MA (ST)413 Midterm Exam 1

Solutions
1. (20 points)
(a) (10 points)
T 0, if x < O,
FX({E):/ fOydt = ¢ & — 2 if 0 <2 < 100,
o0 1, if 2 > 100.
1, if x <0,
Sx(x)=1-Fx(x) = { 1—2 4+ if 0 <z <100,
0, if > 100.
h ) . fX(iL‘) . 0, if v < 0,
5w T e, 102 <100

(b) (10 points) By definition and using integration by parts, we can get

100 100 1 100
EX = / 2 fx(2)de = / T (1 . i) dr = — = 33.33,
0 0

50 100 3
100 100 g T 10000
E[X? :/ 22 f xdmz/ 2’ — (1 - == )dr = —— = 1666.67,
X7] 0 x() 0 50 ( 100) 6
10000

2. (20 points)
(a) (10 points) Let X; = ¢X. Then the pdf of X; is given by

fr(e) = ~fxla/o
Lo
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aq (chy)™
(x + )t

This is the pdf for a Pareto distribution with parameters (ay, cf;). So Pareto
distribution is a scale distribution with a scale parameter 6;.

Let Y follows a Gamma distribution with parameters (ag, 62) and let Y] =
cY. Then the pdf of Y] is given by

fn(e) = —fr(z/c)
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This is the pdf of the Gamma distribution with parameters (aw,cfs). So
Gamma distribution is a scale distribution with a scale parameter 6,.

(b) (10 points) We consider the ratio of two pdfs. Actually, as © — oo, we have
fX(x) . &19?19§2F(a2) e%
(@) (x4 6)atigae-tes (x4 0p)ntigee

Since the growth rate of the exponential function is larger than polynomials,
we can get that

1 fx(x) _

im

= fy(z)

Therefore, Pareto distribution has a heavier tail.

3. (10 points)

frly) = ! fx( J )

1+7r 1+7r
= ﬁ (26_%4 + 36_1%> .

4. (10 points) Since X ~ N(1,4?%), we can get
X -1
T ~ N(O, 22)

Therefore, Y = e“5 follows a log-normal distribution with parameters 0 and
X-1 .

22, In other words, the pdf of Y = e“ 7 is

fy (@)

1 _(lnz)2

= e 222 |
2z 21
Since Y = 2 [e%} = 2V, the pdf of Y is given by

1 _ (Iny—In 2)2
2

fY(Q) = %f?(y/Q) = 2y\/%e 22

5. (20 points) First we calculate E[0)].

0o a—1_—%
ElO] = /0 e.eﬁar—fa;de
D) [ peeh
Bl () o Bt (a+1)
51T (a 1 1)
BT ()
= aﬁ

Then the unconditional expectation of N is

E[N] = E[E[N|6)]] = E[\O] = AE[O)] = \aj.




6. (20 points) Let Ny, Ny denote the number of accidents for a driver from Class I,
IT, respectively. Then, we can get

5
1
Pr(N; =0) = / e ——d\==[e? —e°] =0.0429.
2 5—2
3 \ 1
P N == = [ — =
r(Ny = 0) /1 e 3 1d)\

| — W =

[e7! — 7] = 0.1590.

Let N denote the number of accidents for a driver from this population. Then
N is a (0.35,0.65) mixture of Ny, Ny. Therefore,

Pr(N =0) = 0.35- Pr(N, = 0) + 0.65 - Pr(N, = 0) = 0.1184.
Thus, Pr(N >1)=1—Pr(N =0) =1—0.1184 = 0.8816.



