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Abstract

This paper considers the computational issue of the optimal stop-
ping problem for the stochastic functional differential equation treated
in [4]. The finite difference method developed by Barles and Souganidis
[2] is used to obtain a numerical approximation for the viscosity so-
lution of the infinite dimensional Hamilton-Jacobi-Bellman variational
inequality (HJBVT) associated with the optimal stopping problem. The
convergence results are then established.
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1 Introduction

Optimal control and optimal stopping problems over a finite or an infinite
time horizon for Ito’s diffusion processes arise in many areas of science,
engineering, and finance (see e.g. Fleming and Soner [17], Qksendal [41],
Shiryaev [46], Karazas and Shreve [25] and references contained therein).
Usually the system is described by stochastic differential equations to reflect
the randomness. The objective is to find the optimal control or the optimal
stopping time to maximize the payoff or to minimize the cost. The value
functions of these problems are normally expressed as viscosity or gener-
alized solutions of Hamilton-Jacobi-Bellman (HJB) equations or Hamilton-
Jacobi-Bellman variational inequalities (HJBVIs) that involve second order
parabolic or elliptic partial differential equations in finite dimensional Eu-
clidean spaces (see e.g. Lions [36] and [37]).

Stochastic optimal control theory has been used widely in the area of
portfolio management in which the stock price process is usually of the form

dS(t) = S(t)|udt + odW (1)), (1)

where W (t) is a standard Brownian motion and the interest rate r is usually
assumed to be a constant (see e.g. Fleming and Soner [17], Merton [38]). The
HJB equations can be derived by virtue of dynamic programming principles.
The value functions and the optimal control policy can be derived by solving
the HJB equations analytically or numerically. While the HJB equations
can be solved analytically only in few cases, the finite difference method can
be used to solve the equation numerically in most cases. In addition, the
Markov chain approximation method (see Kushner and Dupuis [32]) can also
be used to solve this kind of problems. Other techniques to solve different
type HIJB equations can be found in various literatures, such as [23], [47],
etc.

In the real world, the interest rate and the volatility of the stock price
usually change randomly from time to time. There have been many re-
searchers trying to accommodate those feature in their models. For example,
in [16], [44] and [45] some portfolio management problems involving stochas-
tic interest rate process were considered. In [15], [18], stochastic volatility
was introduced in the option pricing and portfolio management problems.
In [49], a stochastic interest rate model with stochastic volatility was in-
vestigated. There have been more literatures than we can list here. We
encourage the reader to see [18], [17], [24] and the references cited therein
for more literatures in this area.



On the other hand, in many real world applications (see Kolmanovskii
and Shaikhet [30]), some physical systems can only be modeled by stochastic
dynamical systems whose evolutions depend on the past history of the states.
Stochastic systems describe by (1) apparently can not be used in those
models. In stead, stochastic functional differential equations have to be used
(see Mohammed [39], [40] for an introduction of these models). The linear-
quadratic regulatory problem involving stochastic delay equations was first
studied in Kolmanovskii and Maizenberg [29], and some stochastic control
problems with delays have been the considered recently in Elsanousi [12],
Larrssen [33, 34|, Elsanousi et al [14], Oksendal and Sulem [43], Larrssen
and Risebro [35], and Bauer and Rieder [4].

The controlled or uncontrolled stochastic delay equations considered by
the aforementioned researchers are described by the following special class
of equation that contain discrete and averaged delays:

dX(s) = a(s,X(s),X(s —7“),/0 eWX(sw)de,u(s))ds 2)
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0
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In the above equation, W(-) = {W(s),s > 0} is an m-dimensional standard
Brownian motion defined on a certain filtered probability space (2, F, P, F),
u(-) = {u(s),s € [t,T]} is a control process taking values in the control set U
in an Fuclidean space, o and 3 are R"™ and R"*™-valued functions defined

on
0, 7] x R" x R" x R" x U,

and A > 0 is a given constant.

There are some literatures based on the above equation or its variants.
Larssen [33, 34] obtained an HJB equation for an optimal control problem.
Elsanousi et al [14] considered a singular control problem and obtained some
explicit solutions. (Jksendal and Sulem [43] derived the maximum princi-
ple for the optimal stochastic control. When the dynamics of the control
problem with delay exhibit a special structure, Larssen and Risebro [35]
and Bauer and Rieder [4] showed that the value function actually lives in a
finite-dimensional space and the original problem can be reduced to a clas-
sical stochastic control problem without delay. Elsanousi and Larssen [13]
treated an optimal control problem and its applications to consumption for
(2) under partial observation.

In the authors’ recent paper [8], a stochastic control system with delays
in more general form is considered. The system is described by the following



stochastic functional differential equation:
dX(s) = f(s, Xs,u(s))ds + g(s, Xs,u(s))dW(s), Vse[t,T], (3)

where X, : [—r,0] — R" is defined by X4(0) = X(s+6),0 € [-r,0] and r is
a constant standing for the duration of the delay. Apparently, (3) contains
(2) as a special case. In [8], we have derived the infinite dimensional HJB
equation for the value function, and it is then showed that the value function
is the unique viscosity solution of the HJB equation. In the authors’ another
paper [7], the finite difference method has been used to approximate the
solution of the HJB equation.

