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Abstract

This paper considers the computation issues of the infinite dimensional
HJB equation arising from the finite horizon optimal control problem of a
general system of stochastic functional differential equations with a bounded
memory treated in ([2]). The finite difference scheme, using the result in ([1]),
is obtained to approximate the viscosity solution of the infinite dimensional
HJB equation. The convergence of the scheme is proved using the Banach
fixed point theorem. The computational algorithm is also provided based on
the scheme obtained.
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1 Introduction

It has been recognized in recent years that the description of many real world
problems can only be modelled by stochastic dynamical systems whose evolution
depend on the past history of the state (see e.g. Kolmanovskii and Shaikhet [7]).
Such models are often referred to as stochastic (retarded) functional differential
equations (see Mohammed [12], [13] for an introduction of these models). Due to
their applications in engineering, life science, finance, and other areas (see e.g. Mo-
hammed [12]), its corresponding optimal control problems have recently received
increasing research attention. The linear-quadratic regulatory problem involving
stochastic delay equations was first studied in Kolmanovskii and Maizenberg [6],
and optimal control problems for a class of nonlinear stochastic equations that
involve a continuous delay of the following type

dX(s) = afs,X(s),Y(s),u(s))ds
+ 6(s, X(s),Y(s),u(s)dW(s), selt,T], (1)

have been studied in recent literature (see e.g. Elsanousi [3], Elsanousi et al [4],
and Larssen [10], Oksendal and Sulem [14]), in which Y (s) = fBT e X (s + 6)dob.

In authors’ recent research efforts (see Chang et al [2]), the finite horizon
optimal control problem has been investigated for the general (retarded) stochastic
functional differential equations of the following form:

dX(s) = oafs,Xs,u(s))ds
+ B(s, Xs,u(s))dW(s), se€lt,T], (2)

where X, is a C-valued random variable for each s € [t,T] defined by X;(f) =
X(s+80), 0 € [—r0], r > 0 denotes the duration of the bounded memory, and
C = C([-r,0];R™). In the above, the drift coefficient a(s, X, u(s)) as well as
the diffusion coefficient 3(s, X, u(s)) at time s € [t,T] depend explicitly on the
state variable over the time interval [s —r, s] (and of course on the control variable
u(s)). It is clear that (2) includes (1) as a special case. In the area of numerical
computation, we mention here that the method of Markov chain approximation
(see Kushner & Dupuis [9]) has been extended to solve an optimal control problem
in which the state equation contains the general retardation in the state variable
and delayed control in the drift term (see Kushner [8]).

The purpose of this paper is to investigate an implicit finite difference scheme
for the optimal control problem stated in the next section. The finite difference
scheme, deviating from that of Kusher [8], is an extension of that obtained by
Barles and Songanidis [1]. This paper is organized as follows. The formulation of
the finite horizon optimal control problem with the state equation described by



(2) as well as the infinite dimensional HJB equation are re-stated in Section 2. In
Section 3, we investigate a finite difference scheme suitable for the the controlled
stochastic functional differential equations. The convergence result of the approx-
imation is also given in this section. The computational algorithm, based on the
result obtained in Section 3, is summarized in Section 4.

2 The Infinite Dimensional HJB Equation

2.1 The Optimal Control Problem

Let T > 0 be the fixed terminal time, and let ¢ € [0, 7] be an initial time for the
finite horizon stochastic optimal control problem considered in this paper. Let
r > 0 be a fixed constant, and let J = [—r, 0] denote the duration of the bounded
memory. Denote C(J;R™), the space of continuous functions ¢ : J — R"™, by C.
Note that C is a real separable Banach space under the sup-norm defined by

6]l = sup[o(t)], ¢ € C,
tel

where | - | is the Euclidean norm in R™. We denote by ( - | - ) the inner product
in L2(J,R"), and (-, -) the inner product in R”. Given ¢ and 1 in C, we have
defined as follows,

0 1
(6l) = / (@(s),0(s)ds,  and [|g]2 = (6]0)%.

-r
Note that the space C can be continuously embedded into L?(J; R").

