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On SAR Imaging through the Earth’s lonosphere*

S. V. Tsynkovf

Abstract. We analyze the effect of dispersion of radio waves in the Earth’s ionosphere on the performance
(image resolution) of spaceborne synthetic aperture radars (SARs). We describe the electromagnetic
propagation in the framework of a scalar model for the transverse field subject to weak anomalous
dispersion due to the cold plasma. Random contributions to the refraction index are accounted for
by the Kolmogorov model of ionospheric turbulence. A key consideration used when analyzing the
statistics of waves is normalization of the probability distributions for long propagation distances.
The ionospheric phenomena, both deterministic and random, are shown to affect the azimuthal
resolution of a SAR sensor stronger than the range resolution; also, the effect of randomness appears
weaker than that of the baseline dispersion. Specific quantitative estimates are provided for some
typical values of the key parameters. Probing on two carrier frequencies is identified as a possible
venue for reducing the ionospheric distortions.
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1. Introduction. The dispersion of electromagnetic waves in the Earth’s ionosphere is
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characterizes temporal responses of the plasma and is given by

4e2Ng
1.2 = )
(1.2 pe \/ o

where e and me are the charge and mass of the electron (fundamental constants), and N is the
electron number density, which depends on many parameters. In the case of a homogeneous
plasma, the Langmuir frequency is constant; otherwise, it can vary if the number density
N varies. Typical values of the Langmuir frequency in the Earth’s ionosphere range between
3MHz and 15MHz. At the same time, for our key application of interest, which is a spaceborne
SAR sensor, typical values of the carrier frequency start at several hundred megahertz (VHF
and UHF bands) and go into the gigahertz range (microwave band).
The dispersion relation for the Klein—-Gordon equation (1.1) reads as

(1.3) 2= 2o+ KA

Only the waves with frequencies >  pe can propagate in the plasma. The model of propaga-
tion based on the Klein—-Gordon equation (1.1) and, accordingly, the dispersion relation (1.3),
is known as cold plasma; additional details on its derivation from full Maxwell’s equations
are provided in Appendix A. Dispersion (1.3) is anomalous; i.e., it is the short waves that
are weakly dispersive, whereas the long waves are subject to stronger dispersion. Indeed, the
phase and group velocity of the propagation are given by

1 1
(1.4) Voh =C(1+ je/c?k?)> and vg =c(1+ Z/c’k?) 2,

so that the shorter the wave is, i.e., the larger the K is, the closer both velocities are to the
nondispersive value V = C. In the Cartesian coordinates we can consider (1.1) for individual
field components:

2
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(1.5)

The Fourier transform of (1.5) in time yields

2 2
(1.6) AE + , (1 S p;) E=0.
The quantity n( ) = 18.2./w2 can therefore be interpreted as the refraction index. In the case

of a homogeneous plasma it is constant. Otherwise, it can vary in space and, moreover, contain
a stochastic component. Randomness can make its way into pe because of the turbulence in
the ionosphere that causes the fluctuations of Ng; see (1.2). The structure of the ionospheric
turbulence is complicated and depends on many factors. A good starting point that we adopt
for the study is the Kolmogorov-type turbulence.

The imaging of the Earth’s surface by a spaceborne SAR is done as follows. The full radar
antenna is a synthetic array, which means that the Earth’s surface is illuminated by a sequence
of pulses transmitted from different locations as the “elementary” antenna mounted on the
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satellite travels along the orbit. The received signals that are scattered off the Earth’s surface
are then processed by means of the matched filtering. In the literature, a common approach
to the analysis of synthetic antennas is based on the start-stop approximation (see, e.g., [17]),
when one assumes that each individual pulse is emitted, and the corresponding scattered
wave is received, while the satellite is at a standstill, after which it moves to the location from
which the next pulse is emitted. This approach is well justified for airborne radars when the
pulse travel time between the antenna and the target is around 10 *se¢ and the speed of
the airplane is about 250m/sec. The satellite, on the other hand, moves much faster (about
8km/sec) and flies much higher above the Earth’s surface so that for the round-trip travel
times of the pulse, which are on the order of several milliseconds, the displacement of the
elementary antenna is no longer negligible. It could, in fact, be a few times larger than the
antenna size. Moreover, the start-stop approximation does not take into account the Doppler
frequency shift, which, again, will be larger for satellites than for airplanes. Nonetheless, the
start-stop approximation can still be used for spaceborne SARs, because, as shown in our
recent paper [40], the displacement of the antenna during the round-trip travel time of the
pulse between the orbit and the ground does not impair the resolution of the image and leads
only to the shift of the entire imaged scene. As for the Doppler frequency shift, it does not
affect the performance of the radar either as long as it is included in the definition of a matched
filter [40]. Note also that the idea of using the matched filters phase-corrected for Doppler is
discussed in [12].
In the current paper, we make a number of additional simplifying assumptions:
€ We do not consider vector quantities and use the scalar governing equations (1.5) and
(1.6) instead of (1.1). We can say that the radar does not measure the polarization of
the wave.
€ Dispersion relation (1.3) corresponds to the model of cold plasma, in which one takes
into account temporal dispersion but disregards spatial dispersion; see Appendix A.
€ We also disregard the Ohm conductivity, i.e., assume that the ionospheric plasma
behaves like a lossless dielectric.
€ We treat the targets as deterministic and disregard all the stochastic effects that may
characterize scattering off the Earth’s surface. For example, we disregard the noisy
component of the received signal caused by roughness of the terrain; see [17].
€ We are interested only in obtaining and analyzing the conventional SAR images, as
opposed to interferometric images [17]. In other words, we will be looking into the
range resolution and azimuthal resolution of the SAR, but will not be looking into its
altitude (angle) resolution.
€ We use the standard matched filter processing to form a SAR image. We do not include
the dechirp-on-receive procedure that is sometimes employed by spotlight SAR systems
to stabilize the signal received from the center of the imaged scene [10, section 2.6].
Dechirping is rarely employed by the radars operating in stripmap mode, which is
most common for spaceborne imaging.
€ We disregard the anisotropy of the plasma due to the magnetic field of the Earth, and
hence we do not take into account the Faraday rotation (recall that we do not consider
polarization of radio waves).
€ We also disregard the effect of the magnetic field of the Earth on the ionospheric
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turbulence. The turbulence is always assumed isotropic.

€ Both the mean characteristics of the plasma and their fluctuations are strongly af-
fected by the level of solar activity, geographic latitude, time of year, time of day
(day/night), etc. For our quantitative estimates, we choose some typical values for all
the parameters.

€ We disregard multiple scattering at the target(s) and use the Born approximation. On
the other hand, we take into account multiple scattering in the ionosphere.

€ We temporarily disregard the dispersion of the target. In reality, the target dispersion
is of key importance because often this is how the targets are recognized. There are
publications in the literature that deal precisely with the dispersion-based characteri-
zation of the targets; see, e.g., [29]. Therefore, in the long run we would like to achieve
the capability of differentiating between the target dispersion and the ionospheric
dispersion that distorts the image.

€ We use the approximation of geometrical optics (see [37, Chapters 1-2]) and the ge-
ometrical optics perturbations method that allows us to analyze the effect of random
turbulent fluctuations of the electron number density in the ionosphere on the resolu-
tion of a SAR sensor.

Some of the foregoing physical approximations require certain assumptions about the
scaling:

€ The approximation of cold plasma holds if the phase speed of electromagnetic waves
is much faster than the thermal speed of the electrons in plasma (see Appendix A) (
is the Boltzmann constant):

\/ 3T
Vph 2me.

€ It is possible to use linearization for computing the waves’ travel times and related
quantities in plasma when the radar carrier frequency is much higher than the Lang-
muir frequency:

pe-
€ Ohm conductivity can be disregarded because we are primarily interested in the
regimes for which
pe e
where ¢ is the effective frequency of collisions between the plasma particles respon-
sible for the onset of conductivity; see Appendix A and [21].
€ For the approximation of geometrical optics to hold, the carrier wavelength must be

much shorter than the characteristic scale of variations of the mean parameters of the
ionosphere (see section 2.1.3),

ho,

and also much shorter than the characteristic scale of turbulent fluctuations of the
ionosphere, which we take as the outer scale of turbulence (see (1.12)),

Io.
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144 S. V. TSYNKOV

There is an additional, more subtle, criterion that must be met:

VRo ro,

where Rg is the typical propagation distance and the expression on the left-hand side
of the previous inequality yields the size of the first Fresnel zone (note that normally
lo ho).

To characterize the ionospheric turbulence, we write the electron number density as

(L.7) Ne= Ne +p(x),

where the angular brackets - denote the expected value (mean) and Y represents the fluc-
tuations: M = 0. In the simplest case of constant Ne , H(X) is a homogeneous and isotropic
random field, and its correlation function depends only on the distance r = |x1 S X»| and not
on the individual locations X; and Xo:

(1.8) V(x1,%2)  p(x)p(x2) =V(x1Sxal)  V(r).

The spectrum of turbulent fluctuations is defined as the Fourier transform of V (r):
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where q is the Fourier variable (dual to r = X1 S X2), q = |q|, and the change of variables
U = cos was used when computing the integral (1.9). In the literature, it is often the
spectrum that is introduced as the primary characteristic of turbulence. In particular, for the
Kolmogorov—-Obukhov turbulence, which is typical for the lower ionosphere, the spectrum can
be taken in the form suggested in [36, Chapter IJ:

~ C 11
(1.10) V(g) = (1 + @lg2)’ where = 6 and C = const.

(1.9)

For the purpose of conducting the derivations, though, it will be more convenient to take a
slightly different value of the exponent, = 2, as it yields an exponentially decaying correlation
function [32, section 12.1]:

(1.11) V(r)=C 2¢ge %,

The change from = 11/6 to = 2 in formula (1.10) that leads to the exponential correlation
function (1.11) essentially means that we are going to consider only short-range phenomena.
The long-range case may present its own subtleties for the analysis, and we leave it as an
interesting topic for future study.

The quantity ¢p in formulae (1.10) and (1.11) is inversely proportional to the correlation
length:

def 1 /°° /°° _ 1
(112 °= v o VOT= %

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



ON SAR IMAGING THROUGH THE EARTH’S IONOSPHERE 145

The latter is also referred to as the outer scale of turbulence;it can be taken as rg  1km
according to [2]; the value quoted in [9] is an order of magnitude larger: ro  10km.
The constant C in formula (1.10) is related to the variance of p (see [2]):

I vam-vor- v

Integration of the spectrum (1.10) yields

oo 2w pmo T é3
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and substituting = 2, we obtain
2 2
3 -
2 G
Magnitude of the fluctuations is also very important. It is typically measured relative to the
mean electron density, and the quantity

(1.13) C=

A ; C
(1.14) M = Ne — 200 N,
is assumed altitude independent even if Ng depends on the altitude. A typical numerical
value of M is 5 - 1073, and in extreme situations it may reach 10~ [2]. Note that as Ng
becomes altitude dependent so does W2 , which makes the field p(x) quasi-homogeneous
rather than homogeneous [36] (see section 2.1.4).

