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Abstract

A portfolio optimization problem on an infinite-time horizon is considered.
Risky asset prices obey a logarithmic Brownian motion, and interest rates vary
according to an ergodic Markov diffusion process. The goal is to choose optimal
investment and consumption policies to maximize the infinite-horizon expected
discounted Hyperbolic Absolute Risk Aversion (HARA) utility of consumption.
The problem is then reduced to a 1-dimensional stochastic control problem by
virtue of the Girsanov transformation. A dynamic programming principle is
used to derive the dynamic programming equation (DPE). The subsolution-
supersolution method is used to obtain existence of solutions of the DPE. The
solutions are then used to derive the optimal investment and consumption poli-
cies. In addition, for a special case, the author obtains the results using the
viscosity solution method.

Key Words: Portfolio optimization, dynamic programming equations, sub-
solution and supersolution.
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1 Introduction

In the classical Merton portfolio optimization problem, an investor can invest his
money on a risky asset (e.g. stock) and a riskless asset (e.g. bond). The goal is to
maximize the total expected discounted utility of consumption by choosing the
optimal investment and consumption strategy. In this model, The interest rate
r for the riskless asset is a constant and the risky asset price fluctuates randomly
according to a logarithmic Brownian motion. For Hyperbolic Absolute Risk
Aversion (HARA) utility function, the Merton problem has a simple explicit
solution. The optimal investment strategy is to put the fixed ratio of the total
wealth onto the risky asset and the optimal consumption rate is a constant times
the wealth. See for example Fleming and Soner (Ref. 1).

However, in our real world, even for the money in the bank, the interest rate
may fluctuate from time to time. Therefore, in the present paper the interest
rate 7; for the riskless asset is assumed to be an ergodic Markov diffusion process.
A typical example is the Vasicek model, in which r; fluctuates around a certain
value at most of the time. Compared to the classical Merton’s model, due to the
fluctuation of 74, the optimal investment and consumption policy are no longer
constants. Instead, they depend on r; and the value function W (r;). See (48)
and (69).

Another motivation for this work comes from investment/consumption mod-
els in international finance, of a kind considered by Fleming and Stein (Ref. 2).
An investment,/ consumption model is considered by Fleming and Hernandez-
Hernandez (Ref. 3), in which the interest rate is a constant but the volatility of
the risky asset price is stochastic. Although the approach in Ref. 3 has some
similar features with the present paper, the methods and technical issues to be
resolved in the two papers are different.

The dynamic programming method is used for the stochastic control problem
considered in the present paper. The state variables are x;,r;, where x; is the
wealth. The controls are the fraction u; of wealth in the risky asset and ¢; =
Cy¢/x; where C; is the consumption rate. The state dynamics are the stochastic
differential equations (7) — (10). HARA utility is considered. The goal is to
choose optimal control policies to maximize the objective function defined by
(11). The problem is then reduced to a 1-dimensional problem by virtue of the
Girsanov transformation. The goal is then to maximize the new defined objective
function J, which is given by (18). This idea is partially from Fleming and Sheu
(Ref. 4).

A method of subsolution and supersolution is used to show that the dynamic
programming equation (28) has a solution W (r) with appropriate behavior as
|r| — 0o. v > 0 case and v < 0 case are considered in Section 3 and Section 4,
respectively. In either case, a pair of subsolution and supersolution of the DPE
is obtained to guarantee that a suitable classical solution exists. The solution is
then verified to be our value function. The solution can then be used to derive the
optimal control policy. These results are given in Theorem 3.1-3.2 and Theorem
4.1-4.2 for v > 0 and v < 0, respectively. In Section 5, for a special case, the



Vasicek model, viscosity solution method is used to solve the problem. The value
function defined by (19) is a viscosity solution of the DPE (22). Then we show
that this viscosity is smooth enough, and it is actually a classical solution of (22).

The results in this paper are adapted from the author’s PhD Thesis (Ref. 5).
In Chapter 2 of Ref. 5, a related optimal investment problem on a finite time
horizon 0 < t < T was also considered. The goal is then to choose an invest-
ment control u; to maximize expected HARA utility of final wealth E[y~1a7)].
This model is of a type previously considered by Bielecki and Pliska (Ref. 6),
Zariphopoulou (Ref. 7), Fleming and Sheu (Ref. 4). The analysis for that finite
horizon stochastic control problem is considerably simpler than for the optimal
investment-consumption model considered in the present paper. In the present
paper, it is assumed that the riskless interest rate r; and the risky asset price P;
are uncorrelated. Unfortunately, the Girsanov transformation technique and the
viscosity solution method used in the present paper can not be applied to the
correlated case. For correlated case, please refer to Fleming and Pang (Ref. 8).