Convention 2.1 Throughout the end, we use the following conventional notation
for functional differential equations (see Hale [5]): If v € C([—r,00);R™) and
t € Ry, let Y € C be defined by (0) = (t+0), 0 € J.

Let {W(t),t > 0} be a certain m-dimensional standard Brownian motion de-
fined on a complete filtered probability space (2, F, P;F), where F = {F(t),t >
0} is the P-augmentation natural filtration generated by the Brownian motion
{W(t),t > 0}.

Consider the following system of controlled stochastic functional differential
equations with a bounded memory:

dX(s) = f(s, Xs,u(s))ds + g(s, Xs,u(s))dW(s), se€[t,T], (3)



and with the initial function X = ¢, where ¢ € C and u(-) = {u(s),s € [t,T]} is
a control process taking values in a compact set U (of an Euclidean space). The
functions, f : [0,7] x Cx U — R™ and g : [0,7] x C x U — R™™ are given
deterministic functions.

Definition 2.2 For each t € [0,T], a 5-tuples a = (Q, F, P,W(-),u(-)) is said to
be an admissible control if it satisfies the following conditions:

1. (Q,F,P) is a complete probability space.

2. W() ={W(s),s € [0,T]} is an m-dimensional standard Brownian motion
on (Q, F, P) over[t,T] with W (t) =0 a.s., and F(t,s) = oc{W(71),t <7 < s}
augmented by the P-null sets in F.

3w [t,T)|xQ— U isan {F(t, s),s € [t,T]|}-adapted process on (2, F, P) that
s right-continuous at the initial time t.

4. Under the control process u(-) = {u(s),s € [t,T]}, equation (3) admits a
unique strong solution X4¥*0) () = {X (s;t, ¢, u(-)),s € [t, T]} on (Q, F, P; {F(t,s),s €
[t,T]}) through each initial datum (t,1) € [0,T] x C.

5. The control process u(-) is such that

T
E |:»/t |L(37Xs(t7w7u(')>7u(8))’d8 + "I’(XT(EMU()))’ < 00,

where L : [0,T] x Cx U — R and ¥ : C — R represent the running and
terminal cost functions, respectively.

The collection of admissible controls o = (2, F, P, W (-),u(-)) over the interval [t, T
shall be denoted by U[t, T']. We shall write u(-) € U[t,T]or a = (Q, F,P,W(-),u(-)) €
U[t, T) interchangeably, whenever there is no danger of ambiguity.

Throughout the end, we assume that f:[0,7] x C x U — R", and ¢ : [0,T] X
C x U — R™™ are continuous functions and satisfy the following linear growth
and Lipschitz conditions. (See Mohammed [12, 13].)

Assumption 2.3 There exists a constant A > 0 such that

Y(t, o u), (t,¢,u) € [0,T] x C x U.



Assumption 2.4 There exists a constant K > 0 such that
[f(t, o, u)[ +1g(t, ¢, u)] < K(1+[9]), V(E,é,u) €[0,T] x CxU.

Given an admissible control u(-) € U[t, T], let Xt¥u0) () = {X (53,1, u(")),
s € [t,T]} be the solution of (3) through the initial datum (¢,1) € [0,7] x C.
We again consider the corresponding C-valued process {Xs(t, v, u(-)),s € [t,T]}
defined by
Xs(0;t,0,u(v) = X(s+ 6;t,9,u(-)), 6¢€l. (4)

For notational simplicity, we often write X (s) = X (s;¢, 9, u(+)) and X5 = Xs(¢, 9, u(+))
for s € [t,T] whenever there is no danger of ambiguity.

