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MSec (with Honors) [Diploma of Higher Education] in Engineering
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PhD [Candidate of Science] from Keldysh Institute for Applied
Mathematics, Russian Academy of Sciences (Moscow, Russia).
Specialty: Computational Mathematics; Advisor: Professor V. S. Ryaben’kii.
Thesis: Computational methods for external flows, Moscow, 98 pages.
Doctor of Science [Habilitation, an advanced post-PhD degree] from the
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Keldysh Institute for Applied Mathematics, Russian Academy of
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National Institute for Mathematical Modeling, Russian Academy of Sciences
(Moscow, Russia), Research Scientist.

Department of Applied Mathematics, Tel-Aviv University (Tel-Aviv, Israel),
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NASA Langley Research Center (Hampton, VA, USA), National Research Council
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ionospheric propagation Sponsorship: AFOSR, NSF.

G. Baruch, G. Fibich, B. Ilan.

Sponsorship: NSF.

Waves in discontinuous E. Turkel, G. Fibich, G. Baruch, S. Britt, M. Medvisnky.
media Sponsorship: NSF.

Nonlinear waves
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Department of Aerospace Engineering, University of California, Davis;
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Department of Mathematics, Stanford University;
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Courant Institute of Mathematical Sciences;
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Department of Engineering Sciences and Applied Mathematics,
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Center for Scientific Computing and Applied Mathematics,
University of Maryland;

Department of Mathematics, University of Southern California;
Department of Applied Mathematics, Illinois Institute of Technology;
Department of Mathematical Sciences, Indiana University —

Purdue University, Indianapolis;

Department of Mathematics, University of North Carolina, Charlotte;
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Institute for Mathematical Modeling, Russian Academy of Sciences,
Moscow, Russia;
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Mathematical Modeling, Russian Academy of Sciences, Moscow, Russia;
Department of Mathematics, Duke University;

Department of Mathematics, University of Connecticut;

Department of Mathematics, Stanford University;

Department of Applied Mathematics, Caltech;

Department of Mathematics, UCLA;

Department of Applied Mathematics, Tel Aviv University, Israel;
Courant Institute of Mathematical Sciences;

Department of Mathematics, University of North Carolina, Charlotte;
Center for Optoelectronics, University of North Carolina, Charlotte;
NASA Langley Research Center;

Department of Mathematics, University of California, Berkeley;
Department of Applied Mathematics, Columbia University;
Department of Mathematics, New Jersey Institute of Technology;
Department of Mathematics, California State University, Northridge;
ICES, University of Texas, Austin;

Department of Mathematics, Georgia Institute of Technology;
Department of Mathematics, Northeastern University;

Department of Mathematics, University of Nevada, Reno;
Mathematical Institute, Oxford University, UK;

Department of Mathematics, the University of Sussex, UK;

Keldysh Institute for Applied Mathematics, Moscow, Russia;
Institute for Mathematical Modeling, Moscow, Russia;

Naval Research Laboratory, Washington, DC.
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Research Summary