Not only the theory of stochastic control has been widely used in the
area of financial mathematics and financial engineering, the theory of opti-
mal stopping for stochastic systems has also been widely used in those areas.
One of the most important application is the valuation of the American op-
tions, in which the optimal time to sell the underlying asset needs to be
determined. The price process of the underlying asset is usually modeled by
a stochastic differential equation assuming that the information are avail-
able immediately to all investors. The value function of these problems are
normally expressed as a generalized solution of a variational inequality that
involves a second order parabolic partial differential equation. For general
theory about optimal stopping, please see [46] and the references therein.
There have been many literatures that consider the optimal stopping and
its application in finance. For example, in [48], a linear complementarity
problem arising from pricing American options was considered and the nu-
merical scheme for solving the associated PDE was given. In [50], augmented
Lagrangian Method (ALM) was used to value the price to the American op-
tions.

More recently, many researcher have considered the effects of the delayed
information in pricing the financial derivatives, including the effects of delay
in optimal stopping problem (see e.g. [1], [9], [10], [19], [20], [28], [26], [27],
[42]). In most of the papers mentioned above, the system is usually given
by

dX(s) = a(s,X(s),X(sr),/O

T

X (s + e)de) ds (4)

+ 5<S,X(s),X(s—r),/0 e’\eX(s—i—H)dé?)dW(s), s e [t,T).
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In the above equation, W (-) = {W(s),s > 0} is an m-dimensional standard
Brownian motion defined on a certain filtered probability space (2, F, P, F),



u(-) = {u(s),s € [t, T]} is a control process taking values in the control set U
in an Euclidean space, a and 8 are R™ and R™*"™-valued functions defined
on or

[0, 7] x R" x R" x R",

and A > 0 is a given constant. We also mention that optimal stopping
problems were studied in Elsanousi’s unpublished dissertation [12] for such
special type of equations. For systems described by (4), under certain condi-
tions, the HJBVI for the value function can be derived in finite dimensional
spaces.

Infinite dimensional HJBVIs for optimal stopping problems and their
applications to pricing of American option have been studied very recently
by a few researchers. They either considered stochastic delay equations
of special form (4)(see e.g. Gapeev and Reiss [20] and [21]) or stochastic
equations in Hilbert spaces (see e.g. Gatarek and Swiech [19] and Barbu
and Marinelli [2]).

In the authors’ recent paper [6], we investigate an optimal stopping prob-
lem over a finite time horizon for a general system of stochastic functional
differential equations described below:

dX(s) = f(s, Xs)dt + g(s, Xs)dW (s), se[t,T], (5)

where T' > 0 and t € [0, T, respectively, denote the terminal time and an ini-
tial time of the optimal stopping problem. Again, W(-) = {W(s),s > 0} is
a standard m-dimensional Brownian motion, and the drift f(s, X;) and the
diffusion coefficient g(s, Xs) (taking values in R™ and R™* ™ respectively)
depend explicitly on the segment X of the state process X (-) = {X(s),s €
[t —r,T]} over the time interval [s —r, s], where X : [—r,0] — R™ is defined
by Xs(0) = X(s+0),0 € [—r,0]. It is clear that this equation also includes
(4) as a special case and many other equations that can not be modelled
in the form of (4). The consideration of such a system enable us to model
many real world problems that have aftereffects (see e.g. Kolmanovsky and
Shaikhet [30] and references contained therein for application examples). In
[6], we derive an infinite dimensional HJB variational inequality (HJBVI) for
the value function. It is then showed that the value function is the unique
viscosity solution of the HIBVI. The proof of uniqueness involves embedding
the function space C = C([—r, 0]; R") into the Hilbert space L?([—r,0]; R")
and extending the concept of viscosity solution for controlled Ité’s diffusion
process developed by Crandall et al [11], and Lions [36] and [37] to an in-
finite dimensional setting. The segmented solution process {Xs,s € [t,T]}



is a strong Markov process in the Banach space C whose norm is not dif-
ferentiable and is therefore more difficult to handle than any Hilbert space
considered in [19] and [2].

This paper gives a numerical method for the optimal stopping problems
studied in [6]. The method we used here is the finite difference method which
was introduced in Barles and Souganidis [3]. Similar method was used to
deal with the general stochastic control problems with delay in the authors’
recent work [7]. Recently, Kushner [31] gives some numerical approximation
results for general stochastic control problems for a stochastic functional
differential equation using Markov Chain approximation method, which is
entirely different from ours in the techniques and control problem considered.