2 Problem Formulation and Girsanov Trans-
formation

Consider an agent who can invest his money on a risky asset and a riskless asset.
The price of the risky asset P; is modelled by a logarithmic Brownian motion:

dP; = P, [bdt + aldwlyt] , (1)

where b, 01 are positive constants, and wy; is a standard Brownian motion. The
interest rate of the riskless asset may change from time to time. Here we use a
stochastic process to describe its behavior:

dry = f(re)dt + oadws, (2)

where o2 > 0 is a constant, and ws; is a standard 1-dimensional Brownian motion
which is independent of wy ;. We will consider the generalized Vasicek model:

f(r) e C*(R), (3)
| frr(r)] < K(1 4 [r]%), (4)
—c2 < fr(r) < —cu, (5)

where o9, K,a,c; and co are positive constants. One example is the Vasicek
model:
d’l"t = —E(Tt — f)dt + agdw;t, (6)

where ¢, 7 are constants. In this model, r; will spend most of its time around 7.

Denote x; as the total wealth of the agent at time ¢. Here we require that
x; > 0 all the time. Suppose at time ¢, a fraction u; of his money will be invested
on the risky asset, and his consumption rate is C;. Thus, a fraction of (1 — u;)



will be invested on the riskless asset. For technique reasons, we use ¢; = Cy/xy
in stead of C;. Suppose the initial wealth is « and the initial interest rate is r.
Then we can write the SDEs of (z,r¢) as

dry = zre + (b — re)up — ci]dt + orupaedwn ¢, (7)
xg = «x, (8)
dry = f(r¢)dt + ogdway, (9)
ro = T (10)
We consider the utility functions of the HARA type:
1
UlC)==-¢", —oco<vy<l1, v#0.
Y
Therefore, our goal is to maximize the objective function
& 1
J(x,ryu.,c) = Egm/ e Pt = (cyy)VdL. (11)
0 v

Next, we rewrite the expectation E(cixt)” in terms of an expected exponential-
of-integral criterion, which involves only u;, ¢; and ;. We make precise below the
class of admissible controls u;, ¢;, and justify the steps in the following derivation.

According to the equation of x;, using the Ito’s rule, we can get

1
dlog x; = [n + (b—rug — ¢ — 20%1@] dt + orurdwy 4.

Then we can get

t ¢
Ty = T exp {/ [[(rs,us) — cs]ds —|—/ alusdwljs} )
0 0

- 1
l(ryu)=r+(b—r)u— Ea%uz.

where

Therefore, we have

t t
Eyr(ciay)” = :E”Ercz exp {/ Y[l(rs, us) — cs]ds + 7/ Jlusdes} .
0 0

To get rid of the stochastic integral term, we write

t t t
1 1
7/ o1usdwy g _/ [’yalusdes — 2720%1@613] +2/ VQJ%uzds.
0 0 0

In addition, assume
t 1 t
M; = exp {/0 yorusdwy s — 2/0 ’y2a%u§ds} . (12)
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Then if we have
EM; =1, Vt>D0, (13)

we can define a new probability measure P as
dP = M,dP.

Under the new probability measure, we have

E(ciz;)” = 2V Ec] exp {/0 Yi(rs,us) — cs]ds} , (14)
where 1
lr,u)=r+(b-r)ju— 5(1—’y)a%u2. (15)

Noting (11) and (14), we know intuitively that to maximize J(z,r,u.,c.), it
is sufficient to maximize

1 [ - !
/ €_ﬂtErcg exp {/ ’y[l(?”s,us) — cs]ds} dt.
Y Jo 0

Since wy; and wq; are independent, the stochastic equation of 7 is still (9).
We regard (9) as the dynamics of a stochastic control problem, in which 7 is the
state, and (u¢, ¢;) is the control at time ¢. The newly defined objective function
J and the value function W (r) will be given in (18) and (19).

We require that the control (uz,c;) € R? for any ¢t > 0, and it is Foy-
progressively measurable, where (F24,t > 0) is an increasing family of o-algebras
generated by (wa,t > 0). See Fleming and Soner (Ref. 1 Chapter 4) for details.
In some cases, (u, ¢;) may be obtained from locally Lipschitz continuous control
policies (u, ¢):

ug = u(t,re), ¢ = c(t,re).

In addition, we assume that ¢; > 0, and there is no constraints for the value of
ut. We also require that

T
P{/ ufdt<oo}—1, VT > 0. (16)
0

Thus all the stochastic integrals we used above are well-defined.