It can be shown under Assumptions 2.3-2.4 that the C-valued process { X(t, v, u(+)), s €
[t,T]} is a Markov process (see Mohammed [12], [13]). Let L and ¥ be two contin-
uous real-valued functions on [0, 7] x C x U and [0, 7] x C, respectively. Moreover,
we assume that they both have at most polynomial growth in L?(J;R). In other
words, there exist constants A, k such that

|L(t, ¢y u)] < AL+ [[@]l2)" and  |¥(t, )] < AL+ [¢]l2)",

for all (¢, ¢,u) € [0,T] x C x U, for some positive integer k. Given any initial data
(t,v) € [0,T] x C and any admissible control u(-) € U[t, T], we define the objective
function

T
It biu()) = E[ e O Xttt )
e T (Xr (10, u()))] (5)

where p > 0 denotes a discount factor. For each initial datum (¢,1) € [0,T] x C,
the optimal control problem is to find u(-) € U[t, T] so as to maximize the objective
function J. In this case, the value function V' : [0, 7] x C — R is defined to be

V(t7¢) = sup J(tawvu()) (6)

u(-)EU[t,T)

2.2 The Equation

Let C* and C' be the space of bounded linear functionals ¢ : C — R and bounded
bilinear functionals ® : CxC — R, of the space C, respectively. They are equipped
with the operator norms which will be, respectively, denoted by || - ||* and | - ||T.



Let B = {vly,v € R"}, where 14y : [-7,0] — R is defined by

0 for @€ [-r0),
1{0}(9):{1 for § = 0.

We form the direct sum
C@B:{¢+Ul{0} | ¢ € C, UER”}
and equip it with the norm || - || defined by

¢ +vlgyl| = o [9(0)| + [v], ¢€C, veR™
c|—r,

Note that for each sufficiently smooth function ¢ : C — R, its first order Fréchet
derivative (with respect to ¢ € C), D®(¢) € C*, has a unique and continuous
linear extension D®(p) € (C @ B)*. Similarly, its second order Fréchet derivative,
D2®(p) € Ct, has a unique and continuous linear extension D2®(p) € (C @ B)T.
In above, (C @ B)* and (C @ B)' are spaces of bounded linear and bilinear func-
tionals of C & B, respectively. (See Lemma (3.1) and Lemma (3.2) on pp 79-83 of
Mohammed [12] for details.)

Throughout the end, let Cllif([(), T] x C) be the space of functions ® : [0, 7] x
C — R such that %—? :[0,T] x C — R and D?® : [0,T] x C — C' exist and are
continuous and satisfy the following Lipschitz condition:

ID*®(t, ) — D*®(t, )|l < K¢ — || Vte[0,T], ¢,¢ € C.

For a Borel measurable function ® : C — R, we also define

§(2)(0) = lm + [#(6,) ~ B(0)]

h—0+ h

for all ¢ € C, where ¢ : [—r,T] — R™ is an extension of ¢ defined by

[ el ifte]-r0)
W)—{ 6(0) ift >0,

and again ¢; € C is defined by
¢(0) = d(t +0), 0¢€[-r0].

Let D(S), the domain of the operator S, be the set of functions ® : C — R
such that S(®)(¢) exists for each ¢ € C.



Let v € U. We define:

Avv(tv 1/}) = S(V) (t7 W + DV(t, 1/’)(f(757 ¥, U)l{O})

1
+§ZDQV(t,w)(g(t,w,v)eil{o},g(t,w,v)eil{o}).
i=1

In this paper, we assume that for every v € U, the domain of the generator A"
is large enough to contain CZIZ.EDQ([O, T] x C)ND(S).

We have the following result:
Theorem 2.5 The value function V' defined by (6) is the unique viscosity solution
of following HJB equation:

W 4,) — max AV (£,9) + L(t, 0, 0)] = 0 (7)

pV (t, ) — o max

on [0,T] x C, and V(T,v) = ¥(¢), Yy € C.

Proof. For the proof of this result one can refer to Chang et al. [2]. O
In the next section we propose a numerical scheme to approximate the solution
of (7).

3 A Finite Difference Scheme

In this section, we consider an explicit finite difference scheme and show that it
converges to the unique viscosity solution of equation (7). We will use a method
introduced by Barles and Souganidis [1]. Given a positive integer M, we consider
the following truncated optimal control problem with value function Vj; : [0, 7] x
C—-R

T
Varlt$) = sup E[ | e X)) 1 2y
u(-)eUt,T] t

+ e PII(W(Xr) A M)|, (8)
where a A b is defined by a A b = min{a, b} for all a,b € R.