The rest of this paper is organized as follows. In Section 2, the formula-
tion of the optimal stopping problem and the associated HIBVI are given.
In addition, the existence and unique results for the viscosity solution of the
HJBVI obtained in [4] are re-stated in Section 2. In Section 3, the numeri-
cal approximation of the viscosity solution of the infinite dimensional HJB
variational inequality, along the line of finite difference method developed
by Barles and Souganidis [20] is obtained and the convergence results are
proved. A computational algorithm is given in Section 4.

2 Problem Formulation

Let 7 > 0 be a fixed constant, and let J = [—7, 0] denote the duration of the
bounded memory (delay) of the stochastic functional differential equations
considered in this paper. For the sake of simplicity, we denote C(J;R™),
the space of continuous functions ¢ : J — R™, by C. Note that C is a real
separable Banach space under the supremum-norm defined by

o[l = sup [o(t)], ¢ < C
ted

where | - | is the Euclidean norm in R™.

We denote the inner product in L?(J,R™) by ( - | - ) and the inner prod-
uct in R by (-, -). Given ¢ and ¢ in C, the inner product ( - | - ) and the
norm || - ||2 for L?(J,R™) are defined by

0 1
(o) = / (6(s), 6(s))ds,  and [gll> = (d]¢)*.

-Tr

Note that the space C can be continuously embedded into L?(J;R").



Convention 2.1 For the rest of the paper, we use the following conven-
tional notation for functional differential equations (see Hale [22]):
If p € C(]—r,00);R™) and t € Ry, let ¢, € C be defined by

Ui(0) = (t+6), Voeld.

Let {W(t),t > 0} be an m-dimensional standard Brownian motion
defined on a complete filtered probability space (2, F, P;F), where F =
{F(t),t > 0} is the P-augmentation of the natural filtration {F" (t),t > 0}
generated by the Brownian motion {W(t),t > 0}, i.e., if t > 0,

FV(#)=a{W(s),0< s <t}
and
Ft)=FY(t)v{AC Q3B € F such that A C B and P(B) = 0}

where the operator V denotes that F(t) is the smallest o-algebra such that
FW(t) ¢ F(t) and {A C Q3B € F such that A C B and P(B) = 0} C
F(t).

Let T > 0 and ¢t € [0,7]. Consider the following system of stochastic
functional differential equations:

dX(s) = f(s, Xs)ds + g(s, X5)dW (s), se€[t,T); (6)

with the initial function X; = ¢, where v is a given C-valued random vari-
able that is F(t)-measurable. Here, f : [0,7]xC — R" and ¢ : [0,T] x C —
R™ ™ are given deterministic functions.

Let L?(Q, C) be the space of C-valued random variables = :  — C such

that )
2
\"Hmz{ [ I >} < .

Let L?(2, C; F(t)) be those = € L?(Q2, C) which are F(t)-measurable.

Definition 2.2 A process {X (s;t,¢),s € [t —r,T]} is said to be a (strong)
solution of (6) on the interval [t—r, T| and through the initial datum (t,;) €
Ry x L2(, C; F(t)) if it satisfies the following conditions:



1. Xt<07 ta wt) = wt(0)7 Vo [_Ta 0]7
2. X (s;t, ) is F(s)-measurable for each s € [t,T);

3. The process {X (s;t, 1), s € [t,T|} is continuous and it satisfies the
following stochastic integral equation P-a.s.

X(s) =(0) + /ts FO Xn)dA + /ts g\, Xn)dW(N), set,T]. (7)

In addition, the solution process {X(s;t,9),s € [t —r,T|} is said to be
(strongly) unique if {X (s;t,¢¢),s € [t —r,T|} is also a solution of (1) on
[t — 7, T| and through the same initial datum (t,v), then

P{X(s;t,9¢) = X(s;t,¢),Vs € [t,T]} = 1.

In this paper, we assume that the functions f : [0,7] x C — R", and
g :[0,7] x C — R™ " are continuous functions and satisfy the following
conditions (Assumption 2.3 & 2.4) to ensure the existence and uniqueness
of a global (strong) solution {X(s;t,v:),s € [t —r,T]} for each (¢,1:) €
[0,T] x L?(2,C; F(t)). (See Mohammed [39, 40].)

Assumption 2.3 There exists a constant K > 0 such that
[f(t,0) = F(t, D) +19(t, 0) —g(t, 9)| < Kllp =9, V(E, ), (t,¢) € [0,T] x C.
Assumption 2.4 There exists a constant K > 0 such that

[f (& 9+ 1g(t, @) < K1+ (o)), (¢, ¢) €[0,T] x C.

Let {X(s;t,%¢),s € [t,T]|} be the solution of (6) through the initial
datum (¢,v:) € [0,T] x C. We consider the corresponding C-valued process
{X.(t,90), 5 € [t, T)} defined by

Xs(0:t, ) = X(s+05t,9), 0 €J. (8)
Let G(t) = {G(t,s),s € [t,T]} be the filtration defined by
G(t,s) = a(X (N t, ), A € [t, s]).
Note that, it can be shown that for each s € [t, T,

G(t,s) = o(Xa(t,r), N € ]t, 5]).



