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1 Introduction

It has been recognized in recent years that the description of many real world
problems can only be modelled by stochastic dynamical systems whose evolution
depend on the past history of the state (see e.g. Kolmanovskii and Shaikhet [7]).
Such models are often referred to as stochastic (retarded) functional differential
equations (see Mohammed [12], [13] for an introduction of these models). Due to
their applications in engineering, life science, finance, and other areas (see e.g. Mo-
hammed [12]), its corresponding optimal control problems have recently received
increasing research attention. The linear-quadratic regulatory problem involving
stochastic delay equations was first studied in Kolmanovskii and Maizenberg [6],
and optimal control problems for a class of nonlinear stochastic equations that
involve a continuous delay of the following type

dX(s) = α(s,X(s), Y (s), u(s))ds
+ β(s,X(s), Y (s), u(s))dW (s), s ∈ [t, T ], (1)

have been studied in recent literature (see e.g. Elsanousi [3], Elsanousi et al [4],
and Larssen [10], Oksendal and Sulem [14]), in which Y (s) =

∫ 0
−r e

−δθX(s+ θ)dθ.
In authors’ recent research efforts (see Chang et al [2]), the finite horizon

optimal control problem has been investigated for the general (retarded) stochastic
functional differential equations of the following form:

dX(s) = α(s,Xs, u(s))ds
+ β(s,Xs, u(s))dW (s), s ∈ [t, T ], (2)

where Xs is a C-valued random variable for each s ∈ [t, T ] defined by Xs(θ) =
X(s + θ), θ ∈ [−r, 0], r > 0 denotes the duration of the bounded memory, and
C ≡ C([−r, 0]; Rn). In the above, the drift coefficient α(s,Xs, u(s)) as well as
the diffusion coefficient β(s,Xs, u(s)) at time s ∈ [t, T ] depend explicitly on the
state variable over the time interval [s− r, s] (and of course on the control variable
u(s)). It is clear that (2) includes (1) as a special case. In the area of numerical
computation, we mention here that the method of Markov chain approximation
(see Kushner & Dupuis [9]) has been extended to solve an optimal control problem
in which the state equation contains the general retardation in the state variable
and delayed control in the drift term (see Kushner [8]).

The purpose of this paper is to investigate an implicit finite difference scheme
for the optimal control problem stated in the next section. The finite difference
scheme, deviating from that of Kusher [8], is an extension of that obtained by
Barles and Songanidis [1]. This paper is organized as follows. The formulation of
the finite horizon optimal control problem with the state equation described by
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(2) as well as the infinite dimensional HJB equation are re-stated in Section 2. In
Section 3, we investigate a finite difference scheme suitable for the the controlled
stochastic functional differential equations. The convergence result of the approx-
imation is also given in this section. The computational algorithm, based on the
result obtained in Section 3, is summarized in Section 4.

2 The Infinite Dimensional HJB Equation

2.1 The Optimal Control Problem

Let T > 0 be the fixed terminal time, and let t ∈ [0, T ] be an initial time for the
finite horizon stochastic optimal control problem considered in this paper. Let
r > 0 be a fixed constant, and let J = [−r, 0] denote the duration of the bounded
memory. Denote C(J; Rn), the space of continuous functions φ : J → Rn, by C.
Note that C is a real separable Banach space under the sup-norm defined by

‖φ‖ = sup
t∈J

|φ(t)|, φ ∈ C,

where | · | is the Euclidean norm in Rn. We denote by ( · | · ) the inner product
in L2(J,Rn), and 〈 · , · 〉 the inner product in Rn. Given φ and ψ in C, we have
defined as follows,

(φ|ψ) =
∫ 0

−r
〈φ(s), ψ(s)〉ds, and ‖φ‖2 = (φ|φ)

1
2 .

Note that the space C can be continuously embedded into L2(J; Rn).

Convention 2.1 Throughout the end, we use the following conventional notation
for functional differential equations (see Hale [5]): If ψ ∈ C([−r,∞); Rn) and
t ∈ R+, let ψt ∈ C be defined by ψt(θ) = ψ(t+ θ), θ ∈ J.

Let {W (t), t ≥ 0} be a certain m-dimensional standard Brownian motion de-
fined on a complete filtered probability space (Ω,F , P ;F), where F = {F(t), t ≥
0} is the P -augmentation natural filtration generated by the Brownian motion
{W (t), t ≥ 0}.