The corresponding HJB equation is given by

aV,
PVar(t, ) = =5 (1) — max[A"Vay (t,9)) + L(t, 0, u) A M] =0 (9)



on [0,T] x C, and V(T,v) = V() A M, Vi € C. The corresponding truncated
Hamiltonian is

HM(tv 1/}7 VM(ta ¢>7 (z?tvM(ta ¢)7 DVM(tv w)7 DQVM(t7 ¢))

A%
W(tv V)

+% Z DQVM(t7 1/1)(9(757 1/}7 U)eil{o}, g(tv ¢7 u)ell{O}) . (10)
=1

Similarly as in [2] it can be shown that the value function Vj; is the unique viscosity
solution of the equation

PVar(6,18) — HLar(t, 6, Vi (1, 0), S Var(t, ), DVa(E 90, DPVar(1,6)) =0,

on [0,T] x C, with V(T,¢) = ¥(y) A M, Vo € C. (11)

Moreover, it is easy to see that Vjy — V as M — oo. In view of these, we need
only find the numerical solution for Vj;. Let € with 0 < € < 1 be the stepsize
for variable ¢ and n with 0 < n < 1 be the stepsize for t. We consider the finite
difference operators A, A, and A% defined by
W(t+n,v)—-W(E,y
Aﬁw<t7 w) = ( 73 ( ) )

AW () (h+vlgy) = W(t’¢+5(h+7;1{o}))W(t,¢)’

W(t, v +e(h+ Ul{o})) — W(t, )
2

W(t, ¢ —e(k +wliy)) — W(t, )
g2 )

AgW(t, ¢>(h + ’U].{O}, k+ ’U)]_{O}) =

+

where h,k € C and v,w € R™. Recall that,

§(2)(9) = Jim ~ [#(6.) - 2(9)] .

e—0+ €

Therefore we define,
1 -
5.(@)(9) = < |0(6.) — (9)]
It is clear that S;(®) is an approximation of S(®).

We have the following lemma:



Lemma 3.1 For any W : [0,T] x C — R, W € C2([0,T] x C) such that W can
be smoothly extended on [0,T] x (C & B), we have

lim AW (2, 9)(h + vlgoy) = DW(E,¢)(h + vlgy), (12)
and

lim AZW (L, 0)(h + vly) = D2W(t,¥)(h + vl k + wligy). (13)
Proof. Note that the function W can be extended from [0,7]x C to [0,T] x (C®
B). Let us denote by W the smooth extension of W on [0,T] x (C®B). It is clear
that lim._o AW (t,¢) = de(t, 1) where de denote the Gateau derivative of
W with respect to its second variable. And since W is smooth then the Gateau
derivative and the Fréchet derivative of W coincide and are continuous extension
of the DW, the Fréchet derivative of W. The uniqueness of the linear continuous
extension then we have result

lim AW (t,9)(h+vlg) = lim AW (8,9)(h +v1oy)
= DW(t, ) (h+vl). (14)

Similarly argument for can used for (13). O

Let €, > 0. The corresponding discrete version of equation (11) is given by

1

= [VM(td?a) — Vit ¢)] L Yt +n,9) = Vi (t,9)

n

1 ma |:VM(t7w+€(f(tawau)1{0})) - VM(t?w)
wet e
=1
N Vi (9 — e(g(t, v, u)eilgoy)) — Va(t, T/J)>
52
+ L(t, ¢, u) A M]. (15)

Rearranging terms, we obtain

uclU | € n €




1 - t ¢ + 5 (tawv ’U/)ell{o})) + VM(tv ¢ - E(Q(tﬂpau)el]—{O}))
52 g2
—I-L(t,w,u)/\M—(z+?17+:;+p)VM(t,1/J) = 0. (16)

Since the term ( +5 —|— 2 + p) is always positive, (16) is equivalent to

{2 + 1 <1VM(7§;1/;5) N Vi (t, 0 +e(f(t, ¥, u)10y))