This is due to the sample path continuity of the process {X(s;t,v¢;),s €
[t, T}

One can then establish the following Markov property (see Mohammed
[39], [40]):

Theorem 2.5 Let Assumptions 2.8 and 2.4 hold. Then the corresponding
C-valued solution process of (6) describes a C-valued Markov process in the
following sense:

For any (t,v) € [0,T] x L*(Q2, C), the Markovian property

P{X(t, ) € B|G(t,a)} = P{Xs(t, 1) € B|Xo(t, 1)} = pla, Xo(t, 1), s, B)

holds a.s. fort < a < s and B € B(C), where B(C) is the Borel o-algebra
of subsets of C.

In the above, the function p : [t,T] x C x [t,T] x B(C) — [0, 1] denotes
the transition probabilities of the C-valued Markov process {X;(t, ), s €
[t, T}

Let 7,7 be the collection of all G(t)-stopping times 7 : 2 — [0, co] such
that t < 7 < T a.s. We write ’Z;T =7 when t = 0 and T = oo. For each
7 € T, let the sub-o-algebra G(t,7) of F be defined by

Gt,r)={Aec F|An{t <1 <s}eGlts)Vse[t,T]).

With a little bit more effort, one can also show that the corresponding
C-valued process of (6) is also a strong Markov process in C. That is,

P{X(t,9r) € B|G(t,7)} = P{Xs(t,¢) € B|X-(t,¢¢)} = p(7, X+ (t,94), s, B)

holds a.s. for all 7 € 7,7 and B € B(C).

If the drift coefficient f and the diffusion coefficient g are time-independent,
i.e., f(t,¢) = f(¢) and g(t,¢) = g(¢), then (6) reduces to the following au-

tonomous system:
dX(S) = f(Xs)dS + Q(Xs)dW(S)' (9)

In this case, we usually assume the initial datum (¢,¢:) = (0,%) and de-
note the solution process of (9) through (0,) and on the interval [—r, T] by



{X(s;v),s € [-r,T]}. Then the corresponding C-valued process { X4(¢), s €
[—7,T]} of (9) is a strong Markov process with time-homogeneous probabil-
ity transition probabilities p(1, s, B) = p(0,v, s, B) = p(t, ¢, t + s, B) for all
s,t >0, € C, and B € B(C).

Assume that L and ¥ are two Lipschitz continuous real-valued functions
on [0, T] x C with at most linear growth in L?(J;R"). In other words, there
exist constants K, Ko such that

IL(t,9)| < Ki(1+I¢ll2),  and [¥(t,¢)] < Ka(1 +[|9l2),
for all (¢,¢) € [0,T] x C.

Our objective is to find an optimal stopping time 7* € 7,7 that maxi-
mizes the following expected cost functional:

J(T;t,zp):E[ / e PO (s, X )ds + e U (r, X | (10)
t

where p > 0 denotes a discount factor. In this case, the value function
V :]0,T] x C — R is defined to be

V(t, ) = sup J(7;t,9). (11)

TeT,r

Before we give the HIJBVI satisfied by V(¢,1), we need to introduce
some spaces and operators. Define C* and C' as the space of bounded lin-
ear functionals ® : C — R and bounded bilinear functionals ® : C x C — R,
of the space C, respectively. They are equipped with the dual norms which
will be, respectively, denoted by || - |* and || - || .

Let B = {vlp,v € R"}, where 14y : [-7,0] — R is defined by

0 for#e[-r0),
Loy (6) = { 1 for § =0.

We form the direct sum
CeB= {¢+Ul{0} ’ ¢ e Cv ER”}
and equip it with the norm || - || defined by

o +vlgyll = sup [p(0)] + v, ¢ € CveR™

0e[—r,0]

10



Note that for each sufficiently smooth function ® : C — R, its first order
Fréchet derivative (with respect to ¢ € C), D®(p) € C*, has a unique and
continuous linear extension D®(y) € (C @ B)*. Similarly, its second order
Fréchet derivative, D?®(p) € Cf, has the unique and continuous linear ex-
tension D2®(p) € (C @ B)f, where (C @ B)*and (C @ B)' are spaces of
bounded linear and bilinear functionals of C @ B, respectively. (See Lemma
(3.1) and Lemma (3.2) on pp 79-83 of Mohammed [39] for details).

For a Borel measurable function ® : C — R, we also define

S(@)(¢) = lim 7+ [2(d1) — 2(0)

h—0+ h
for all ¢ € C, where ¢ : [—r,T] — R" is an extension of ¢ defined by
2oy _ [ oot) ifte[-r0),
o(t) = { $(0) ift >0,

and again qgt € C is defined by

o (0) =t +0), 6e[-r0).

Let 15(8), the domain of the operator S, be the set of ® : C — R such that
the above limit exists for each ¢ € C.