Since w1y and wa; are independent, F5 ; and any o-algebra generated by w4
are also independent. Noting that u; is Fas-progressively measurable, we can
get

! 1
Eexp {/ [yo1usdwy s — 272g%u§ds]} = 1. (17)
0

That is, (13) holds. So the Girsanov transformation is justified. For details to
prove (17), please see Ustiinel and Zakai (Ref. 9, page 27).

The admissible control spaces will be specified later in Section 3 and Section
4 in case v > 0 and v < 0, respectively. Conditions to ensure that the value
function is finite will also be given.



Now, our goal to choose (u¢, ¢;) to maximize the objective function

. 1 o) R t
J(ryu.,c) = ’y/ e P E,c] exp {/ Y[i(rs,us) — cs]ds} dt. (18)
0 0

Thus, the value function is

W(r) = sup J(r,u.,c.). (19)

Remark 2.1 Since w;; and ws; are independent, the Girsanov transformation
does not change the law of 7, under the new probability measure. Therefore, E,
and F, will be the same. For notation reasons, we will use E, instead of E‘r in
the following parts of this paper.

Using the dynamic programming principle, we can write the DPE for W(r)
as

~ ~ 1 ~ ~
BW = sup |y(b—r)uW + 57(7 - 1)0’%U2W:| +yrW

- 1 5.4 - 1
+ f(r)W, 4+ ~03W, + sup [—'ch + cv] . (20)
2 20 Y

The potential optimal control policy is

* _ (b-?“t) () = T r ﬁ
) = (s ) = ) (21)

Therefore, the differential equation for W now is

S Gt LA
BW = 21— )02 +yrW
A 1 5.4 1 P
+f(T)Wr+§U§Wrr+ ;(1 —NhW]r-t. (22)
Define .
W(r) =~W(r). (23)
Then the equation for W (r) can be written as
SO+ S+ DR — BIW + (1 =)W =0, (24
where b r)?
—r
Q(r) = 31 = )02 + . (25)
Define
Lw = %USWM + f(r)Ws, (26)
W W) = (1Q(r) = )W + (1 - )W, (27)
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Then the equation of W can be written as
—LW = h(r,W). (28)

Actually, L is uniformly elliptic. Now let us define subsolutions and supersolu-
tions.

Definition 2.1 A function W is said to be a subsolution of (28) if

~ ~

—LW < h(r,W). (29)
W is a supersolution if ) X
—LW > h(r,W). (30)
In addition, if
W(r) < W(r), vrecR, (31)

then (W, W) is a pair of ordered subsolution and supersolution of (28).

In the next two sections, we will find a pair of subsolution and supersolution
of (28) and prove that it has a classical C? solution. This will be done for
v > 0 and v < 0 in Section 3 and Section 4, respectively, using the subsolution-
supersolution method. The solution is then verified to be equal to our value
function, in both cases.

3 ~v>0 Case

In this section, we obtain a pair of ordered subsolution and supersolution for
equation (28).~Then we use the subsolution-supersolution method to get a clas-
sical solution W (r). The function %W(r) will be verified to be equal to our value

function W (r) which is defined in (19), and the solution will then be used to
derive the optimal control policy.
First, let us get a subsolution of (28).

Lemma 3.1 Suppose v > 0 and

2
B> vb— %7(1 - ). (32)

Let K1 be a positive constant given by

= 1 o?
Ky :ﬁ 5—574'?7(1—7) . (33)

Then, any constant Ko € [0, K] is a subsolution of (28).

The proof is rather straight, so it is omitted here.
To get a pair of ordered subsolution and supersolution, we also need a super-
solution of (28). The following lemma is needed.
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Lemma 3.2 Define

2 2
_ 0149
=, 34
m a%c% + J% ( )
and assume that
0 <y <. (35)
Then the equation
920242 4 2c10 — —s ) = 0. (36)
? 20%(1—7)

has two different real, positive roots.

The result is easy to be verified by virtue of direct calculation. Suppose a™,a™

are the roots of (36) which satisfy 0 < a~ < a™. Define I = (a,a™). Let
a1 > 0 be a constant such that a; € I;. Define

v

pi(ay)) = —203a3 4 2c1a1 — 2207’ (37)
p2(a1) = —2a1f(0) —v+ a%(f’y_’y)’ (38)
2
ps3(ay)) = —ajo8 — 20%2/1()7), (39)
a ar) — pa(a)?
Ci(a1) = A 1)'[?/51(1;1) Ha(a1) . (40)

Then we have the following lemma.

Lemma 3.3 Suppose (35) holds and K is the constant given by (33). Then
there exists a constant A > K3 such that

W(r) = Aem” (41)
is a supersolution of (28) provided that

8> —Cl(al), (42)
where C1(aq) is defined by (40).

