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Abstract

This paper treats a finite time horizon optimal control problem in which the con-
trolled state dynamics is governed by a general system of stochastic functional differ-
ential equations with a bounded memory. An infinite-dimensional HJB equation is
derived using a Bellman-type dynamic programming principle. It is shown that the
value function is the unique viscosity solution of the HJB equation.

Keywords: Stochastic control, stochastic functional differential equations, viscosity so-
lutions, Hamilton-Jacobi-Bellman equation.
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1 Introduction

Optimal control of Ité’s diffusion processes have been extensively studied in the literature,
see Fleming and Rishel [8] for the classical theory, Fleming and Soner [9] and the references
contained herein for the viscosity solution approach.

However, in many real world applications (see Kolmanovskii and Shaikhet [12]), these
physical systems can only be modeled by stochastic dynamical systems whose evolutions
depend on the past history of the states. Such models are referred to as stochastic (re-
tarded) functional differential equations (see Mohammed [17], [18] for an introduction of
these models). The linear-quadratic regulatory problem involving stochastic delay equa-
tions was first studied in Kolmanovskii and Maizenberg [11], and optimal control problems
for a class of nonlinear stochastic equations that involve a continuous delay of the following

type

dX(s) = afs,X(s),Y(s),u(s))ds
+ 6(s, X (s),Y(s),u(s)dW(s), selt,T], (1)

have been studied in recent literature (see e.g. Elsanousi [6], Elsanousi et al [7], and
Larssen [13], Oksendal and Sulem [19]), in which Y'(s) = fi)r e 99X (s 4+ 6)do .

The purpose of this paper is to investigate a finite time horizon optimal control problem
for a general system of stochastic functional differential equations that include (1) as a
special case. We use the viscosity solution concept introduced by Crandall and Lions [4],
[14], [16] in order to characterize the value function as the unique viscosity solution of the
associated HJB equation.

This paper is organized as follows. Notations and the formulation of the problem are
contained in Section 2. In Section 3, the infinite dimensional Hamilton-Jacobi-Bellman
(HJB) equation for the value function is heuristically derived using Bellman’s type dy-
namic programming principle, which was first obtained in Larssen [13]. In Section 4, the
continuity of the value function is proved. It is shown in Section 4 that the value function
is actually a viscosity solution of the HJB equation. The uniqueness result for viscosity
solution of the HJB equation is given in Section 5.



2 Problem Formulation

Let T" > 0 denote a fixed terminal time, and let ¢ € [0,7] denote an initial time. We
study the finite time horizon optimal control problem for a general system of stochastic
functional differential equations on the interval [¢,T].

Let r > 0 be a fixed constant, and let J = [—r, 0] denote the duration of the bounded
memory of the equations considered in this paper. For the sake of simplicity, we denote
C(J;R™), the space of continuous functions ¢ : J — R", by C. Note that C is a real
separable Banach space under the supremum norm defined by

o]l = sup|o(®)], ¢ € C,
tel

where | - | is the Euclidean norm in R".
We denote by (- | - ) the inner product in L?(J, R") as the following

0 1
(6l) = / (@(s),0(s)ds,  and [|gll2 = (8|6)}, VeveC,

T
where (-, -) is the inner product in R".

Note that the space C can be continuously embedded into L2(J; R").

Convention 2.1 In this paper, we use the following conventional notation for functional
differential equations (see Hale [10]):
Ifp € C([—r,00); R™) and t € Ry, let Yy € C be defined by ¥ (0) = Y(t +0), 0 € J.

Let {W(t),t > 0} be a certain m-dimensional standard Brownian motion defined on
a complete filtered probability space (2, F, P;F), where F = {F(t),t > 0} is the P-
augmentation of the natural filtration {F" (t),t > 0} generated by the Brownian motion
{(W(t),t >0}, ice., if t >0,

FYV(t) = o{W(s),0 < s <t}
and
F(t)=F"(t)v{A C Q3B € F such that A C B and P(B) = 0}

where the operator V denotes that JF(t) is the smallest o-algebra such that FW () C F(t)
and
{A C Q|3B € F such that A C B and P(B) =0} C F(t).

Let L2(Q2, C) be the space of C-valued random variables = : 2 — C such that

1

Bl ={ [ 2P} <.

In addition, let L?(Q2, C; F(t)) be those Z € L%(€, C) which are F(t)-measurable.



We consider the following system of controlled stochastic functional differential equa-
tions with a bounded memory:

dX (s) = f(s, Xs,u(s))ds + g(s, Xs,u(s))dW(s), s¢€[t,T], (2)

with the initial condition X; = vy, where ¢, € L?(Q, C; F(t)) and u(-) = {u(s),s € [t,T]}
is a control process taking values in a compact set U (of an Euclidean space). The
functions, f: [0,T] x Cx U — R" and g : [0,T] x C x U — R"*™ are given deterministic
functions.

The definitions of solutions of (2) and the admissible controls are given as follows.

Definition 2.2 Given the m-dimensional standard Brownian motion {W(s),

s €10,T]} and the control process {u(s), s € [t,T]}, a process {X (s;t, ¢, u(-)),

s € [t—r,T)} is said to be a (strong) solution of the controlled equation (2) on the interval
[t —r,T) and through the initial datum (t,;) € [0,T] x L?(Q, C;F(t)) if it satisfies the
following conditions:

1. Xt(a tu wh U()) = ¢t,

2. X(s;t, ¢, u()) is F(s)-measurable for each s € [t,T];

3. The process {X (s;t,¢¥r,u(-)),s € [t,T]} is continuous and it satisfies the following
stochastic integral equation P-a.s.

X(s) = 14 (0) + / T FOL X u(N)dA + / g X, u(N)dW (). 3)

In addition, the solution process { X (s;t, ¢, u(-)),s € [t —r, T} is said to be (strongly)
unique if {X(s;t, ¢, u(:)),s € [t —r,T|} is also a solution of (2) on [t — r,T] with the
control process u(-) and through the same initial datum (t,), then

P{X(s;t, e u(-)) = X(s3t, 4, u(),¥s € [, T]} = 1.

Definition 2.3 For each t € [0,T], a 5-tuples a = (Q,F, P,W(-),u(-)) is said to be an
admissible control if it satisfies the following conditions:

1. (2, F, P) is a complete probability space;

2. W() = {W(s),s € [t,T]} is an m-dimensional standard Brownian motion on
(Q,F,P) over [t,T] with W(t) = 0 a.s., and F(t,s) = oc{W(r),t < 7 < s} aug-
mented by the P-null sets in F;

3w [t,T] x Q — U is an {F(t,s),s € [t,T]}-adapted process on (2, F,P) that is
right-continuous at the initial time t;

4. Under the control process u(-) = {u(s),s € [t,T]|}, equation (2) admits a unique
strong solution Xt¥C)(\) = {X (s;t,,u(")),s € [t, T]} defined on (Q, F, P;{F(t,s),s €
[t,T|}) and through each initial datum (t,v) € [0,T] x C.



5. The C-valued process {Xs(-;t, 0, u(+)),s € [t,T]} defined by

Xs(0:t,4,u(-)) = X(s+0:t,,u(), 6€[-r0]
is a strong Markov process with respect to the Brownian stochastic basis (0, F, P,F, W (-));

6. The control process u(-) is such that

T
B [ 1 Xult ), s)lds + [0 (e v u() ] < .

where L : [0,T] x Cx U — R and ¥ : C — R represent the running and terminal
cost functions, respectively.