My general research area is numerical analysis of PDEs, with applications to fluid flow, acoustics (in-
cluding optimization and control), electrodynamics, nonlinear optics, plasma, and other fields. T was trained
in Moscow, Russia, at the Moscow Institute for Physics and Technology and subsequently at the Russian
Academy of Sciences, where I have completed my PhD in December 1991 under Professor V. Ryaben’kii. The
subject of my PhD was development of numerical methods for solving fluid flow problems on the domains of
irregular shape; and the thesis included the three key elements that pertain to every full-fledged algorithm
designed for this purpose. These elements are the grid, the scheme, and the boundary conditions. As one
part of the thesis work, I have developed and implemented (in collaboration with D. Kamenetsky) a col-
lection of numerical algorithms for the generation of conformal [3] and quasi-conformal [5] two-dimensional
grids around curvilinear shapes, like airfoils, etc. This was done by solving the Cauchy-Riemann and Bel-
trami equations, respectively, using the method of difference potentials by Ryaben’kii. The latter algorithm
could also be used for gridding curvilinear surfaces and subsequently generating three-dimensional grids for
computation of boundary layers. Another part of the thesis was devoted to building finite-difference schemes
for the Euler and Navier-Stokes equations based on the kinetic models, see [1,2,9]. Such schemes often
have better properties as far as capturing some “borderline” fluid physics phenomena, like those pertinent
to rarefied gases (e.g., re-entry conditions). In this chapter of my dissertation, I devoted special attention
to obtaining the schemes that would have the same boundary-layer limit near a curvilinear wall that the
standard Navier-Stokes equations have. In the third part of my thesis, I developed highly-accurate nonlocal
artificial boundary conditions (ABCs) for the numerical integration of external compressible inviscid flows,
see [4,6-8]. The ABCs is a general term currently adopted in the literature to identify a special group of
numerical methods needed to implement the truncation and closure once the problem is originally formulated
on an unbounded domain. Without the ABCs no finite-dimensional discretization can be obtained, and as
such the problem simply cannot be solved on the computer. The issue of ABCs appears critical in many
areas of scientific computing, e.g., in acoustics, electrodynamics, solid mechanics, and fluid dynamics. In
my PhD thesis, I constructed global ABCs based on the assumption of linearized potential flow in the far
field, and implemented these boundary conditions for integrating a variety of flow cases in the framework of
the Euler’s equations. The new ABCs provided for a very substantial reduction of the required computer
resources through the shrinkage of the computational domain, while still guaranteeing high accuracy of the
numerical solution.

The work [10,11] done concurrently with the PhD but not as a part of the thesis addressed the construc-
tion of domain decomposition algorithms using the method of difference potentials. Unlike many traditional
domain decomposition techniques based on the Schwartz algorithm, the approach we have developed in col-
laboration with D. Kamenetsky and V. Ryaben’kii did not require the overlap of subdomains for convergence.

Design of ABCs for the numerical integration of external flow problems was in the focus of my research
for a number of years after the PhD. This work was supported by NASA. It is generally acknowledged that
in computational fluid dynamics, where external problems represent a wide class of important formulations,
the proper treatment of external boundaries may have a profound impact on the overall quality and per-
formance of numerical algorithms and interpretation of the results. Most of the existing ABCs’ techniques
can basically be classified into two groups. The methods from the first group (global ABCs) usually provide
high accuracy and robustness of the numerical procedure but often appear fairly cumbersome and computa-
tionally expensive. The methods from the second group (local ABCs) are, as a rule, algorithmically simple,
numerically cheap, and geometrically universal; however, they usually lack accuracy of computations. In a
series of papers written between 1993 and 2000 (partially with coauthors), see [12-27,29-31], I developed a
new ABCs’ technique for computation of the steady-state compressible external viscous flows. This technique
largely combines the advantages relevant to the two aforementioned groups of methods.

The approach of [12-27,29-31] is based on application of the method of difference potentials. It allows
one to obtain highly accurate ABCs in the form of certain nonlocal boundary operator equations. The oper-
ators involved are analogous to the pseudodifferential boundary projections first introduced by A. Calderon
and then also studied by R. Seeley. In spite of the nonlocality, the new boundary conditions are geomet-
rically universal, numerically inexpensive, and easy to implement along with the existing interior solvers.
These ABCs allow one to drastically improve the treatment of external artificial boundaries for a variety
of flow configurations and regimes. They have been constructed for both two and three space dimensions,
and successfully implemented along with the NASA-developed production flow solver TLNS3D. The actual



cases analyzed using the new ABCs include subsonic and transonic, laminar and turbulent, two- and three-
dimensional flows. A case particularly interesting from the standpoint of flow physics involves jet exhaust,
see [30,31]. In all these cases, the new ABCs have systematically outperformed the standard existing meth-
ods; they have provided for a better accuracy and much smaller computational domains, which translated
into very substantial savings of computer resources. Besides, the nonlocal ABCs could noticeably speed up
the convergence of multigrid iterations, see [29].

Based on my deep involvement in the area of numerical methods for infinite-domain problems, I wrote a
comprehensive survey article of the field that was solicited by Applied Numerical Mathematics and published
in 1998, see [28]. This paper includes, among other things, a comparative assessment of different existing
methods for constructing the ABCs. By now, it accumulated about 100 citations and has become a standard
source of reference in the field. T also wrote a survey chapter on ABCs and the method of difference potentials
for the research monograph by V. Ryaben’kii [36] (see Part V, Chapter 2).

