t > 0) is an R2-valued process. In addition,
we require that it is JF;-progressively measurable for some (w; ¢, W;)-adapted increasing
family of o-algebras (F;,t > 0). See Fleming and Soner [F1So] Chapter 4 for details. In
certain cases, (u¢, ¢;) may be obtained from locally Lipschitz continuous control policies
(u, ©):

ur = u(t, v, 1), ¢ = c(t, e, 71),
where x; is obtained by substituting these policies in (1.1).

We also assume that ¢; > 0, and there is no constraint for the value of u;. In other
words, we take the u-value space U = (—o0, 00) in this paper. The negative value of u;
corresponds to disinvestment such as short-selling.

In addition, we require that

T
P (/ uldt < oo> =1, VT >0. (2.13)
0

Given this, we can use the Ito’s differential rule to verify that

¢ ¢
1
Ty = T exp {/ [rs + (b—rs)us —cs — §0fu§]ds —|—/ Ulusdwlys}
0 0
is a solution of (2.1) — (2.2). We can see that z; > 0 as long as z > 0.

Remark 1 The admissible control space I1 will be specified later in Definition 3 (v > 0
case) and Definition J (v < 0 case). For fixed 3 > 0, there exists a constant ¥ < 1 such
that 0 < v < 7 will insure that V(x,r) < oo. For a constant interest r, a condition
about B and v is given in Fleming and Soner [FlSo] page 176.

Remark 2 The log utility case, which corresponds to HARA wutility with v = 0, is
studied in Pang [Pang] Section 1.4. It is much easier to deal with.

By the definition of V'(z, ), using the dynamic programming principle, we can obtain
that the corresponding dynamic programming equation is

1
BV = sup |[(b—r)uzV, + ianQxQVm + palaguxVM} +rzV,
1, 1
+ f(r)Ve + o5V +sup | —caV + —(ca)7| . (2.14)
2 >0 ¥

For details, please refer to Fleming and Soner [FlSo] Section 4.5.
Since we consider a HARA utility function which is homogeneous in x with an order
of +, it is not hard to get the following lemma:

Lemma 1 V(x,r) is homogeneous in x with an order of .

Proof. According to (2.1) — (2.2), for any k > 0, we have

dkxy = kayr+ (b—r)w — c]dt + orukzdw g,
kro = kux.
Therefore,
> 1
J(kx,ru.,c.) = Emm/ e Pt (cikay)Vdt
0

Y
> 1
= kVEx,r/ eiﬁtf(ctxt)vdt
0 Y

= kK'J(z,ru.,c).



Thus we have
V(z,7) = supJ(z,r u.,c.)

= supz?J(1,ru.,c.)
u.,c.

= 2"V(1,r).

That is, V(z,r) is homogeneous in z.  Q.E.D.
From Lemma 1, we can suppose that

1
V(z,r) = ;x”W(r). (2.15)
Then, the differential equation for W (r) can be written as
1

QW = sup |[(b—r)uW + 5(7 — Dotu®W + palaguWT} +rW
Yy u

1 1, 1

+ —f(r)W, + —03W,. +sup |—cW + =" | .
v 2y >0 ¥

By the definition of V(z,), it is not hard to know that the suitable W (r) should be
positive.
Actually, if W(r) > 0 and smooth enough, we can define
(b —r)W(r) + por1oa Wy (r)

u*(r) = =)W ) , (2.16)

c*(r)=W(r) 1. (2.17)

Then we have

1
u*(r) € argmax [(b —r)uW + 5(7 — Do W + poroguW,. |,

1
c*(r) € argmax [CW + CA’} .
(&
Y
Actually, (u*, ¢*) will be verified to be the optimal control policy later in Section 4 and
Section 5 for v > 0 and v < 0, respectively.
Now we can rewrite the differential equation of W (r) as

1, [wvz(b —r) } PP o3 Wy
SOy Wer + | + f(r) | Wy + 50—
272 o1(1—7) fr) 2(1 - W
+ Q) = BIW + (1 =)W =0, (2.18)
where b r)?
—-r
=>4 2.19
Q) = g T (219)
We can see that Q(r) is quadratic with respect to r. Let
Z(r) =logW(r). (2.20)
Then the ODE for Z(r) is
2 2 2
o3 & 0”2, [Apoz(b—T)
27+ 2|1 Z Zr
2 7T [ +1—7} T+[ o1(1=7) +I0)

+1Q(r) = F+ (L =7)e7T =0,



Define

o2 2 oo(b—1
Hisp) = -2 2= 22200 )
—1Q(r) +8— (1= )e7T, (2:21)
then the equation for Z(r) can be rewritten as
o2
%ZM =H(r 2, 2Z,). (2.22)

We call (2.22) the reduced DPE. Our goal is to find a suitable solution V (z, r) of the
DPE (2.14) and verify that V(z,7) is equal to the value function defined by (2.12). To
obtain V (x,7), it is sufficient to find a suitable solution Z(r) of (2.22). Then, V(z,r) =
%:ﬂez(” will be the desired solution of (2.14). Although (2.22) is a nonlinear equation,
we can get some existence results by using a subsolution-supersolution method.

Investment, production and consumption model. In addition to Merton-type,
small investor portfolio optimization problems with randomly fluctuation interest rates,
another motivation for our work comes from considering models of the following kind.
An economic unit has productive capital and also liabilities in the form of debt. Let K,
denote the worth of capital at time ¢ and L; the debt. K; changes through investment,
at rate I;. Debt changes through interest payments, investment, consumption C; and
income from production Y;:

st = (’l"tLt + It + Ct - th)dt (224)

It is assume that productivity of capital fluctuates randomly about a mean rate b. This
is expressed by writing (formally)

Y. dt = Kt(bdt + Uld’wl’t) (2.25)

with w;; a Brownian motion as above. The constraints imposed are K; > 0,C; >
0,z; > 0, where x; = K; — Ly is the net worth of the economic unit. By subtracting
(2.24) from (2.23) we find that x; satisfies the stochastic differential equation (2.1) with

Uy = l’;th, Ct — x;lCt. (226)

If no bounds are imposed on the investment rate I;, then u; can be taken as the invest-
ment control and ¢; the consumption control. The constraint K; > 0 is equivalent to
the “no short selling” constraint u; > 0. We will ignore this constraint in the sections
to follow. To include, it requires rather easy modifications. For example, in (2.14), the
first sup would be taken over u > 0 rather than over all u.