Define Clli’pz([O, T] x C) as the space of functions @ : [0,7] x C — R such

that %—‘f :[0,T]xC — R and D?® : [0,7] x C — CT exist and are continuous
and satisfy the following Lipschitz condition:

|D?®(t, ¢) — D*®(t, ¢)||' < K|l¢p — ||, Vte€[0,T], Yo, € C,

where K > 0 is a constant.
Let D(S) be the collection of those ® : [0,7] x C — R such that
®(t,-) € D(S) for each t € [0,T].

The following result has been proved in [6].

Theorem 2.6 The value function V is the unique viscosity solution of the
HJBVI

e {(0, ) = V0,00, G (00) + AV(E )+ L(00) = pV (1.0 | =0
for all (t,v) €10,T) x C.

11
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and V(T,¢) = V(T 1)) for all p € C, where A is given by

.AV(t, 1/)) = S(V) (ta w) + DV(t, w)(f(t7 ”@1{0})

l e
+5 2 DV ) (gt w)eid oy g(t ¥)eiliy),  (13)
i=1
where e; is the i-th unit vector of the standard basis in R™.

3 Finite Difference Approximation

In this section, we consider an explicit finite difference scheme and show
that it converges to the unique viscosity solution of equation (12). We will
use a method introduced by Barles and Souganidis [3].

To obtain the existence results of the finite difference equation which will
be given later, we will use the Banach fixed point theorem. Therefore, it will
be more convenient to consider the bounded functionals. For this reason,
we will use a truncated optimal stopping problem as the follows.

Given a positive integer M, we consider the following truncated optimal
stopping problem with value function Vs : [0,7] x C — R

Var(t, ) = sup E[ / ’ e PO (L(s, Xs) A M)ds
t

TeT,r

+ e P (W (7, X, ) A M), (14)

where a A b is defined by a A b = min{a, b} for all a,b € R.

The corresponding HJBVI is given by

_ 9V

ot (ta ¢) - AVM(t7 %b)

min {vM@,w — (W (t, ) A M), pVir (£, )
—(L(t, %) A M)} 0, YY) e[0,T]xC, (15)
and Vi (T, ) = min(¥(T, ), M), Yy € C.

Similarly as in [6], it can be showed that the value function V) is the
unique viscosity solution of the equation (15).

12



Moreover, it is easy to see that Viy — V as M — oo. In view of these,
we need only find the numerical solution for Vj,.

Let € with 0 < € < 1 be the stepsize for variables ¢ and 7, where
0 < n < 1 is the stepsize for t. We consider the finite difference operators
A,, Ac and A? defined by

W(t + 1, 1][)) — W(ta ¢)

AW () = g ,
AW () (h+vlgy) = Wit +elh + 21{0})) —Wy)
AW (1, 6) (h + vy K+ wlpy) = W (t, ¢ +e(h+ ;1{0})) - W(t, )
N Wty —e(k+ :}21{0})) - Wi(t, w)'
where h, k € C and v,w € R”. Recall that
S@)(6) = Tim * [2(6.) - 2(6)]

Therefore, we can define

5-(8)(6) = - [#(6) - 2(6)]

It is clear that S.(®) is an approximation of S(®) as ¢ approaches 0. In
other words, we have

lim S (®)(¢) = S(®)(9). (16)

e—0

Next we will show that A W (¢, 1)) and A2W (¢,)) are the approximations
of DW (t,v) and D?W (t, 1) respectively.

Lemma 3.1 For any W : [0,T] x C — R, W € C2([0,T] x C) such that
W can be smoothly extended on [0,T] x (C @ B), we have

lim AW (2, 9)(h +vl0y) = DW(t,4)(h + vlg), (17)
and
lim AZW (£, 9) (h + v10), k + wl{py)
= D2W(t,9)(h+ vl k+wlyy). (18)

13



Proof. Note that the function W can be extended from [0, 7] x C to [0, T| x
(C®B). Let us denote by W the smooth extension of W to [0,7] x (C®B).
It is clear that

lim AW (8, %) (h + vlig)) = d6W (t,4) (h +v1{0y)

where dgw denote the Gateaux derivative of W with respect to its second
variable. From the fact that W is smooth, we can obtain that the Gateaux
derivative and the Fréchet derivative of W coincide with each other. More-
over, they are the continuous extension of the DW, the Fréchet derivative
of W. On the other hand, the uniqueness of the linear continuous extension
give us the following;:

lim AW (t,9) (h+ 1) = lim AW (8,9)(h +vigy)
= DW(t, 1/1)(]1 + Ul{o}). (19)

Similar argument can be used for (18). 0

For e, > 0, the corresponding discrete version of equation (15) is given
by

min {vMu,w) (Wt ) A M),

pVar(t, ) — Var (t + 77,72 —Vu(t,v)  Vult ¢e) E_ Vi (t, 1)