For the specific examples that we analyze hereafter, we will be choosing the following values
of the parameters. A typical mean electron concentration can be taken as Ne = 108cm—3,
which yields pe 9MHz. The radar carrier frequency will be assumed equal to 1GHz, which
is the lower bound for the microwave band. According to [8], it is very difficult to achieve
high resolution of spaceborne SAR images for carrier frequencies under 1GHz (if no attempt
is made to reduce the distortions due to the ionosphere). We note, though, that many modern
radars operate at higher frequencies, often reaching 10GHz. On the other hand, some other
radars operate in the VHF and UHF bands with the wavelength in vacuum 2 1m and
the frequency  about several hundred megahertz. Lowering the carrier frequency is very
important for certain applications as it may help the signal penetrate deeper into the foliage
or soil [27], but it also increases the negative impact of the ionospheric dispersion [8]. Indeed,
as we are going to see, the dispersive effects are characterized by the value of the quotient

ge/ 2. Finally, a typical one-way propagation distance between the satellite and the ground
can be taken as Rp  1000km (in fact, up to Rg = 1500km with the orbit altitude between
500km and 800km and the look angle between 20° and 60°).

Let us reemphasize that the ionospheric plasma is dispersive with or without the fluctu-
ations of electron density, because Ne = 0. Even when this dispersion is weak ( pe)
synthetic aperture imaging through the ionosphere is not completely identical to the case

pe = 0 discussed in [11]. Indeed, the image is formed by applying a matched filter to the
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field received by the antenna; see section 2.1 or [17] for more detail. This procedure is also
related to the time-reversal imaging; see, e.g., [7]. The matched filter that would be optimal
for the propagation governed by (1.5) will differ from that used in the case pe = 0, when (1.5)
transforms into the d’Alembert equation. A methodology for building the matched filters that
takes into account the dispersion of waves was proposed in [13]. The approach of [13] assumes,
however, that all the parameters that quantify the dispersion are known. Unfortunately, this
cannot be considered the case for the Earth’s ionosphere, which is a very “lively” medium
with its key characteristics, such as N, changing rapidly, so that no precise values can be
predicted at a given moment of time and given location. Hence, liveliness of the ionosphere
will limit the applicability of the modified matched filters that employ the models of dispersion
with known parameters, even if the latter are as simple as (1.3). Note also that when imaging
through a dispersive layer, there is room for optimization not only of the matched filters, but
also of the waveforms emitted by the radar; see [3].

Among other publications in the literature that address the issue of SAR performance in
the presence of the Earth’s ionosphere we mention work [2] that discusses both the determin-
istic and stochastic aspects of the propagation of electromagnetic waves in the ionospheric
plasma, work [18] that focuses on the issues related to Faraday rotation and the correspond-
ing calibration strategies, and work [25] that discusses only the homogeneous plasma and,
again, emphasizes the need for calibration. Work [16] also discusses only the ionosphere with
uniform electron concentration, but estimates the distortions of a SAR image at a rather low
carrier frequency of 250MHz with the respectively high bandwidth of 100 MHz. The authors
of [23] analyze the homogeneous ionosphere and determine that the distortions are greater
for lower frequencies, and that the adverse effect of the ionospheric dispersion is worse for
the azimuthal resolution than for the range resolution of a SAR sensor. In [28], the findings
of [23] are extended to the inhomogeneous case using a numerical technique. In work [34], the
turbulence-induced phase fluctuations along the synthetic antenna were simulated numerically
following a given statistics, and radar performance was assessed from the results of simula-
tions. We also mention two closely related papers, [9, 20], in which several methodologies are
discussed for mitigating the random phase errors based on the image postprocessing. The
effect of deterministic dispersion on the quality of the SAR images is not addressed in [9, 20].
The authors of [26] use the measured parameters of the ionosphere from two independent
experiments to analyze the performance of a space-based radar. Finally, work [42] surveys
the literature and provides a comprehensive review of both the deterministic and stochastic
ionospheric effects on a spaceborne SAR sensor.

While many publications in the literature discuss the deterioration of SAR performance
due to the ionosphere, relatively few papers offer any compensation techniques. In that regard,
we should mention the U.S. Patent [4] that proposes to estimate the effective ionospheric
conditions by measuring the varying group delay (signal slowdown induced by the ionosphere
as it depends on the frequency) in multiple subbands of the operating frequency range. The
estimated parameters of the ionosphere can subsequently be used for modifying the matched
filter of the SAR.

In the rest of the current paper, we first provide quantitative estimates of how the iono-
spheric dispersion affects the performance of a spaceborne SAR if the conventional matched
filter is employed. Next, we propose a strategy of how one can potentially modify the standard
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“nondispersive” matched filtering algorithm to compensate for the ionospheric dispersion, and
outline a possible pathway toward implementing the corresponding modifications.

2. Resolution. Resolution of a radar is its ability to distinguish between separate targets.
It is typically determined by the minimum distance between two point targets (delta-type)
that the radar can still tell apart. Accordingly, there are different types of resolution that
characterize the performance of a SAR system. Those are the range resolution (in the direction
perpendicular to the flight track), azimuthal resolution (along the flight track), and altitude
resolution. Altitude is measured only by the interferometric SAR (IFSAR) sensors that employ
two antennas with slightly different observation angles (see [17]), and we will not consider that.

The ionospheric distortions that impair the resolution of a SAR sensor are due to the
deterministic dispersion of radio waves in the ionosphere, as well as to random turbulent
fluctuations of the electron number density. Our analysis shows that both factors tend to
hamper the azimuthal resolution more strongly than they hamper the range resolution. This
observation correlates with other findings in the literature [2].

Let us also note that, as shown in [5, 7], synthetic aperture images may also show good
range resolution in a different setting that involves the propagation of acoustic waves with
random speed but no dispersion. However, the range resolution deteriorates if the frequency
decoherence in the medium becomes rapid. Further analysis of range resolution in synthetic
aperture imaging through the media with random propagation speed can be found in [19],
where large perturbations of the travel time are also discussed.

In what follows, we adopt the framework and some of the notations of [11]. The antenna
emits a series of pulses as the satellite moves along the orbit. Each pulse is a linear upchirp
of the form

(2.1) P(t) = A()€“0!, where A(t)= ,(t)e".

In formula (2.1), ,(t) is the indicator function of the interval of duration

{1, t 872 /2],

0 otherwise,

and = B/ (2 ), where B is the bandwidth of the chirp. Accordingly, the instantaneous
frequency of the chirp is given by

Bt .
(2.2) t)= o+ , t [S]2 /2],

where ¢ is the center carrier frequency. The modulating function A(t) in formula (2.1) is
slowly varying. A typical duration of the pulse in actual SAR systems may be 5-107°seg a
typical interval between two consecutive pulses is ~ 5-10"*se¢ and the bandwidth in formula
(2.2) is B 10MHz (it may be higher).

When analyzing the performance of a radar, one commonly introduces and studies the
point spread function, which is basically the image of one point target. In the case of a syn-
thetic antenna, the performance is improved by superimposing the information from multiple
scattered pulses. Then, one introduces and studies the generalized ambiguity function of a
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148 S. V. TSYNKOV

radar obtained by summing up the individual point spread functions. Let X™ be the location
of the antenna at the time t,, when pulse number n is emitted, Z be the location of a point
target, and y be the location of a reference point scatterer (i.e., a probing location). According
o [11], the generalized ambiguity function of a synthetic antenna is given by the following
expression:

W(y.,z)=> w(z$ x”)/P(tS t,S2ly Sx7|lc)P(tSt,S2zS x"|/c)dt

(23) — ZW(Z é Xn) /A(t é t,, g 2|y é an/C)e—iwo(t—tn—z\y—xnvc)
AtSt, S 21z S x"|lc)ewolt=ta=2z=x"/A) gt

The overbar in formula (2.3) denotes complex conjugation (time reversal). Each term in
the sum has two factors under the integral. The factor P ( - ) is proportional to the actual
field received by the antenna after the pulse has been emitted and sent back by the delta-
type scattering potential concentrated at z. This form of the scattered field corresponds to
the free unobstructed propagation between the antenna and the target, and is obtained by
solving the d’Alembert equation using retarded potentials and the first Born approximation
for scattering. In doing so, one also takes into account that A( - ) varies slowly compared to
the fast oscillation with the frequency o; see [11]. The quantity 2|z S x"|/c is the round-trip
travel time in vacuum between the antenna at X™ and the target at z. The received field is
matched against the second factor, P ( -), which is proportional to the complex conjugate of
the signal scattered by the reference delta scatterer at y. Similarly, the quantity 2]y S x™|/c
is the round-trip travel time in vacuum between the antenna at X™ and the reference location
y. The idea behind processing the received field with the matched filter is to try to make the
ambiguity function W (y,z) as close to the delta function (y S z) as possible so that when
imaging the terrain by moving the reference location y, the image would have a sharp peak at
the location of the actual target z and would be zero or very small elsewhere. In reality, the
actual delta function (y S z) is never achieved, but the peak can be considerably sharpened
by summing over n, i.e., over the elements of the synthetic antenna.

The quantity w(z S x™) in formula (2.3) denotes the directivity pattern of the antenna on
the satellite. It determines the range of the summation and can be approximated as follows.

Let = 2‘;:)6 denote the wavelength, and let L be the size of the antenna on the satellite in the
direction of the orbit. Then, the angular width of the antenna beam is approximately equal
to Z}f‘, provided that L; see Appendix B. Let us use the subscript “1” for the coordinate

along the orbit (assumed locally straight). Then, for the angle between the direction z Sxn
and the normal to the orbit that would belong to the same plain as z S x™ and the orbit itself,
we can write (Rg is the distance to the ground along this normal)

2, S X}

tan =
Ro

The directivity function w(z S x™) is equal to 1 if the given direction z S x™ is within the
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antenna beam, and it is equal to zero otherwise:

Hence, using the approximation tan for small | we have

3 1 ifz S Mo xp oz 4 Mo,

(2.4) wiz$xm =< T on G T
0 ifxy<z1S 0 orxy>z1+ 7",

The range of the summation in (2.3) is therefore defined by taking into account only those x ™

for which w(z S x™) = 0 or, equivalently, for which z stays in the beam; see (2.4). Let AX1 be

the distance along the orbit between the successive emissions of pulses. Let us also take z; = 0,

which does not imply any loss of generality. Then, the inequality S )‘IL%O X7 )‘IL%O translates

into S g n sz, where N = [2211%% ] and [ -] stands for the integer part. Consequently, we
recast (2.3) as

N/2
(2.5) s

XA(t é t, g 2|Z é an/C)e_Zin‘z_xn‘/Cdt.