The collection of admissible controls o = (Q, F, P, W (-),u(-)) over the interval [t,T) is
denoted by U[t,T.

Remark 2.4 To use Dynkin’s formula for the the C-valued process

{Xs(5t,0,u(v)), s € [t,T)} in the derivation of the infinite dimensional HJB equation, we
make additional requirement that it is a C-valued Markov process. This requirement is
not a stringent one. In fact, the class of admissible controls U[t,T] includes all feedback
controls u(s) = n(s, Xs), where n: [0,T] x C — U is Lipschitz with respect to the segment
variable, i.e., there exists a constant K > 0 such that

n(t,¢) —n(t, o) < Kll¢ —¢ll, V(t,¢),(t ) €[0,T] x C.

We will write u(-) € U[t,T] or a« = (Q,F,P,W(-),u(-)) € U[t,T] interchangeably,
whenever there is no danger of ambiguity.

We assume that the functions f: [0,T]x CxU — R", and g : [0,T] x Cx U — R"*™
are continuous and they satisfy the following linear growth and Lipschitz conditions (See
also Mohammed [17, 18]).

Assumption 2.5 There exists a constant A > 0 such that

Y(t, o u), (t,¢,u) € [0,T] x C x U.

Assumption 2.6 There exists a constant K > 0 such that

[f (@t o, u)l +g(t, &, u)] < KL+ [|o[]), V(E,¢,u) € [0,T] x Cx U.

Given an admissible control u(-) € U[t, T, let X-¥40) () = {X (s;t,9,u(-)),
s € [t,T]} be the solution of (2) through the initial datum (¢, w) € 10, T] x C. We again
consider the corresponding C-valued process {X;(t, ¢, u(+)), s € [t,T]} defined by

Xs(e; t7¢7u(')) = X(S + '9;75#/% U()), 0 €. (4)



For notational simplicity, we often write X (s) = X (s;t,%,u()) and X5 = Xs(t, ¥, u(+))
for s € [t,T] whenever there is no danger of ambiguity.

It can be shown that, under Assumptions 2.5-2.6, the C-valued process { Xs(¢, 9, u(-)), s €
[t,T]} is a Markov process (see Mohammed [17], [18]).

Let L and ¥ be two continuous real-valued functions on [0,7] x C x U and [0,7] x C,
respectively. Moreover, we assume that they both have at most polynomial growth in
L?(J;R). In other words, there exist a constant A > 0 and an integer k > 0 such that

IL(t, ¢, u)] < AL+ [l@ll2)",  and |¥(t¢)] < AL+ [¢ll2)",

for all (t,¢,u) € [0,T] x C x U.
Given any initial data (¢,v) € [0,7] x C and any admissible control u(-) € U[t,T], we
define the objective function

T
J(tdru()) = E[ e O Xt bl )
e T (Xt u()))] (5)

where p > 0 denotes a discount factor. For each initial datum (¢,4) € [0,7] x C, the
optimal control problem is to find u(-) € U[t,T] so as to maximize the objective function
J. In this case, the value function V' : [0, 7] x C — R is defined to be

V@ﬂb) = Sup J(tﬂ%u()) (6)

u(-)eU[t,T)

3 The Hamilton-Jacobi-Bellman Equation

In this section, we will heuristically derive the infinite dimensional Hamilton-Jacobi-
Bellman (HJB) equation for the value function defined by (6) using Bellman’s type dy-
namic programming principle, which was first obtained in Larssen [13].

3.1 The Infinitesimal Generator

Let C* and (}T be the space of bounded linear functionals ® : C — R and bounded bilinear
functionals ® : C x C — R, of the space C, respectively. They are equipped with the
operator norms which will be, respectively, denoted by || - ||* and | - ||T.

Let B = {vlp,v € R"}, where 14y : [-7,0] — R is defined by

0 for @ e [-r0),
Loy(0) = { 1 for § = 0.

We form the direct sum

C@B:{¢+’U1{O}’¢€C, UE?R”}



and equip it with the norm || - || defined by

I +vlgyll = sup [p(0)] + v, ¢€C, veR"

0e[—r,0]

Note that for each sufficiently smooth function ® : C — R, its first order Fréchet deriva-
tive (with respect to ¢ € C), D®(p) € C*, has a unique and continuous linear extension
D®(p) € (C @ B)*. Similarly, its second order Fréchet derivative, D?®(p) € CT, has
a unique and continuous linear extension D2®(¢) € (C @ B)'. In above, (C @ B)* and
(C@B)T are spaces of bounded linear and bilinear functionals of C @ B, respectively. (See

Lemma (3.1) and Lemma (3.2) on pp 79-83 of Mohammed [17] for details).

For a Borel measurable function ® : C — R, we also define

§(2)(0) = lim + [#(6,) ~ B(0) 7)

h—0+ h

for all ¢ € C, where ¢ : [—r,T] — R" is an extension of ¢ defined by

TN o(t) ifte[-r0)
ot) = { 6(0) ift >0,

and ¢; € C is defined by i
¢1(0) = o(t +6), 0 [-r0]

Let 15(8), the domain of the operator S, be the set of ® : C — R such that the above
limit exists for each ¢ € C. Define D(S) as the set of all functions @ : [0,7] x C — R
such that ®(t,-) € D(S),Vt € [0,T].

In addition, let C’llig([O7 T] x C) be the space of functions @ : [0,7] x C — R such that

%—‘f :10,7] x C — R and D?® : [0,T] x C — C' exist and are continuous and satisfy the
following Lipschitz condition:

ID*®(t,6) — D*®(t, ) ||" < Kll¢ — || ¥t € [0,T], ¢, € C.
We have the following results.

Theorem 3.1 Suppose that ® € Cllif([O,T] x C)ND(S). Let u(-) e U[t,T] and {Xs,s €
[t,T]} be the C-valued Markov solution process of equation (2) with the initial data (t, ) €
[0,T] x C. Then

liirg E[(I)(t + ¢, XtJrE)] - é(tv (Pt)
€ €

_ gtfb(t, ot) + S(®)(t, 0r) + DB 1) (f(F o0, ult)) 1 10y)

(8)

AL
+§ Z qu)(t, ©i)(g(t, pr, u(t))ej]-{O}a g(t, o, u(t))ejl{(]})a
j=1

where e, 5 = 1,2,---,m, is the jth unit vector of the standard basis in R".



Proof. One can refer to Mohammed [17], [18]. O

3.2 Heuristic Derivation of the HJB Equation

Before we heuristically derive the HJB equation for V', we re-state the dynamic program-
ming principle described in Larssen [13] which will be used later.

Theorem (Larssen) Let Assumptions 2.5-2.6 hold. Then for any (t,v) € [0,T] x C and
F(t)-stopping time T € [t, T,

V(t¢) =  sup E[/tTe”(S“L(s,Xs@,w(-)),u(s))ds

u(-)eU[t,T)
+ e PTIV (7, X (8,4, u())) |- (9)
Let v e U. We define:
AV (it y) = S(V)(E¢) + DV (Ey)(f(t,P,v)1)

1 m
+§ZD2V (t,1,v)eilyoy, g(t 1, v)eilygy ).
i=1

O
We assume that for every v € U, the domain of the generator A" is large enough to
contain Clliﬁ([O,T] x C)ND(S).