In [FISt2], a similar international finance and debt model was considered. In that
interpretation the economic unit is a nation. Y; represents the national gross domestic
product and L; is the foreign debt. However, instead of a “mean reverting” model (2.3)
for the interest rate 7, it is assumed in [FISt2] that (formally)

ridt = rdt + oadws

with wy; a Brownian motion. As in the Merton problem, there is an explicit solution
in the model considered in [F1St2]. However, if the interest rate r; satisfies the SDE
(2.3), then the optimal investment and consumption policies u*(r), ¢*(r) depend on the
solution W (r) to a reduced dynamic programming equation as in (2.16) and (2.17).
This differential equation, or the equivalent differential equation for Z(r) = log W (r)
can be solved numerically.



3 Method of Subsolution and Supersolution

In this section, we will give an existence result for some type of ODEs which include
(2.22). The method of subsolution and supersolution will be used. This idea is partially
from [P], [BSW]and [W].

Consider a second order differential equation

Zyr =H(r, Z,7,). (3.1)
First let us define subsolutions and supersolutions of (3.1).
Definition 1 A function Z is said to be a subsolution of (3.1) on the whole real line if
Z.. > H(r, Z,Z,).
Z is a supersolution if - S
Zw <H(r,Z,Z,).

In addition, (Z,Z) is said to be a pair of ordered subsolution and supersolution of (3.1)
if they also satisfy -
Z(ry < Z(r), VreR.

We also want to define supersolutions and subsolutions of the corresponding bound-
ary value problem on a finite interval [r, 7]

{ Zyw = H(r,Z,2,), (3.2)

Z(Tl) = Zl7 Z(T’Q) = Z2.
Definition 2 A function Z is said to be a subsolution of (3.2) if
—er > H(T7 _Z7 —Zr)a —Z(Tl) < Zla —Z(r2) < Zs.

Z is a supersolution of (3.2) if

Zpw <H(r,Z )
2)

Z(r) =21, Z(ry) 2 Z
In addition, Z and Z are said to be ordered subsolution and supersolution if they also
satisfy B
Z(r) < Z(r), Vré€[ry,r.
First we will show that similar existence result holds for (3.2). Then we will extend

the result to the whole real line and get an existence result of (3.1). (2.22) will be a
special case. The following lemma is needed.

Lemma 2 Let F(r,z,p) be continuous and bounded on J x R?, where J = [r1,73].
Then the boundary value problem

{ er = F(?", Za Z’I‘))
Z(r) =21, Z(re) = Zo,

has at least one solution.

Proof. This is a direct result of Walter [W] page 262 Existence Theorem XX.
Q.E.D.

Some a priori estimates are needed to get the existence results for the boundary
value problem (3.2).



Lemma 3 Suppose Z(r) is a classical C? solution of (3.2) on J = [r1,r2], and it
satisfies -
Z(r) < Z(r) < Z(r) on J,

where Z(r) and Z(r) are subsolution and supersolution of (3.2), respectively. Define

M = max {sup |Z(r)|, sup |_Z(r)} . (3.3)
J J
Suppose that -
|H(T7Z,p)| S Cl(p2 +02)7 (34)

for v € J and |z| < 3M, where M is given by (3.3) and Cy > 0,C2 > 0 are two
constants. Then there exists a constant A,, which only depends on M,Cy and Cs, such
that

|Z.| <A, on J

Proof. Take

= maX{QCl, \/CT} .
Then, by the above definition, we can get that if |p| > i, we have
H(r,2,p)] < C1(5? + C3) < CL(p? + %) < ™ (3.5)
Take constants k,d such that
k> p2e? M ks =M 1.

Fix an rg € [r1,72]. For r € [rg, 79 + 0], define

1
w(r) = z log[l + k(r — ro)] + Z(ro).
Then we can verify that
w(rg) = Z(ro),
w(r0+5) = 2M+Z(T0)ZM2Z(7“0+($),
lw(r)] < 2M +Z(ro)| < 3M,
|wr(r)| > [

Given this, noting (3.4), we can show that
Wy — H(ryw,w,) < —w? + | H(r,w,w,)| < —fw? + fw? = 0.
Now, by virtue of Gilbarg and Trudinger [GT] Theorem 10.1 (page 263), we can get
w(r) > Z(r), Vr€rg,ro+ 9]

Similarly, for @w(r) = —w(r), using the same method, we can get

—w(r)=w(r) < Z(r), Vr€ro,ro+ 9]
Therefore, for any r € (rg, 79 + ¢), we have

(r)

120) — Z()| _ [u(r) - w(ro)]
|r — o] - |r —ro]

Let r — rar, we can get

k
ZT-’I" S jEA
| mn\J

Since 1y € J is arbitrary, we are done. Q.E.D.



Lemma 4 Suppose H(r, z,p) is strictly increasing with respect to z, and it satisfies
(3.4). If Z and Z are ordered subsolution and supersolution of (3.2) on J = [r1,ra],
then the boundary value problem (3.2) has at least one solution on J such that

Z(r) < Z(r) < Z(r), Vr e J.

Proof. Define B
Q=A{(r,z,p):reld z€[L,7], p| < Ao}, (3.6)

Z,,maxy Z,} and A is a constant as in Lemma 3.

Since H(r, z,p) is strictly increasing with respect to z, and it satisfies (3.4), it is
not hard to extend H to the domain J x R?, such that it is a continuous, bounded
function and it is strictly increasing with respect to z. Denote the extension to be H.
In addition, we can suppose that H satisfies (3.4). For example, we can take

where Ag = max{A, max; Z

H(r,z,p), ifre, 2<z>17
Hl(”72ap): H(?}Z,p)—kez—ez7 ifred, 2<%
FI(nZ,p)—i—e’Z—e’z, ifred z>Z,
and 3
) Hy(r, z,p), if |p| < Ao;
H(?‘,Z,p) = Hl(raz7 _AO), ifp < —Ao;
Hy(r, 2, M) if p> Ay.

It is not hard to verify that H(r,z,p) is a bounded continuous function on J x R2. In
addition, H(r, z,p) is strictly increasing with respect to z and it satisfies (3.4).
Take constants Z7, Zs such that

Now according to Lemma 2, we know that the boundary value problem

{ Zyw = H(r, Z,Z,),
Z(T’l = Zl, Z(’I”Q) = Z2

has a solution, say, Z(r). Now we need to show that Z < Z < Z and |Z,| < Ag. Assume
that Z < Z does not always hold on J. Then Z — Z is negative in an open set Iy and
is nonnegative at its endpoints. Suppose Z — Z reaches its minimum at ry € I, then
we have

ZT(To) = ZT(’I‘()), Z(To) < Z(To).
Noting that His strictly increasing with respect to z, we can get
(Zyr = Zer)(r0) < H{(ro, Z(ro), Zr(r0)) — H(ro, Z(ro), Zr(r0)) < 0.