Next, we change the variable from t S t,, to t in each term of the sum (2.5) and realize that
neither A(tS 2]y S x7|/c) nor A(t S 2|z S x"|/c) depends on n explicitly, except for the
dependence via X ™. The latter is weak, because if Rg is large, then both |y S x™| and |z S x|
are slowly varying functions of X", while A is another slowly varying function on top of it.
Consequently, the factors A and A can be taken out of the sum (2.5), and X™ can be replaced
by x9 for definiteness, which yields

(2.6)
N/2
W(y,z) /A(t S2ly SxOc)AtS 2z SxOfc)dt | | D eFwollyxtl/elz=xri/a
< ~ - —N/2
WR(sz) ~ -

~~
WA(y 72)

Formula (2.6) indicates that the generalized ambiguity function gets approximately decom-
posed into the product of the range factor,

(2.7) Wr(y,z) = /A(t S 2ly S x0/c)A(t S 2|z S x/c)dt,
and the azimuthal factor,
N/2
(2.8) Wa(y,z) = Z g2iwo(ly =x"|/e—[z—x"]/c)
n=—N/2

We will see that Wg of (2.7) and W4 of (2.8) do indeed control the range and azimuthal
resolution, respectively.
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2.1. Range resolution. In the ideal case of no ionosphere, computation of the range
ambiguity factor Wg of (2.7) in [11] (see also [17]) yields the following expression for the
range resolution of a SAR:

2c
2.9 AR = .
(29) .
The quantity AR defined by (2.9) is the minimum distance in the direction perpendicular to
the satellite flight track, at which the system can still tell a pair of different point targets
apart.

2.1.1. Homogeneous ionosphere. In reality, however, the signal between the antenna and
the target propagates through the Earth’s ionosphere. The ionosphere makes the propagation
speed depend on the frequency (see (1.4)) and hence changes the wavese travel times between
the antenna and the target(s). To analyze the effect of these distortions on the range resolution,
we will use an approach which is often employed for the analysis of dispersive propagation;
see, e.g., [24] and also [39, section 3.4]. This approach assumes that the pulse (2.1) can be
artificially split into a number of parts that correspond to different instantaneous frequencies
(2.2), and that these parts will travel with the group velocities that vary accordingly. This
technique is not quite equivalent to performing a full-fledged analysis with the help of the
Fourier transform,® but it is more intuitive and the results are far more apparent. Hereafter,
we will be assuming that the signal is fairly narrow band, B 0, which is typical for
many actually operating SAR sensors; see [17]. We will also be employing the high-frequency
approximation, pe 0, which is perfectly reasonable for most applications and which
implies (cf. formula (1.4))

2 2 2
1S5 Pl =c(1S be 18 P,
(2.10) Yo € ( 202k2> ¢ ( 225 z)) © 2 2

Where [ min » max] [ 0 é B/ 2, 0 + B/ 2]

Note that as of yet the ionosphere is assumed homogeneous, pe = const. Later, we will also
analyze the case when the electron number density Ng, and hence the Langmuir frequency
pe, depend on the altitude.
Given the variation of the group velocity (2.10), we can see that the pulse (2.1) gets
dilated during the time that it travels back and forth between the satellite X™ and the target
z. Accordingly, there are a new (longer) pulse duration ’ and a new pulse rate ’:

(2.11) Alt)= . (t)ee?,
The quantity "= 4  in formula (2.11) is determined by the natural consideration that
the highest frequency max travels the fastest and the lowest frequency min travels the slow-

est. Hence, denoting R, = |z S x|, taking into account formula (2.10), and using Taylor’s

'This is primarily because the full spectrum of the signal (2.1) contains other frequencies besides w €
[(Uo — B/Q,W() + B/?]
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expansion, we find
_ 2R, & 2R, _ 2R, & 2R,
Vgr( min ) Vgr( max)  Vmin  Vmax

2Rz (Vmax S Vmin ) ~ ge . B . L ge B
= 2R,c|[|1S 1S S[1S 1
(2.12) Vmax Vmin z 2 (2) 0 2 (2) t 0

2 2 -1 2
L . B . B 2R B
x |18 p‘;(ls > (1S p§<1+ > A

The quantity " in (2.11) is the new pulse rate (cf. formula (2.2)):

(t) = O+Bf o+2't, t [S 12, '12],

B B < . B
!/
) 2<s > ¥, S

Then, introducing another similar notation, Ry = |X 0Sy|, and using expression (2.11) rather
than (2.1) in the capacity of the received signal in formula (2.7), we can rewrite the latter as
follows:

(2.13)

(2.14) Wg(y,z) = /A(t S 2Ry/c)A'(t'S 2R, v o)dt,

2 2
vo c[1S pe cl18 P
< 2( §S 3 25

is the group velocity that corresponds to the center pulse frequency o; see formula (2.10). We
emphasize that in formula (2.14) and further on, the actual received field, which is subject to
the ionospheric distortions, is “matched” against the filter based on the model of unobstructed
propagation. The resulting mismatch is precisely the reason for all the distortions of the
image that we discuss in the paper. The filter, however, cannot be adjusted easily because
the relevant parameters of the ionosphere are not known ahead of time. A possible approach
to adjusting the filter is discussed in section 3.

To estimate the effect of pulse dilation (2.12) on the range resolution we need to evaluate
integral (2.14):

(2.15)
in{r/2+2 Ry /e, T /2+2 R; /v
Wr(y,z) = / e e ! g ialt=2Ry /¢)® giar (t=2R; [v0)® gt
max{—7/2+2 Ry /¢, =T /2+2 Rz /vo}

where

in{r/2+2 Ry /¢, T /2+2 R,
_ e4i(a R%/v%—aR?/cQ) /mm{ /242 Ry fe,7 [24 /o ei(a —a)t? e4z'(aRy Jc—a Rz /UO)tdt.

max{—7/2+2 Ry /¢, —7 /2+2 Rz /vo}

Details of the calculation are provided in Appendix C, and here we summarize the results.
Initially, the quadratic term in the exponent under the integral on the right-hand side of (2.15)
is disregarded because it is small. This yields (see formula (C.3))

(2.16) Wg(y,z)  sinc(2[(Ry SR,)( 'lc)+R, '(llc S 1vg)] ).
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The sinc function, sincX def Sigm, that appears in formula (2.16) is often encountered when
analyzing the radar resolution [17, 11]. In fact, this function is what one actually obtains
instead of the ideal delta function. The maximum of the sinc is normally attained when
the reference position y coincides with the location of the target z. However, on the right-
hand side of formula (2.16) the argument of the sinc function is not equal to zero when
Ry = Rz, i.e., when the reference point Ry coincides with the given location of the target
R;. Instead, the argument of the sinc( - ) is shifted by R; ‘(1/c S 1/vg) , which means that
the maximum is attained elsewhere. This implies that the standard matched filter processing
of the received SAR signal [11] may yield a somewhat shifted absolute position of the target
when the ionosphere is present. The corresponding shift is obtained by requiring that the
argument of the sinc( - ) in formula (2.16) be equal to zero, which yields

(2.17) Ry SR, =R, (1lvo S 1/c)c.

The shift (2.17) is obviously due to the difference between the travel time in the ionosphere
(speed Vo) and the travel time in vacuum (speed C).

However, regarding the resolution of the SAR system, i.e., its ability to distinguish between
different targets, what matters is the width of the main lobe of the sinc function. Two targets
separated by a distance larger than this width can be distinguished from one another. For

the semiwidth we find from formula (2.16), 2(Ry SR;) ' Ic = . Then, using the expression
from (2.13) for the modified pulse rate ’ we have (cf. formula (2.9))
2¢c ' 2c
2.18 AR = = 1 .
(2.18) s~ (1)

Formula (2.18) implies that the deterioration of the range resolution of a SAR sensor due
to the pulse dilation is, in fact, minute. For the typical parameters of section 1, including

5-107seg we obtain a relative change in the resolution of about 0.01% compared to (2.9)
(provided that B/ 8 is still small so that the zeroth order Taylor formula can be applied
to the first exponential function under the integral (C.1)). We also realize that even for a
stronger dispersion (lower values of ) the extent of deterioration in the range resolution will
remain acceptable. For example, if ¢ =300MHz ( = 1m) and all other parameters stay the
same, we will have [/ 0.4%. In this case, though, instead of (C.2) we obtain B 4 .

If the quadratic term in the exponent under the integral on the right-hand side of (2.15)
is brought back, then the integral cannot be expressed via elementary functions, but it can
be evaluated using the error function erf; see Appendix C. The resulting function Wg(y,z)
is complex valued, and one needs to study the behavior of its modulus [Wy(y, z)| in order to
analyze the range resolution. It is shown in Appendix C that [Wf(y, z)| reaches its maximum
and minimum value at the exact same locations at which the corresponding sinc reaches its
maximum value and the first zero, respectively. More precisely, the maximum of |Wp(y, z)|
is attained when Ry/c S R.IVg = 0, and its value is

2 4

W/ — 1 - 3 6
| R(y,Z)lRy/c—Rz/v():O < S 180 +O( )>’
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which is very close to max sinc[2 '(Ry/c S R.IVg)] = because, for the typical parameters
that we have chosen, 2 4/180 2 -107*. The minimum of IWg(y,z)| is attained for
4 "(Rylc SR,Ivg) =2/ , and its value is (see formula (C.5))

2
(2.19) (Wr(y,2z) to By Jefuye 2 2 (1+0( ?) 1072,

Thus, we can redefine the width of the main lobe of the ambiguity function |Wp,| as twice
the distance between its central maximum and the first minimum, as opposed to twice the
distance between the central maximum and the first zero 4 '(Ry/c SR,/ o) =2/ . Having
done that, we conclude that bringing the factor e/(® —)v? hack into the integral (2.15) does not
affect this newly redefined quantity. In other words, technically speaking, the range resolution
stays the same as before. What does get changed, though, is the sharpness of the minimum,
which is directly related to the contrast of the image. For the specific parameters we have
chosen, the value of the minimum at 4 '(Ry/c S R,/Vo) =2/ is about 1% of that of the
central maximum; see formula (2.19).

It should be emphasized, however, that even though the (redefined) width of the main
lobe of |Wp| may remain unaffected, the deteriorating contrast may still impair the actual
resolution of the radar. Consider, say, a hypothetical ultimately unfavorable scenario when
the ratio of maximum to minimum is O(1). Then, the resolution will obviously be lost.
Therefore, the notion of resolution itself may need to be redefined to accommodate the new
considerations that appear in the context of dispersive propagation. Apparently there could
be alternative ways of doing that, and we leave this question for future study.

2.1.2. Removing the shift. The shift in the actual range of the target (2.17), which
characterizes the image obtained by standard matched filtering can, in fact, be removed. To
do so, one needs to probe the terrain (and hence the ionosphere) on two different frequencies.
We note that the idea of two frequencies has been discussed previously, although in a somewhat
different context related to Faraday rotation [1]. Let 1 be another center carrier frequency
that is well separated from ¢, and let v be the corresponding group speed given by formula
(1.4) or by the approximate formula (2.10). Then, similarly to (2.17) we can write

(2.20) R SR, =R, (11 S 1/c)c.