From the dynamic programming principle (Theorem (Larssen)), if we take a constant
control u(-) = v, then V§ > 0

t+06
V(t,y) >E Ut e PO L(s, Xo(t, 0, 0),0)ds + e PV (t + 6, Xyy5(t, 0, v))} .

Combined with Theorem 3.1, the above inequality implies

1 t+9
lim E{/ e_”(s_t)L(s,Xs(t,w,v),v)ds
t

+ e PVt + 6, Xers(t, 0, 0) — V(1 1/’)}

ov vy
ot

o
vV

= —pV(t, ¢) ¢) + A"V ( 1,[)) + L(tv Y, U) (10)

for all (,1) € [0,T] x C, provided that V € C;([0,T] x C) N D(S).

Moreover, if u*(-) € U[t,T] is the optimal control policy which satisfies lim, ¢ u*(s) =
v*, we should have that V§ > 0

t+46
v<t,w>=E[/t e DL (s, X7, 0 (s))ds + ¢ PV (t 48, X ,g) | (11)



where X} = X7¥(t,9,u*(+)) is the C-valued solution process corresponding to the initial
datum (¢,%) and the optimal control u*(-) € U[t,T]. Similarly, under strong assumption
on u*(+) (including the right-continuity at the initial time t), we can get

ov

o (t, ) + AV V (t, ) 4+ L(t, b, v"). (12)

0= —PV(t,U)) +

The inequality (10) and (12) are equivalent to the HJB equation

OV (1, ) + max [AV(t, ) + L(t, 6, v)]. (13)

0=—pV(t,¥) + o ma

We therefore have the following result.

Theorem 3.2 Suppose V is the value function defined by (6) and atisfies V € Clli’pQ([O, T] %
C)ND(S). Then the value function V satisfies the following HIB equation:

PV () — (6 ) — mas LAV () + Lt )] =0 (1)

on [0,T] x C, and V(T,v) = ¥(¢), Yy € C.

Note that it is not known that the value function V satisfies the necessary smoothness
condition V' € C,lif([o, T] x C)ND(S). Therefore, in general we need to consider viscosity
solution instead of a classical solution for HJB equation (14). In fact, it will be shown
that the value function is a unique viscosity solution of the HJB equation (14). These
results shall be given in the next two sections.

4 Viscosity Solution of the HJB Equation

In this section, we shall show that the value function V defined by (6) is actually a viscosity
solution of the HJB equation (14). First, let us define the viscosity solution of (14) as
follows.

Definition 4.1 Let w € C([0,T] x C). We say that w is a viscosity subsolution of (14) if,
for every T’ € C’llif([O, T x C)ND(S), for (t,vp) € [0,T] x C satisfying T > w on [0,T] x C
and T'(t,v) = w(t, ), we have

- gl;(tﬂb) - Igleal}( [AVT(t, ) + L(t,1,v)] < 0.

pL(t,¢)

We say that w is a viscosity super solution of (14) if, for every T’ € C}pr?([o, T xC)ND(S),
and for (t,¢) € [0,T] x C satisfying I' < w on [0,T] x C and I'(t,¢) = w(t, ), we have

— 885(75,1/1) — %1635( [A°T(t,¢) + L(t,¢,v)] > 0.

pL'(t,v)

We say that w is a viscosity solution of (14) if it is both a viscosity supersolution and a
viscosity subsolution of (14).



For our value function V defined by (6), we now show that it has the following property.

Lemma 4.2 The value function V defined in (6) is continuous and there exists a constant
A > 0 and a positive integer k such that, for every (t,¢) € [0,T] x C,

V(t,¢)] < AL+ ||o]l2)". (15)
and there exists a constant K > 0 such that

V(s,¢) = V(s,9)l < Kllg —oll, ¥(s,9),(s,9) €[0,T] x C. (16)

Proof. It is clear that V' has at most polynomial growth, because L and ® have at most
polynomial growth. The fact that the value function V satisfies (16) follows from Lemma
5.1 (pp. 11) of Larssen [13].

We next show the continuity of V'(¢,v) with respect to t. Let Z1(s) = Xs(t1,%,u(+))
and Za(s) = Xs(ta2, 9, u(+)), s € [t,T], be two C-valued solutions of (2) with u(-) € U[0, T
and the initial data (¢1,1) and (¢2,), respectively.

Without loss of generality, let us assume that 0 <¢; <ty < T then

T(t1, 95 u(-)) = (b2, 5 u(-)) (17)
- EM TP L, Z(6), ul€))de

T
n / e PETRL(E,21(€),u(€)) — L(E,Z2(E), u(€))]dE

t2

+ e T (E(T)) — e (TtZ)‘P(Ez(T))}

Therefore, there exists a constant A > 0 such that
| J(t1, 9, u(-)) — J(t2, 5 u(-))]
< A<|t1tzIE||E1(T)||+IEHEl(T)Ez(T)H) 18)
Now let ¢ > 0 be a small enough constant. Using the compactness of [0,7] and the

uniform continuity of the trajectory map in ¢, we know that there exists > 0 such that
if [t1 — to| < then E[[Z;1(s) — Z2(s)|| < 53 for all s € [t2,T]. Therefore, for

g
t1 — ta| < min m, =
| | < 2A]E[sups€[0’T] Hil(S)H])

we have

|J(tla¢7u(')) - J(tQa IJZ),U())| <

Consequently,

We have the following result:

10



Theorem 4.3 The value function V is a viscosity solution of the HJB equation
oV vy
PV (8 9) — 5o (t9) —max [AV(¢,9) + L(t, 9, 0)] = 0 (19)

on [0,T] x C, and V(T,l/)) =U(y), V¢ € C.

Proof. Let I' € C’llif([O,T] x C)ND(S). For (t,¢) € [0,T] x C such that I' < V on
[0,T] x C and I'(¢,v) = V(t,), we want to prove the viscosity supersolution inequality,
1.€.,

or

U1 0) — D (0,6) — mias A°D(1, ) + L{1,,0)] > 0. (20)
Let u(-) € U[t,T]. Since I € C’llz;([() T] x C)ND(S), (by virtue of Theorem 3.1 pp. 78 of

Mohammed [17]) for t < s < T, we have
E[e 0700 (s, X, (0, u())| = Tt 0)

- E[ / Se—p@-t)<8r<5,ng§,w,u<~>>>

+ A“(E)F(g,Xg(t,¢, u(+))) — pI‘(g,Xg(tﬂb,u(-))))dﬁ} (21)

On the other hand, for any s € [¢t,T], the dynamic programming principle (Theorem
(Larssen)) gives,

V(t,¢) = max E{ /tse—p@—“L(f,Xg(t,wuc)),u(f))df

u(-)eUt,T]
e DY (s, Xl 0, u<->>>}. (22)

Therefore, we have

V(L) > E[ / Se—ﬂ<f—f>L<f,Xgu,w,u(-)),u(f))df]

+E[e 70V (5, X, (1,0, u())]- (23)
By virtue of (21) and using I' <V, T'(t,v) = V(t,%), we can get

0 > E| | eI Xett,vut) (©))ie|
+E IV (s, X (1 v, ()] - Vi »)
E| [ e ILE X v, u) u(e) e
+E PO (s, X, (8, u()| - T v)

g [ e [ - (e Xelt, () + Tt

Vv

v

+~AUF(£7 Xi(t7 1% u())) + L(fa Xi(t> 1% u())v u(f)) df

11



Dividing both sides by (s — t), we have

0 < E[ ! /:e—p@—ﬂ(pr@,xga,w,u«)))

s—t

_8F(£7Xﬁ(t7wau('))) _qu(é) .
= AMOT(E, Xe(t, 0, u()
{6 Xelt. v u0), () ) e | (24)
Now let s | ¢ in (24). Noting that lim,; u(s) = v , we can obtain
L) = T (6:6) = [AT (0, 0) + Lt )] 20 (25)

Since v € U is arbitrary, we now can derive the inequality (20).