Proof. It is easy to verify that

W, =2a17W, Wy = (2a1 + 4a%r2)W.

Then we have o B
—LW = [-2d3031% — 2a17f(r) — a105]W.

By virtue of (5) and the mean-value theorem, we can get

—2a17f(r) = —2a17[f(0) + f,(€)r] > 2c1a17® — 2a1 f(O)r,



where & € [0,7]. Therefore, we have
—LW > [(2c1a1 — 2d202)r* — 2a1 f(0)r — a103)W.

Since W > 0, by the definition of h, to show that W defined by (41) is a
supersolution of (28), it is sufficient to show that

ﬂ,17‘2

pa(an)r® + paan)r + ps(ar) > —6+ (1 —7)ATTe

(43)

where p;(a1),i = 1,2,3 are given be (37) — (39). Direct calculation implies that
p1(ar) > 0. Then it is not hard to verify that the left hand side of (43) is bounded
below by C(a1). Since 0 < v < 71 < 1, we can get that exp {a1r2/('y — 1)} < L
Thus, if (42) holds, then we can take A large enough such that

a 7‘2
(1—7)ATTeTT < (1 —9)ATT < B+ Ci(ar),

which implies (43). O
Given a pair of subsolution and supersolution, now we can get a classical
solution of (28).

Theorem 3.1 Suppose (32), (35) and (42) hold. Then (28) has a classical solu-
tion W such that

Ky < W(r) <W(r), (44)
where K7 and W (r) are defined by (33) and (41), respectively.
Proof. By the definitions of K1 and W (r), they are ordered subsolution and
supersolution of (28). Now by virtue of Pao (Ref. 10 Theorem 7.5.2, page 322,
where subsolutions and supersolutions are referred as lower-solutions and upper-
solutions), we can get the result. ]

Denote (Fa¢,t > 0) the family of o-algebras generated by (wa¢,t > 0). We
have the following admissible control space.

Definition 3.1 (Admissible Control Space) A control (u,c;) is said to be
in the admissible control space II if it satisfies:

(i.) (ug,ce) is Foy -progressively measurable;
(ii.) (16) holds for uy;
(ifi.) ¢ > 0.

Next we will verify that W (r) = AW (r). This will be done in Theorem 3.2.
Actually, we need a condition stronger than (35). Define

_ Toics
=55 i 45
7= 7628 + 1603 (45)
we require that
0<y<H. (46)



Theorem 3.2 Let 0 < v < 7, where ¥ is given by (45). Suppose (32), (42)
holds. Let W (r) be the classical solution of (28) which satisfies (44). Then, if 3
is suitable large, we have

W(r) =AW (r). (47)
In addition, J(r,u., c.) reaches its maximum at
* (b - Tt) * T L
= ——-----— = W -1 . 48
u*(re) 1=y © (re) = [W(re)]> (48)

The proof is rather standard, and it involves a lot of stochastic calculations.
Please see Pang (Ref. 5 Theorem 1.6) for details.

4 <0 Case

Similarly to last section, we will find a pair of subsolution and supersolution
of the equation (28) in case 7 < 0. Then we use the subsolution-supersolution
method to get a classical solution W (r). %W(r) will be verified to equal our
value function W (r) defined in (19), and the solution is then used to derive the
optimal control policy.

Unlike v > 0 case, equation (28) now has a constant supersolution, instead
of a constant subsolution.

Lemma 4.1 Suppose v < 0 and

1
B> by = 5oty(1 =), (49)
Let K7 be a positive constant given by
L 1 o?
K™= ——|B=by+2y(1—-7)]. 50
! 1_76 v+ 5l =7) (50)
Then, any constant Ko > K7 is a supersolution of (28).

The results are not hard to verify by virtue of the definition of supersolutions
and the proof is omitted here. Next we will get a positive subsolution of (28).

Lemma 4.2 Define

1
i1 = —5—— =b—o2(1—~). 51
Assume that a1 and ag > 0 satisfy
0<a; <a, (52)
1 a a
(1=t by = gota(1=2) =52 (1=) | Dot +|r(aly /2 | 69
az az
Define
W(r) = [ay(r — az)? + a3 L. (54)

Then W is a subsolution of (28).
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The proof is rather direct. Please see Pang (Ref. 5 Lemma 1.30) for details.
The following lemma is needed in the verification theorem.