Equations (2.17) and (2.20) form a system with two unknowns, pe and R, whereas Ry and

Rg,l) provide the known input, i.e., the ranges for a particular unknown target that the radar
measures on two chosen frequencies. The accurate value of R, can thus be reconstructed by
solving this system. We emphasize that this approach does not require a priori knowledge
of pe, which is very convenient because the Langmuir frequency is affected by too many
factors and is never known precisely. Moreover, the same approach will also work for the
inhomogeneous case, when pe depends on the altitude and travel times are obtained by
integration (see the end of section 2.1.3). In fact, not only does this approach not require the
knowledge of the plasma quantities ahead of time, but it recovers those quantities as well,
as a part of the solution of the same system. Our idea of how one can possibly reduce the
ionospheric distortions on the spaceborne SAR images (see section 3) is centered precisely
around this consideration.
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2.1.3. Inhomogeneous ionosphere. In this section, we assume that the electron number
density Ne and hence the Langmuir frequency pe depend on the altitude h. To analyze this
case, we basically need to repeat the analysis of section 2.1.1, but replace the expression Rz /v g
for the travel time between the antenna and the target in formula (2.14) by the appropriate
expression for the inhomogeneous ionosphere. To obtain the latter, we should take into account
two factors: first, that the propagation speed will vary along the ray trajectory; and second,
that this trajectory will be a curve rather than a straight line because of the variation in the
refraction index.

Let X denote the horizontal coordinate (along the Earth’s surface). Then, with no loss
of generality, we can assume that (X,h) is the propagation plane for the waves. Hereafter,
we will assume that N¢ = Ng(h) but, at the same time, that Ne does not depend on X. A
typical dependence of the electron number density on the altitude h is nonmonotonic. The
maximum is reached in the F-layer at somewhat over 200km above the Earth’s surface, and
the characteristic scale hg of the variations of Ne is on the order of tens of kilometers;2
see [21, Chapter VI|. Since obviously hg , where denotes any wavelength that may be
of interest for SAR applications, we can indeed use the geometrical optics to determine the
wave trajectories.

altitude

N i
i

T\

AN i

[ i

i |

| |

i

|

{arg?_t actual waves’ path iirc%?iton

ocatio AN

0 /4 X0 z X
(a) With no correction of the look angle. (b) With the correction of the look angle.

Figure 1. Schematic waves’ travel paths between the antenna and the target in the inhomogeneous ionosphere.

Suppose that the antenna is positioned at X = 0 and has altitude H above the Earth. It
sends a signal toward the target z on the ground (see Figure 1(a)) so that the look angle to
the target is equal to ¢ and, as such, R, = H/ cos g. As the medium we are considering
is lossless (collisionless dilute plasma with no Ohm conductivity; see section 1), its electric

2These are regular variations of the mean electron density, as opposed to turbulent fluctuations considered
in section 2.1.4.
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permittivity is real:

. 2(h 2
(hy=18 peg ), where Se(h):4enl:le(h),
e

and we can write Snell’s law in the continuous form [21, section 19] as follows:
(2.21) n(h)sin (h) =n(H)sin o,

where the refraction index is given by

nh)=+/ (h) = \/1é 5e§“>.

Note that, technically speaking, formula (2.21) holds only for plane waves. The angle (h) in
formula (2.21) is the angle that the tangent to the wave trajectory at a given altitude h makes
with the negative ordinate axis; see Figure 1(a). Then, along the trajectory we can write with
the help of (2.21)

n(h)sin (h) < n(H)sin ¢ = ( )sin o

n(hycos (h) ~ n(h)cos (h) > \/n2(h) S n?(H )sin? o

Hence, the actual trajectory can be obtained by integrating (2.22):

dx & “
(2.22) ah = Stan (h) =S

)sin o

(2.23) xhy = | dh—/ Jntth Sn s Odh

The shape of the curve (2.23) is determined by the profile of the refraction index n = n(h),
and the curve is also parameterized by the look angle ¢ at the location of the antenna. Note
that the shape shown in Figure 1(a) is only schematic, and since the actual profile n = n(h)
is nonmonotonic the real curve X = x(h) can look more “bizarre.” Note also that with no
variation in the refraction index, n(h) n(H), formula (2.23) yields the straight line between
the antenna and the target:

(2.24) x(h) = (H $ h)tan o

As, however, the refraction index is not constant, the ray that originates at the antenna under
the look angle ¢ will not, generally speaking, hit the target; see Figure 1(a). Consequently,
a correction to the initial look angle is needed to make sure that the wave trajectory that
originates at the antenna under the new angle 1 would come precisely to the target; see
Figure 1(b).

The actual shape of the trajectory, as well as the waves’ travel time along this trajectory,
is computed in Appendix D. Here we provide only the final expression for the travel time (see
formula (D.7)):

14e21 1

Rz
2.25 T = 1
(2:25) c{ Ty me 2H

[I\TéH) + (I\TéH) S Ne(H )H) (tan2 0 S tan 0)} } ,
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where _éH) is the integral of the electron number density across the layer of thickness H ; see
formula (D.3).

Let us first notice that if the electron number density is constant, Ne(h) Ne, then,

clearly, N = NeH, and formula (2.25) yields

T:Rz+Rzl4e2Ne:Rz - 5\ R:
c C2me 2 c 2 2 Vgr

Otherwise, expression (2.25) for the travel time T, evaluated at the center carrier frequency

o of the pulse as T = T(X,z, o), shall be substituted instead of Rz/v g into formula (2.14)
and into all subsequent formulae of section 2.1.1. Similar expressions can be obtained for the
travel times that correspond to the highest and lowest frequencies max and min; see formula
(2.10). Then, instead of (2.12) we will have

2R, 4e? N B
2.26 ,
where
(2.27) N & [I\]éH) + (NéH) S Ne(H )H) (tan2 0 S tan 0)}

is the quantity that characterizes the plasma; see formula (2.25). Similarly to section 2.1.1
(see formulae (2.18) and (C.5)), we will obtain a certain deterioration of the range resolution.
It will not be large, though, because for the typical values of the parameters, the quantity

given by (2.26) is small (recall that in section 2.1.1 the quantity  of (2.12) was small).
Indeed, for simplicity let us take ¢ = 45°; then formula (2.27) yields N = I\TéH), and the
latter quantity is often estimated as 3-103cm=2 (see [2]).% As such, for H = 500km the value
N/H = 6-10%m~3 that appears in formula (2.26) is even smaller than N = 108cm~3 that
we used to estimate the Langmuir frequency for formula (2.12). Hence, we conclude that,
as in section 2.1.1, the direct effect of the pulse dilation on the range resolution will be very
small,  0.01%, whereas the deterioration of the image sharpness (contrast) due to smearing
out of the extrema of the generalized ambiguity function can reach 1%. Of course, the quality
of the image will improve if the carrier frequency ¢ increases, and will deteriorate further if
it decreases.

Besides, there will be a shift in the actual range of the target. This shift can also be
removed by probing the ionosphere on two different frequencies, as in section 2.1.2. Indeed,
the entire quantity N of (2.27) can be interpreted as one unknown. The second unknown is
the range R, from the antenna to the target. By probing on two frequencies and measuring
the reference ranges Ry and R§,1), we will obtain a system of equations that can be solved for
both the unknown range R, and the plasma quantity N ; see section 3.

3More precisely, for sufficiently high orbit altitudes integration (D.3) can be replaced by integration across
the entire ionosphere, and the resulting quantity NC( ) is typically between 7.5 - 1012¢m>2 and 8 - 10%3em® 2,

with the average being 3 - 103 em®> 2.
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2.1.4. The effect of randomness. Up to this point, we have treated the electron number
density Ne = Ne(h) as a deterministic quantity. According to formula (1.7), however, the
density has a random content, and we would like to see how it may affect the analysis and
conclusions of sections 2.1.1-2.1.3.

The mean characteristics of the ionospheric plasma depend on the altitude, but do not
depend on the horizontal coordinate(s). Hence, formula (1.7) becomes

(2.28) Ne = Ne(h) +p(x),

where the fluctuating part of the density, p(X ), which is due to the turbulence, still depends
on all spatial coordinates. Furthermore, the ionospheric quantities may vary not only in space
but also in time. However, a typical time scale for the turbulent motions of the ionosphere
is much slower than the time it takes for electromagnetic waves to propagate back and forth
between the satellite and the ground (the latter is on the order of milliseconds). Hence,
for the purpose of studying how the turbulent fluctuations may affect the electromagnetic
propagation, we can freeze the time, i.e., consider a “snapshot” of the ionosphere.

Altogether, the quantity H(X ) of (2.28) is a quasi-homogeneous isotropic random field with
zero mean. This implies that the correlation function defined by formula (1.8) depends on
two variables, the “local” variable r and the altitude h: V =V (r,h). The dependence on h
is slow, and the dependence on r is fast, so that the spectrum of turbulence given by formula
(1.9) can be redefined as the Fourier transform in the fast variable r only, and should be
interpreted as a local spectrum [36, Chapter I].

The signals traveling through any particular realization of the field (2.28) undergo mul-
tiple scattering. This affects their characteristics, in particular, the travel times between the
antenna and the target, that are of foremost importance for SAR applications. As we will
see, however, the overall effect of randomness will be stronger for the cross-range (azimuthal)
resolution (section 2.2) and weaker for the range resolution.

To study the effect of randomness on the resolution of a SAR sensor, we employ the
geometrical optics perturbations method. It was developed in [37, Chapter 1] to compute
statistics of the eikonal, travel times, and other quantities that characterize the waves propa-
gating in random media. The advantage of this method is that it is relatively simple and allows
one to analyze not only homogeneous random fields but also quasi-homogeneous fields, which
is more difficult to do, say, when using the paraxial approximation [37]. For the geometrical
optics approach to be valid (in this section, as well as in section 2.2.2 where we analyze
azimuthal resolution), the wavelength ~ must be much shorter than the characteristic scale
of turbulent inhomogeneities. If the latter is taken as ro (the outer scale of turbulence), the
constraint o is obviously met. It will still be met even for shorter scales, such as the
inner scale of turbulence. There is, however, a more subtle criterion of applicability of the
geometrical optics. The characteristic scale of inhomogeneities must be much longer than the
size of the first Fresnel zone R ;. The latter comes to approximately 540m for = 30cm
and R, = 1000km, which is roughly 3ro according to [2] or 4 ro according to [9], and is longer
than the inner scale of turbulence. Technically speaking, this makes the geometrical optics a
borderline approximation for the class of problems we are considering. It is known, however,
that there are fewer shorter scale inhomogeneities in the spectrum of the ionospheric turbu-
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lence than longer scale inhomogeneities, which still leaves the main conclusions of geometrical
optics valid even outside its formal applicability range; see [37, Chapter IJ.