Next we want to prove that V' is a viscosity subsolution. Let I' € C'lli’pz([(), TIxC)ND(S).
For (t,v) € [0,T] x C satisfying I' > V on [0,7] x C and I'(t,v) = V (¢,v), we want to
prove that

or

(t,v) — max[A"T'(t,¢) + L(t,¢,v)] <O0. (26)

Pr(tﬂ/}) - a vell

We assume the contrary, and we will find a contradiction.

Let us assume that, there exist (¢,¢) € [0,7] x C, T" € Clll-’;([O,T] x C)ND(S), with
I'>Von[0,T]xCandI'(¢,1)) = V(t,v), and 6 > 0 such that for all control u(-) € U[t, T
with limg; u(s) = v,

L(7,0) = G (1) = AT(r,0) = Lir, 6,0) 2 6 @)

for all (7,¢) € N(t,v), where N(t,7) is a neighborhood of (¢,).

Let u(-) € U[t,T] with lim,; u(s) = v, and let t; be such that for t < s < t1, we
can get that the solution X (s;t,¢,u(-)) € N(t,1). Therefore, for any s € [t, 1], we have
almost surely

or

pF(S, Xs(ta Y, u())) - E(Sa Xs(ta Y, u()))

— AT (s, X (0, u(-))) — L(s, Xo(t 6, u(-), u(s)) > 6. (28)

On the other hand, since I' > V, using the definition of J and V', we can get
t1
J(t.iu()) < E [ / e T L(s, Xy u(s))ds + e POV (1, Xh)} :
t
t1
< E { / e PO (s, X, u(s))ds
t

e, X, <t,w,u<->>>]-
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Using (28), we have

It () < E[ s ap(s—“(—6+pr<ijs<t,w,u<‘>>>
8F uls
— o (5 Xa(t, v, u()) — A >r<s,Xs<t,w,u<->>)>ds
n e-ﬂ“l—“r(tl,xtl(t,w,u<->>>]. (20)

In addition, similar to (21), we can get

E [e_p(tl_t)I‘(tl, Xy, () } I(t
_E[ /< >(8T<8Xés¢’“<>>>+Aus D(s, X, (t, 0, ()
—pf(s,Xs@,w,u(-))))ds]. (30)

Therefore, by virtue of (29), (30), we can get

t1
J(t,¢iu(-) < —/t e P Dods + T(t, )

= —i(l — e P LV (8 ). (31)

Taking the supremum over all admissible control u(-) € U[t,T], we have

0
V() < ——(1—e ") 1 V(E9).
p
This contradicts the fact that § > 0. Therefore V (¢,v) is a viscosity subsolution. This
completes the proof of the theorem. O

5 Uniqueness

In this section, we will show the uniqueness result for the viscosity solution of the HJB
equation (14). Given the uniqueness result, combining the results we obtained in last
section, we can say that the value function V(¢,1) is the only viscosity solution of the
HJB equation (14).

Since a viscosity solution is both a subsolution and a supersolution, the uniqueness
result will follow immediately after we establish the following comparison principle:

Theorem 5.1 (Comparison Principle) Assume that Vi (t,v) and Va(t, ) are both con-
tinuous with respect to the argument (t,v) and are respectively viscosity subsolution and
supersolution of (14) with at most a polynomial growth. In other terms, there exists a real
number A > 0 and a positive integer k > 0 such that,

Vilt, )l < AL+ [[9]12)", for (t,4) €[0,T] x C, i=1,2.
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Then

Vi(t, ) < Vo(t,v)  for all (t,7) € [0,T] x C. (32)

Before we proceed to the proof of Theorem 5.1, we shall use the following result proven
in Ekeland and Lebourg [5] and also in a general form in Stegall [21] and Bourgain [2].
The readers are also referred to Crandall et al [4] and Lions [15] for an application example
of this result in a setting similar to ours.

Lemma 5.2 Let ® be a bounded and upper semicontinuous real-valued function on a
closed ball B of a Banach space X which has the Radon-Nikodym property, then for any
€ > 0 there exists an element u* € X* with norm at most €, where X* 1is the dual of X,
such that ® + u* attains its maximum on B.

Note that every separable Hilbert space (X, ||-||x) satisfy the Radon-Nikodym property
(see e.g. Ekeland and Lebourg [5]). In order to apply Lemma 5.2, we shall therefore restrict
ourself to a subspace X’ of C = C([—r, 0]; R") which is a separable Hilbert space and dense
in C. One of the good candidates is the Sobolev space W12((—r,0); R"), where

WL2((=r,0);R") = {¢ € C| ¢ is absolutely continuous
and ||¢[[1,2 < oo},

113 2 = llol2 + 913,

and gb is the derivative of ¢ in the distributional sense.

From the Sobolev embedding theorems (see e.g. Adams [1]), it is known that W2 ((—r,0); R") C
C and that W12((—r,0); R") is dense in C. For more about Sobolev spaces and corre-
sponding results, one can refer to Adams [1].

Let V4 and V4 be a viscosity subsolution and supersolution of (14), respectively. For
any 0 < d,7 < 1, and for all ¥, € C and ¢, s € [0, 7], define

Ounlty 5,9, 8) = 5|l = SIB+ 190 — 1 +1¢ s (33)
+ 7 [exp(X + 9115 + 1¥°)13) + exp(1 + (18113 + 19°]13)] ,
and
(I)ﬁw(tv 5’¢7 ¢) = ‘/1(7571/}) - V2(57 ¢) - 957(t7 S, 1% ¢)7 (34)

where ¢, ¢° € WL2((—r,0);R") with ¢°(0) = Lap(—r — 0), ¢°(0) = L¢(—r — ) for
0 € [—r,0].

Moreover, using the polynomial growth condition for V; and Va, we have

lim B, (L, 5,4, ¢) = —o0. 35
[ lla+l|6lla—o0 a ) (35)
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The function @y, is a real-valued function. In addition, if we have ¢, ¢ € WH2((—r,0); R"),
then it is easy to verify that ®s, is bounded above and continuous on [0,7] x [0,T] x
WE2((—r,0); R™) x WE2((—r,0); R"). Therefore, from Lemma 5.2 (which is applicable by
virtue of (35)), for any 1 > e > 0 there exits a continuous linear functional T¢ in the topo-
logical dual of W12((—r,0); R") x W12((—r,0); R"), with norm at most €, such that the
function ®4,+7, attains it maximum in [0, 7] x [0, T|x W12((=r,0); R") x WL2((—r, 0); R™)
(see Lemma 5.2). Let us denote by (t5ye, Sves Ysyes Pove) the global maximum of @45y + T
on [0,T] x [0,T] x WE2((—=r,0); R?) x W2((—r,0); R").

Without loss of generality, we assume that for any given §,v and €, there exists a
constant Ms., such that the maximum value ®s, + T, + Ms is zero. In other words, we
have

(1)57 (t5’767 Sves ¢5'yea thhe) + T (wévea ¢5’7€) + M(S'ye =0. (36)

We have the following lemmas.