Lemma 4.3 Define a3z such that

s = (1- ) [303 ; \f(a2)\\/2] , (55)

where a; and ag are given by (51). If

i 1
B> —ag + by — 50%7(1 — ), (56)

then there exist a; > 0,a3 > 0 such that W/ ~!is a subsolution of (28), where
Wo(r) = ai(r — az)® + a3, (57)

and ag is given by (51). In addition, for Q(r) defined by (25), there exists 6 > 0
such that

YQ(r) —yWo(r) — B < —4. (58)

Proof. By definition, it is not hard to verify that 5 at

ﬂ - ')/dl =0. Since
1
a1 > 0, there exists an €; > 0 such that

O<ar=a1—e€ <aj. (59)
Thus, we must have
Y
— < 0. 60

Given this, noting (25) and (57), we can get

0.2
1) —Walr) — 8 <~ [5+am -+ Fo =) o)

Define 61 = 8+ ~vas — by + %0%7(1 — 7). By virtue of (56), we have that 6; > 0.
So we can take a constant ¢ such that

O<5<min{51,(1’y)flag}. (62)
as
Since § < 61, noting that v < 0, we can take ag > as such that
1
B+ yaz — by + 50%7(1 —~)=46>0. (63)

Now by virtue of (61), we can get (58).

11



In addition, since ag > as, using (63), (55), (59) and (62), we can get

1
(1 —7)az+by — 50%(1 -v) -8

= a3—5

> 1-v) ‘“a§+|fa2|\f]

€
(1-7) *02+|fa2\,/ +<1—w>;;a%—a

> (1-7) 02+rfa2\f
> (1) 02+|fa2\/>

Combined with (61), this implies (53). Then, by Lemma 4.2, Wg_l is a subso-
lution of (28). O

WV

Theorem 4.1 Suppose v < 0 and (56) holds. Define W(r) as in (54). Suppose
K5 is a constant such that

Ky > K1, K> W(r), Vr. (64)
Then, the equation (28) has a classical solution W (r) which satisfies
W(r) < W(r) < K. (65)

Proof.  Suppose W (r) satisfies (28). Define Z(r) = Ko — W (r). Then the
equation for Z(r) is

~LZ = ~(vQ(r) = B)[Kz — Z(r)] = (1 = y)[K> — Z(r)]7 7. (66)
Since v < 0 and ag > 0, (56) implied (49). Therefore, by Lemma 4.1, any
Ky > K is a supersolution of (28). In addition, by Lemma 4.2, W(r) is a
subsolution of (28). It is not hard to check that 0 and Ko — W(r) are (66)’s
subsolution and supersolution, respectively.

Now according to Pao (Ref. 10 Theorem 7.5.2, page 322, where subsolutions
and supersolutions are referred as lower-solutions and upper-solutions.), equation
(66) has a classical solution Z(r) such that 0 < Z(r) < Ko — W(r). Define
W (r) = Ko — Z(r). Then it is easy to verify that W (r) is a classical solution of
(28) and it satisfies (65). O

Next we need a verification theorem to make sure that W (r) is the solution
we need Before we do that, let us define the admissible control space II. Denote
(Fat,t = 0) the family of o-algebras generated by (wz¢,t > 0). The admissible
control space is defined as the following.

Definition 4.1 (Admissible Control Space) A control (u,c¢;) is said to be
in the admissible control space II if it satisfies:

12



(i.)
(ii.)
y
)

(ut, ¢t) is Fay -progressively measurable;
(

16) holds for uy;

(iii

%)

t =

)

0
(iv.) For Q(r) defined by (25), there exists a § > 0 such that

0 < C < Q(Tt) — 5 — 5 (67)

Then we have the following verification theorem:

Theorem 4.2 Let v < 0. Define W(r) as in (19) and suppose (56) holds.
Suppose W (r) is a classical solution of (28) which satisfies (65). Then we have

W(r) = ~yW(r). (68)
In addition, if we define
* __ (b — Tt) * [T L
Uy = ek i = W), (69)

then (uf,c) € IT, and J(r, u., ¢.) reaches its maximum at (u}, c}).

The proof is rather standard. Please see Pang (Ref. 5 Theorem 1.7) for details.

5 Viscosity Solution Method for the Vasicek
Model

In this part we will suppose that v > 0. Consider the Vasicek Model:

flr) = —a(r—7), (70)

where ¢1 > 0 and 7 are constants. Although this case is included in the models we
studied in Section 3, we will use a different method—viscosity solution method—to
get the results we expected. Put differently, we will use the viscosity solution
method to get the result that the value function W (r) which is defined by (19) is
a classical solution of the dynamic programming equation (75). For definitions
of viscosity solutions, please refer to Fleming and Soner (Ref. 1 page 64 Section
11.4).
The SDEs of (z, ;) are

dry = zfre + (b — re)up — cf]dt + orwpapdwn g, (71)
r9 = <, (72)
dry = —ci(ry —7)dt + oadway, (73)
rg = r, (74)

13



where wy = (w14, wa,)" is a standard 2-dimensional Brownian motion, and z > 0
and r are the initial wealth and the initial interest rate, respectively.

