
MA (ST) 413 Assignment 8 Solutions

1. (Problem 9.23) Define Sn = X1 +X2 + · · ·+Xn. Since X1, X2, · · · are i.i.d. r.v.’s
and they follow a distribution N(100, 9), we have

Sn ∼ N(100n, 9n).

Then we can get

Pr(Sn > 100) = Pr

(
Sn − 100n√

9n
>

100− 100n√
9n

)
= 1− Φ

(
100− 100n√

9n

)
,

where Φ is the cdf of the standard normal distribution. Now we can get

Pr(S > 100) =
3∑
i=0

Pr(N = n)Pr(Sn > 100)

=
3∑
i=0

Pr(N = n)

[
1− Φ

(
100− 100n√

9n

)]
= 0.5 · 0 + 0.2(1− Φ(0)) + 0.2

[
1− Φ

(
−100√

18

)]
+ 0.1

[
1− Φ

(
−200√

27

)]
= 0.2 · 0.5 + 0.2 · 1 + 0.1 · 1
= 0.4.

2. (Problem 9.24) Using the convolution process, we can get

k f ∗0(k) fX1(k) fX1+X2(k) fS(k)
0 1 0 0 0.0625

2000 0 0.4 0 0.1
3000 0 0.6 0 0.15
4000 0 0 0.16 0.06
n 0 1 2

f(n) 1/16 1/4 3/8

Then we have

Pr(S ≥ 5000)

= 1− Pr(S = 0)− Pr(S = 2000)− Pr(S = 3000)− Pr(S = 4000)

= 0.6275.

Therefore, the total cost is

1472 + 2000(0.1) + 3000(0.15) + 4000(0.06) + 5000(0.6275) = 5499.5.
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3. (Problem 9.26) Using the pdf of S, we can get

E[S] =

∫ ∞
1

x3x−4dx =
3

2
,

E[S2] =

∫ ∞
1

x23x−4dx = 3,

V ar(S) = E[S2]− (E[S])2 =
3

4
.

Then we have

0.9 = Pr

(
S ≤ (1 + θ)

3

2

)
=

∫ (1+θ)1.5

1

3x−4dx

= 1− [1.5(1 + θ)]−3.

So we can get that θ = 0.4363. On the other hand, we have

0.9 = Pr(S ≤ 1.5 + λ
√

0.75)

=

∫ 1.5+λ
√

0.75

1

3x−4dx

= 1− [1.5 + λ
√

0.75]−3,

and we can get λ = 0.7557.

4. (Problem 9.27) The answer is

0.8R100 + 0.1R1100 + 0.1R2100,

where 0.8R100 pays 80% of all in excess of 100, 0.1R1100 pays an additional 10%
in excess of 1100, and 0.1R2100 pays an additional 10% in excess of 2100.

5. (Problem 9.31) The total claim follows a compound Poisson with λ = 5 and
severity distribution

fX(x) = 0.4f1(x) + 0.6f2(x)

=

{
0.4(0.001) + 0.6(0.005) = 0.0034, 0 < x ≤ 200;
0.4(0.001) + 0.6(0) = 0.0004, 200 < x ≤ 1000.

Then we have

E[(X − 100)+] =

∫ ∞
100

(x− 100)fX(x)dx

=

∫ 200

100

(x− 100)(0.0034)dx+

∫ 1000

200

(x− 100)(0.0004)dx

= 177.
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6. (Problem 9.38) Let X̂ be the r.v. with probability function gX(x), x = 1, 2, · · · .
Then we have

MX̂(t) = E[etX̂ ]

=
∞∑
x=1

etxgX(x)

=
1

1− fX(0)

∞∑
x=1

etxfX(x)

=
MX(t)− fX(0)

1− fX(0)
.

For compound negative binomial with fX , we have

MS(t) = PN(MX(t)) = [1− β(MX(t)− 1)]−2.

Let N̂ be the new frequency distribution with severity distribution gX(x) which
keeps the same compound distribution. Then we should have

MS(t) = [1− β(MX(t)− 1)]−2

= PN̂(MX̂(t)).

It is easy to verify that if N̂ follows a negative binomial with r = 2, β̂ = 1−fX(0),
then we have

MS(t) = PN̂(MX̂(t))

= [1− β̂(MX̂(t)− 1)]−2

=

[
1− β(1− fX(0))

(
MX(t)− fX(0)

1− fX(0)
− 1

)]−2

=

[
1− β(1− fX(0))

(
MX(t)− 1)

1− fX(0)

)]−2

= [1− β (MX(t)− 1)]−2 .

Therefore, the new parameter for the frequency distribution is β̂ = β(1− fX(0))
and r = 2.

7. (Problem 9.39) Let Sn = X1 + X2 + · · · + Xn, and let fn(x) be the pdf of Sn.
The mgf of Xi is

MX(t) =
1

1− θt
.

Then the mgf of Sn is

MSn(t) = [MX(t)]n =
1

(1− θt)n
.

Therefore, Sn follows a Gamma distribution with parameters n, θ. That is

fn(x) =
xn−1e−

x
θ

θnΓ(n)
=

xn−1e−
x
θ

θn(n− 1)!
.
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(a.) Using the results we obtained above, we can get

fS(x) =
∞∑
n=1

Pr(N = n)fn(x)

=
∞∑
n=1

βn

n(1 + β)n ln(1 + β)
· x

n−1e−
x
θ

θn(n− 1)!

=
1

ln(1 + β)

∞∑
n=1

1

n!

[
β

θ(1 + β)

]n
xn−1e−

x
θ .

(b.)

fS(x) =
1

ln(1 + β)

∞∑
n=1

1

n!

[
β

θ(1 + β)

]n
xn−1e−

x
θ

=
e−

x
θ

ln(1 + β)

∞∑
n=1

1

n!

1

x

[
βx

θ(1 + β)

]n
=

e−
x
θ

x ln(1 + β)

[
e

βx
θ(1+β) − 1

]
=

e−
x

θ(1+β) − e−xθ
x ln(1 + β)

.
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