Lemma 5.3 (t5ye, Ssve, Ysve, Gove) is the global mazimum of @5, + T, over [0,T] x [0,T] x
C x C.

Proof. Let (t,s,1,¢) € [0,T]x[0,T]x Cx C. By virtue of the density of WLQ((—T, 0); R™)
in C, we can find a sequence (g, s, Vg, ¢x) in [0, T]x [0, T]x WE2((—r, 0); R™) x WE2((—r, 0); R")
such that

(tiy Sk Uiy P1) — (L, 8,0, ¢) as k — oo.

Since (t5ye, Soves Yoyes Pove) is the global maximum of @4, +T, on [0, T]x [0, T]x WL2((—r,0); R™) x
WH2((—r,0); R"), we have

Doy (ths Sy Uiy Ok) + Te (Ve O1)
< (1)57 (t&yev Sves 1/}5’}/67 ¢575) + T (¢6’Y€’ ¢5'ye)' (37)

Taking the limit as k& goes to co in the last inequality, we obtain

(I)év(t7 S, d}? gb) + T€(¢7 ¢)

< (I)é'y (tzhea Sves ¢5767 QS(S"/E) + TE ('deq/a ¢(5’Y€)' (38)
This shows that (5ye, Ssve, Ysve, Psve) is the global maximum over [0,7] x [0,T] x C x C.
O

Lemma 5.4 For each fized v > 0, we can find a constant A, > 0 such that

[syellz + [¥55ellz + 1 @syellz + 65, ll2 < Ay, (39)

and

Jm (s = Gl + 1651 = Sel3 + ltoe — smrel?) = 0, (40)
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Proof. Noting that (t(;%, S6~ves Yoryes qﬁ(;%) is the global maximum of ®5, + T¢, we can get
that

(I)57 (téwea tchea '¢676a ¢676) + T (¢6wea wéve)
+ (Pé'y(sé'yea S5ves ¢6’yea ¢§'ye) + Te((ﬁé'yev ¢5’ye)
< 2CI)§7 (tc?'yev S5vyes %w (Z)J'ye) + 2T, (¢5'yev (bé'ye)' (41)

It implies

‘/1(t6”/57 Q/)(S'ye) - ‘/é(t6757 77[)(576) - 2’)/(6Xp(1 + deéveng + ||¢g’ye||%))
+ T (1/}5’767 ¢57€) +W (55757 ¢576) - VQ(sévea ¢576)
— 2y(exp(1 + [|@6yell3 + 168 113)) + Te(Psve, Pore)

2
S 2Vvl (téfyea ¢6’ye) - 2‘/2(36767 ¢5’YE) - g |:Hw5’76 - ¢5’Y€”%

+||¢g’ye - QZ)g’yeH% + |t576 - 8(5’76’2:| - 27<6Xp(1 + Hd’(ﬁe”%
 165:13) + exp(1 + 165 I3 + 16%,13))
+ 2Te(w6'yea¢6ve)- (42)

From the above inequality, it is easy to get that

2
2 e = B+ 10— 80l + b — 55

< [‘/1 (tzhe: 1/]5’7/6) - ‘/].(S(S’YE) ¢67€)] + [‘/Q(t&/ey Q;Z)é'ye) - ‘/2(567& ¢5we)]
+ 27 (¢6fyea ¢6’ye) - [TE (¢5’yea ¢5’ye) + TE(¢6'\/E’ ¢5'ye)]‘ (43)

From the polynomial growth condition of Vi, Vs, and the fact that the norm of T is
e € (0,1), we can find a constant A and a positive integer k > 2 such that

2
5 Hwéve - %76\\3 + ngfye - ¢gfyeH§ + ‘tﬁ'ye - 3676’2
< A+ [[syellz + 1d5rell2)". (44)

So

||w5'ye - ¢6’ye”% + ngfye - ¢g'ye‘|% + ’t(s’Yf B 85’76‘2
< OAL+ [[syellz + 1 9srell2)”, (45)

On the other hand, because (ts5ye, S5ve, Vsve, Psvye) is the global maximum of ®s., + T,
we can get

q)é'y (t&yev Séves 07 0) + Te(07 0)
< (I)é'y (t(S’yev Séves w(S'yev ¢6'ye) + T (¢6'ys, ¢5'ye)7 (46)
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In addition, by the definition of ®s, and the polynomial growth condition of Vi, Vs, we
can get a A > 0 and a positive integer k > 2 such that

’q)57(t5’)/61 Sévyes 07 0) =+ T€<O70)‘ < A(l + Hwﬁ’yeHQ + H¢6’ye”2)ka

and
Vl(t&wea¢6ve) - ‘/2(55767 ¢6’ys) < A(l + ||7/}576H2 + quéve”?)k'
Therefore, by virtue of (46) and the definition of ®s,, we have

7 [exp(L+ [ Vel + [[485l13) + exp(L + | @5nell5 + [|68,e13)]
Vl (tévea Q;Z)(He) - ‘/2(5(57& ¢5’76)

1
=5 e = O 08— B+ e — s

- (I)éfy(té’ya Séves 0, O) + Te(wé'yea ¢§’ye) - TE(Oa 0)
< BA(L A+ [[syell2 + [[d5yell2). (47)

It follows that

IN

v [exp(1+ [Vsyell3 + 198, M13) + exp(1 4 [|dsrell3 + |93, ]I5)
(1 + ”1%76”2 + H¢576”2)k

Consequently, there exists A, < co such that

[¥syell2 + [[5yell2 + |@oellz + [ Bgell2 < A, (48)

In order to obtain (40), we send d to zero in (45) using the above inequality. O

Now let us introduce a functional F': C — R defined by

F(y) = |[¢l3, (49)
and the linear map H : C — C defined by

HW)0) = Lap(-r—0) =4°0), 0 [-r,0) (50)

Note that H(1)(0) = °(0) = 0 and H())(—7r) = ¢°(—r) = —1(0). It is not hard to show
that the map F' is Fréchet differentiable and its derivative is given by DF(u)h = 2(u|h).
This comes from the fact that

1+ hl3 = 913 = 2([R) + (213,
and we can always find a constant A > 0 such that

[+ AlI3 = [l15 — 2(w1h) _ [IklI3 _ AR
7] [ )

= AllA][. (51)

Moreover, we have

2 +hf-) =204 - ) =2(h] -).
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We deduce that F is twice differentiable and D?F (u)(h, k) = 2(h|k).

In addition, the map H is linear, thus twice Fréchet differentiable. Therefore, we can
get DH(3)(h) = H(h) and D?*H (+)(h,k) = 0, for all 1, h,k € C.
From the definition of ©s, and the definition of F', we have
1 0 0 2
@67(t737¢7¢) = g F(¢_¢)+F(¢ —(Z))+|t—8|
+ 7[elJrF(w)+F(H(¢)) + 61+F(¢)+F(H(¢))]‘

The following chain rule, quoted from [20] (Theorem 5.2.5 on page 208), is needed to
get the Fréchet derivatives of Os.,:

Theorem 5.5 (Chain Rule.) Let XY, and Z be real Banach spaces. If S : X — ) and
T :Y — Z are Fréchet differentiable at x and 'y = S(x) € Y, respectively, then U =T o S
1s Fréchet differentiable at x and its Fréchet derivative is given by

DyU(x) = DyT(S(x))DxS(x).