3

1 “ VM(tvw =+ 5(9(1:)7!}7 u)ell{O})) + VM(ta 17[) - 5(9(t,¢au)ezl{0}))
+5

82
M) 4 min(L(t, 1, u), M)> — Va(t, ¢)] = 0. (17)

Let Cy([0,T] x (C & B)) denote the space of bounded continuous functions W
from [0,7] x (C @ B) to R. Define a mapping Sy; : (0,1)2 x [0,T] x C x R™ x
Cy([0,T] x (C @ B)) — R as the following

1 ~
SM((‘:, 7, ta %Z), z, W) = emax |:W(t7 d}t‘) + M
uelU | € n

Wt ¥ +e(f(t,¥,u)l)) + L(t, Y, u) A M
€ o

+1 - W( ¢+€(9(t7¢au)ei1{o}))+W<t7¢—5(9(@%”)%1{0}))
2~ g2

2 1 m
Y (L . 18
6( +n+62+p>x (18)
Then, (15) is equivalent to Sas(e,n,t, v, Var(t,v), Var) = 0. Moreover, note that
the coeflicient of x in Sy is negative. This implies that Sy; is monotone, i.e., for
all 21,20 € R, e, € (0,1),t € [0,T],¢ € C, and W € ([0, T] x (C @ B))

Sai(e,n,t, b, 21, W) < Spr(e,m, t, 1, xe, W) whenever z1 > xo,

where 1 > x5 denotes componentwise inequality.

Definition 3.2 The scheme Sy is said to be consistent if, for every t € [0,7],
Y € C @ B, and for every test function W(-,-) defined on [0,7] x (C & B) such

10



that W e C2([0,T] x (C® B)) N D(S),

0
pW(ta 77/}) - HM(ta ¢7 W(ta ¢)7 Ew(ta w)a DW(tv "/})7 DQW(t7 W)
_ lim Su(en, 7,0, W(r,¢) +§ W+
(T,¢)— (%), eml0,£—0 € '

Lemma 3.3 The scheme Sys is consistent.

Proof. Let W € C*([0,T] x (C @ B)) N D(S). We write

IS uelU

W(T71/}+€(f(7',¢,u)1{0})) +¢& W(t+77>¢) +¢
n

SM(eaanv¢7W(Ta¢)+§7W+§) _ 1 7
~ max [(8(W(T,¢a) +)

. + L(1,¢,u) N M +

L Z T 71[) + 5 ( ¢a u)ell{O})) + 25 + W(Tv ¢ - 5(g(ta 11% u)el]-{()}))>:|

e2

*(g+5+§+ﬂ)(W(7a¢)+f)-

Sending £ — 0, 7 — t, ¢ — 9, ,7 — 0, we have

0
pW(ta 77/)) - HM(ta ?ﬂ, W(ta w)v aw(ta ¢)> DW(tv w)a DQW(tv w))
m Su(e,n, 7,0, W(r,¢) + W +§)
(T,9)—(t,%),&,n]0,6—0 € '

This completes the proof. a
Using (17), we see that the equation Sy (g, 1, t, v, W(t, 1), W) = 0 is equivalent
to the equation

W(t7 T,Z)) =

ﬁE
Qx

1 1 Wty +e(f(t v, u)liy))

[2 : Wt de) +
- + 5 ‘|‘ 5 T+ P ( €

i ¢ +e(g(t, v, u)eiligy)) + W(t, ¢ —e(g(t, v, u)eilyy))

e2

l\'.)\v—l

+
=1

W(t+n,v) "
+ » + L(t, v, )/\M)]. (19)

11



We define an operator 7¢ , on Cp([0,T] x (C @ B)) as follows,

T W (t, 1)
_ max[ 1 (1W<t,¢€> N W(t, o +e(f(t,9,u)li))
uelU + > +p

€
Wt +e(g(t, v, u)eilioy)) + W(t, v —e(g(t, ¥, u)eiligy))

3,1
s T3

1 m

5222 g2

UG SO L@¢JOANO]. (20)

Lemma 3.4 For each € and n, 1c, is a contraction map.