As an extension of the work on ABCs for the steady-state external fluid flows, we developed and imple-
mented (in collaboration with T. Roberts and D. Sidilkover), see [39], a unified flow solver that combines
the advantages relevant to global far-field ABCs, as well as to another group of methods that has recently
proven successful — the new factorizable schemes for the equations of hydrodynamics that facilitate the
construction of optimally convergent multigrid algorithms. The key result obtained in [39] is the following.
Global ABCs do not hamper the optimal (i.e., unimprovable) multigrid convergence rate pertinent to the
solver. At the same time, contrary to the standard local ABCs, the solution accuracy provided by the global
ABCs deteriorates very slightly or does not deteriorate at all when the computational domain shrinks, which
clearly translates into most substantial savings of computer resources.

In the recent years, the focus of my research work has shifted more toward numerical methods for wave
propagation problems, with applications primarily in acoustics, electrodynamics, and optics. This involves
both time-harmonic (monochromatic) and genuine time-dependent (broad-band) wave fields. In [32], we
consider (in collaboration with E. Turkel) the Helmholtz equation and study an alternative way of handling
the external artificial boundary, by means of the so-called perfectly matched layer (PML) that damps the
outgoing waves and prevents their reflection back into the computational domain. Using energy-type es-
timates and the separation of variables, we analyze the solvability, uniqueness, and limit properties (with
respect to the thickness of the layer) of several PML models. We also consider numerical approximations,
including those of high order, and discuss iterative methods and preconditioning for solving the Helmholtz
equation with PML.

In a series of papers [33-35,37,41] we introduce (in collaboration with V. Ryaben’kii and V. Turchaninov)
a special non-deteriorating algorithm for the long-term computation of wave-radiation solutions, and subse-
quently use it to construct global highly-accurate ABCs for the numerical simulation of genuinely unsteady
waves on unbounded domains. This work is supported by NSF and AFOSR. The algorithm is based on the
presence of lacunae, i.e., aft fronts of the waves, in wave-type solutions in odd-dimension spaces (a mani-
festation of the Huygens’ principle). It is inherently three-dimensional and guarantees temporally uniform
grid convergence of the solution driven by a continuously operating source on arbitrarily long time intervals.
Moreover, the algorithm provides for a linear computational complexity with respect to the grid dimension.
Note that the question of constructing the numerical schemes that would converge uniformly in time for
unsteady problems has been an outstanding issue in numerical analysis of PDEs for many years, since the
first studies on stability and convergence of discrete approximations have been conducted in the fifties.

The non-deteriorating numerical algorithm that we are discussing can, in fact, be built as a modification
on top of any consistent and stable finite-difference scheme, making its grid convergence uniform in time
and at the same time keeping the rate of convergence the same as that of the non-modified scheme. The
corresponding lacunae-based ABCs are obtained directly for the discrete formulation of the problem; in
so doing, neither a rational approximation of non-reflecting kernels, nor discretization of the continuous
boundary conditions is required. The extent of temporal nonlocality of the new ABCs appears fixed and
limited; in addition, the ABCs can handle artificial boundaries of irregular shape on regular grids with no
fitting/adaptation needed and no accuracy loss induced. Moreover, the apparatus developed in [33-35,37,41]
allows one to consider the most general formulation of the problem that involves radiation of waves by moving
sources (e.,g., radiation of acoustic waves by a maneuvering aircraft).

The lacunae-based approach originally developed for the scalar wave equation can be extended to the
cases of acoustics and electromagnetism, see [47,48,52,53]. Extension to electromagnetic waves is particularly
non-trivial, as it requires that a special inverse problem be formulated and solved of reconstructing the



auxiliary field sources in a prescribed form — zero charges and solenoidal currents — that would identically
satisfy the continuity equation. The latest in the work on lacunae is their application to the stabilization of
time-dependent PMLs [66,67] that are known to suffer from the long-time error buildup.