Given the above chain rule, we can say that Oy, is Fréchet differentiable. Actually, for
h,k € C, we can get

D¢@57(t,37¢7¢)(h)
- % (¢ = dlh) + (H(y — ¢)|H(h))

+ 2 PO TPHW () 1 (H ()| H ()] (52)
Similarly,
DyOsy(t, 5,9, 9)(k)
= 26-vb +<H<¢—w>rﬂ<k>>]
2 HFOFHON(G11) 4 (H(9) H(R))] (53)
Furthermore,

D05t 5,9, ¢)(h, k)

= 2w+ (1 <>|H<k>>}
o+ 29 T FOTFEWN [o((|k) + (H(9) [H (k) (VIR) + (H()|H(R)))
+ (klh) + (H <>1H<h>>} (54)

18



Similarly,
D26, (5,4, 8) (1, K)
= 2 [hlR) + () H(R))|
o+ 2 HPORFHO[o((61k) + (H (6) [ H () (61R) + (H(6) | H (1))
o+ (klP) + (HL(R) [ H ()] (55)

On the other hand, by the Hahn-Banach theorem (see e.g. [20]), we can extend the
continuous linear functional T; to the space C x C and keep its norm preserved. Thus,
the first order Fréchet derivatives of T is just T¢, i.e., Vi), ¢, h, k € C, we have

DwTE<¢7¢)h = Te(ha ¢)7 (56)

Moreover, for the second derivatives, Y4, ¢, h, k € C, we have
DT (¢, ¢)(hk) = 0, (58)
DiTe(¥,¢)(h,k) = 0. (59)

Observe that we can extend Dy0s4(t, 5,1, ¢) and D?p@g,y(t, s,1, @), the first and sec-
ond order Fréchet derivatives of ©;, with respect to v, to the space C @ B (see Section 3
of this paper or Lemma (3.1) and Lemma (3.2) on pp 79-83 of Mohammed [17]) by setting

Dy®sy(t, 5,9, 6)(h+ vlg)

- %[(ﬁ} — ¢lh+vly) + (H(WY — ¢)|H(h+ vlp)
+ 2y THOTEHEN (] 4+ 01 0)) + (H (@) [H (b + v1go))] (60)

and

D%/,(H)(S’y(tv S, wv ¢)(h + Ul{O}a k+ wl{O})
2
= g [(h + ’Ul{o}|/€ + wl{o}) + (H(h + Ul{o})|H(k‘ + wl{o})]

+ 2y TFWHFHW) |9 (4K + wlgoy) + (H(Y)[H(k +wlip)))
~((Y[h +vloy) + (H()|[H(h +vlg)))
+ (k + wl{o}]h + 1}1{0}) + (H(k + wl{o})|H(h + Ul{o}))] ; (61)

for v,w € R™ and h,k € C.

Moreover, it is easy to see that these extensions are continuous in that there exists a
constant A > 0 such that

(¢ — ¢|h + v1oy)] % = ll2 - |1h + vlpy2

Ay = ¢ll2(l2]] + |v]); (62)

<
<
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|(Wlh +v1y)] < [[ll2 - 1A+ v1oyl2
< Allll2([|2]] + |v]); (63)
||k +wlioy)] < [lll2 - [k +wlipy|l2
< Alpll2(][kll + [w]); (64)
and
|(k +wligy|h +vliy)] < [k +wliyll2[lh + v1oyl2
< A(IEI+ [w))(IR]] + [v]). (65)

Similarly, we can extend the first and second order Fréchet derivatives of ©s, with

respect to ¢, to the space C @ B and obtain similar expressions for Dy0s+(t, s,%, ¢)(k +
wl{o}) and Di@g,y(t, s, 0, ¢)(h + Ul{o}, k+ wl{o}).

The same is also true for the bounded linear functional 7, whose extension is still
written as Te.
In addition, it is easy to verify that for any ¢ € C and v, w € R"™ we have

0
©@lte) = [ (@) 010 E)ds =0, (66)

0
wiglote) = [ (Wi vig(s)ds =0 (67
H(vlgp) = vly_,, (68)
(H@)H@Lgy) = 0, (H(wlgy)|H@lg,) =0. (69)

These observations will be used later.

Next we will prove several lemmas about the operator §, which will be used later.

Lemma 5.6 Given ¢ € C, we have
S(F)(9) = |9(0)]* = |¢(—r)[*, (70)

S(F)(¢%) = ~16(0)I%, (71)
where F' is the functional defined in (49) and S is the operator defined in (7).

Proof. Recall that

1 -
S(F)(@) =lim - |F(3) ~ F(0)] (72)
for all ¢ € C, where ¢ : [—7,T] — R™ is an extension of ¢ defined by
o oo(t) ifte[-r0)
o(t) = { #(0) ift >0, (73)
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and again ¢, € C is defined by

i (0) =d(t+6), 6¢el[-r,0).

Therefore, we have

S(F) @) = lim = [l - 8]
t—0+ L
-0 0
S O EORY

S ,
/|¢(0+t)l2d9— |¢(9)|2d9]

v 0
- tl—i>I(I)1+ _/r+t¢(9)|2d9_ r’¢(9)‘2d6:|
Y t 0
= gt [ werars [[swra- [ wera

LS —r+t

[ 1oras [Copa - [ o))
0 —r

LS —r+t

— 0 0
- t£%1+ t _/r+t 9(0)"d6 —r ’¢(9)|2d9}
t
/0 16(0) 2o
—r+t

li !
M=
1t !
= gy [ ooPa i | [ 7 oo
= [9(0) — |o(—r)[%. (74)
Similarly, we have
S(F)(¢") = [¢°(0)]> = [¢°(—r)|? = —[¢(0)]*. O

Let Sy and S, denote the operator S applied to 1 and ¢, respectively. We have the
following lemma:

Lemma 5.7 Given ¢,¢ € C,
Sy(F)(¢ =) + Ss(F)(¢ — 1) = [#(0) = ¢(0)* — [9o(=r) — &(—7)[%, (75)

and
Sy(F)(0° = ¢°) + S(F)(¢° — ¢°) = —[(0) — (0)[%, (76)
where F' is the functional defined in (49) and S is the operator defined in (7).

Proof. To prove the lemma, we need the following result which can be easily proved by
definition provided that ¢ € D(S).

S(F) (1) = DF(¢))S (1), (77)

21



where DF (1)) is the Fréchet derivative of (1) and S : D(S) € C — C is defined by

78
t10 t ( )

We first assume that ¢ € D(S), the domain of the operator S that consists of those
1 € C for which the above limit exists. It can be shown that

D(S) = {tp € C | ¢ is absolutely continuous and (0+) = 0}.

In this case, we have

S(F)($) = DF($)S(¢) = 2(4[S(¥))- (79)
On the other hand, by virtue of Lemma 5.6, we have
S(F) @) = [$(0)* = [(—r)[*. (80)
Therefore, we can get
WIS = 5 1w - (- (31)

Since S is a linear operator, we have

(W = 9IS(¥) — S(9))
U )

1
— 3|10 - 60 = o) - (-], (52)
Given the above results, now we can get

SUEYY —9)+ SolF) 9
— tim (10— 61 — 19— 613 + o — dul — v - o13]

= lm2 [||’9Z}t”2 — 913 + llgell3 — llo113

— 2[(¢el @) — ($|o) + (®lde) — (1]9)]

= S(F>§w)+5( )(¢) — 2[(S(¥ )! ) + (¥IS( ))
= 2(¢1S(¥)) + 2(¢lS(8)) — 2[(S(¥)]6) + (IS(
= 20— ¢S — ¢))
= [[9(0) = p(0)* = [1b(=r) — ¢(—7)[?],
provided that 1, ¢ € D(S).