The key quantity that we want to obtain is the travel time for the signal propagating from
the antenna to the target and back. To estimate it, we will assume that the trajectory of
the signal is still the same as we obtained previously* (see Figure 1(b)), whereas the signal
traveling along this trajectory crosses through the random inhomogeneities given by formula
(2.28). This is precisely the first order perturbations approach, and all we need to do is
take into account randomness (2.28) in the definition of the group velocity (D.6). At the
same time, we do not need to introduce randomness into the definition of the trajectory (see
formulae (2.22), (D.1), (D.5)); instead, we will keep Fz,e(h) = 4W827<7Z°(h)>
expressions.

Let us begin with an even simpler case of the straight trajectory; see formula (2.24). Its
total length is R; = H/ cos ¢ (see Figure 1(b)), and taking into account the variation of the
group velocity we have

Rz Rz Rz 2 h
T = dtds:/ L ds / ! 1+1 pe() ds
0 ds o Vo 0 Cc 2

in the corresponding

H 2 R
1 14 e Ne(h) /214e K(X)
2.29 = 1 ds
( ) /0 C< +2 Mme 2 coS 0+ 0 2 Mg 2
R, 1+14e2NéH)+14e2 1 (x)ds

The first two terms in the brackets on the right-hand side of (2.29) will coincide with the
corresponding terms on the right-hand side of (2.25) if we redefine the integral number density

N( ) as follows:
H

(2.30) NS d:ef/ Ne(h) dh.
0

The remaining integral on the right-hand side of (2.29) is precisely what accounts for ran-
domness of the medium. This integral is one-dimensional, and, consequently, we can interpret
the quantity M under the integral as a homogeneous random field on the line: p = p(s). In
turn, the one-dimensional interpretation enables a straightforward application of the ergodic
theorem. The argument based on ergodicity is presented in Appendix E. It essentially implies
that the statistical mean of Y can be substituted instead of its spatial average as needed. Since
M = 0, we expect that the contribution of the last integral on the right-hand side of (2.29) to
the overall travel time is small, provided that the integration distance R; is sufficiently large.
To actually quantify the effect of randomness on the resolution of a SAR sensor and
compare it with that of the “baseline” dispersion due to Ne(h) | let us introduce

4e 2 R; .
(2.31) def > / pH(x)ds, where R; =|z S x"|.
me 0

“The only difference is that in this case, the mean electron number density (N.(h)) shall be substituted
instead of the deterministic density Ne(h) into the corresponding expressions of section 2.1.3 and Appendix D.
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The quantity has the dimension of length and can be interpreted as the first order pertur-
bation of the eikonal, i.e., the phase path of the waves (see [37, Chapter I]), due to turbulent
fluctuations of the electron number density. Then, we use formulae (2.29), (2.31) to eval-
uate the travel times for the maximum and minimum frequencies max = o + B/2 and

mn = 0S B/ 2 (see formula (2.2)), and compute the temporal dilation of the pulse  yet
one more time (cf. formulae (2.12) and (2.26)), now with random contribution included:

9R, 4e2 N B L 2R; B

2.32 .
( ) C meg H 0 c R, o

Next, as U = 0, we also have = 0. Moreover, it is shown in [37, Chapter I] that in the
simplest case of a homogeneous medium

2
2 1e? 2 v
= (me 2) "R | Vidgada,

where V() is the spectrum of fluctuations. Using formula (1.10) with = 2 and formula
(1.13), we have

41e2\? Cq 4e? u2 1e2)\?
2.33 2 = R L= RZ = Rzro p?,
(2:33) <me 2> “2( S 1) <me 2) e (me 2) efo ¥

where P2 = const in the homogeneous case. Consequently, formula (2.32) along with (2.33)
yields

9R, 1e2 N B 9R, 4e2 [rg B
2.34 = and 2 = 2 7,
( ) C Me 8 H 0 \/ C Me 8 R, \/ H 0
The first quantity in formula (2.34), , is the mean temporal dilation of the pulse, which

coincides with the deterministic value (2.26). The random contribution to the dilation is

natural to estimate by the standard deviation \/ 2 . Hence, we need to compare two
e ame? N ro A4me 2 . . < (H)
quantities: m’;wa gy and P m:wg \/ M . As we saw in section 2.1.3, the value of Ng" '/H

is close to Ne when the latter is interpreted as a constant, Ng 10%cm~3. At the same time,
the ratio M = y/ U2/ Ng (see formula (1.14)) does not exceed 10~* and typically is much
smaller. Besides, the factor fi is also small. Altogether, we conclude that the contribution
of turbulent fluctuations (of the electron number density) to the temporal dilation of the radar
pulse is smaller by a factor of 1’%‘; ( ]8? 1 than the original dilation due to the baseline
dispersion. The latter is small in its own right (sections 2.1.1 and 2.1.3) and, according to
formulae (2.18), (2.13), and (C.5), may cause only a small deterioration of the image quality
in range. More precisely, there may be about 1% degradation of the contrast. Hence, the role
of randomness is much smaller than 1%.

In the full inhomogeneous case (stratified ionosphere with variable mean density Ne(h) ),
two modifications of the previous analysis need to be implemented. Besides accounting for the
variation of the group velocity with altitude by formula (2.29), we need to take into account
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that the variance of fluctuations becomes altitude dependent as well, p? = p?(h) , and also
that the ray trajectory between the antenna and the target becomes bent. First, expression
(2.33) is to be replaced by [37, Chapter I]

2
R, 4re? “2(3) 2\2 H
(235) 2 — rO/ <mew8) dS rO <4 e > / HZ(h) dh,
0 0

~ 2
18 4re (Ne2(3)> cos o \Me 8
Mmew

where the numerator under the first integral is the variance of the fluctuating part of the
electric permittivity and the denominator is the mean electric permittivity. The latter is
4W62<N°2(s)> 1. Next, as

the ratio M given by (1.14) does not depend on the altitude, we can write instead of (2.35)

2\ 2 H 2\ 2
(2.36) 2 _ o <4e2> M2/ Ne(h) 2dh & 1O <4e2> M 2N 2.
cos o \Me § 0 cos o \Me §

subsequently replaced by 1 in the context of linearization, because

According to [2], the value of NZ () (rather, NZ (09) , which is the same for high altitudes H)

is between 9.3 - 1018cm™> and 9.9 - 10°°cm™>, with the average about 1.5 - 10°cm~>. Then,
for ro = 10%cm, M =5-1073, and ¢ = 45°, formula (2.36) yields 2  3.4cm?. This value

2
is close to 2 = (“%)2M 2R, 1 2.5cm?, given by formula (2.33) for R, = 1000km and
w,
0
2
Z"; = 107%4. Hence, the previous determination that the effect of randomness on the range
0

resolution is small is still valid.

Finally, we need to integrate along the actual trajectory shown in Figure 1(b) rather than
along the straight line (2.24). We will not conduct the analysis here, but will present only
an intuitive argument. Since the ionospheric corrections are generally small for high carrier
frequencies, g pe, and the characteristic scale of variations for Ne(h) is much larger
than rg, the actual trajectory is close to the straight line (2.24), and its radius of curvature is
large (much larger than the correlation length rg). Then, the field p(x) considered along the
trajectory can also be interpreted as a one-dimensional homogeneous random field g = U(Ss),
where S is the arc length. Hence, the previous argument will extend to this case with no
change. Note that the possibility of integrating along the slightly bent deterministic rays is
also mentioned in [37].

To summarize, if the fluctuations of the electron number density are small, then we can use
linearization (see [37, Chapter 1)), in order to evaluate the wave arrival times in the presence
of randomness. The linearization implies that randomness of the ionosphere may affect only
the group speed along the wave trajectory, while the trajectory itself remains deterministic.®
Then, the effect of randomness on the range resolution of a spaceborne SAR sensor appears
much smaller than that of the baseline dispersion.

SIndeed, if the effect of randomness on the shape of the trajectory is taken into account (see, e.g., [37, section
2]), then the corresponding ray shift will be small and the resulting effect on the arrival time will be a second
order perturbation.
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2.2. Azimuthal resolution. The azimuthal part of the generalized ambiguity function is
given by formula (2.8), where z is the location of the target, y is the location of the reference
point (they are now at the same range Rp), and X" is the location of the antenna at the
moment it emits the nth pulse.

2.2.1. lonospheric corrections. To take into account the ionosphere, we need to replace
22" i formula (2.8) by the actual travel time between the antenna and the target. Disre-
garding the ionospheric fluctuations for the moment, we can take the travel time in the form
suggested by (2.25):

w128 x| 14e2 1 N
(2.37) T(z,x") = [1+2 me 2 H |

where we have dropped the term (tan2 oS tan o) for simplicity, say, because we can take

o = / 4. We emphasize that the latter simplification is aimed only at making the subsequent
derivations less cumbersome. Other than that, it does not lead to a qualitative change in the
conclusions, and if a good estimate is available for the quantity Ne(H) (see formula (2.25)),
then the term  (tan? oStan () can be brought back. For the typical values of the parameters
introduced earlier, = 1GHz, NéH) =3-10%cm~2, and H = 500km, the magnitude of the
correction term, i.e., the second term in the brackets in formula (2.37),is  2.42-107°.

For the travel distances that appear in formulae (2.8) and (2.37) we can write [11]

(2.38)

. . Xn)Z 1(Xn)2
R :ZSX”:\/R2 21 S X2 =Rpy/1 (X3 Ro (1 ! :
z | | O+(1 l) 0 + R(Z) 0 +2 R%

y - S x})2 1 (y1 S x7)?
Ry = Iy x| = \/R3+ (1 S x§)2 = Roy /14 V12041 gy <1+ 1S i) >
R§ 2 R§
where we have made a natural assumption that |x7| Ro and |y; S x}| Ro (recall that

the subscript “1” denotes the coordinate along the orbit, and z; = 0). Substituting these
expressions into (2.8), we obtain

N/2 § 22 272 v (H)
/ zwo((Ro+;<y1;01> )i—(Rm;(ﬂl,ﬂ) );{u;‘*;f LN D
Waly.z) Y e 6

n=—N/2

2 o (H 2 o (H
iw 1 Y1 _ Rg 1 ame? 1 Nc( ) N/Z 2iw _ ylz? 1 (z’{b) 14me? 1 Nc( )
o 0\ 2 Rgc c 2 me “,g H z : e 0 Rgc 2 Rgc 2 me “J(% H

n=—N/2

(2.39)

where we have evaluated the travel time (2.37) at the center carrier frequency o, and all the
factors independent of the summation index n have been taken outside of the sum in (2.39).