VM(tv Y+ E(f(tv w)l{O})) - VM(t7 ¢)
9
_% il (VM(tv Y+ E(Q(ta 77[1)811{0})) - VM(t7 ¢)

2

+VM(t7w - 5(9(t7¢)eil{o})) - VM(tv ¢))

£2
—(L(t, ) A M)} =0. (20)
Rearranging terms, we obtain
min | Var(t, ) — (U (¢, ¢) A M),

2 1 m 1 ~
(g + " tat )V (t, ) — gVM(t, Ve)

14



VM(tv ¢ + 5(f(ta ¢)1{0})) . VM(t + 1, 1/})

3 n
1 V(¢ +e(g(t v)eilqoy)) + Vi (t ¥ — e(g(t, d)eilyoy))
2 & g2
—(L(t, ) A M)} =0. (21)

Let C([0,T]x (C&B)); denote the space of bounded continuous functions
W from [0, T] x (C @ B) to R. Define a mapping Sy : (0,1)? x [0,7] x C x
R x C(]0,T] x (C& B)), — R as the following

SM(&‘,”,t,i/@LU, W)
= cmin [m — (U(t, ) N M),
1

2 1 "

(g + p + g +p)r — gW(t,wa)

Wt ¢ +e(f(t¥)10)) Wt +1,9)
€ n

(t, v +e(g(t.)eiliy)) + W(t, o —e(g(t, ¥)eilioy))

1
_52 g2

(L) A M)] | (22)

Then, (20) is equivalent to
SM(€, n,t, Y, VM(ta %Z))» VM) = 0.

Moreover, note that the coefficients of all the terms that involve W in Sy,
are negative. This implies that Sjs is monotone, i.e., for all Wi, Wy €
C([0,T] x (C@®B))y, e,m€(0,1),t€[0,T], ¢ € C, and = € R, we have

Su(e,n, t,b,z,Wy) < Sy(e,n, t, 0, z, Wa) whenever W > W. (23)

Definition 3.2 The scheme Sy is said to be consistent if, for every t €
[0,7], v € C @ B, and for every test function W € C*2([0,T] x (C @ B))s,

min {W(t,q/}) — (P(t, ) AN M),

IV (t,0) = S (0,0) = AW 0,0) = (L0 A D) |

_ m Sm(e,n, 7,6, W(r, ) + & W + )
(T7¢)ﬂ(t7w)7a7nl07 £_>0 E

15



We have the following result:

Lemma 3.3 The scheme Sy defined by (22) is consistent.

Proof. Let W € CY2([0,T] x (C @ B)), N D(S). We write

Sm(en, 7,0, W(r,¢) + & W +§)
g

= mmin [(W(T, ¢)+&) — (V(1,0) N M),

(g + 717 + 5+ A W(r6)+6) - Wine+ 5(f(;’ O)1oy) +€

- RO W)+

}i (1,0 +e(g(7, 9)eilyoy)) + 26 + W(r, ¢ — e(g(7, d)eiliny))
2
1

e2

=

-~ (L) A1)

~ min {(Wv, 6)+€) — (U(r.6) A M),
W(r+n,0) = W(r,¢)  W(r,¢c) — Wn(r,9)
n

9

pW(T,¢0) + &) —
W(Tv ¢+ 5(f(7-7 ¢)1{0})) - W(Ta ¢)

(1,0 +e(g(r, 9)eiliy)) — W(r, @)
—Z< {0}

e2

W(7—7¢ 5(9(7_7 (b)ezl{l)})) - W(Tv ¢)>

+ 2

~(L(r o) 101

= min {(W(T, ¢) +&) — (Y(1,0) AN M),

p(W(r,¢) +&) — AW (7, ¢) — S (W (7)) ()
-A W(T &) (f(7,¢)110y)

= ZAQ (7, ¢)eilyoy, g(T, d)eilfoy)

16



(L(r.é) A M)}. (24)

By virtue of (16), Lemma 3.1, and sending § — 0,7 — t, ¢ — ¥, e,n — 0
n (24), we deduce

min {W(t, ) — U (t, ) AN M,

V(2. ) = S5 (0,) = AW (2, ) = (£(00) ADD) |

Su(e,n, 7,6 W(r,0) + & W +€)
g

= lim
(T7¢)H(t7w)7 57,'71'07 6*}0
This completes the proof. O

Next, we will show that the equation

SM(Evn)tvw7W(tv w)vw) =0 (25)

has a solution. Using (21), we see that the equation Sys(e,n,t, v, W (t,¥), W) =
0 is equivalent to the equation

W(t, )
= max [(\I/(t, ) AN M),

1 <W(t,w+s(f(t,w)1{0}))
it B 4y €

1 t,y +e(gt, ¢ )eil{o}))+W(t,w—8(g(t,¢)ei1{o}))
- Z 5

7 W(t + 1, @Z})
- W - R () aan)|. (20
We define an operator 7c , on Cy([0,7] x (C @ B)) as follows,
TegW(t,9)
_ 1 W(tﬂ/]—l—&‘(f(tﬂ/})l{o}))
= max[(\ll(t,d))/\M),g_i_ i —I—p( .
o 1 % W( w + 5(9(@% )ezl{O})) + W<t7¢ - 5(9(t7¢)ei1{0}))
24— g2
- T - TR () nan))| (27)

If we can show that 7c, is a contraction map, then we can obtain the
existence result for (25).