Denote (Fat,t > 0) the family of o-algebras generated by (way,t > 0). The
admissible control space is:

Definition 5.1 (Admissible Control Space) A control (u,c¢;) is said to be
in the admissible control space II if it satisfies:
(i.) (ue,ct) is Fay -progressively measurable;
(ii.) (16) holds for wy;
(iii.) ¢ > 0, and ¢ is bounded.
The objective function J and the value function W are defined by (18) and

(19). Using the dynamic programming principle, we can write the DPE for W(r)
as

. .1 . .
W = sup |v(b—1)uW + =~(y — 1)0%u2W] + yrW

2
S 1 9 1
—ci(r =)W, + zo3Wy +sup | —ycW + =7 . (75)
2 ) 0l
The potential optimal control policy is
* b—r % S _1
wt(r) = T ) = ) (76)
(1 =)oy
Therefore, the differential equation for W now is
. Yo—r)*W
BW w5 W
2(1 — 7)ot
R 1 5.4 1 AL T
= el =)W+ oW + (1= ) W] (77)

Before we go further, we need some lemmas. In those lemmas, we always
assume that (r¢,¢ > 0) is a solution of (73) — (74).

Lemma 5.1 Suppose v(r) € C?(R) is bounded. In addition, suppose v, v, are
all bounded. Define ¢(r,T') = E, exp {fOT v(rt)dt}. Then ¢(r, T) € C*}(R, [0, 00))
and it is a classical solution of
¢T = %U§¢rr —C1 (T - f)ﬁbr + U(T)¢7 (78)
6(r,0) = L.
The proof is rather standard. See Pang (Ref. 5 Lemma 1.12) for details.
Lemma 5.2 Suppose 9(r) € C%(R). In addition, suppose 0,0, d,. are all

bounded. Define n(r,T) = E,exp {0(rr)}. Then n(r,T) € C>'(R,[0,00)) and
it is a classical solution of

1_2 -
nr = 5050 — c1(r — 7)ny,
{ (r,0) = 2. (7)

14



Proof. This is a direct corollary of Theorem 5.6.1 of Friedman (Ref. 11). O
Next we will use the viscosity solution method to get the result that the value
function W (r) is a classical solution of (75).
First we will show that W (r) < oo under certain conditions. Define

t
®(r,t) = sup E, exp {/ ’Yl(rmus)ds} ; (80)
u 0

where [(r,u) is defined by (15). Noting that {(r,u) is quadratic with respect to
u, since 13 does not depend on the value of uy, it is easy to verify that

®(r,t) = E, exp {/Ot VQ(Ts)dS} :

_ _(b-1)? :
where Q(r) = +r as in (25).

2(1—9)o?

Define 5 5

_ 0149
=1 81
m a%c% + 0'% ( )

and assume that

0<vy<m. (82)

Then according to Lemma 3.2, the equation
—2624% 4 2¢10 — — ) =0, 83
oya” + 2c1a 20%(1_7) (83)

has two different real, positive roots. Suppose a~,a™ are the two roots which
satisfy 0 < a~ < a™. Let a be a constant such that

a” <a<a. (84)
Define
11 (a) = —2O'%CL2 + 261(1 — m, (85)
1
_ by
= =2 -+ =, 86
I/Q(a) C]_Ta ,y O'%(]. o 7) ( )
- 2 Yb?
V3(a) i 02a 20_%(1 _ ’y) Y (87)
_ 4n(a)vz(a) — na(a)?
Ca(a) (@) . (88)

Now let us get a bound for ®(r,t).
Lemma 5.3 Suppose (82),(84) hold. Define C3(a) as in (88). Then for any
,81 > —Cz(a), (89)

there is a constant A, which is independent of T, such that

e P TH(r, T) < Ae®”. (90)
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Proof. Define a sequence of functions {Qns(r), M = 1,2,3, ...} such that

Quin e c; lQutl < |2 PO g,
<Q

or?
QMl (T) < QM2 (T) (’I"), VM < Ma; ]\/}linoo QM(T) = Q(T),

<M,

where M is a constant that may depend on M. Define
1/1(7“, T) = eiﬁlTErefoT ’}’QM(M)dt7

then ¢(r, T) € C*}(R, [0,00)), and it is a solution of the problem

{ 2% = G0 er(r - 1) + hQu(r) - Bilw, o)
,0

Define ¥(r) = Ae®”. Then for A large enough, it is not hard to verify that

B n 2 82 /s 0 / _
> 2O a5+ hQu() - A,
P(r,0) > 1
Define &(r, T) = o(r,T) — ¢(r). Then it satisfies
0 202 0
o < 225 - o+ hQul) - Ak
&(r,0) < 0.