Next, to actually compute the sum on the right-hand side of (2.39) we will approximate
it by an integral. Recall that X} = n - AX4, and denote

_2 0Y1AX1 and b O(Ax1)24e2NH)

. $
Roc 2RoC Mg 3H '

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



162 S. V. TSYNKOV

Then, we can write

N o ez
(240) Z e—zan—zbn / e—zau—zbu du.
n=—N/2 —(N+1) /2

Formula (2.40) can be interpreted as a conventional midpoint quadrature rule for the integral
on its right-hand side. Its absolute error is bounded by the maximum absolute value of the
second derivative of the integrand, times the square of the grid size (equal to 1), and times
the length of the integration interval (which is N + 1); see, e.g., [35, section 4.1]. To estimate
the relative error, we temporarily disregard the ionospheric correction (i.e., take b = 0) and

evaluate
(N+1) /2
/ e—iaudu
—(N+1) /2

. (N+1)
‘ 2sin ¢ 5

a

max
a

= max ‘:N—I—l,
a

which indicates that the relative error of formula (2.40) is O(a?). Hence, approximation (2.40)
can only be used for small values of yi:

Roc R o
241 a 1 = = .
( ) 1 2 0AX1 4 AXq
Note that the two assumptions made when deriving formulae (2.38), namely, |[X}| Ro and

lyr S x7| Ro, imply that both the target at zz = 0 and the reference location y; must
be close to the center of the antenna footprint on the ground X7. Hence, the left-hand side
of the second inequality in (2.41) is not changing arbitrarily depending on where we image.
This inequality should rather be interpreted as the requirement that the distance between the
reference location y1 and the target z; = 0 be small. Specifically, if = 30cm ( o= 1GHz),
Ro = 1000km, and Ax; = 4 - 10°cm, which is typical, then the value of the right-hand side of
(241)is  6- 10%cm. We will see, however, that this constraint presents no limitation for the
resolution analysis, because the resulting azimuthal resolution will appear much shorter than
the bound given by (2.41). We also note that the integral approximation (2.40) is needed only
to take care of the quadratic term in the exponent. With no quadratic term, b= 0; i.e., with
no ionospheric correction, the sum of the exponentials can be computed directly (see [11]) as

Nj2 N/2 N & a—ia(N+1) .o a(N+1)
§ : —ian __ § : —iayn _ %N E —iayn _ AN 1Se _Sm 2
€ - () = (e =e= 1Seia gin?
n=—N/2 n=—N/2 n=0 2

and for a 1 (which means, in particular, that inequality (2.41) must still hold) we have

N/2
; a(N +1
Z e " (N + 1)sinc ( 2+ )
n=—N/2

From Wu(y,z) sinca(N;l) , the azimuthal resolution is obtained as the width of the sinc
function:

2 4 AXq AX L L
2.42 a= = = 2 ,
(242) N +1 Ry R o o
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where L is the antenna size. Formula (2.42) yields the minimum cross-range distance 2y
between the reference point y and the target at z = 0 that the SAR sensor can resolve in the
absence of distortions.

To address the ionospheric distortions (with no fluctuations yet), we return to the integral
(2.40):

(N+1) /2 ] o
W4 (y , Z) / e—zau—zbu du
—(N+1) /2
24 2 ' N +1 i(@Sb(N +1
et (o] BN )] o [ i@S N 1]
2 b 2 b 2 b

Comparing formula (2.43) with formula (C.4), we conclude that they are virtually identical,
the only difference being in the signs and in the notation for the parameters. Consequently,
the same conclusions as those we reached at the end of section 2.1.1 regarding the function
[Wg(y,z)| will apply to the function [W4(y,z)].

Specifically, the width of the main lobe of |[W4(y,z)| is the same as that of sinca(Nzﬂ) ,

provided that the former is redefined as twice the distance between the central maximum of
the function and its first minimum. Therefore, if the azimuthal resolution of a SAR sensor is
judged only by the width of the main lobe of the ambiguity function, then it basically remains
unaffected by the nonfluctuating ionosphere. However, the second consideration outlined at
the end of section 2.1.1, namely, the “sharpness” of the minimum, may become even more
important as it applies to W4(y,z) of (2.43).

Similarly to (C.5), we can write

(2.44a)

2 .
Waly,2)l| _,. =(N +1).b(N2+21) _<1é.

N+1

which for the typical values of the parameters chosen previously yields

(2.44b) IWaly,z)l

(N +1) - 0.09.

— 27
4= N+1

Hence, the minimum (2.44a)—(2.44b) appears not nearly as sharp as the minimum (C.5),
with the value of the former being about 9% of the central maximum. This is a substantial
deterioration of contrast.

2.2.2. The effect of randomness. To take into account randomness in the context of
azimuthal resolution, we need to replace the deterministic travel times (2.37) by the stochastic
times (2.29) in the exponents in formula (2.39). Then, we will need to compute the expected
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value and the variance of the resulting sum. To begin with, we write instead of (2.39)
(2.45)
2 <(H) N/2 . n ny2 o ~(H) 2
. Y1 _ R Ame2 Ng 2iwg (Y177 (11 )Y 4re Ng _ 1 4me Rz
WA(y,z) eZZAAJo(QROC 2 mew?  H ) Z e © ( Ry 2R mew? 2H 2 mew2 JO w(x)ds
n=—N/2
2 GH)\ N2

. ¥l  Rg 4me? Ng )

e27,w0 < 2Rge 2c mag H ) Z e—ian—ibn2 _ uzo on

n=—N/2

The random contribution to the eikonal in each term on the right-hand side of (2.45) is
n = (X" z) given by formula (2.31). Our subsequent analysis will rely on the following

proposition [37, Chapter I].

Proposition 2.1. For su ciently large integration distances R;, each quantity , becomes
a Gaussian random variable with zero mean. This is an implication ofthe central limit theo-
rem (See, e.g.,[14]), because the integration path crosses through many identically distributed
inhomogeneities.

An important comment is in order regarding the correct interpretation of Proposition 2.1.
If the integral on the right-hand side of formula (2.31) was normalized by 1/ R, then a
straightforward application of the central limit theorem would imply weak convergence to the
Gaussian probability distribution function with zero mean and the variance equal to 1. We,
however, consider the actual nonnormalized perturbation of the eikonal . It still has zero
mean, but its variance grows linearly (in the homogeneous case) as the integration distance R;
increases; see formula (2.33). Consequently, the resulting Gaussian will also have a growing
variance. This interpretation is encountered frequently; see [37, Chapter 1] and also [38].

For any fixed n, Proposition 2.1 yields

. ) 1 oo iw( 552 . . 2
- e—zan—zbn / e feg 02 d = e—zan—zbn e
V2 2w

iw(

(2.46) e—ian—ibn2 -

N -
Q

$
—~
hS)
s
=

We first observe a decrease in the amplitude of the mean value of each term in the sum
due to multiple scattering. In the literature, this phenomenon is sometimes is referred to as
“extinction”; see [37, Chapter I]. For the typical values of parameters, including M of (1.14)
taken as M = \/ M2/ Ne = 5-1073, we can estimate the value of the last exponent in
formula (2.46) with the help of formula (2.36), which yields %ucjgg 2 1.88 - 1073, Hence,
the extinction is small and will further decrease inversely proportional to the square of the
carrier frequency, 0 2, as the latter increases.

Next, we compute the variance of each term (a complex random variable) in the sum
(2.45):

2
2 _ 1%

. . W, - . . 1 9 iw . 1w 5
7% _ |e—zan—zbn2_ 0 on, § gian—ibn®g=3 2 (<Pn>|2 = |e 00, Se 22 (<,On>|2
(2.4734) 1 iw 1 W(% 3 2 wg wg )
= / ‘e— 0¢ Se 22 (¢n>‘2e2 @2 —e 2 (80n>(ecz () IS 1)
v o2
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2
Then, since the variance of the phase ‘ZS fL is small, we use Taylor’s expansion and obtain
from (2.47a)
2 (2) 2
(2.47b) noo@ n-

Expression (2.47b) gives variances for the individual terms in the sum (2.45). Technically
speaking, they are all different because R; depends on n in formulae (2.31) and (2.33). How-
ever, for the purpose of approximately estimating how “bad” the randomness may be for
azimuthal resolution, we will take

(2.48) 22 n=SN/2,...,N/2

n

because the variation of R; as a function of n is small. To obtain the variance of the entire sum,
we need to make an assumption regarding the dependence or independence of its individual
terms. We will first consider the best case scenario and the worst case scenario, and thus
derive a lower bound and an upper bound.

Assume that all the terms in the sum (2.45) are independent. Then, for its variance we
can write

(2.49) Z=(N+1) 2

Hence, one can think that the actual value of the sum for a particular realization of p(X ) may
be anywhere within the  range from the deterministic value given by formulae (2.39), (2.40),
and (2.43).5 In section 2.2.1, we have shown that the deterministic ionospheric distortions
do not change the width of the main lobe of the ambiguity function but rather reduce the
sharpness of its maxima and minima. In contrast, random contributions can obviously shift
the locations of those extrema. The simplest estimate can be obtained as follows. Take the
undistorted ambiguity function W = (N + 1)sinca(Nz+1) = SnalN*1) /2 ¢hat has its first zero

- a/2
at a=2/ (N +1). For this function, we have
dw _& (N +1)2
da le= 27, '
Then, given that the value of the function may change by , the location of the zero may
shift by
-1
dw B 2
da| (N +1)32 N +1 2(N+1)V2
a= Nt1

Hence, the relative change in the resolution can be estimated as / 2 N + 1, which is about
0.022% for the typical values of the parameters that we have used. This change is still
quite small. It can, however, be considered only a lower bound because all the terms in the

5We disregard the extinction (2.46) when evaluating the mean of the sum (2.45) and take it as merely

the deterministic value. However, extinction is obviously taken into account when computing the individual
variances (2.47a).
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sum (2.45) cannot be independent random variables. Indeed, for two successive transmitting
positions of the antenna the ray trajectories will be crossing through practically the same
fluctuations. On the other hand, in the worst case scenario all the random variables in the
sum (2.45) are to be assumed identical, which yields

(2.50) Z=(N+1)>* 2

Then the relative change in the resolution will be / 2 rather than / 2 N + 1, which is about
2.2% for our typical set of parameters, and which is already noticeable.

To get a better understanding of the dependence or independence of individual random
variables in the sum (2.45) and to obtain a more accurate estimate of its variance, we first
notice that since all the eikonals ,, are normally distributed (according to Proposition 2.1),
each term in the sum (2.45) has a logarithmically normal probability distribution. For regular
Gaussian random variables it is known that if they are uncorrelated, then they are indepen-
dent; see, e.g., [14, Chapter 2] or [22, Chapter 5]. The same is, in fact, true for logarithmically
normal random variables, as shown in Appendix F. Therefore, if we were to obtain a cor-
relation function (covariance) of the received field along the synthetic antenna (recall that
each term in (2.45) represents the received field, up to a multiplicative factor), then it also
would have provided a measure of dependence or independence for the random variables that
compose the sum (2.45).