So (Z — Z) can not reach its minimum in y. This is a contradiction. Therefore, we must
have Z < Z on J. A similar argument gives Z < Z. Further, since H satisfies (3.4),
following the same procedure in the proof of Lemma 3, we can show that |Z,.| < A < Ag
on J. Therefore, we can get that f[(r, Z,7,) = H(r,Z,Z,). Therefore, Z is a solution
of (3.2). Q.E.D.

The following uniqueness result is needed later.
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Lemma 5 (Uniqueness) Suppose H(r,z,p) is strictly increasing with respect to z,
and it satisfies (3.4). If two C? functions Z(r) and Z(r) are solutions of (3.1) on
J = [r1,r2], such that

Z(r) < Z(r), Z(r) < Z(r), (3.7)

then R
Z(ry=Z(r), onJ. (3.8)

Proof. Let ¢)(r) = Z(r) — Z(r). Then we have that 1 (r;) = v (rs) = 0. Assume that
1 reaches it minimum at ro € (rq,72), such that 1 (rg) <0, that is, Z(r¢) < Z(ro), and

Z.(ro) = Z(ro). Then, by virtue of (3.1) and the definition of 1, noting that H(r, z,p)
is strictly increasing with z, we can get

- (To) < 0.

This contradicts the assumption that i reaches its minimum at r¢ € grh r2). Therefore,

we must_have Z(r) > Z(r) on J. The same argument for ) = Z — Z will lead to
Z(ry< Z(r)onJ. Q.E.D.

Let (Z(r), Z(r)) be a pair of ordered subsolution and supersolution of (3.1) on the
whole real line, that is, Vr € R,

Z.. > H(r,Z1,), (3.9)
Zee < H(r,Z,Z,), (3.10)
Zir) < Z(r). (3.11

According to the definitions, it is immediate that Z and Z are ordered subsolution and
supersolution of the following problem on any I,,, = [-m, m]:

er =H (T, Z, Z,,,)7
{ Z(=m) = Z(=m), Z(m) = Z(m). (3.12)

Now by virtue of Lemma 4, the above problem has at least one solution Z9,(r), such
that

5 _ 0(r), ifrel,,
Zm(r) = { Z(r),  otherwise.

Then Z,, is continuous. Further, we have the following lemma:

Lemma 6 For any m, we have
Zr) < Znia(r) < Zm(r) < Z(r). (3.13)
Proof. By definition, for any m, we must have
2<Z,<Z.
So we only need to show that

Zmi1(r) < Zp (1), Vr. (3.14)



By the definitions of {Z,,,m = 1,2,3,...}, it is sufficient to show that the above in-
equality holds on I,,. Actually, it is not hard to verify that Zm+1 is a subsolution of
(3.12) — (3.13) on I,,. Then by virtue of Lemma 4, there exists a solution Z*(r) of
(3.12) — (3.13), such that

Zmyr1(r) < Z*(r) < Z(r), Vr € L.

Noting the result of Lemma 5, we must have

Z5(r) = Zn(r), Vr € Iy,
which implies that (3.14) holds on I,,,. This completes our proof. Q.E.D.

Finally, we have the following existence result.

Theorem 1 Suppose H(r, z,p) is strictly increasing with respect to z, and it satisfies
(3.4). Let (Z,2) be a pair of ordered subsolution and supersolution of (3.1) on R. Then
(3.1) has a solution Z(r) such that

Z(r) < Z(r) < Z(r). (3.15)

Proof.  Consider the sequence {Zm} as in Lemma 6. It is easy to show that Z,,
converges in pointwise sense to a function Z as m — oo.

Since any bounded interval J is contained in I,,, for some m, a C? function Z is a
solution of (3.1) if it satisfies (3.1) in I, for any m. Let m be fixed, and let k& > m be
arbitrary. Then for r € I,,,, Z(r) satisfies

0 Zy o 0Zk, .

or2 - H(T, Zk, W)a Zk(im) < Z(im)’ Zk(m) < Z(m)

Since Z < Z, < Z, Vr € I,,,, we know that {Zk} is uniformly bounded on I,,. In
addition, noting Lemma 3, we can get that {66ZT 1 is uniformly bounded on I,,,. Finally,
by virtue of equation (3.1),(3.4) and (3.15), it is not hard to show that {6;22’“} and

{[%]a;]m} are uniformly bounded on I,,,.

Given the above results, using the Arzela-Ascoli theorem, we can show that {Z,,}
contains a subsequence which converges in C?(I,,) to a function Z € C2%(I,,). Since
{Zk} converges to Z in pointwise sense, Z must coincide with Z. Moreover, the whole
sequence {Z;} converges in C2(I,,) to Z as k — oo. Let k — oo, and we can get that
Z is a solution of (3.1) on I,,,. By the arbitrariness of I,,,, Z is a solution of (3.1) on R.
Q.E.D.

Now we only need to find a pair of ordered subsolution and supersolution to get
the existence of the classical solution Z(r) = Z(r). Then we can obtain the classical
solution V (z,7) = L27e¢Z("). This will be done for v > 0 case in Section 4 and for v < 0
case in Section 5. The solution will be verified to be the value function in both cases.
These verification results imply that the solution Z(r) to (3.1) satisfying the bounds
(3.16) is unique.

It is not hard to show that the function H(r, z,p) defined by (2.21) is strictly increas-
ing with respect to z, and it satisfies (3.4). Therefore, we have the following lemma:

Lemma 7 Let (Z, Z) be a pair of ordered subsolution and supersolution of (2.22) on
R. Then (2.22) has a solution Z(r) such that

Z(r) < Z(r) < Z(r). (3.16)
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4 v >0 Case.

In this section, we will find a pair of ordered subsolution and supersolution when v > 0
under some conditions, which will be specified in Lemma 8 and Lemma 9. Then we can
get the existence of the solution of the reduced DPE (2.22) by using Lemma 7. Further,
we need to verify that this solution is actually our value function. This result is given
in Theorem 2. The admissible control space is defined by Definition 3.