Consider the following system of controlled stochastic functional differential
equations with a bounded memory:

dX(s) = f(s,Xs, u(s))ds+ g(s,Xs, u(s))dW (s), s ∈ [t, T ], (3)
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and with the initial function Xt = ψ, where ψ ∈ C and u(·) = {u(s), s ∈ [t, T ]} is
a control process taking values in a compact set U (of an Euclidean space). The
functions, f : [0, T ] × C × U → Rn and g : [0, T ] × C × U → Rn×m are given
deterministic functions.

Definition 2.2 For each t ∈ [0, T ], a 5-tuples α = (Ω,F , P,W (·), u(·)) is said to
be an admissible control if it satisfies the following conditions:

1. (Ω,F , P ) is a complete probability space.

2. W (·) = {W (s), s ∈ [0, T ]} is an m-dimensional standard Brownian motion
on (Ω,F , P ) over [t, T ] with W (t) = 0 a.s., and F(t, s) = σ{W (τ), t ≤ τ ≤ s}
augmented by the P -null sets in F .

3. u : [t, T ]×Ω → U is an {F(t, s), s ∈ [t, T ]}-adapted process on (Ω,F , P ) that
is right-continuous at the initial time t.

4. Under the control process u(·) = {u(s), s ∈ [t, T ]}, equation (3) admits a
unique strong solution Xt,ψ,u(·)(·) = {X(s; t, ψ, u(·)), s ∈ [t, T ]} on (Ω,F , P ; {F(t, s), s ∈
[t, T ]}) through each initial datum (t, ψ) ∈ [0, T ]×C.

5. The control process u(·) is such that

E
[∫ T

t
|L(s,Xs(t, ψ, u(·)), u(s))|ds+ |Ψ(XT (t, ψ, u(·)))|

]
<∞,

where L : [0, T ] × C × U → R and Ψ : C → R represent the running and
terminal cost functions, respectively.

The collection of admissible controls α = (Ω,F , P,W (·), u(·)) over the interval [t, T ]
shall be denoted by U [t, T ]. We shall write u(·) ∈ U [t, T ] or α = (Ω,F , P,W (·), u(·)) ∈
U [t, T ] interchangeably, whenever there is no danger of ambiguity.

Throughout the end, we assume that f : [0, T ]×C× U → Rn, and g : [0, T ]×
C × U → Rn×m are continuous functions and satisfy the following linear growth
and Lipschitz conditions. (See Mohammed [12, 13].)

Assumption 2.3 There exists a constant Λ > 0 such that

|f(t, ϕ, u)− f(t, φ, u)|+ |g(t, ϕ, u)− g(t, φ, u)| ≤ Λ‖ϕ− φ‖,

∀(t, ϕ, u), (t, φ, u) ∈ [0, T ]×C× U.
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Assumption 2.4 There exists a constant K > 0 such that

|f(t, φ, u)|+ |g(t, φ, u)| ≤ K(1 + ‖φ‖), ∀(t, φ, u) ∈ [0, T ]×C× U.

Given an admissible control u(·) ∈ U [t, T ], let Xt,ψ,u(·)(·) = {X(s; t, ψ, u(·)),
s ∈ [t, T ]} be the solution of (3) through the initial datum (t, ψ) ∈ [0, T ] × C.
We again consider the corresponding C-valued process {Xs(t, ψ, u(·)), s ∈ [t, T ]}
defined by

Xs(θ; t, ψ, u(·)) = X(s+ θ; t, ψ, u(·)), θ ∈ J. (4)

For notational simplicity, we often writeX(s) = X(s; t, ψ, u(·)) andXs = Xs(t, ψ, u(·))
for s ∈ [t, T ] whenever there is no danger of ambiguity.