The required correlation function for the field has, in fact, been constructed in [37, Chapter
I]; it is closely related to the so-called coherence function. Moreover, it is shown that if the
fluctuations of the phase are small, then the correlation function for the field approximately

coincides with the correlation function for the density (1.8). This is precisely the case for

2
our analysis, because the variance of the phase “C’g 2 is indeed small. Consequently, the

correlation length rg introduced by formula (1.12) for the turbulent fluctuations of the electron
number density will also provide a characteristic scale of how rapidly the received field will
decorrelate along the synthetic antenna. Roughly speaking, one can say that for the locations
that are further apart than rg from one another, the received pulses will be uncorrelated and
hence independent, whereas for the locations that are closer than rg to one another, they will
not be independent.

Recall that the variances of the individual terms in the sum (2.45) are close to one another;
see (2.48). Then, at the risk of somewhat simplifying the situation, we will artificially split
the synthetic array into several clusters of elements with the length rg, and assume that the
random variables from the sum (2.45) that belong to a given cluster are identical, whereas for
different clusters they are independent. The total length of the array can be estimated as

2
DZROL,

where Rg is the distance from the antenna to the target and ZL)‘ is the angular beam width of

the antenna. Therefore, the number of clusters is f()) , and the number of elements in each
cluster is

fo lo

Ne N+
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For the variance of the sum (2.45) we will therefore be getting the answer between the best
case scenario (2.49) and the worst case scenario (2.50):

D r
(2.51) 2-"N22=0

N +1)% 2.

This leads to the following expression for the relative change in the azimuthal resolution:

/s

2V D’

For the typical parameters we have chosen, the value of the square root in the previous formula
is approximately 0.13, which yields about 0.3% deterioration in the azimuthal resolution.

It is also important to understand what will happen if the carrier frequency ¢ changes.
According to formulae (2.36), (2.47b), and (2.48), the standard deviation is inversely propor-
tional to the carrier frequency: .

0 -

The same is true for the length of the array: D 0 1 Hence, for the change in the resolution

we have
Io 1
2V D 0

If, for example, we take the frequency in the VHF band, ¢ = 300MHz, which corresponds to
the wavelength in vacuum = 1m, then the deterioration of the azimuthal resolution due to
randomness will be about 0.5%.

The negative impact on the resolution that we have obtained, although not negligible, is
still rather small. However, when estimating via 2 (see formula (2.36)), we have taken

the average values for M and Ng (D), Taking the corresponding values from the upper part of
their respective ranges (each of these two parameters can be at least an order of magnitude
higher) will result in a much larger value of 2 (about three orders of magnitude) and a
most noticeable deterioration of the azimuthal resolution; see (2.51).

Let us finally note that the role of randomness in the deterioration of azimuthal resolution
compared to the range resolution is relatively large. This can be qualitatively explained by
“unaveraging.” Namely, the range is measured by just the travel time, and the corresponding
random contribution almost averages out due to ergodicity. However, in the case of azimuthal
resolution many random variables are combined in the sum (2.45), and the effect of summation
counterbalances the averaging.

3. Probing on two frequencies. In this section, we return to the idea of probing the scene
and hence the ionosphere on two different carrier frequencies (first introduced in section 2.1.2),
but exploit it in a somewhat more general perspective. Let us assume that there is an object
or feature in the scene that can be clearly identified on the image. This object does not have
to be artificial. It does not have to dominate the scene, say, by having the highest reflectivity.
Its location does not have to be known ahead of time. It merely has to be something that
can be fairly easily picked out and matched on different images. For example, it can be some
landmark, a hilltop, a building, a road intersection, etc.
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Let ¢ and 1 be two distinct carrier frequencies, and let R§,O) and R§,1) be the corre-
sponding ranges of the aforementioned object measured by the radar, whereas its true range
is Rz. Then, we can recast system (2.17), (2.20), taking into account the inhomogeneity of

the ionosphere, as

(3.1)

where the travel time T is determined according to formulae (2.25), (2.29):

R, 14e2N 14e2 1 [F
T(x",z, )= 1 : d
(3.2) R 14e2/N 1 [B
V4
= 1 d .
C{ + 22me<H +Rz 0 IJ(X) S>}
~ ~ -
N

The plasma quantity N that enters into (3.2) is given by formula (2.27). Note that formula
(3.2) takes into account the contributions from both the mean electron number density Ne(h)
and its turbulent fluctuations—a particular realization of p(X ) at the time and place the images
are taken.

With the data R§,O) and Rg,l) available, system (3.1) can be solved with respect to the
two unknown quantities: the true range R, and the integral quantity N that characterizes
the plasma; see formula (3.2). These two quantities can be used to modify the matched filter
Pt St,S2lySxn|/c)in formula (2.3). Namely, the dilation of the pulse has to be taken into
account in the filter (rather than only in the received signal) by first evaluating  according
to (cf. formula (2.32))

2R, 4e2 B /N 1 [h 2R, 4e2 B
3.3 x)ds | = N,

and then according to (2.13). Moreover, the round-trip travel time 2|y S x™|/c has to be
replaced by the expression similar to (3.2), but with the reference distance Ry = |y S x"|
substituted for R; (except in N ):

2R R, 4e?
Y+y

N .
c C Me 2

2R R, 14e2/N 1 [
(3.4) 2T(x™y, )="" Y (

c C 2 me H+RZO

x)ds) =

From the previous analysis in this paper (see also [11]) it is clear that the modified filter
will remove or greatly reduce the mismatch in travel times caused by the difference between
the reference propagation speed C and the actual propagation speed affected by dispersion.
Therefore, one should expect that the deterioration of radar resolution due to the Earth’s
ionosphere will be mitigated if the new filter is used.

Of course, these are only qualitative considerations, and a thorough further investigation
is needed. First, the new filter will not guarantee the exact matching either. On the one hand,
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the dilation will be evaluated for a given fixed location (location of the chosen reference object;
see formula (3.3)), whereas in reality it depends on R; and thus varies across the scene. This
is likely to make the new methodology prone to larger (peripheral) errors in the case of larger
imaged scenes. It is quite possible that one may even need to use several different reference
objects in the scene and solve several corresponding systems (3.1). On the other hand, the
new filter

(3.5) P/tSt,S2T(x™y, o) =A(tSt,S2T(xn,y, o))e wolt=tn=2T(x"ywo)

would have provided an ideal matching if the new travel time (3.4) were proportional to Ry
but otherwise not affected by the geometry. However, the plasma quantity N of (3.2) has two

components, neither of which is a true constant. The first component, N/H , contains I\_IéH)
and Ne(H ), which are constants, but it depends on the look angle ¢; see formula (2.27).
If one and the same value of N is used in the modified filter (3.5) for the entire scene, it
may cause some errors, and the larger the scene is, the larger these errors can be (near the
perimeter). The second component of N, which takes into account a given realization of the
random field Y, depends on R, (distance to the reference object) and will also change as x"
changes. Neglecting the dependence of N on x™ in the modified filter (3.5) is not likely to
affect the range resolution in any substantial way. However, it may limit the ability of the
filter to compensate for the random ionospheric distortions when addressing the azimuthal
resolution.

It is still likely that in spite of the forgoing imperfections, the new filter (3.5) will consid-
erably improve the resolution of spaceborne SAR sensors which is otherwise impaired by the
ionosphere. The corresponding quantitative analysis will be the subject of a future publica-
tion. Another group of issues to be addressed in the future is related to the implementation.
Namely, how easy or difficult can it be to obtain in real time the information required for the
new filter (3.5), especially as the actual data, i.e., the values of R§,O) and Rg,l), are required as
input for system (3.1) rather than just a graphical image?

To conclude this section, let us note that when processing the SAR data, certain param-
eters needed for building the algorithm may not always be known with sufficient accuracy.
Accordingly, a number of approaches to estimating these parameters have been discussed in
the literature, in particular, the approaches that exploit the information from multiple SAR
looks. One example is the map drift autofocus procedure (see [17, section 3.9.1]) that uses
different carrier frequencies for estimating the Doppler related parameters. Another popular
technique of that nature is the phase gradient autofocus (see [15, 41]) that uses redundancy
in the SAR data (e.g., due to multiple high-contrast point targets) to remove the phase error.
We are not aware, though, of any previous attempts to use these ideas for imaging through
the ionosphere.

4. Discussion and future work. In this paper, we have analyzed the effect of ionospheric
dispersion on the performance of spaceborne SAR sensors. To describe the propagation
through the Earth’s ionosphere, we have employed the simplest scalar model for transverse
electromagnetic waves with weak anomalous dispersion. Certain aspects of the overall formu-
lation that we have used may still require additional attention.
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First and foremost, the very notion of image resolution may need to be redefined in
the context of dispersive propagation to take into account the considerations of contrast, i.e.,
sharpness of the maxima and minima of the generalized ambiguity function. Besides, the total
electromagnetic field has been split into the longitudinal and transverse components. This
approach is quite common in the studies of electromagnetic propagation through plasmas; see
Appendix A and [21] for further details. We, however, still plan to investigate more carefully
whether the independent equation for the transverse field (1.1) provides a good approximation
in the case of the inhomogeneousplasma, in particular, when the electron number density Ng
undergoes turbulent fluctuations. In addition, the validity of geometrical optics may need
to be further analyzed, and potential benefits of employing a more comprehensive model of
propagation, based on the paraxial approximation, will need to be studied. In the framework
of geometrical optics, a more rigorous argument may need to be substituted instead of the
intuitive consideration at the end of section 2.1.4, where integration along the bent trajectories
is discussed. Finally, a more accurate description of the ionospheric turbulence may be needed.
On the one hand, changing the exponent in formula (1.10) from = 11/6 to = 2 and hence
considering only short-range phenomena brings extra convenience, but the overall effect of
this change on the conclusions drawn in the paper has not been accurately quantified. This
should be done along with assessing the potential benefits of using other correlation functions
available in the literature; see [36, Chapter I]. Moreover, the analysis in the current paper, even
if enhanced along the previous lines, still takes into account only spatial turbulent fluctuations
of the ionosphere. The corresponding temporal variations are assumed too slow compared to
the characteristic times of propagation. This hypothesis may need to be further corroborated
and /or refined.

Notwithstanding these issues, the findings of the current paper are as follows.

€ Dispersion of the electromagnetic waves in the Earth’s ionosphere affects the azimuthal
resolution of a spaceborne SAR sensor more strongly than it affects the range resolu-
tion. This observation qualitatively agrees with those by other authors.

€ The previous conclusion is true for both the deterministic dispersion and the disper-
sion due to turbulent fluctuations of the electron number density (modeled by the
Kolmogorov spectrum).

€ Specific numerical estimates of the possible deterioration of the range and azimuthal
resolution have been obtained for some typical parameters that characterize the
medium and the propagation.

€ The ionospheric distortions are weaker for higher carrier frequencies, but certain ap-
plications may motivate the use of the frequencies that are not very high (VHF and
UHF bands).

€ A modified matched filter that would compensate for the dispersion can be built if the
plasma parameters, such as pe or Ne, are known at the time and place the image is
taken.

€ These parameters, however, are rapidly changing, which limits the use of purely model-
based approaches to the removal of ionospheric effects, even for such a simple model
as the cold plasma.

