I-Function and B-Function (Beta-Function)

1. Definition. The I'-function is defined by

I(x) = /Oo t*te~tdt, Vx> 0.
0

The B-function is defined by

1
B(z,y) E/O #2711 — t)v1dt, Va,y > 0.

2. Properties and Relations.
o I'(1)=1.
e For any x > 0, we have I'(x + 1) = 2I'(z).
e If n > 0 is an integer, then I'(n 4+ 1) = nl.
e B(z,y) = B(y,z), VYx,y>0.
o B(z,y) = {2,

e B(z+1y) =5 B(xy).

3. Incomplete I'-function and Incomplete Beta-function.
In probability theory, the incomplete I'-function I'(a; ) and the incomplete
Beta-function B(a, b;x) are often used. They are defined by

1 T
Nogz) = F(a)/o t* e tdt, 0<x < oo;

1 T
B(a,b;x) = Bla b)/o M1 =)t 0<x <1

4. Properties.
From the definitions, we can get that both I'(«; ) and B(a, b; x) are increas-

ing functions of  and they satisfy

['(a;0) =0, lim I'(asz) = 1;
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B(a,b;0) =0, B(a,b;1)=1.