It can be shown under Assumptions 2.3-2.4 that the C-valued process {Xs(t, ψ, u(·)), s ∈
[t, T ]} is a Markov process (see Mohammed [12], [13]). Let L and Ψ be two contin-
uous real-valued functions on [0, T ]×C×U and [0, T ]×C, respectively. Moreover,
we assume that they both have at most polynomial growth in L2(J; R). In other
words, there exist constants Λ, k such that

|L(t, φ, u)| ≤ Λ(1 + ‖φ‖2)k and |Ψ(t, φ)| ≤ Λ(1 + ‖φ‖2)k,

for all (t, φ, u) ∈ [0, T ]×C×U , for some positive integer k. Given any initial data
(t, ψ) ∈ [0, T ]×C and any admissible control u(·) ∈ U [t, T ], we define the objective
function

J(t, ψ;u(·)) ≡ E
[ ∫ T

t
e−ρ(s−t)L(s,Xs(t, ψ, u(·)), u(s))ds

+ e−ρ(T−t)Ψ(XT (t, ψ, u(·)))
]
, (5)

where ρ > 0 denotes a discount factor. For each initial datum (t, ψ) ∈ [0, T ]×C,
the optimal control problem is to find u(·) ∈ U [t, T ] so as to maximize the objective
function J . In this case, the value function V : [0, T ]×C → R is defined to be

V (t, ψ) = sup
u(·)∈U [t,T ]

J(t, ψ;u(·)). (6)

2.2 The Equation

Let C∗ and C† be the space of bounded linear functionals Φ : C → R and bounded
bilinear functionals Φ̃ : C×C → R, of the space C, respectively. They are equipped
with the operator norms which will be, respectively, denoted by ‖ · ‖∗ and ‖ · ‖†.
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Let B = {v1{0}, v ∈ Rn}, where 1{0} : [−r, 0] → R is defined by

1{0}(θ) =
{

0 for θ ∈ [−r, 0),
1 for θ = 0.

We form the direct sum

C⊕B = {φ+ v1{0} | φ ∈ C, v ∈ Rn}

and equip it with the norm ‖ · ‖ defined by

‖φ+ v1{0}‖ = sup
θ∈[−r,0]

|φ(θ)|+ |v|, φ ∈ C, v ∈ Rn.

Note that for each sufficiently smooth function Φ : C → R, its first order Fréchet
derivative (with respect to φ ∈ C), DΦ(ϕ) ∈ C∗, has a unique and continuous
linear extension DΦ(ϕ) ∈ (C⊕B)∗. Similarly, its second order Fréchet derivative,
D2Φ(ϕ) ∈ C†, has a unique and continuous linear extension D2Φ(ϕ) ∈ (C⊕B)†.
In above, (C⊕B)∗ and (C⊕B)† are spaces of bounded linear and bilinear func-
tionals of C⊕B, respectively. (See Lemma (3.1) and Lemma (3.2) on pp 79-83 of
Mohammed [12] for details.)

Throughout the end, let C1,2
lip ([0, T ]×C) be the space of functions Φ : [0, T ]×

C → < such that ∂Φ
∂t : [0, T ] ×C → < and D2Φ : [0, T ] ×C → C† exist and are

continuous and satisfy the following Lipschitz condition:

‖D2Φ(t, φ)−D2Φ(t, ϕ)‖† ≤ K‖φ− ϕ‖ ∀t ∈ [0, T ], φ, ϕ ∈ C.

For a Borel measurable function Φ : C → R, we also define

S(Φ)(φ) = lim
h→0+

1
h

[
Φ(φ̃h)− Φ(φ)

]
for all φ ∈ C, where φ̃ : [−r, T ] → Rn is an extension of φ defined by

φ̃(t) =
{
φ(t) if t ∈ [−r, 0)
φ(0) if t ≥ 0,

and again φ̃t ∈ C is defined by

φ̃t(θ) = φ̃(t+ θ), θ ∈ [−r, 0].

Let D(S), the domain of the operator S, be the set of functions Φ : C → R
such that S(Φ)(φ) exists for each φ ∈ C.
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Let v ∈ U . We define:

AvV (t, ψ) ≡ S(V )(t, ψ) +DV (t, ψ)(f(t, ψ, v)1{0})

+
1
2

m∑
i=1

D2V (t, ψ)(g(t, ψ, v)ei1{0}, g(t, ψ, v)ei1{0}).

In this paper, we assume that for every v ∈ U , the domain of the generator Av

is large enough to contain C1,2
lip ([0, T ]×C) ∩ D(S).

We have the following result:

Theorem 2.5 The value function V defined by (6) is the unique viscosity solution
of following HJB equation:

ρV (t, ψ)− ∂V

∂t
(t, ψ)−max

v∈U
[AvV (t, ψ) + L(t, ψ, v)] = 0 (7)

on [0, T ]×C, and V (T, ψ) = Ψ(ψ), ∀ψ ∈ C.