In addition to building the numerical algorithms, our work on the theory and computation of electromag-
netic waves (under the sponsorship of the US Air Force) has diversified to encompass a variety of subjects
that are not necessarily centered around numerics. It includes the study of the weakly dispersive propagation
of electromagnetic waves in the ionosphere, with the goal of identifying the aft fronts of the waves in some
approximate sense, and with the application to satellite communications. Most recently [61], we have shown
that the “depth” of the weak lacunae in dilute plasma is proportional to the ratio of the Langmuir frequency
to the driving frequency of the wave. Also in [61] we analyze the anisotropic case with gyrotropy and show
that for the typical ionospheric conditions the additional effect on lacunae is small.

Our most recent project on the propagation of radio waves in the Earth ionosphere has to do with the
analysis of how their dispersion affects the performance (image resolution) of spaceborne synthetic aperture
radars (SARs). We employ the scalar model for transverse waves with weak anomalous dispersion due to the
cold plasma. Random contributions to the refraction index are accounted for by the Kolmogorov model of
ionospheric turbulence. The ionospheric phenomena, both deterministic and random, are shown to affect the
azimuthal resolution of a SAR sensor stronger than the range resolution. We provide specific quantitative
estimates for some typical values of the key parameters and identify probing on two carrier frequencies as a
possible venue for compensating for the ionospheric distortions [71]. Another paper on the subject of SAR
imaging is [74], where we analyze the effect of a commonly used approximation, known as the start-stop
approximation, on the quality of the image in the case of a spaceborne radar, which implies a relatively fast
motion of the antenna. In the forthcoming paper [80], we show that if the matched filter of a spaceborne
SAR sensor is phase corrected using dual carrier probing, as suggested in [71], then the performance of the
radar indeed improves, i.e., the distortions of the image due to the ionosphere are reduced.

In our work [38,43-45,49,51], we study (partially in collaboration with J. Loncari¢ and V. Ryaben’kii)
the problem of active control of sound (time-harmonic wave fields), which is formulated mathematically
as a particular type of the inverse source problem for elliptic PDEs. This work was supported by NASA.
Unlike many existing methodologies, the approach of [38] provides for the exact volumetric cancellation of
the unwanted noise on a given predetermined region of space, while leaving unaltered those components of
the total acoustic field that are deemed as friendly. The key finding of this work is that for eliminating the
unwanted component of the acoustic field in a given area, one needs to know relatively little; in particular,
neither the locations nor structure nor strength of the exterior noise sources need to be known. Likewise,
there is no need to know the volumetric properties of the supporting medium across which the acoustic
signals propagate, except, maybe, in a narrow area of space near the perimeter of the protected region.
The controls are built based solely on the measurements performed on the perimeter of the domain to be
shielded; moreover, the controls themselves (i.e., additional sources) are concentrated also only on or near
this perimeter. Perhaps as important, the measured quantities can refer to the total acoustic field rather
than to its unwanted component only, and the methodology can automatically distinguish between the two.
In [38], we constructed a general solution to the aforementioned noise control problem. The apparatus used
for deriving this general solution is closely connected to the concepts of generalized potentials and boundary
projections of Calderon’s type. For a given total wave field, the application of a Calderon’s projection allows
one to definitively tell between its incoming and outgoing components with respect to a particular domain
of interest, which may have arbitrary shape. Then, the controls are designed so that they suppress the
incoming component for the domain to be shielded or alternatively, the outgoing component for the domain,
which is complementary to the one to be shielded.

In [43] we construct special types of discrete surface control sources that correspond to the continuous
densities of the single- and double-layer potentials. In [44,45,49, 51] we focus on optimizing the control
sources with respect to different criteria. We consider optimization in the sense of Lo, optimization of power,
and optimization of acoustic strength. The Ly norm of the control sources, although very easy to minimize,
lacks clear physical interpretation. All power-based criteria involve interactions between the sources and
the field, which may lead to certain types of degeneration, although some results are quite interesting and
often counterintuitive. Optimization of acoustic strength mathematically translates into the minimization
of complex-valued functions in the sense of L; with conical constraints, which are only “marginally” convex.
The corresponding numerical optimization problem appears very challenging even for the most sophisticated
state-of-the-art methodologies, and even when the grid dimensions are small and the waves are long. Our