Proof. To prove that 7., is a contraction, we need to show that there exists
0 < 8 < 1 such that

”7;777W1 — 7;777W2H < 5HW1 — WQH for all Wl, W2 S Cb([O,T] X (C D B)),

where || - || is the sup norm. Let us define ¢, by

2+1+m+
Cop=—+—+ — .
e,n c n EQ P

Note that
| Ze g Wi (t,¥) — Te ) Wal(t, )]

~ Wi(t, ¥+ t, v, u)l ,
< maX[ : (1W1(t Ye) + 1t o+ el ¥, u)lig)) + Wt +n.¥)
uel | Ceq € n
1 Wl 3 1/] + E ( 1/}7 u)ell{O})) + Wl(tvw - E(g(ta ¢7U)ezl{o}))
2 — g2
i Wat, v + £(f(t 0 0)Lo) | Walt +n,)
s € n
1 = t 77[} + 5 ( ¢a u)ell{O})) + W2(ta,¢ - €(g(t, %Z%U)ezl{o}))
5 Z g2 '
This implies that for all £, ),
24iin
TegWi(t, ) = TegWalt, 9)| < | === | [Wh — Wal|.
In addition, note that
14148 Z+lem
Cen R



Take -
m
foy=
777 C€7n
Therefore,

”Ta,nWl - Ta,nW2H < 5&?7HW1 - W2”
O

Definition 3.5 The scheme Sy, is said to be stable if for every £,7 € (0, 1), there
exists a bounded solution W, € C([0,T] x (C & B)) to the equation

SM(Eanat7¢7W(ta¢)7W) =0, (21)

with the bound independent of ¢, and 7.

Remark 3.6 By the Banach fixed point theorem, the strict contraction 7, has
a unique fixed point that we denote by W% Given any function Wy € C([0,T7] x
(C @ B))s, we construct a sequence as follows, Wy 41 = T.,W,, for n > 0. It is
clear that

lim W, = W2
Moreover, note that
Wn+1(taw)
1 1 - Wa(t, ¥ +e(f(t,v,u)l
C e [2 L <Wn(t,we)+ (t, 0 +e(f(t, ¥, u)1loy))
wel [24+ L+ 5 +p\e €
1 " Wn(taw+€(g(t7¢7u)ezl{0})) +Wn(ta¢_5(9(t,¢au)ezl{o}))
T3 Z 2
2 et €
L Wl n¥) g ) /\M)]
n
1
< Bl Wl + —M. (22)
Cem

In addition, we have

This implies that

Cepy — 1
Wasall < E2=L )W, + — M. (23)
Cen Ceyn

13



From (23), we deduce that
n+1 n %
Cep — P M Cep — P
Wosal < (Z222) o + 2L Y- (2220,
cEv"] céﬂ] i=0 0577]
Taking the limit as n — 0o, we obtain

M 1 M
Wl < — — = -
66,7] 1 — =0 F p

This implies the stability of the scheme Sj;.

Theorem 3.7 Let We% denote the solution to (21). Then, as (g,m) — 0, the
sequence Wg% converges uniformly on [0,T] x C to the unique viscosity solution

Vi of (11).

Proof. Define

Wi (t,) = limsup WE%(T, )
T*)t@*’wﬁloﬂllo (24)
W () = liminf ~ WM (7 ¢).

T—t,p—ip,el0mnlo O

We claim that W, and W), are sub- and supersolutions of (11), respectively. To
prove this claim, we only consider the case for Wj,. The argument for that of
Wenr is similar. We want to show:

0
pr(t7 d}) - HM(t7 @Z), F(ta %ZJ)» &F(tv w)’ DF(ta ¢)7 D2F(ta %ZJ)) < 07

for any test function I' € C’llii([O, T| x (C®B))ND(S) such that (¢,v) is a strictly
local maximum of W3, (7, ¢) — I'(7, ¢). Without loss of generality, we may assume
that W3, <T and W}, (7,¢) = I'(7, ¢) and because of the stability of our scheme
we can also assume that I' > 2sup, ,, ||WE]V7[7|| outside of the ball B((t,1),[) where
[ > 0 is such that

Wii(r,0) = T(7,6) <0 =Wy (t,4) — ®(t,¢) for (7,¢) € B((t,¢),1).