Proof. For the proof of this result one can refer to Chang et al. [2]. tu
In the next section we propose a numerical scheme to approximate the solution

of (7).

3 A Finite Difference Scheme

In this section, we consider an explicit finite difference scheme and show that it
converges to the unique viscosity solution of equation (7). We will use a method
introduced by Barles and Souganidis [1]. Given a positive integer M , we consider
the following truncated optimal control problem with value function VM : [0, T ]×
C → R

VM (t, ψ) = sup
u(·)∈U [t,T ]

E
[ ∫ T

t
e−ρ(s−t)(L(s,Xs, u(s)) ∧M)ds

+ e−ρ(T−t)(Ψ(XT ) ∧M)
]
, (8)

where a ∧ b is defined by a ∧ b = min{a, b} for all a, b ∈ R.

The corresponding HJB equation is given by

ρVM (t, ψ)− ∂VM
∂t

(t, ψ)−max
u∈U

[AuVM (t, ψ) + L(t, ψ, u) ∧M ] = 0 (9)
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on [0, T ] × C, and V (T, ψ) = Ψ(ψ) ∧M, ∀ψ ∈ C. The corresponding truncated
Hamiltonian is

HM (t, ψ, VM (t, ψ),
∂

∂t
VM (t, ψ), DVM (t, ψ), D2VM (t, ψ))

= S(VM )(t, ψ) +
∂VM
∂t

(t, ψ)

+ max
u∈U

[
DVM (t, ψ)(f(t, ψ, u)1{0}) + L(t, ψ, u) ∧M

+
1
2

m∑
i=1

D2VM (t, ψ)(g(t, ψ, u)ei1{0}, g(t, ψ, u)ei1{0})
]
. (10)

Similarly as in [2] it can be shown that the value function VM is the unique viscosity
solution of the equation

ρVM (t, ψ)−HM (t, ψ, VM (t, ψ),
∂

∂t
VM (t, ψ), DVM (t, ψ), D2VM (t, ψ)) = 0,

on [0, T ]×C, with V (T, ψ) = Ψ(ψ) ∧M, ∀ψ ∈ C. (11)

Moreover, it is easy to see that VM → V as M → ∞. In view of these, we need
only find the numerical solution for VM . Let ε with 0 < ε < 1 be the stepsize
for variable ψ and η with 0 < η < 1 be the stepsize for t. We consider the finite
difference operators ∆ε, ∆η and ∆2

η defined by

∆ηW (t, ψ) =
W (t+ η, ψ)−W (t, ψ)

η
,

∆εW (t, ψ)(h+ v1{0}) =
W (t, ψ + ε(h+ v1{0}))−W (t, ψ)

ε
,

∆2
εW (t, ψ)(h+ v1{0}, k + w1{0}) =

W (t, ψ + ε(h+ v1{0}))−W (t, ψ)
ε2

+
W (t, ψ − ε(k + w1{0}))−W (t, ψ)

ε2
.

where h, k ∈ C and v, w ∈ Rn. Recall that,

S(Φ)(φ) = lim
ε→0+

1
ε

[
Φ(φ̃ε)− Φ(φ)

]
.

Therefore we define,

Sε(Φ)(φ) =
1
ε

[
Φ(φ̃ε)− Φ(φ)

]
.

It is clear that Sε(Φ) is an approximation of S(Φ).

We have the following lemma:
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Lemma 3.1 For any W : [0, T ]×C → R, W ∈ C1,2([0, T ]×C) such that W can
be smoothly extended on [0, T ]× (C⊕B), we have

lim
ε→0

∆εW (t, ψ)(h+ v1{0}) = DW (t, ψ)(h+ v1{0}), (12)

and

lim
ε→0

∆2
εW (t, ψ)(h+ v1{0}) = D2W (t, ψ)(h+ v1{0}, k + w1{0}). (13)

Proof. Note that the function W can be extended from [0, T ]×C to [0, T ]×(C⊕
B). Let us denote by W̃ the smooth extension of W on [0, T ]× (C⊕B). It is clear
that limε→0 ∆εW (t, ψ) = dGW̃ (t, ψ) where dGW̃ denote the Gâteau derivative of
W̃ with respect to its second variable. And since W̃ is smooth then the Gâteau
derivative and the Fréchet derivative of W̃ coincide and are continuous extension
of the DW , the Fréchet derivative of W . The uniqueness of the linear continuous
extension then we have result

lim
ε→0

∆εW (t, ψ)(h+ v1{0}) = lim
ε→0

∆εW̃ (t, ψ)(h+ v1{0})