Define

LZ = %gz,,r + %% [1 + 17_’)27} Z2 + {751051(5177)“) + )| Zey  (41)
h(r.2) = hQ(r) = 8] + (1 = 7)eT. (4.2)

Then the equation (2.22) for Z can be written as
“LZ = h(r, ). (4.3)

It is easy to verify that Z is a subsolution (supersolution) of (2.22) if and only if
—LZ < (>)h(r, 2).
Lemma 8 Supose ,
B>qb— %7(1 =) (4.4)

Define K, as 3
K, =log K1, (4.5)

where K1 is a positive constant defined by

~ Lo 1 O’%

Ky 1 5—5’74'77(1—’7) . (4.6)
Then, any constant Ko < K7 is a subsolution of (2.22).
Proof. Since K5 is a constant, we have

LK,y = 0.

On the other hand, since Q(r) is quadratic, by the definition of K3, it is not hard to
verify that
h(?”, K2) > 07

for any constant Ko < K7. Thus, we have
—LKsy < h(?", KQ)

Therefore, K> is a subsolution of (2.22). Q.E.D.

The constant K7 has the following interpretation. The constant investment control
ug = 1 for all ¢ (no wealth in the “riskless” asset) is suboptimal. The solution to
the optimal consumption problem with this special choice for u; has value function
v~ 1Ky27. Condition (4.4) is equivalent to K7 > 0.

A formal asymptotic analysis suggests (but does not prove) that Z(r) in (2.20) grows
quadratically as |r| — co. With this in mind, we next seek a quadratic supersolution
Z(r) of the form (4.13), where the constants a; and as are to be suitably chosen. The

13



bounds (4.8) on the risk sensitivity parameter 7, and the lower bound (4.14) on the
discount factor 3 give sufficient conditions that such a supersolution Z(r) exists. Later
in the section, further restrictions on a1, as and G will be imposed in order to ensure that
the solution V(m, r) to the dynamic programming equation obtained by the sub/super
solution method is indeed the value function V' (z,7). See Theorem 3.

Lemma 9 Define

2.2
914
= . 4.7
n 02c? + 03 — 2c1po102 (47)
Assume that
0 <~ <min{l,n}. (4.8)
In addition, define
2
— 2 P
w = —20 [1 + ] , (4.9)
2vpog
= 2¢1+ , 4.10
e ' o1(1—1) ( )
P —— (4.11)
20{(1 =)
Let at,a™ be the real roots of p1a® + poa + p3 = 0. Then we have
0<a <a'. (4.12)

Moreover, for any ay € I = (a™,a™), there exist constants az > Ky and Cy(ay), where
K, is given by (4.5) and C1(-) are given by (4.20), such that

Z(r) = a1r® + ay (4.13)
is a supersolution of (2.22), provided that
B> —Ci(a). (4.14)

Proof. Since |p| <1, by (4.7) we can get 1 > 0. Moreover, under condition (4.8), it
is not hard to verify that (4.12) holds.
On the other hand, for Z(r) defined by (4.13), it is easy to verify that

Zr = 2011,  Zpr = 207.

Then we have

_ 2 2a17Ypos
LZ=-2d202 |1+ L |22 e Wl s —l
ajo; { + T r ar f(r)r (1= 7)( ) — 4105
By virtue of (2.9), there exists a £ € [0, r] such that
“2a1rf(r) = —2a1r[f(0) + fr(E)r]

—2a4 fr()r® — 2a, f(0)r
2c1a17% — 2a1 f(0)r.

V

Therefore, we have

2
-LZ > {2@1 <cl + W) — Qa%ag <1 + P )} r?
o1

(1-7) -y

Ypo2b

—2a, [f(0)+ 0_1(1_7)] r—ay03. (4.15)

14



To ensure that Z(r) is a supersolution of (2.22), we only need to show that

—LZ > h(r,Z). (4.16)
Define

Ma) = mal + pgar + ps, (4.17)

2y po by
)\2((11) = — 2f(0) + ﬁ a1 + m -7, (418)

1
b?
)\3((11) = 7(110’% — m, (419)
1
4X1(a1)Az(a1) — A3(ar)

Ci(a , 4.20
1( 1) 4A1 (al) ( )

where pi1, 2, p3 are given by (4.9) — (4.11). Then, by virtue of (4.15), to show (4.16),
it is sufficient to show that

a1T2+a2

A (a)r? 4+ Aa(a)r + As(ay) > =B+ (1 —7)e -1 . (4.21)

A basic calculation implies that Aj(a;) > 0, provided that a; € I;. Then it is not
hard to verify that the left hand side of (4.21) is bounded below by Cj(a1). From the
definition, we know that Cj(a;) only depends on ay,c1,b, p,01,092,7 and f(0). Since
0 <~y < min{y,1} and a; > 0, we have

a1r2

e <1.

Thus, if (4.14) holds, then we can take as > K large enough such that

(1= e < (1= 7)e < 6- Cilan),
which implies (4.21). Q.E.D.
Remark 3 From (4.7), we can get that v1 < 1 if and only if o9 > 2¢1po .
We have the following existence results for equation (2.22):

Theorem 2 Suppose (4.4),(4.8) and (4.14) hold. Then (2.22) possesses a classical
solution Z(r) such that

K1 < Z(r) < Z(r), (4.22)
where K1 and Z are given by (4.5) and (4.13), respectively. Define

1 ~
V(z,r) = ;Jﬂez(’"). (4.23)

Then V (z,7) is a classical solution of (2.14).

Proof. It is not hard to verify that (Kl, Z (r)) is a pair of ordered subsolution and
supersolution. Then by Lemma 7, there exists a classical solution Z(r) of (2.22) such
that (4.22) holds. By virtue of (4.23), it is not hard to verify that V(z,r) is a classical
solution of (2.14). Q.E.D.

Now we need to verify that V(z,r) is equal to our value function. This will be done
in Theorem 3. We will also specify the admissible control space in Definition 3. Before
we go to the verification theorem, we need some lemmas. In those lemmas, we always
suppose that (r,t > 0) is a solution of (2.3) — (2.4).

15



Lemma 10 Suppose v(r) € C*(R) is bounded. In addition, suppose v, and v are all

T
bounded. Then ¢(r,T) = Erefo vrodt s in C?1(R,[0,00)) and it is a classical solution
of

o(r,0) = 1.

The proof is rather standard. Please refer to Pang [Pang] Lemma 1.12 for details.

{ o1 = 10300 + F(1)dr +0(r) 0, (4.24)

Lemma 11 Suppose 6(r) € C*(R). In addition, suppose 0,0, 0. are all bounded.
Then n(r,T) = E.e®") is in C>1(R,[0,00)) and it is a classical solution of

1 _2
nr = 50'2773”r + f(’r)nra
i (429)

This is a direct corollary of Theorem 5.6.1 of A. Friedman [Fr].