This implies that there exist sequences &, > 0, n, > 0, and (7, ¢,) € [0,T] X
(C @ B) such that as n — oo we have

en— 0, np — 0, 7, — ¢, (an_>¢7 WM (Tn7¢n)—>W]T/1(t7¢)a

En,Nin

and (7, ¢pn) is a global maximum Wej\fmn -T.

(25)
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Denote «, = ng‘fmn(rn, &n) — T'(Tn, &n). Obviously «,, — 0 and

WM (r,¢) <T(r1,¢) +ay, forall (1,¢)€[0,T] x (C®B). (26)

En,yNin

We know that

SM(Ena Mns T,y ¢n7 Ws]\f,nn (Tm (bn)? Ws]\f,nn) =0.

The monotonicity of Sy and (26) implies

SM(gna Mns Tns P F(Tna QZ)n) + ap, F(Tm ¢n) + an)
S SM(gnan’naTn7¢n)W£nn(Tn7¢n))W£ﬁnn)
_— (27)

Therefore,

Snm (Ens My Trs Py Wg]\f,nn (Tns Pn), Wg]‘;{nn) <0

lim
n—oo En

SO

PWi(t, ) = Har(t, 40, Wiy (£,40), DiL(¢, ), DU(E,4b), DL (¢, )

SM(gmnn,Tna¢n7Ws]\/[mnn (Tn,gf)n),Wé\fmn) <0 (28)

= lim
n—oo En

This proves that W7, is a viscosity subsolution of (11) and, similarly we can prove
that Wiy is a viscosity supersolution. By virtue of Theorem 5.1 in [2], we can get
that

Wi (t, ) > Wi (t,v), V(t,v¢) €[0,T] x C. (29)
On the other hand, by the definition of Wy, Wy, it is easy to see that
Wan (t,9) < Wi (t,4),  V(t,¢) € [0,7] x C.
Combined with (29), the above implies
Wan (t,9) = Wir(t,9),  V(t,¢) € 0,T] x C.

Since Wi s is a viscosity supersolution and Wy, is a viscosity subsolution, they are
also viscosity solutions of (11). Now, using the uniqueness of the viscosity solution
(11), we see that Viy = Wy, = Wipr. Therefore, we conclude that the sequence
(W%)&n converges locally uniformly to Vjs as desired. ad
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4 The Computational Algorithm

Based on the results obtained in the last section, we can construct the computa-
tional algorithm to obtain a numerical solution. For example, one algorithm can
be like the following:

Step 0. Choose any function W) € Cy([0,T] x C & B);

Step 1. Pick the starting values for €(1),n(1). For example, we can choose
(1) = 102, 9(1) = 10°%;

Step 2. For the given €, > 0, compute the function

1)
We(l)m(l) € Cy([0,T] x Ce B)

by the following formula
(1) _ 0
We(l),n(l) - Ts(l)m(l)W( )7

where 71y (1), which is defined on C([0,T] x C @ B), is given by (20);

Step 3. Repeat Step 2 for ¢ = 2,3, - - - using

(@) (i-1)
We D) — T( )n(l)W( 1),m(1)°

where 7(1) (1), which is defined on Cy([0, 7] x C @ B), is given by (20). Stop the
iteration when

HWZ(T ( ) — W§(1),n(1)(tﬂ/1)H < dy,

where d; is a preselected number which is small enough to achieve the accuracy
we want. Denote the final solution by W) ,a)(t, ).

Step 4. Choose two sequences of e(k) and 7(k), such that

lim e(k) = klim n(k) = 0.

k—o0

For example, we may choose €(k) = n(k) = 10~ (2%, Now repeat Step 2 and Step
3 for each €(k),n(k) until

IWeet1)m0k+1) ) = Weggy ne) (& ) || < 02,

where 99 is chosen to obtain the expected accuracy.
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