= DW (t, ψ)(h+ v1{0}). (14)

Similarly argument for can used for (13). tu

Let ε, η > 0. The corresponding discrete version of equation (11) is given by

ρVM (t, ψ)

=
1
ε

[
VM (t, ψ̃ε)− VM (t, ψ)

]
+
VM (t+ η, ψ)− VM (t, ψ)

η

+ max
u∈U

[
VM (t, ψ + ε(f(t, ψ, u)1{0}))− VM (t, ψ)

ε

+
1
2

m∑
i=1

(
VM (t, ψ + ε(g(t, ψ, u)ei1{0}))− VM (t, ψ)

ε2

+
VM (t, ψ − ε(g(t, ψ, u)ei1{0}))− VM (t, ψ)

ε2

)
+ L(t, ψ, u) ∧M

]
. (15)

Rearranging terms, we obtain

max
u∈U

[
1
ε
VM (t, ψ̃ε) +

VM (t+ η, ψ)
η

+
VM (t, ψ + ε(f(t, ψ, u)1{0}))

ε
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+
1
2

m∑
i=1

VM (t, ψ + ε(g(t, ψ, u)ei1{0})) + VM (t, ψ − ε(g(t, ψ, u)ei1{0}))
ε2

+ L(t, ψ, u) ∧M − (
2
ε

+
1
η

+
m

ε2
+ ρ)VM (t, ψ)

]
= 0. (16)

Since the term (2
ε + 1

η + m
ε2

+ ρ) is always positive, (16) is equivalent to

max
u∈U

[
1

2
ε + 1

η + m
ε2

+ ρ

(
1
ε
VM (t, ψ̃ε) +

VM (t, ψ + ε(f(t, ψ, u)1{0}))
ε

+
1
2

m∑
i=1

VM (t, ψ + ε(g(t, ψ, u)ei1{0})) + VM (t, ψ − ε(g(t, ψ, u)ei1{0}))
ε2

+
VM (t+ η, ψ)

η
+ min(L(t, ψ, u),M)

)
− VM (t, ψ)

]
= 0. (17)

Let Cb([0, T ]× (C⊕B)) denote the space of bounded continuous functions W
from [0, T ] × (C ⊕ B) to R. Define a mapping SM : (0, 1)2 × [0, T ] × C × Rn ×
Cb([0, T ]× (C⊕B)) → R as the following

SM (ε, η, t, ψ, x,W ) = εmax
u∈U

[
1
ε
W (t, ψ̃ε) +

W (t+ η, ψ)
η

+
W (t, ψ + ε(f(t, ψ, u)1{0}))

ε
+ L(t, ψ, u) ∧M

+
1
2

m∑
i=1

W (t, ψ + ε(g(t, ψ, u)ei1{0})) +W (t, ψ − ε(g(t, ψ, u)ei1{0}))
ε2

]
− ε

(
2
ε

+
1
η

+
m

ε2
+ ρ

)
x. (18)

Then, (15) is equivalent to SM (ε, η, t, ψ, VM (t, ψ), VM ) = 0. Moreover, note that
the coefficient of x in SM is negative. This implies that SM is monotone, i.e., for
all x1, x2 ∈ Rn, ε, η ∈ (0, 1), t ∈ [0, T ], ψ ∈ C, and W ∈ Cb([0, T ]× (C⊕B))

SM (ε, η, t, ψ, x1,W ) ≤ SM (ε, η, t, ψ, x2,W ) whenever x1 ≥ x2,

where x1 ≥ x2 denotes componentwise inequality.

Definition 3.2 The scheme SM is said to be consistent if, for every t ∈ [0, T ],
ψ ∈ C ⊕ B, and for every test function W (·, ·) defined on [0, T ] × (C ⊕ B) such
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that W ∈ C1,2
b ([0, T ]× (C⊕B)) ∩ D(S),

ρW (t, ψ)−HM (t, ψ,W (t, ψ),
∂

∂t
W (t, ψ), DW (t, ψ), D2W (t, ψ))

= lim
(τ,φ)→(t,ψ), ε,η↓0, ξ→0

SM (ε, η, τ, φ,W (τ, φ) + ξ,W + ξ)
ε

.