17



Lemma 3.4 For each e >0 and n > 0, 1c, is a contraction map.

Proof. To prove that 7, is a contraction map, we need to show that there
exists a constant 0 < 3 < 1 such that

[TeyWh = TeyWal| < B[W1 = Wa| for all Wi, Wy € C([0,T] x (C & B))y,

where || - || is the supremum norm. Let us define ¢, , by

2 1
65»775€+n+7+p

Now we have
7y Wi (t, ) — TeyWa(t, o) )
<1W1(t, 1[)5) + Wl(t7 Y+ E(f;(ta P, u) {0})) + Wl(t :’_ 7, ¢)
77

+1 Z 7 6y + {5 (t7 Y, u>ei1{0})) + Wl(ta Y- E(Q(tv (2 u)ezl{ﬂ})>)

[ 1
< max

2 g2

—C_Wz(t,@ﬁs)ﬂL 2(t ,¢+6(];(t,1/)7u)1{0})) N Wa(t +n,v)

n
1 & ¢+€ ( 1/%“)91‘1{0}))+W2(7571/}—8(9(@%“)9@'1{0})))”

2 g2

Noting that || - || denotes the supremum norm, the above inequality im-
plies that, for all ¢, 1,

241, m
ToWilt, )~ TWalto)| < |22 i — )
In addition, note that
2 1 2 1
statE _ cAytaE
Cen R

Take 1
goitnte
Then we have that 0 < 8 < 1 and
[ ZegWh — TeqWa|| < B|W1 — Wal.

This completes the proof. ]
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Definition 3.5 The scheme Sy, is said to be stable if for every e, € (0,1),
there exists a bounded solution W¢,, € C([0,7] x (C @ B)); to the equation

SM(EanatawaW(taw)aW) = 07 (28)
with the bound independent of € and 7.
We have the following result:

Lemma 3.6 The scheme Sy defined by (22) is stable.

Proof. By the Banach fixed point theorem, the strict contraction 7,
defined by (27) has a unique fixed point that we denote by WEJ‘% From the
definition of 7¢ ;, it is easy to see that WE% is actually the solution of the
equation

SM(Ea 7]7t77~p7 W(ta w)7 W) = 07

where the scheme Sys is defined by (22). Next we need to show that the
solution W% has a bound which is independent of ¢, .

Given any function Wy € C([0,T] x (C & B))s, we construct a sequence
as follows, W41 = 7. ,W,, for n > 0. It is clear that

lim W, =W/

n—oo

Moreover, we have

Wn-i—l(t)l/))
= max [(\Il(t, Y) AN M),

1 <Wn(t7¢+5(f(t7¢)1{0}))

R R c
_ 1 - Wn<t7 Y+ S(Q(t, wa )e’bl{O})) + Wn(t7 ?b - €(g(t, w>e’bl{0}))
2 4 g2
=1
1 ~ Wh(t +n,
- Wt i) - PR () aan)) | (29
By virtue of
0<En=P oy
Cen

we can get that

1

c JE—
[Whir || < max | M, =22 1w, || +
Ce,n Cem

M} (30)
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From (30), we deduce that

Cen — P (s M < Cen — P '
W] < max | M, Woll + —=> (=2—) |-
C C

€M &N ;=0 Ce,n

Taking the limit as n — oo, we obtain

M 1 M

M
[Wenll < B
Cem 1= 510 p
&,m

This implies the stability of the scheme Sy;. O

Given the results of Lemma 3.3 and Lemma 3.6, now we are ready to
show the main result of this paper:

Theorem 3.7 Let WE% denote the solution to (28). Then, as (g,m) — O,

the sequence WE% converges uniformly on [0,T] x C to the unique viscosity
solution Vi of (15).

Proof. Define

Wi (ty) = limsup  W2(r,¢),
7t l0n10 (31)
W (t, ) = liminf ~ WM (7, ¢).

Tt p—,el0mlo O

We claim that W}, and W,y are subsolution and supersolutions of (15),
respectively. To prove this claim, we only consider the case for Wy;. The
argument for that of Wy, is similar.