For any v, ¢ € C, one can construct sequences {1 }7°; and {¢r}32; in D(S’) such
that

]
)]

lim ||y —¢|| =0 and lim |[¢r —¢| =0.
k—o0 k—oo
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Consequently, by the linearity of the & operator and continuity of F': C — R, we have

Sy(F) () = ¢) + Sy(F)(¢b — ¢)
= lim (Su(F)(W = 9) + So(F) (W — 00
= lim [[9%(0) = @k(0)[* =[x (=7) — e(=7)I’]
= [[¥(0) = (0)]> = |[o(=7) = &(=r)*].

By similar argument as we used earlier, we have

Sp(F)(W° = ¢°) + Sy(F) (¥’ — ¢°)
[4°(0) = ¢ (0)° = [¢° (=) — ¢°(=r)[”
= —[¥(0) — ¢(0)]*.

Lemma 5.8 Given ¢ € C, we define a new operator G as follows
G(¢) = e TFOHFEY),

We have the following result:
S(G)(9) = (~[(~r) )+ @),

where F is the functional defined in (49) and S is the operator defined in (7).

Proof. Recall that

S(G)(6) = lim ~ [G(dy) — G(9)

for all ¢ € C, where ¢ : [—r,T] — R" defined by (73) is an extension of ¢. We have,

S(G)(¢)

l[ 40 |3(6-+)2d0+[° |30 (6-+t)[2d6

= lim
t—0+ ¢
M2 10(0)2a0+ 2, 16°(0)2d8)
= lim l[elﬂ_m |B(0)1d0+ [, ., 16°(6)]*d0
=0+ ¢
2 10@)2do+ 2, 1¢0( )|2d0]
= [lim l[e”fﬂﬂ“?”)'zd@*fé 16(0) 20+ ., ,16°(0) 20+ [ 16°(0) a0
t—0+ ¢
L2 100)[2do+ [, ¢°( (O)[d0)
—  lim l[elﬂiﬂ 16(0) 2d0-+6(0) P+ [°, ., [6°(0) P d0-+1]60 (0)]?
t—0+ ¢

2 16020+ [, 160020y
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Using the L’Hospital rule on the last equality, we obtain

S(G)(¢)
= lm SIS 16O PdBHO) 2+, 16°(0)2db--1]¢0 (0)]2 <| (02
—lol=r + O + PO - |6 +0F
= (B(O) ~ [6(=r)? = |"(=r)?)e I PO 0 OF
= (DO — [6(=r)? = |6(0)P)e! =0 HORDH P OF
= —[p(—r) P! TFOHFEN), (87)
O
Lemma 5.9 For any v, ¢ € C, we have
lim [S,(Ze) (6 6)| =0 and  Lim |S,(Z2) (1. 6)| = 0. (88)

Proof. We shall only prove the first equality in (88), since the second one can be proved
similarly.

We first assume that 1) € D(S), where the operator S : D(S) € C — C and D(S) are
defined in (78).

In this case,

lim |S,(Z.) (6. 0)| = lim

€l0 [t]0 t

. P —
UQ%g( ; ,¢)

e R

oy L0, 6) = Te(0,9) ‘

= lim
€l0

IN

lim |72 (
< 1 g —
< 13%16<HS¢H+II¢H) 0, (89)

because T is a bounded linear functional on C x C with norm equal to e.
For any ¢, ¢ € C, one can construct a sequence of

Y e D(S), k=1,2,---,

such that
lim |4, — 9| = 0.
k—oo

We have
liﬁ)l ISy (Te)(Yr, 9)| =0 VE=1,2,---.

Consequently, we can get
lim S, (T) (¢, 0)] = 0.
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Given all above results, now we are ready to prove Theorem 5.1.

Proof Theorem 5.1. Define
Pl(tv 1/}) = V2(36'yea ¢§'y€) + 967@7 Séver Y, ¢6fye) - Te(d% ¢6'ye) - Méfyea (90)

and
F2(37 QS) = vl(té'yea 7/}576) - @57@6757 S, wévey ¢) —+ Te(wé'yea (b) + Méye (91)
for all s,t € [0,T] and v, ¢ € C.
Recall that

Dy (t, 5,9, 0) = Vi(t, 1) — Va(s, @) — Osy (L, 5,9, 8),
and ®s., + T, + Mjs, reaches its maximum value zero at (tsye, Ssyes Ysye, Psve) in [0, 7] x
[0,7] x C x C. By the definition of I'; and T'9, it is easy to verify that, for all ¢ and ¢ we
have,
Ty(t, ) > Vi(t, o), Ta(s,¢) < Va(s,¢), Vt,s€[0,T] and ¢, € C,
and
Vi (té'yea wé'ye) = Fl(té'yea wé'ye) and V2(35'ye7 ¢5'ye) = F2(36'yev ¢5'y€)'
Using the definitions of the viscosity subsolution of V7 and I';, we have

ory
ot

Using (56), (57), we can rewrite the above inequality as

pFl (té'yea 1/}576) - (té'ym wéfye) - 151635( [-Aurl(t&yev 1/}6’}/6) + L(t&yea 1/]5’)/67 u)] <O0.

or
le (téfyea ¢5’ye) - S(Fl)(té'yea 7/)676) - aitl(tchea ¢676)
1
- Iq?g(}( |:2 JEZ:I Die)é'y(t7 8,1, (Z)) <g(t5'yea wé'yea u)ejl{O}a

g(t5'ye> wé'yea u)ej 1{0}>
+ Dw®5'y(ta S, 1#7 ¢)(f(t5’y€a 77/}6767 u>1{0}) + L(t5'y€a wévea u)
—DwTe(%w ¢5'ye)(f(t5’y€7 wé'yea u)l{[)}):| <0. (92)

By the definitions of the operator A and I'y, and using (52),(53), (54), (55), (58), (59),
(60), (61), (66), (67), and (69), we can get

Au(rl)(t&/w T;Z)(S“/e)
= ’S(Fl)(tch/m wéye) + D¢@57(' : ‘)(f(t(S'Ye? 1/}5’757 u)l{O})

+ 5 Z Dig&y( : ) (g<t5767 w&ye: u)ej]-{O}v g(t&yev 1/}5767 U)ej].{o})
j=1

- DwTe(%ye, ¢5’ye)(f(t5’)/€7 w&YE’ u)l{O})
S(Fl)(t&{e, wéye) - Te(f(t&yea w&yea u)l{O}a ¢5'ye)‘
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Note that ©s,(---) is an abbreviation for O, (tsye, S5yes Ysye; Psye) in the above equation.
Together with (92), the above inequality yields that

or
p‘/l (t§'yea 1/}576) - S(Fl)(t&yev 1/}6’}/6) - 87151 (t&ya wé'ye)

ue

- a[}( |:L(t6'y7 Yoy u) — Te(f (%, wﬁ'yea ’U,)].{o}, ¢5’YE) <0. (93)
Similarly, using the definitions of the viscosity supersolution of V5 and I's and by the
virtue of the same techniques we used earlier to obtain (93), we have

or
p‘/2(36'ye, ¢6’ye) - S(F2)(35'yea ¢6'ye) - 8782(86’767 ¢6'ye)