Lemma 12 Let .
Q(r) = vir® + vor + vs, (4.26)

where v1,vy and v3 are constants and vy satisfies

1
—. 4.27
v < 20_5 ( )

Define a=,a"t as the real roots of the equation 203a% — 2¢1a + vy = 0. Then we have

0<a <a'. (4.28)
Moreover, suppose (r,t > 0) is a solution of (2.3) — (2.4) and suppose that

a” <a; <at. (4.29)
Then we have

e Ptpely Ards gy e (0,77, (4.30)

where A is a constant, provided that

B> —Caar), (4.31)
where Cz(a1) is given by (4.36).

Proof. Define a sequence of functions {QM (r),M =1,2,3,...} such that

<M

— 3

< I

)

92Q s (1)
or or?

Qu (r) < Qany (1) < Q(r), My < My lim Qu(r) = Q(r),

. . ‘8@1\4(7")

where M , My, My are constants. Define
P(r,t) = eiﬁtEefo QM(TS)dS.

Then according to Lemma 10, ¢» € C*(R, [0,00)) and it is a solution of the problem

{ % = 20 ()2 4 (Qu(r) — Bl (4.32)
w(rv O) =1
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It is easy to verify that, under condition (4.27), @~ and a* are real, positive numbers.
So we can take an @, such that (4.29) holds.

Define
M(a1) = —202%a2 4 2c1a1 — 11, (4.33)
5\2(&1) = —2&1 — Vs, (434)
5\3(&1) = —0‘%&1 — V3, (435)
4/\ A N A~ _ 3 A
Oa) = D@As(@) = Xo(@) (4.36)
4)\1(@1)

Following the same procedure in the proof of Lemma 9, it is not hard to verify that,
under conditions(4.29) and (4.31), ¥(r) = 17 satisfies

L85

Define &(r, T) = ¥(r, T) — 9(r). Then it satisfies

‘mm

+f( )9 + [Qui(r) — BIY,

/\H‘ﬁw

> 5
r,0

< RIY
|v“

{ 28 < RO L 1) 2 1 (Qui(r) — B,
£(r,0) <0.

Since Qy; is bounded, there exists a constant B > 0 such that Qu(r) — 3 < B. Define

Er,T) = e PTe(r, 1), Qu(r)=Qu(r)— 3 —B.

Then Q(r) < 0 and € satisfies

Since Qs (r) is bounded, by definitions of 1,9, £ and €, we can get

lim &(r,T) = —oo.

|r|—00

If £(r, T) reaches its maximum on R x [0, 73] at a point (rq, Tp), such that &(rg, Ty) > 0
then we must have Ty > 0 and

E-(ro, To) =0, &ur(ro, To) <0, Ep(ro, Tp) > 0.

This contradicts B B
o6« ~
= <2225 = )
. + f(r) or + Qu(r)€

Therefore, we must have R
&r,T) <0, vrT.

By definitions of € and &, we can get
o(r,T) < o(r), Vr,T.

Define A = ¢(r). Then A is a constant which does not depend on M, M or T. Thus,
by the Monotone Convergence Theorem, we can get (4.30). Q.E.D.
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Lemma 13 Define

2.2
_ 914
=—" 4.37
2= 523 4] (4.57)
and suppose that
0 <y <. (4.38)
Define
402 c1 1 4037y
= -t Jo__doy a1 j,  doyy L
2 (20% 202 a o2(1—2v)" 202 202 “a o?(1—27) (4.39)
and assume that
ag € Is. (4.40)
Define
27y 4by 2b%y
M=————, b=—s——+4dy, 1V13=—5——. 4.41
21— 2) 20 -2) 2 -2y) (441
Then for any
1 .
ﬁ > —502((12), (442)

where Ca(az) is given by (4.36) with vy, va, v3 defined above, there is a constant A, which
1s independent of T, such that

2T R eJo Qi A, (4.43)
where 0 )2
- T
= 7 4 4.44
R 4y

Proof. This is a direct corollary of Lemma 12. Q.E.D.

Lemma 14 Define

Iy = (0, KC;%) : (4.45)
where K > 8 is a constant. Assume that
as € I3. (4.46)
Define
Cs(az) = K/(0)as — Kolas. (4.47)

2Ko3az — 2c;
Then for any

1
ﬁ > —503(CL3), (448)

there is a constant A, which is independent of T', such that
e_QﬂTETeKa”?F < A.

The proof is almost the same as the proof of Lemma 12. So we omit it here. Refer
to Pang [Pang] Lemma 1.15 for details.
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Lemma 15 Suppose (4.8) holds. Define

_ Kpos _ 2 _ K’Qaipoioa—03) - _ (2-K)a _
kl = 201p 5 k2 = —a% , V1 = 1 , V3 = ) (449)
__ —2(K—2)ciky+ks V@(K—2)crky —k2)2+4(4K —4)c2k? by
Vo = 2y + Qk‘f ) Y4 = T+ (450)

where K is the constant in Lemma 14. Then if

k1 <0, 0<7vy<ns, (4.51)
or
k1>0, 0<7vy<ny, (4.52)
we have
I nNI;+# 0. (453)

Proof. It can be verified by virtue of some basic calculations. For details, please see
the proof of Lemma 1.16 in Pang [Pang]. Q.E.D.

Definition 3 (Admissible Control Space) The admissible control space 11 is

T
1= {(ut,ct):P </ udt < oo) =1, VT' >0, ¢ 20}. (4.54)
0

We have the following lemma:

Lemma 16 For (ug,c;) € 11, define
Y, = pealgl fo usdwl,r%%r{’fo UEdS, (4.55)
and define Tr to be the exit time of (z¢,14) from the ball {z? +1r? < R?}. Then we have
EYrar, <1, VT >0. (4.56)

Proof. Since (ut,c:) € II, we can get that P(Y; < oo) = 1. Then, by virtue of Ito’s
rule, we can get

TNATR
Yinmm = 1+ 2901 / usYadwy .
0

Denote 7,, = inf {t <T: fot ungds > nz}. Then it is easy to verify that Yraroar, is a
martingale and for any n > 0, and it satisfies EYyarpar, = 1. Since Y; is non-negative,
by virtue of Fatou’s lemma, we can get (4.56). Q.E.D.