central result in [44] is that the global L;-optimal solution can, in fact, be obtained without solving the
numerical optimization problem. This solution is given by a special layer of monopole-type sources on the
perimeter of the protected region. We provide a rigorous proof of the global L;-minimality in the one-
dimensional case. We also provide numerical evidence that corroborates our result in the two-dimensional
case, when the protected domain is a cylinder. Even though we cannot prove it yet, we believe that the result
is correct in general as well, i.e., for multi-dimensional settings that include domains of arbitrary shape. The
most recent addition to this work is active control of sound for multiply connected regions [56,59,62] and
active control of sound with variable degree of cancellation [73,75]. Besides shielding the given multiply
connected region from the exterior noise, the approach allows its different parts to selectively hear or not
hear each other. Yet another resent extension is experimental verification and validation of the proposed
noise control methodology, which is reported in [65].

In our work [40, 42, 46] we analyze (in collaboration with G. Fibich and partially with B. Ilan) the
mathematical and numerical aspects of the propagation of electromagnetic waves (intense laser beams) in
the nonlinear Kerr media. The work is supported by NSF. A standard model for describing this class of
phenomena is the nonlinear Schréodinger equation (NLS). It is derived from the more comprehensive nonlinear
Helmholtz equation (NLH) by employing the paraxial approximation and neglecting the backscattered waves.
In [40] we use a high-order finite-difference method supplemented by the special two-way ABCs to solve the
NLH as a true boundary value problem. The two-way ABCs is a key element of the algorithm. Because the
propagation equation is nonlinear, the impinging and scattered waves cannot be separated (as typically done
when solving linear scattering problems), and the problem has to be solved in its entirety. In particular,
the boundary on which the incoming field values are prescribed, should transmit the given incoming waves
in one direction and simultaneously be transparent to all the outgoing waves that travel in the opposite
direction. In [40], the two-way ABCs are obtained in the framework of a fourth-order accurate discretization
to the Helmholtz operator inside the computational domain. Our numerical methodology allows for a direct
comparison of the NLH and NLS models and, apparently for the first time ever, for an accurate quantitative
assessment of the backscattered signal in nonlinear self-focusing. In [42], we have been able to match the
numerical predictions of nonlinear backscattering with the results of the asymptotic theory. In [46], we have
introduced linear damping into the model and could show that the NLH requires less damping than the
NLS to arrest the collapse. This is an indication that nonparaxiality and backscattering help suppress the
singularity formation in the solution. In our subsequent paper on the subject [54] (see also [55,60]), we employ
the Sommerfeld-type local radiation boundary conditions in the cross-range direction (lateral boundaries),
instead of the previously used Dirichlet boundary conditions. Implementation of those requires evaluation of
eigenvalues and eigenvectors for a non-Hermitian matrix; the eigenvectors subsequently render the separation
of variables. The new algorithm offers considerable overall benefits, both from the standpoint of its numerical
performance and the range of physical phenomena that it is capable of simulating. An extension of this
approach to the case of cylindrical geometry is addressed in [58] (in collaboration with G. Baruch and
G. Fibich). Most recently, a very considerable progress was made by constructing a new finite volume
compact scheme for the analysis of material discontinuities, and by introducing a Newton-based nonlinear
solver [63,64]. Newton’s linearization is nontrivial since the Kerr nonlinearity contains absolute values of
the field and is Frechet non-differentiable for complex-valued solutions. Thus, the NLH has to be recast as
a system of two real equations, in which case Newton’s method converges rapidly and enables computations
for very high levels of nonlinearity, beyond the actual threshold of material breakdown. An extension of
this work in the general direction of direction of high-order schemes for the wave propagation problems with
discontinuities is presented in [68]. The results of the most recent multi-dimensional simulations of the NLH
using compact approximations and Newton’s solver are summarized in [70,72].

Another project on time-harmonic waves has started recently, it focuses on the development of high
order accurate compact schemes for Helmholtz-type equations that would maintain accuracy across material
discontinuities and also allow for variable coefficients in the regions of smoothness. The first paper on the
subject is [76]. In the future, we plan to use Calderon’s operators and the method of difference potentials to
attain the desired capabilities.