Since Qs is bounded, there must exist a constant B > 0 such that vQns(r)— 01 <
B. Define

é(?", T) = e_BTf(Tv T)7 QM(T) = ’YQM(T> - 51 - B.

Then Qp/(r) < 0 and € satisfies

of 2 92¢ ¢ -~ ~
< 2ot -ng +QuE
£(r,0) < 0.

Since Qs (r) is bounded, by definitions of 1,1, & and &, we can get

lim &(r,T) = —oo.

|r|—o0

If £(r,T) reaches its maximum on R x [0,71] at a point (rg,Tp), such that

&(ro, Tp) > 0, then we must have

(10, T0) =0,  &r(r0,T0) <0,  &p(ro, Tp) = 0.

16



This contradicts

or

c 2 92¢ & N _
<2 - Qi)

Therefore, we must have

&r, T)<0, VrT.
By definitions of é and £, we can get

(r,T) < Y(r), VrT.

Define A(r) = ¢(r). Then A(r) is a constant which does not depend on M, M
or T. Thus, by the monotone convergence theorem, we can get (90). [l
As a corollary, we have

Lemma 5.4 Suppose a is a constant which satisfies (84). If
B> —Cs(a), (92)

then R ,
W(r) < Are™, (93)

where A; is a constant.

Proof. For any admissible control ¢;, we can assume that 0 < ¢; < A, where
A is a general constant. Therefore, by the definition of ®(r,t), we have

A 1 [°° R t
W(r) = sup 5 / e P E,c] exp {/ Y[ (rs, us) — cs]ds} dt
u.,C. 0 0

1 o
< AW/ e PLo(r, t)dt.

v 0
Then (93) follows by virtue of Lemma 5.3. O
Lemma 5.5 If )
o
B>ab— (=), (94)

then W (r) is bounded away from 0.

Proof. Suppose
2

o
0> B=ab+ (=),
Take controls )
R . o
i =1, ctzél—[ﬁ—'yb—i—?lw(l—fy)].

Then by the definition of W (r), we can get

W(r) > J(r,a.,é).

17



Actually, we have

2
J(r ., e) = [\/OO E‘refot—[5—’Yb+071’y(1—’y)+és]dsdt
0
L [ A
= A/ e Ntdt = = >0,
0 0
where A > 0 is a constant. Thus, W (r) is bounded away from 0. O

Lemma 5.6 W(r) is convex and continuous in r.

Proof. By virtue of (73) — (74), it is easy to show that if 14 and ro; are
solutions corresponding to initial conditions r1 and rp respectively, then Arq; +
(1 — M)rg, is the solution corresponding to the initial condition Ar; 4 (1 — A)rs.
Since (7, w) is linear with respect to r, noting that e* is convex, we have

~

JAr1 4+ (1 = N)ra,u., c.)

1 00 . t
= ’7/ e P Ec) exp {/ Y[I(Ar1s + (1 — AN)7as, us) — cs]ds} dt
0 0

00 t
1/ e_ﬂtEA‘cz |:)‘ exXp {/ V(Z(rlsaus) - Cs)ds}
7 Jo 0

(1= N exp {/Oty(zon%, us) — cs)dsH dt

= M(ri,u,e) + (1= N)J(rg,u.,c.)
< AW (r1) + (1= )W (ra).

N

That is, W(r) is convex in r and then it is continuous in r. O

We know that the Girsanov transformation does not change the law of ry,
and 7 does not depend on the value of u;. In addition, since I(r,u) is quadratic
with respect to w, by the definitions of I(r,u) and Q(r) (see(15),(25)), we can
verify that

Z(T‘, U’) < Q(T)7 Z(Tv U’*) = Q(T),

where u* is given by (76). Therefore, by the definition of W and J, we can obtain
that .
. 1 [
W (r) = sup / e P E,c] exp {/ Y[Q(rs) — cs]ds} dt. (95)
c. YJo 0
Since our admissible control defined here is called feedback control in Borkar
(Ref. 12), following the same method in the proof of Theorem 1.1 on page 56 of
Ref. 12, we can get

Lemma 5.7 (Dynamic Programming Principle) Define 7 the exit time of
process ¢ from the compact set {r : [r| < R}. Then the following hold:

18



(a) For any admissible control ¢;, we have

o) > B[ [ erden] [ e - s a

v { [Mh0 e - lat ()]

(b) Ye > 0, there exists an admissible control ¢; such that

A B l TR . { t B }
W(r)—e < E [7/0 e e/ exp /O’y[Q(rs) cslds o dt

+ exp {/OTR YQ(r¢) — ver — ﬁ]dt} W(TTR)] :

On the other hand, since W(r) is well defined for all » € R, we can defined
a new value function W (r) as

W(r) = swkE, [i /OTR e '] exp {/Ot'r[Q(rs) — Cs]ds} dt
o ["h0un — e - gl W] 00

where 7p is the exit time of process r; from the compact set {r : [r| < R}. By
virtue of Lemma 5.7, we can get that

W(r)=W(r), Vre|-R,R].

Since W (r) is a continuous function on R, we know that W (r) is a continuous
function on (—R, R). Noting that ¢; is bounded, by virtue of Lions (Ref. 13
Theorem 1.1, page 1242), we get the following lemma

Lemma 5.8 W (r) is a viscosity solution of (75) on (—R, R).
By virtue of the fact that W(r) = W(r) on (—R, R) and R is arbitrary, we

can show the following lemma:

Lemma 5.9 W (r) is a viscosity solution of (75) on the real line.

Next we will show that (75) has at most one viscosity solution. To do that,
we define

W(r) =AW (r). (97)
Then W (r) is a viscosity solution of

L3 W — el — )Wy + Q) — AW + (1 - )W 7T =0, (98)

where Q(r) = 2((5:322 + r is given by (25).
1
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Now, according to Bailey, Shampine and Waltman (Ref. 14 Theorem 3.3, page
34), for any r € R, there exists an interval [rq,r3] with r € (ry,72) such that
equation (98) with any given boundary condition has a unique classical solution
on [r,r2]. Since classical solutions are also viscosity solutions, if we have the
uniqueness of the viscosity solution for the corresponding boundary problem on
[r1,72], then W (r) is also the unique classical solution of (98).

Suppose

Z(r) =log W(r). (99)
Then the equation of Z(r) is
1 _Z_
L3 (Ze + ZD) e~ P +1Q) — B+ ()T =0, (100)
Define

1 o
F(r,z,p, X) = =5 03(X +p%) +e1(r = F)p = 1Q(r) + B — (1 —7)e7~T, (101)
then the equation of Z can be written as
F(r,Z,Zy, Zyy) = 0. (102)

To show the uniqueness of W on a given finite interval [R;, Ro] with boundary
condition W(Ry) = W1, W (Rg2) = Wa, it is sufficient to show the uniqueness of
the solution of (102) with boundary condition

Z(Ry) =logWi, Z(Rs) = log Ws. (103)
It is easy to check that F' satisfies
F(ryx,p,X) < F(r,y,p,Y), Vr<yY <X
In addition, for y > z, there is a £ € [x,y] such that

F(ry,p,X) = F(re.p,X) = (y=1err = (y-1err
= Ty ).
Noting that v — 1 < 0, if z,y < A < oo, there exists a > 0 such that
F(ry,p, X) = F(r,z,p, X) > a(y — x).

By Lemma 5.4 and Lemma 5.5, we can show that W is bounded away from 0
and it is bounded on any finite interval. Thus Z is bounded on [R;, R2]. Then
we only need to consider the case when the solutions are bounded.

Finally, for a constant a; > 0, if | X|,|Y| < 3aq, then

F(ri,z,a1(r1 —19),Y) — F(ro,x,aq(r1 — r2), X)
= SO3(X —Y) £[Qr) — QUra)] + cran(ry — 1)’
< M[(r—7r2)? + (r1 — 2],

where A1 > 0 is a constant. Now, according to Crandall, Ishii and Lions (Ref. 15
Theorem 3.3, page 18), (102) — (103) has only one viscosity solution. Thus, we
have shown that
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Lemma 5.10 Equation (98) with boundary condition
W(Ry) = W1, W(Rg) =Ws
has only one viscosity solution.

Given this lemma, now we know that W(r) is in fact a classical solution of
(98). Actually, we have proved that

Theorem 5.1 Let 0 < v < 71, where v is defined by (81). Defined W (r) as in
(19) and suppose (94) holds. Then the following hold:
(a) W(r) is bounded away from 0, and it satisfies

Wi(r) < Aje™”, (104)

where A; and a are positive constants and a satisfies (84).
(b) W(r) is a classical solution of (75).

Remark 5.1 Unfortunately, the techniques we use above do not apply to v < 0
case, for that we can not get similar results as we obtained in Lemma 5.6.
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