Theorem 3 Suppose that (4.4), (4.8), (4.38) hold and either (4.51) or (4.52) holds. In
addition, assume
ar€liNlz, as €l (457)

and

ﬂ > max{—Cl(al),—%CQ(ag),—%Cg(al)}, (458)

where C1(-), Ca(-) and C3(-) are given by (4.20), (4.36) and (4.47), respectively.
Define V(z,r) as in (2.12) and define V(z,r), Z(r) as in Theorem 2. Then we have

V(z,r) =V (x,r). (4.59)
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In addition, J(x,7,u_,c.) reaches its maximum at

ang__T )7) 5;7(212:(;))’ ¢ (r) = €51, (4.60)

Proof. For any admissible control (ug,c;) € II, denote G*t“t as the generator of the
process (z, ;) under control (ut, ;). Then, by virtue of the Ito’s rule, we can get

u(r) =

d [e_ﬁtf/(a?t#t)} = {dv(mt’”) - ﬂ‘?(l‘t, rt)dt}
= Pt {g"f*cff/(fct,n) - 5‘7(%77"1&)} dt + dmy ¢ + dmy,y,

where m; ; and my; are local martingales under P.
Integrate it on [0, 7). Since V is a classical solution of (2.14), we have

T
~ 1
eiﬂTV(xT, rp) — V(z,r) < —/ e*ﬁtf(ctxt)vdt +my,r + maT.
0 Y

Let 7 define the exit time of (z4,7;) from the ball {z% 4+ r? < R?}. Then, for every
finite T', we have

T/\TR ~
Vix,r) > E/ ctxt)th—i-E [ ﬁTATRV(;vTMR,rTATR) . (4.61)
Noting V > 0, by virtue of Fatou’s lemma as R — oo, we can take liminf to get
Vix,r) > E/ ctmt )Vdt.

Now, let T'— o0, then we have

° 1
V(z,r) > E/ e Pt = (cpmy)Vdt,
0 v

which holds for any admissible control (u;,c¢;) € II. By the definition of V(z,r), we
must have, for any r, }
Viz,r) > V(x,r). (4.62)

On the other hand, for control (u*, ¢*) defined by (4.60), it is not hard to verify that
(uj,c;) € II. Then, instead of (4.61), we can get

N TATR 1 -
V(z,r) = E/ e*Bt;(cfzt)thwL E {e*BTATRV(a:TMR,TTMR)] . (4.63)
0

Using the Monotone Convergence Theorem, for any fixed T > 0, we can show that

TATR 1 T 1
lim E/ e*ﬁt(ctg;t)vdt:E/ e Pt (cpmy)Vdt. (4.64)
0 Y 0 v

R— o0

Define W (r) = ¢Z() . Then by virtue of (4.23), we can rewrite V(z,7) as

V(a,r) = %x”W(r), (4.65)
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Define

1
(ryu)=r+0-r)u-— §U%u2.

Then for any admissible control (uy, ¢;) € I, using Ito’s formula, we can get

t t
Ty = T exXp {/ [ (rmus) - Cs]ds +/ Ulusdwl,s} .
0 0

Given the above equality, by virtue of the Cauchy-Schwarz Inequality, we can get

E [6_5 TATRY (2 prgs TT/\TR):|

1 ~
= ;E [e*ﬁTATRJI%ATRW(TT/\TR)}

TAT ~
lﬂ (Eefo R2hl(rs,us)—vcs—ﬂ]dswz(rTMR))
v

1
2

IN

)

1
. (EefoTATR [27”1utdwl.t2'7205ufdﬂ> 5
where 1
l(r,uy=r+((b—rjut <7 — 2) o202, (w0
Using the result of Lemma 16, we have

T
fo ATR [2vo1urdwy ¢ —2'y20'fuf dt)

Be <1. (4.67)
Thus, we can get
_ TATR 1
V(z,r) = E/ e Pt (cpmy)Vdt
0 Y
1 TATR ; o ~ 3
+ ;x"’ (Eefo 2yl us)=ves m‘“WQ(rTATR)> . (4.68)

From (4.37), we can get that 72 < 1. Since 0 < v < 7> < 1, by virtue of (4.44) and
(4.66), we can get

Iryu) < Q1(r).
Therefore, for 0 < v < 2, ¥Q1(r) — 3 is lower bounded. Choose B such that vQ1(r) —

f — B > 0. Noting that ¢* > 0,W(r) < e’ +a2 and using the Cauchy-Schwarz
inequality, we have

TATR * * ~
{efo 2w<rs,us>wc3mdswz(rmm)]

S |:ef0T/\7'R 2[7Q1(r5)7ﬁ]d8W2(rT/\TR ):|
eQB(T/\TR) |:efOTATR 2[vQ1(rs)—B—Blds sup WZ (rt):|

0<t<T

T
< 2B(TATR) [efo 2[vQ1(rs)—pB—Blds sup WQ(rt)}
0<t<T

2B(TATR=T) [erT 2[yQ1(rs)—pBlds sup W2(’l"t):|
0<t<T
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T ~
< e2IBIT {efo 2[vQ1(rs)—pBlds sup Wz(rt)}
0<t<T
T
< 162(|B\7ﬁ)T |:6f0 4VQ1(Ts)ds+ sup V~V4(7“t)}
2 0<t<T
< 162(|B\—5)T [ef0T4vQ1(rs)ds+A2 sup e4a1r?:|
2 0<t<T
= N7,
where
A = e,
Next, we are going to show that
E.nr < oo, (4.69)

which ensures that we can use Fatou’s lemma in (4.68) to get rid of the stopping time.
First, by virtue of Lemma 13, we have

T
Erefo 4yQu(rs)ds < 00 (470)

provided that 0 < v < 75. Define t(r;) = et Then we also need to show that

E, [ sup 1/}(73)} < oo. (4.71)

0<t<T

By virtue of the Ito’s lemma, we have

2
dip(re) = Barryp(re)[f(re)dt + oadws,] + %[&W(n) + 64afriy(ry))dt
< [8ai(4a103 — c1)r? 4 8a1 f(0)ry + 4ayo3](ry)dt + dmy,

where

t
my = 8a102/ rst(rs)dws ;. (4.72)
0

By the definition of a1, we know that 4a;05 — ¢; < 0. Therefore, 8a1(4a103 — c1)r? +
8a1 f(0)r + 4a103 is upper-bounded. Suppose N > 0 is an upper bound, then we have

t
vr) Sulr) + [ Nu(r)ds +m (4.73)
0
By the definition of m;, we have
t
E.m? = 64a%0§E/ 202 (ry)ds.
0
For any s € [0,], by virtue of Lemma 14, we have
B, [r207(ry)] = Br [r26%7% | < Aa[B,e®H9n7] < oo, (4.74)
where A; > 0 is a constant and € can be any positive number. Therefore, we must have