1 m
— max [2 > D204, (t, 5,1, ) <g(55'yea Psve, u)e; Loy,
j=1

uelU

9(85ve> Psve, u)€; 1{0})

+ Drbeéfy(tu S, 7/}7 ¢)(f(35'yea ¢§’YE7 u)l{O}) + L(Sé'yea ¢5’y€7 u)

_DqSTe (1/15%, ¢6’ye)(f(85'ye7 @b&yea U)l{O}):| > 0. (94)
The above inequality implies
oIy
p‘/Q(Sé’y& ¢57€) - S(FQ)(S&yea ¢6'ye) - E(S&yev Qbé'ye)
- %lea‘g |:L(35'yv (bé'w u) - Te(f(37 (z)(;'yea u)l{O}a ¢6’y6):| > 0. (95)

On the other hand, by virtue of (93) and (95), we can obtain

,O[Vl (t&yea w(i'ys) - V2(85'yea ¢6’ye)]
< S(Fl)(t&y&a ¢5’y€) - ‘S(FQ)(55757 525676) + 4(t6'ys - Sé'ye)

+ %’1635( |:(L(t6'yea w&ye? u) - Te(f(tzS'yev 1/}5’}/67 u)l{O}a ¢5'ye))
- (L(Sé'yea ¢6’ye7 u) + Te(¢6'ye7 f(85’y€7 ¢6’ye)1{0})) : (96)

From the definition (see (7)) of S, it is clear that S is linear and it takes 0 on constants.
Recall that

Fl(ta ¢) = V2(36’y€a ¢5'ye) + @67(t7 S6ves 1% ¢6'ye) - Te(w7 (béfye) - M&'ye;

and
FQ(sa ¢) = ‘/i(tévfy wé’ye) - @J'y (té’yea S, ¢5'y£7 @) + T (¢6’yf> QZ)) + M(S'ys'

Thus we have,
S(Pl)(t&yev w&ye) = Sw (@6’7)(t5’\/67 S§ves %ye, (Zs&'ye) - 81/; (Te) (1/16757 ¢576)7
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and

S(F2)(55'ye7 ¢5’ye) = _Sti)(@ﬁ'y)(t&ye? Sévyes ¢5’y€7 ¢5'ye) + S¢(Te)(w§'yea (Z)J’ye:)-

Therefore,

S(Fl)(té’yﬂ w(S’YE) - S(PQ) (55767 (Z)J'ye)
= 81/)(@67)@6767 S§ves wé'yea ¢576) + S¢(@57)(t5767 S6ves %ye, (Zs&ye)
- [Sill (Te)(%m«_, (b&ye) + S(j)(Te)(w&yev ¢5'ye)]- (97)
Recall that

66’7(t757¢7¢)
= L[PG~ 6) + FP — ) + |t — 52l +1(CW) + C(9)).

Therefore, we can get

(81/1(657) + S(f)(@ch))(té”/ey S5ves '(/)6767 ¢5’7€)
Szp(@év) (t(S’yeu S6ves ¢67€7 ¢§ve)
+ S(i)(@éy)(té'ye’ S5ves %767 ¢6’ye)
1
- g[STb(F)(wé’ye - ¢6'ye) + 8¢(F) (w&ye - ¢6’ye)
+ SW(F) (wg'ye - ¢g'ye) + S¢(F)(¢g’ye - d)gfye)]
+V[Sy(G) (Wsve) + Sp(G)(Pore)]- (98)

Using Lemma 5.7 and Lemma 5.8, we deduce that

(Sw(@&Y) + 8¢(®6’y))(t5'yea S6ver 1/}5’}/67 ¢5’ye)
= <[~ Wone(=r) = o (~1)P)

(S T

+ |¢5we(—7“)\261+F(¢676)+F(¢>g%)>

< 0. (99)
Thus, by virtue of (97) and Lemma 5.9, we have
131111 sup S(I1)(Esye, Yove) — S(T2)(S5ye, ¢5ve)] <0. (100)
0,e]0

Moreover, we know that the norm of T, is less than e. Thus for any v > 0 using (97) and
taking the lim sup on both sides of (96) as ¢ and € go to 0, we obtain

lim sup P(Vl (t&ya w&ye) - Vs (85767 Qs&ye))
€l0,6]0
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< lim sup {’S(Fl)(t&ya wé'ye) - S(PQ)(S(S'YE7 ¢576)
€l0,6]0

+ [L(tévea 1/15%, u) - Te(f(ta ¢6’yea u)l{O}a Qséve)]

- [L(Sé'ym ¢67€7 u) + T (¢67€7 f(t, (Z)(S’}’G? u)l{O})]}

< limsup { ‘ [L(t&yev 1/}5’}/67 ’LL) - L(Séfyea (béfye, u)] } (101)
€l0,6]0
Using the Lipschitz continuity of L and Lemma 5.2, we see that
lim sup ‘L(t&yea w&ye? 'LL) - L(S&yea ¢5’767 U)’
610,el0
< limsupC<|t575 - S(S’Y€| + ”@%76 - ¢6’ye||2) = 0. (102)
510,e10
Moreover, by virtue of (102), we get
lim sup P(Vl(téwe, wéve) - ‘/2(35767 (Zs&ye)) <0. (103)

€l0,6]0
Since (tsye, Ssves Vsvye, sye) is the maximum of @5, + T¢ in [0,7] x [0,T] x C x C, for
all (¢,7) € [0,T] x C, we have
(I)é'y(ta t,1, ¢) + Te(w7 1/)) < (I)év(té'yea Séves w&yea (z)é'ye) + Te(f‘/}&yea ¢5'ye)‘

Then we can get

‘/i(tévev Q;Z)(S'ye) - ‘/2(8(576’ ¢5’ye)

1
s les'ye - ¢5'YEH% + ng'ye - (bg'ye”% + ‘tti'ye - 85’)/6|2

+ 2y exp(1+ 9115+ 1¥°]3)

— y(exp(1 + [|[thsyell3 + [198,el13) + exp(L + [[svell + 165, 13))

+ Te(VYsyes Psve) — Te(, )

Vi (L5ye, Yovye) — Va(Ssyes Psye)

+ 2y exp(L 4 [[9[I3 + [9°113) + Te(Wsrer dore) — Te(w, 40), (104)

where the last inequality comes from the fact that § > 0 and v > 0. By virtue of (103),
when we take the limsup on (104) as J, € and 7 go to zero, we can obtain

Vl (tv 1/}) - VQ(t7 1/})

< lim sup (‘/1 (té'yea Q;Z)(S'ye) - ‘/2(8(576a ¢5’76)
710,610,610

IN

IN

+27exp(L+ 13 + [4°13) + Teltbsme, dr) — T8, ) )
< 0. (105)
Therefore, we have
Vi(t,y) < Vo(t,v), V(t,¢) €1]0,T] x C (106)
This completes the proof of Theorem 5.1. O
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Conclusions

This paper investigates an optimal control problem for a general system of stochastic
functional differential equations with a bounded memory. An infinite-dimensional HJB
equation is derived using a Bellman-type dynamic programming principle. It is shown that
the value function is the unique viscosity solution of the HJB equation. Computational
issues related to the HJB equation is treated in the authors’ another paper [3].
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