Lemma 3.3 The scheme SM is consistent.

Proof. Let W ∈ C1,2
b ([0, T ]× (C⊕B)) ∩ D(S). We write

SM (ε, η, τ, φ,W (τ, φ) + ξ,W + ξ)
ε

= max
u∈U

[(
1
ε
(W (τ, ψ̃ε) + ξ)

+
W (τ, ψ + ε(f(τ, ψ, u)1{0})) + ξ

ε
+ L(τ, ψ, u) ∧M +

W (t+ η, ψ) + ξ

η

+
1
2

m∑
i=1

W (τ, ψ + ε(g(t, ψ, u)ei1{0})) + 2ξ +W (τ, ψ − ε(g(t, ψ, u)ei1{0}))
ε2

)]
− (

2
ε

+
1
η

+
m

ε2
+ ρ)(W (τ, φ) + ξ).

Sending ξ → 0, τ → t, φ→ ψ, ε, η → 0, we have

ρW (t, ψ)−HM (t, ψ,W (t, ψ),
∂

∂t
W (t, ψ), DW (t, ψ), D2W (t, ψ))

= lim
(τ,φ)→(t,ψ), ε,η↓0, ξ→0

SM (ε, η, τ, φ,W (τ, φ) + ξ,W + ξ)
ε

.

This completes the proof. tu
Using (17), we see that the equation SM (ε, η, t, ψ,W (t, ψ),W ) = 0 is equivalent

to the equation

W (t, ψ) = max
u∈U

[
1

2
ε + 1

η + m
ε2

+ ρ

(
1
ε
W (t, ψ̃ε) +

W (t, ψ + ε(f(t, ψ, u)1{0}))
ε

+
1
2

m∑
i=1

W (t, ψ + ε(g(t, ψ, u)ei1{0})) +W (t, ψ − ε(g(t, ψ, u)ei1{0}))
ε2

+
W (t+ η, ψ)

η
+ L(t, ψ, u) ∧M

)]
. (19)
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We define an operator Tε,η on Cb([0, T ]× (C⊕B)) as follows,

Tε,ηW (t, ψ)

≡ max
u∈U

[
1

2
ε + 1

η + m
ε2

+ ρ

(
1
ε
W (t, ψ̃ε) +

W (t, ψ + ε(f(t, ψ, u)1{0}))
ε

+
1
2

m∑
i=1

W (t, ψ + ε(g(t, ψ, u)ei1{0})) +W (t, ψ − ε(g(t, ψ, u)ei1{0}))
ε2

+
W (t+ η, ψ)

η
+ L(t, ψ, u) ∧M

)]
. (20)

Lemma 3.4 For each ε and η, Tε,η is a contraction map.

Proof. To prove that Tε,η is a contraction, we need to show that there exists
0 < β < 1 such that

‖Tε,ηW1 − Tε,ηW2‖ ≤ β‖W1 −W2‖ for all W1,W2 ∈ Cb([0, T ]× (C⊕B)),

where ‖ · ‖ is the sup norm. Let us define cε,η by

cε,η =
2
ε

+
1
η

+
m

ε2
+ ρ.

Note that

|Tε,ηW1(t, ψ)− Tε,ηW2(t, ψ)|

≤ max
u∈U

[
1
cε,η

∣∣∣∣(1
ε
W1(t, ψ̃ε) +

W1(t, ψ + ε(f(t, ψ, u)1{0}))
ε

+
W1(t+ η, ψ)

η

+
1
2

m∑
i=1

W1(t, ψ + ε(g(t, ψ, u)ei1{0})) +W1(t, ψ − ε(g(t, ψ, u)ei1{0}))
ε2

)
−

(
1
ε
W2(t, ψ̃ε) +

W2(t, ψ + ε(f(t, ψ, u)1{0}))
ε

+
W2(t+ η, ψ)

η

+
1
2

m∑
i=1

W2(t, ψ + ε(g(t, ψ, u)ei1{0})) +W2(t, ψ − ε(g(t, ψ, u)ei1{0}))
ε2

)∣∣∣∣].
This implies that for all t, ψ,∣∣∣∣Tε,ηW1(t, ψ)− Tε,ηW2(t, ψ)

∣∣∣∣ ≤ [
2
ε
+ 1

η
+ m

ε2

cε,η

]
‖W1 −W2‖.