E,m? < 00. So my is a martingale. Using fundamental martingale inequalities, we can
show that

E, [ sup m%] < 4E,m?2 < Ay < 00, (4.75)
0<t<T
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where A is a positive constant. Given this and (4.73), using the Chebyshev Inequality,
we can show that

E, { sup u)m)} < (r) + Ay + /0 ' NE, [ sup ¢(rs)} dt. (4.76)

0<t<T 0<s<t

Then, by virtue of the Gronwall’s Inequality, it is easy to get (4.71). Combined with
(4.70), this implies (4.69). Now, when we let R — oo and take limsup in (4.68), we can
use the Monotone Convergence Theorem and Fatou’s lemma to get

2

~ T T . -
Via,r) < E/ eiﬁtl(cfxt)“’dt+lxv (E {efo 2[“/Q1(rs)—“/cs—ﬁ]dsw2(rT)}> . (4.77)
0 Y Y
Denote § = f—max{—C1(a1),C2(a),C3(ay1)}. Then, from (4.58), we can get that § > 0.

Take 3 = 3 — %. Then, by virtue of ¢* > 0, using the Cauchy-Schwarz Inequality, we
can get

T ¢ ~
FE, l:efo Q[VQl(Ts)’YCSIB]dSW2(TT):|

T 3 1
< 7T [Erefo 4%21(%)48} B )]

1
R T 3 R 1
< e T eta {e_wTETefo 47@1(7’5”5} {e_MTETe‘l‘“T%} ’

Given above inequality, by virtue of Lemma 13 and Lemma 14, we can show that, for
any fixed T' > 0,

lim B, {e ffzhcz(nMc:mdswz(m] _o
Now in (4.77), let T — oo, then we have

V(z,r)<E /0 h e*ﬁt%(c;xmdt <V(x,r). (4.78)
Combined with (4.62), this implies

V(x,r) = E/OOO eiﬁt%(cfa:t)'ydt =V(x,r).

Thus, (u*,c*) is optimal and V(z,7) = V(z,r). Q.E.D.
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5 v <0 Case

In this section, we will investigate v < 0 case. The existence results will be given in
Theorem 4 and the verification results will be given in Theorem 5. The admissible
control space will be specified in Definition 4.

Using the same notations as in last section, we can write the equation of Z(r) as

~LZ = h(r, 2). (5.1)

For v < 0 case, we have the following results. A formal asymptotic analysis suggests
that, for v < 0, Z(r) in (2.20) behaves like 2(y — 1)logr as |r| — co. This leads to the
choice of Z(r) in (5.3) and the choice of Z(r) in (5.7). Condition (5.6) is sufficient for
the existence of supersolution of the form (5.7).

Lemma 17 Suppose v < 0. Define

—2y )
= —— =b— 1—7). 2
ay 30_%(1 — 7)2 ) a3z b Ul( FY) (5 )

Then there exists a constant ag > 0 such that for any az > as
Z(r) =log [(a1(r — a2)* + a3)? '] (5.3)
is a subsolution of (5.1).

It can be verified by virtue of direct calculations. See Pang [Pang] Lemma 1.18 for
details.

Lemma 18 Suppose v < 0. Define

b = 20%(;77_”2 by=b—o2(1—7), (5.4)
_ 20303 — v + 0% — 2pafony (1 — ) + | f(b2)]
by = b Sor 110 . (5.5)
If
2
B = by (=7 [2ealf(b) - T
~ 2903[3 — v +70°] = 2pofoay* (1 = 7) +9|f(b2)] (5.6)
207 (1 —7)[2c2 + [ £ (b2)]] ’ '

Then

Z(r) =log [(bi(r — b2)® + b2)7 "] (5.7)

is a supersolution of (5.1).

The proof involves a lot of calculations. The techniques used in the proof are very
similar to the proof in Lemma 9. Please see Pang [Pang] Lemma 1.19 for details.

Remark 4 From (5.2),(5.3), (5.6) and (5.7) we can see that
a1 > by as = ba, (5.8)
In addition, we can take as large enough such that
as > bs. (5.9)
Then



Given the above results, we can get

Theorem 4 Suppose v < 0 and (5.6) holds. Then (5.1) possesses a classical solution
Z(r) such that } B
4r) < Z(r) < Z(r), (5.11)

where Z(r) and Z(r) are given by (5.3) and (5.7), respectively. Define
1 ~

Ve, r)= —xve?M, (5.12)
Y

Then V(z,r) is a classical solution of (2.14), and it satisfies

1 ~ 1 >
Zz7edn < Viz,r) < =ave?™, (5.13)
v v

The proof is almost the same as the proof of Theorem 2. So we omit it here.
Lemma 19 Suppose y < 0. Let Z(r) is a solution of (5.1) which satisfies (5.11). Then

we have 5
lim Z.(r) =0. (5.14)

|r|—o0

Proof. By the definitions of Z and Z, we can get

(v — 1) log(ai(r — az)? + as) < Z(r) < (v — 1)log(by (r — by)? + bs). (5.15)
The above inequality implies ~
l‘irln inf | Z.(r)| = 0. (5.16)

Otherwise, Z(r) will have at least a linear growth as |r| — oo, which contradicts (5.15).

If (5.14) does not hold, Z,(r) must have a sequence of either positive local maxima
or negative local minima at points {r,,m = 1,2,3,...}, which tend to either +oco or
—oo with the following property: there exists & > 0, such that

|Z~T(T77L)| > 6. (5.17)

Suppose that Z,.(r) has a positive local maximum at r,,. Since Z(r)ﬁ C?(R), by
virtue of (5.1), we have that Z(r) € C3*(R). Therefore, Z,.(r;n) = 0, Zppr(rm) < 0.
Define

g=ad(14+72), F)=s0)+ L2 oz

Z

rr T frZr +7Qr — e_ﬁer

where Q(r) is defined by (2.19), and @, stands for its derivative. Since Zpp () =

0, Zprr(rm) <0, noting that Z < Z, we have

0 < (fr(rm) — bi(rm — b2)* = b3) Zo(rim) + <1 + Uga_bﬂ) . (5.19)
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If |rp,| is big enough, by virtue of (5.18), we will have
—fr(rm) 4 b1(Pm — b2)? + b3 > &1+ by (T — b2)? + b3 > 0.
Therefore, by virtue of (5.19), we can get

Tm—b
2y < L 0F D)
TN 8 4 by (e, — b2)2 + b

But the right hand side of the above inequality goes to 0 as |r,| goes to +oo, so we

must have ~

‘ li‘m Zp(rm) = 0. (5.20)
This contradicts our assumption (5.17). Similarly, if Z, has a negative local minimum
at {rm,m=1,2,...}, and we can also get (5.20). Therefore, (5.17) holds.  Q.E.D.