To prove that W}, is the subsolution of (15), we need to show:

or

min {10, 0) = (900, 0) A 00,40 0) = S 0,0) = SO(E,0)

DT D) (1)1 0y) — 5 D DI D) (0(t, w)eil o a(t, w)eil o)

=1

—@wwAMﬁgm

for any test function I" € C’lliﬁ([O,T] x (C & B)) ND(S) such that (¢,1) is
a strictly local maximum of Wj,(7,¢) — I'(1, ¢). Without loss of generality,
here we assume that W3, < I'" and Wj,(¢,v) = I'(¢,%) in a neighborhood

B((t,4),1) of (t,9).
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Moreover, by virtue of Lemma 3.6, we know that our scheme is sta-
ble. Thus we can also assume that I' > 2sup, , HW%H outside of the ball
B((t,%),1) where [ > 0 satisfies

W]T4(T7 ¢) - P(T7 (b) <0= W])\k/[(tv 1/1) - ‘I)(tﬂﬂ) for (Tv (b) € B((t7w>7l)

This implies that there exist sequences &, > 0, n, > 0, and (7, ¢,) €
[0,T] x (C @ B) such that as n — oo,

en — 0, 7, — 0, 7, — 1, ¢n_>¢7 WM (Tna(ﬁn)_)Wj\k/[(taw)v

En,Tin

and (7, ¢p) is a global maximum Wej\f,nn -T,

(32)

where Waj\n{ 18 the solution of the equation

SM(&L; My Trs Pns W(Tnv ¢n)7 W) =0.

Denote ay, = Wej\f’nn (Tn, &n) — (7, ¢n). Obviously a,, — 0 and

WM (1,¢) <T(r1,¢) +a, forall (1,¢)c[0,T] x (C®B). (33)

En,yNin

We know that

SM(E’IH s T,y (257“ Wsj\f,nn (Tnv ¢n)7 Wsj\f,nn) =0.

The monotonicity of Sys and (33) implies

SM(Ena Mns Tns Pns F(Tnv (bn) + ap, I' + an)

>~ SM (Eny My Tn, (ana Wg]nwyr]n (Tna (z)n)a ngnw,r]n)

0. (34)

A

Therefore,

lim SM(€n7 Tins Tns ¢n7 F(TTM d)n) + o, I+ Oén)

n— oo En

<0

)

Using Lemma 3.3 we obtain,

win {5 (0,0) = (9(6,0) 1 )
Pl () — %(t, ¥) = S(I)(t, ¢) — DI(t,9)(f(t, ¥)1q0y)
—% ;DQF(W(QU, P)eilioy. gt )eligy) — (L(t,¥) A M)}

— lim SM(Enanannv¢n7F(Tnv¢n)+anvr+an)

n—00 En

(35)

<0.
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This proves that W}, is a viscosity subsolution of (15).
Similarly we can prove that W, is a viscosity supersolution. By virtue
of the Comparison Principle (Theorem 4.7 in [6]), we can get that

Wanr(t, ) = Wig(t,v), ¥(t, ) € [0,T] x C. (36)
On the other hand, by the definitions of Wz, Wy, it is easy to see that
Wi (t,9) < Wit ), V(t,¢) €[0,T] x C.
Combined with (36), the above implies
W (t,9) = Wit 4),  V(t,¢) €[0,T] x C.

Since W is a viscosity supersolution and Wy, is a viscosity subsolution,
they are also viscosity solutions of (15). Now, using the uniqueness of the
viscosity solution (15), we see that Vi = W3, = Wiy Therefore, we

conclude that the sequence (WE]}/{?)EW converges locally uniformly to Vjs as

desired. O

4 The Computational Algorithm

Based on the results obtained in the last section, we can construct the com-
putational algorithm to obtain a numerical solution. For example, one al-
gorithm can be like the following:

Step 0. Choose any function W) € €([0,T] x C @ B)y;

Step 1. Pick the starting values for £(1),7(1). For example, we can choose
e(1) =1072,7(1) = 1073;

Step 2. For the given ¢, > 0, compute the function

w

1) € CU0,T] x CoB),

by the following formula
(1) _ 0
Ws(l),n(l) = Te(l)m(l)W( )

where 7;(1) (1), which is defined on Cy([0,7] x C @ B), is given by (27);
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Step 3. Repeat Step 2 for i =2,3,--- using

(4)
We(l

_ (i—1
Y1) = 7;(1)777(1)W5(1),17(1)’

where 7¢(1) (1), which is defined on Cy([0,T] x C @ B), is given by (27).
Stop the iteration when

”ng(—:;’n(l)(tv ¢) - Wg(l),n(l)(tv ¢)” < 1,

where §; is a preselected number which is small enough to achieve the ac-
curacy we want. Denote the final solution by W, 1) (%, %)-

Step 4. Choose two sequences of (k) and n(k), such that
lim e(k) = lim n(k) = 0.

k—oo k—oo

For example, we may choose £(k) = n(k) = 10~*%) Then repeat Step 2
and Step 3 for each ¢(k),n(k) until

IWetkr1)mier1) (& 9) — Wey nw) (8 ) || < 2,

where 09 is chosen to obtain the expected accuracy.

Acknowledgement: The authors thank an anonymous referee for many
invaluable comments and suggestions.
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