In addition, note that
2
ε + 1

η + m
ε2

cε,η
=

2
ε + 1

η + m
ε2

2
ε + 1

η + m
ε2

+ ρ
< 1.

12



Take

βε,η =
2
ε + 1

η + m
ε2

cε,η
.

Therefore,
‖Tε,ηW1 − Tε,ηW2‖ ≤ βε,η‖W1 −W2‖.

tu

Definition 3.5 The scheme SM is said to be stable if for every ε, η ∈ (0, 1), there
exists a bounded solution Wε,η ∈ Cb([0, T ]× (C⊕B)) to the equation

SM (ε, η, t, ψ,W (t, ψ),W ) = 0, (21)

with the bound independent of ε, and η.

Remark 3.6 By the Banach fixed point theorem, the strict contraction Tε,η has
a unique fixed point that we denote by WM

ε,η. Given any function W0 ∈ C([0, T ]×
(C ⊕ B))b, we construct a sequence as follows, Wn+1 = Tε,ηWn for n ≥ 0. It is
clear that

lim
n→∞

Wn = WM
ε,η.

Moreover, note that

Wn+1(t, ψ)

= max
u∈U

[
1

2
ε + 1

η + m
ε2

+ ρ

(
1
ε
Wn(t, ψ̃ε) +

Wn(t, ψ + ε(f(t, ψ, u)1{0}))
ε

+
1
2

m∑
i=1

Wn(t, ψ + ε(g(t, ψ, u)ei1{0})) +Wn(t, ψ − ε(g(t, ψ, u)ei1{0}))
ε2

+
Wn(t+ η, ψ)

η
+ L(t, ψ, u) ∧M

)]
≤ βε,η‖Wn‖+

1
cε,η

M. (22)

In addition, we have

βε,η =
cε,η − ρ

cε,η
< 1,

This implies that

‖Wn+1‖ ≤
cε,η − ρ

cε,η
‖Wn‖+

1
cε,η

M. (23)
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From (23), we deduce that

‖Wn+1‖ ≤
(
cε,η − ρ

cε,η

)n+1

‖W0‖+
M

cε,η

n∑
i=0

(
cε,η − ρ

cε,η

)i

.

Taking the limit as n→∞, we obtain

‖WM
ε,η‖ ≤

M

cε,η
· 1
1− cε,η−ρ

cε,η

=
M

ρ
.

This implies the stability of the scheme SM .

Theorem 3.7 Let WM
ε,η denote the solution to (21). Then, as (ε, η) → 0, the

sequence WM
ε,η converges uniformly on [0, T ] × C to the unique viscosity solution

VM of (11).

Proof. Define

W ∗
M (t, ψ) = lim sup

τ→t,φ→ψ,ε↓0,η↓0
WM
ε,η(τ, φ)

W∗M (t, ψ) = lim inf
τ→t,φ→ψ,ε↓0,η↓0

WM
ε,η(τ, φ).

(24)

We claim that W ∗
M and W∗M are sub- and supersolutions of (11), respectively. To

prove this claim, we only consider the case for W ∗
M . The argument for that of

W∗M is similar. We want to show:

ρΓ(t, ψ)−HM (t, ψ,Γ(t, ψ),
∂

∂t
Γ(t, ψ), DΓ(t, ψ), D2Γ(t, ψ)) ≤ 0,

for any test function Γ ∈ C1,2
lip ([0, T ]× (C⊕B))∩D(S) such that (t, ψ) is a strictly

local maximum of W ∗
M (τ, φ)− Γ(τ, φ). Without loss of generality, we may assume

that W ∗
M ≤ Γ and W ∗

M (τ, φ) = Γ(τ, φ) and because of the stability of our scheme
we can also assume that Γ ≥ 2 supε,η ‖WM

ε,η‖ outside of the ball B((t, ψ), l) where
l > 0 is such that

W ∗
M (τ, φ)− Γ(τ, φ) ≤ 0 = W ∗

M (t, ψ)− Φ(t, ψ) for (τ, φ) ∈ B((t, ψ), l).