Define the admissible control space II as follows:

Definition 4 (Admissible Control Space) A control (us,c;) € R? is in the admis-
sible control space I1, if the following hold:

0<cy <Ay(ry — Ag)? + Az, VYVt >0, (5.21)
T
E/ uldt < oo, VT >0, (5.22)
0
T
E/ e 2t2adt < 0o, VT >0, (5.23)
0

where Ay > 0, A3 > 0 and Ay are some constants.
We have the following verification theorem:

Theorem 5 Suppose v < 0 and (5.6) holds. In addition, assume that

A1 +3y) 4
A2 = 207 (5.24)
07 Y 02

Define V(x,7) as in (2.12) and define V(x,r) and Z(r) as in Theorem 4. Then we have
V(z,r)=V(z,r). (5.25)

In addition, J(xz,r,u_,c.) reaches its maximum at

(b—r) |, poale(r) .o\ _ 2
oi(l—v)  o1(1—7) cly=e. (5.26)

Proof. For any admissible control (us,c;) € I, denote G¥*:°t as the generator of the
process (x¢,7¢) under control (ug, c¢t). Then, by Ito’s rule, we can get

u*(r) =

d [e*BtV(xt,rt)} =P {g"“C*V(:rt,rt) - 5‘7(%,7“,5)} dt +dmy ¢ + dmay, (5.27)

where
1

t t
my E/ e P oiu ] W(rs)dwr s, moy = ;/ e P oax YW, (rs)dibs,
0 0

26



and W (r) is defined by W(r) = e Z(")_ 1t is not hard to verify that W(r) is a classical
solution of (2.18).

From the definition of W (r), we know that L) < W (r) < eZ(). Thus, by virtue
of the definitions of Z(r) and Z(r), we can get that W (r) is bounded. In addition, from
Lemma 19, we know that Z,(r) is bounded. Since W,.(r) = W (r)Z.(r), W,(r) is also
bounded. Therefore, it is not hard to show that m; +, ms ; are both martingales.

Now integrate (5.27) on [0,T]. Since W(r) is a classical solution of (2.18), it is not
hard to verify that f/(aj, r) is a classical solution of (2.14). Then we have

T
~ ~ 1
e_BTV(xT, rp) — V(z,r) < —/ e_ﬂt;(ctmt)vdt +mi,r +mar.
0
Take expectation for both sides, and we can get

T
V(z,r) > E/ e*ﬁtl(ctsct)”*dtJrE[e*’BTV(:cT,rT)}
v

= E/ ctxt )7dt + E[ BT.I}W(T‘T)} . (5.28)
If J(x,r, u.,c.) = —o0, then we must have
V(z,r) > J(x,ru.,c.). (5.29)

Otherwise, if J(z,7,u.,c.) > —o0, i.e.,

/ E [e Pe)a]] dt < o, (5.30)
0
we must have

lim inf B [e”"clag] =0. (5.31)

In addition, it not hard to find a constant A such that
Ay (r —b2)® +bs] > [A1(r — A2)* + A3] .

Therefore, since v < 0, by virtue of (5.21), we can get

¢ > [Ai(re — As)* + As]”
> AV [bi(re — b2)? + 03]
> bsAYb3 ! [bi(ry — bo)? + b3
> baAY [by(r — bs)? + B3]
> by AW (ry).

Combined with (5.31), this implies
lim inf & {e‘ﬁTx%W(rT)] = 0. (5.32)

Then, let T'— oo in (5.28) and take liminf, and we can get

V(z,r) > J(x,r,u.,c). (5.33)
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On the other hand, for u,c; defined by (5.26), since Z,.(r) is bounded, it is not
hard to verify that

0<c <ai(ry—az)*+as, Vt>0, (5.34)

T
E/ (uf)?dt < 0o, VT >0. (5.35)
0

So (5.21),(5.22) hold if we take Ay > ay,As = as and Az > as. Thus, to ensure
that (u*,c*) € II, we need to show that (5.23) holds for u},c;. By Ito’s rule, Define

I(ryu) =7+ (b— r)u — 20?u?. Then using Ito’s rule, we can get

t t
Ty = Texp {/ [[(rs,ul) — c)ds + / Ulu:dwl)s} .
0 0

2
It is not hard to verify that ef yoruidws =8y ei(u])ds]

which satisfies

is a positive super-martingale
Eef dyoruldwr, s —8v20? (ul)?ds] <1.
Given above equality and by virtue of the Cauchy-Schwarz Inequality, we can get
g
E e (uf)?a} ]

1 1
2726t <E {(uz‘)“efo' 4v[z<w:>c:]ds]> :. (Eefo [4wa1u:dw1,ssfo%(u:fds]) ’

<
. 1
< x2re28t <E [(uf)‘lefo 4’v[l(rs,u3)—03]d5]> ’
¢ i
< 227 26t (E[(u;k)S])i . <E6f0 87[l(rs,u:)cz]ds)
where )
r,u)=r+(B-—r)u+ (27 ) otu?. (5.36)
Since Z, is bounded, using the Cauchy-Schwarz Inequality, we can get
(b—rs)? 5
Wre,u) > Ay + 76+ —o— (14 24). 5.37
(T s) 1+7" +20%(177)2( +27) ( )
In addition, by virtue of (5.34), (5.2), we can get
14 37)r2
y[l(rs,ul) — i) < 8y |A1 + Aors + (—(’_7),:)52 (5.38)
By Lemma 12, we can get that if (5.24) holds, then
Bels Baud=ellds < popy o oo e e (0, T, (5.39)
In addition, since Z,(r) is bounded, we can get
E|(w)*] A(T) < o0, We[0,T]. (5.40)
Therefore, we now have
E e )%} | < A1), wteoT], (5.41)
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which implies (5.23). Thus, we have shown that (u},c) € II. Given this, instead of

(5.28), now we can get

V(z,r) E/ (cfas 'Ydt—&—E[ 5T‘~/(a¢T,rT) .

Since V (zp,rr) < 0, we can get

xr<E/ cztvdt

Let T goes to 400, then we have

> 1
V(z,r) < E/ e Pt (cray) dt,
0 Y
ie., ~
Vz,r) < J(x,r,u”,c”).
This completes the proof. Q.E.D.
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