This implies that there exist sequences εn > 0, ηn > 0, and (τn, φn) ∈ [0, T ]×
(C⊕B) such that as n→∞ we have

εn → 0, ηn → 0, τn → t, φn → ψ, WM
εn,ηn

(τn, φn) →W ∗
M (t, ψ),

and (τn, φn) is a global maximum WM
εn,ηn

− Γ.
(25)
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Denote αn = WM
εn,ηn

(τn, φn)− Γ(τn, φn). Obviously αn → 0 and

WM
εn,ηn

(τ, φ) ≤ Γ(τ, φ) + αn for all (τ, φ) ∈ [0, T ]× (C⊕B). (26)

We know that

SM (εn, ηn, τn, φn,WM
εn,ηn

(τn, φn),WM
εn,ηn

) = 0.

The monotonicity of SM and (26) implies

SM (εn, ηn, τn, φn,Γ(τn, φn) + αn,Γ(τn, φn) + αn)
≤ SM (εn, ηn, τn, φn,WM

εn,ηn
(τn, φn),WM

εn,ηn
)

= 0. (27)

Therefore,

lim
n→∞

SM (εn, ηn, τn, φn,WM
εn,ηn

(τn, φn),WM
εn,ηn

)
εn

≤ 0,

so

ρW ∗
M (t, ψ)−HM (t, ψ,W ∗

M (t, ψ),DtΓ(t, ψ), DΓ(t, ψ), D2Γ(t, ψ))

= lim
n→∞

SM (εn, ηn, τn, φn,WM
εn,ηn

(τn, φn),WM
εn,ηn

)
εn

≤ 0.
(28)

This proves that W ∗
M is a viscosity subsolution of (11) and, similarly we can prove

that W∗M is a viscosity supersolution. By virtue of Theorem 5.1 in [2], we can get
that

W∗M (t, ψ) ≥W ∗
M (t, ψ), ∀(t, ψ) ∈ [0, T ]×C. (29)

On the other hand, by the definition of W∗M ,W
∗
M , it is easy to see that

W∗M (t, ψ) ≤W ∗
M (t, ψ), ∀(t, ψ) ∈ [0, T ]×C.

Combined with (29), the above implies

W∗M (t, ψ) = W ∗
M (t, ψ), ∀(t, ψ) ∈ [0, T ]×C.

Since W∗M is a viscosity supersolution and W ∗
M is a viscosity subsolution, they are

also viscosity solutions of (11). Now, using the uniqueness of the viscosity solution
(11), we see that VM = W ∗

M = W∗M . Therefore, we conclude that the sequence
(WM

ε,η)ε,η converges locally uniformly to VM as desired. tu
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4 The Computational Algorithm

Based on the results obtained in the last section, we can construct the computa-
tional algorithm to obtain a numerical solution. For example, one algorithm can
be like the following:

Step 0. Choose any function W (0) ∈ Cb([0, T ]×C⊕B);

Step 1. Pick the starting values for ε(1), η(1). For example, we can choose
ε(1) = 10−2, η(1) = 10−3;

Step 2. For the given ε, η > 0, compute the function

W
(1)
ε(1),η(1) ∈ Cb([0, T ]×C⊕B)

by the following formula

W
(1)
ε(1),η(1) = Tε(1),η(1)W (0),

where Tε(1),η(1), which is defined on Cb([0, T ]×C⊕B), is given by (20);

Step 3. Repeat Step 2 for i = 2, 3, · · · using

W
(i)
ε(1),η(1) = Tε(1),η(1)W

(i−1)
ε(1),η(1),

where Tε(1),η(1), which is defined on Cb([0, T ]×C⊕B), is given by (20). Stop the
iteration when

‖W i+1
ε(1),η(1)(t, ψ)−W i

ε(1),η(1)(t, ψ)‖ ≤ δ1,

where δ1 is a preselected number which is small enough to achieve the accuracy
we want. Denote the final solution by Wε(1),η(1)(t, ψ).

Step 4. Choose two sequences of ε(k) and η(k), such that

lim
k→∞

ε(k) = lim
k→∞

η(k) = 0.

For example, we may choose ε(k) = η(k) = 10−(2+k). Now repeat Step 2 and Step
3 for each ε(k), η(k) until

‖Wε(k+1),η(k+1)(t, ψ)−Wε(k),η(k)(t, ψ)‖ ≤ δ2,

where δ2 is chosen to obtain the expected accuracy.
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