To compensate for the ionospheric distortions, we have proposed probing the terrain, and
hence the ionosphere, on two distinct carrier frequencies. This may help provide accurate
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information for the modified matched filter in case there are clearly identifiable objects in
the imaged scene (that do not necessarily have to be dominating). In the future we plan to
study how efficient the modified filter of section 3 will actually be, and how easy it may be to
implement.

In addition, we will look into the issues outlined in the beginning of this section, as well
as those discussed in section 1 (that lead to more sophisticated physical models). It may also
prove useful to see whether or not a full-fledged solution based on the Fourier transform will
bring along any substantial benefits compared to the analysis of this paper (section 2.1.1).
Finally, the feasibility of implementing a genuine time-reversal strategy for spaceborne SARs
may need to be explored, when the filter is built by recording all of the actual received signal
and subsequently time-reversing it.

Appendix A. Cold plasma. The full Maxwell equations for electromagnetic propagation
in plasma can be written in the form

1 B

ct + curlE =0, divB =0,
- VE g e =87 jog, divE =4

ot curlB = Clmd1 wvE = ind »

where instead of the electric induction D we introduce the induced charges inq and currents
jind- Magnetization of the medium for our primary regimes of interest (high frequencies) can
be disregarded; see [27].

Taking curl of the Faraday law in (A.1), time-differentiating the Ampere law, and substi-
tuting, we get

2 0
E + GeurleurlE = $4 Jind .

(A.2) 2

To specify the right-hand side of (A.2), we use the approximation of cold plasma [21, 30],
where the meaning of the term will be explained later. Newton’s second law of motion for the
electrons reads as

du
(A.3) Me 4

+Me e u:éeESEux B.
As the ions are much heavier than the electrons, their motion is not taken into account.
In (A.3), u denotes the velocity of the electrons due to the applied electromagnetic field.
The quantity ¢ in (A.3) is the effective frequency of collisions between the electrons and
other particles. In the high-frequency case we can drop the collision term Mg ¢ U on the
left-hand side of (A.3). This term is responsible for the onset of Ohm conductivity, and it
is dropped because typical collision frequencies ¢ in the ionosphere are low. A thorough
analysis of collisions in dilute plasma requires quantum mechanical calculation of their cross-
sections [21]. Typically, for the collisions of electrons with other particles in the F-layer we
have ¢ 102571 pe; and as ¢ pe; we can indeed disregard the collision term in
(A.3).

In the isotropic case with no external magnetic field the Lorentz term on the right-hand
side of (A.3) can also be neglected since both the electric and the magnetic fields have roughly
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the same magnitude in the impinging wave. Then, the term éiu x B becomes a small
relativistic correction, because [u|  ¢.” Altogether, (A.3) then reduces to

du <
(A4) Me = SeE.

Next, by expressing the induced current as jing = SeNeU, we transform (A.4) into

(A.5) ind _ goy, U — €Neg
t t Me

Note that strictly speaking we should have written jing = Se [vf (v)dv, where f (V) is the
probability distribution for electron velocities [21]. In practice, however, kinetic considerations
yield similar results.

We would also like to emphasize that relation (A.5) between the induced current and the
electric field is local in space, because (A.4) is an ordinary differential equation. In the fre-
quency domain, when all the variables are interpreted as Fourier components, we immediately

have jing () = “2° LE( ), which leads to the following expression for electric permittivity

(see [39]): = () =1S "%. In other words, the electric permittivity ~depends only
on the incident frequency  and does not depend on the wavenumber K. This is equivalent
to neglecting the phenomenon of spatial dispersion in plasma. It can indeed be neglected
if a , where a is the characteristic length and is the wavelength in plasma. For the
characteristic length we are taking the distance traveled by the electron during one period of
fast oscillation, a =2Vel o, and =2V pn/ o=2/k , where k = |K| and vpn is the phase
speed of the waves. Hence, we need to require that the phase speed be much faster than the
thermal speed of the electrons:

3T
(A.6) Voh = Ve= \/2me'

2
Whe

The concept of cold plasmacan be explained with the help of relation (A.6). Namely, the
temperature should be sufficiently low so that the thermal speed is much slower than the
phase speed of the waves.

Finally, by substituting expression (A.5) into the right-hand side of equation (A.2), we
obtain
2
t?2

(A.7) + GeurleurlE + Fz,eE =0.

Equation (A.7) is a self-contained governing equation for the electric field E. It no longer
includes any other unknown quantities that need to be determined through additional con-
siderations.

Equation (A.7) admits different types of waves. According to the Helmholtz theorem
(see [33, section 1.5]), any vector field has a unique representation as a sum of its irrotational
(longitudinal) and solenoidal (transverse) components. In other words, we can write

(A.8) E =E,+E,, where curlE, =0 and divE | =0.

"The speed of systematic motion |u| is much slower than the thermal speed, which is much slower than the
speed of light.
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Note that in the frequency domain a plane wave propagating in an isotropic medium has
the form E Wit ik “where r is the radius vector. Then, clearly, curlE k x E and
divE  k -E. As such, curlE, = 0 would mean that k x E, = 0, or, in other words, that E,
is parallel to the wave vector k, which justifies calling it the longitudinal component. Similarly,
divE | = 0 would imply that k - E| = 0, or, in other words, that E | is perpendicular to the
wave vector K, which justifies calling it the transverse component.

Let us consider longitudinal waves first. In this case, (A.7) reduces to

’E,

(A.9) o

+ peE‘, =0.

Equation (A.9) governs the so-called Langmuir waves in plasma. As there is no spatial differ-
entiation in (A.9), these waves can basically be interpreted as high-frequency oscillations of the
entire volume of plasma. The dispersion relation for the Langmuir waves is straightforward:

2 = ée, which means that the oscillations always occur with one and the same frequency
pe of (1.2). The group velocity of these waves is zero: Vg def g‘]‘; = 0, so that no energy

transport is associated with the Langmuir waves.

The behavior of the transverse component E | of the electric field is therefore more in-
teresting and more relevant. To study this behavior, we first notice that divE | = 0 implies
curleurlE | = SAE |, and, consequently, (A.7) indeed transforms into the well-known Klein—
Gordon equation (1.1). We need only make sure that in doing so the assumption of cold
plasma holds. This, in fact, is easy to see, because the phase velocity of the waves given by
formula (1.4) is always greater than the speed of light, Vpn > €, whereas the thermal speed of
the electrons is much slower. For the typical electron temperature T = 2000K in the F-layer,
and given that the Boltzmann constant is = 1.38 - 107 1%erg/K and the electron mass is
Me = 9.1 - 10728g, the right-hand side of (A.6) yields Ve  1.73 - 10”cm/sec.

Appendix B. Radiation pattern of the antenna. For the purpose of conducting the
analysis, the actual SAR antenna is often approximated by a rectangle with one of its sides
parallel to the flight track (orbit). This allows us to determine the radiation pattern of the
antenna both along the flight track and across the flight track; see, e.g., [11]. In this section,
we are interested in determining the azimuthal pattern only. Hence, we can simplify the
antenna shape even further and assume that it is a one-dimensional linear segment of length
L aligned with the flight track. More precisely, we assume that the center of the antenna is
located at X = (X1,X2,X3), the antenna itself occupies the interval [x1 S L/ 2,X1 + L/ 2], and
there is no variation of current density along the antenna. The excitation of the antenna in
time is given by the chirp (2.1), and the resulting field is obtained by the Kirchhoff integral:

(B.1
1 [ zSZ7|SctSt g - -
_ / dt’///RB ( tlé t,( D) Loonm@Sx1) (2 x2) (258 xa)dz’

/ /xlwz (12 8 (21, %2, X2)| S St S V) g )1 o

L2 tSt
B /WL/Z PtS|z$S (zl,xz,X3)|/c)dZ,
4 Jo—1)2 1z S (24, %2, X3)| L
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where [_1/2 1,/2(2} S x1) on the first line of (B.1) is the indicator function of the interval.
Next, let us denote by  the angle between the positive direction X; and the vector z S X.
Then, the cosine law followed by the application of Taylor’s formula yields

128 (24, x2.%3) = /12 S X2+ (24§ %128 2(2) § x0)lz § x| cos
5 & I & 2
(B.2) g 18 (21§X1) (z1 val)
| 2Sxl |z S x| o Jr2|sz|2
| zS x|S (21 S x1)cos ,

because we naturally assume that O(L/ |z S x|) = (z2 S x1)/|z S x| 1. When substituting
approximation (B.2) into the integral (B.1), we take into account that in the definition of the
chirp (2.1) the envelope A(t) varies slowly, and that the denominator under the integral on
the last line of (B.1) is also a slowly varying function compared to the fast carrier oscillation.
Consequently, we can write

x1+ L/2 & &
(t, Z) 1 / 1+ L/ A(t S |ZVS X |/C)eiwo(t—|Z—X|/c)eiw0(z1—z1)cos'y/cdzi
4 Joy-rp2 1z S x|
(B3) = 1 P(tS|zSx|lc) /L/z —
4 |z S x| y
1 P(tS|z S xl/c)sin( oL cos / 2¢) ger 1 P(tS|z Sx]lc) .
= - lel - L / |
4 |zSx] oLeos/2c 4 [z8x| Cmelboes /)

where for the wavelength we have o/c =2/ . The maximum of the sinc on the right-hand
side of (B.3) is achieved when the argument is equal to zero, i.e., when = / 2. Hence, the
maximum level of radiation emitted by the antenna, which is parallel to the orbit, is observed
in the direction normal to the orbit. The angular semiwidth of the antenna beam (which is
focused around the normal direction = / 2) is defined as the angle = / 2S | where
is such that the sinc in (B.3) attains its first zero. This angle is determined by setting the
argument of the sinc equal to , i.e., L cos(/ 2S )/ = , so that the semiwidth of the
main lobe of the sinc becomes

sin = L

provided that /L 1 so that the approximation sin is valid. Consequently, the full
angular width of the antenna beam is indeed 2 /L , as indicated in the beginning of section 2.
Approximation (2.4) for the radiation pattern is obtained as a result of further simplification,
when inside the main lobe instead of the actual sinc we consider a flat constant profile, and
the rest of the sinc beyond the main lobe is disregarded.

Note that the radiation pattern of the actual rectangular antenna in the direction normal
to the flight track can be obtained similarly; see, e.g., [11].

Appendix C. Evaluation of integral (2.15). Regarding the integration limits in (2.15),
given that < /| three scenarios are possible:

min{ / 2+ 2Ry/c, /24 2R, No} = / 2+ 2Ry/c,
max{S / 2+ 2Rylc, § 12+ 2R, o} = S / 2+ 2Ry,
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min{ / 2+ 2Ry/c, '12+2R,Io} = / 2+ 2Rylc,
max{S / 2+2Rylc, S 12+ 2R, o} =S 'I2+2R; Ny,

and

min{ / 2+ 2Ry/c, 124 2R, g} = 12+ 2R,V o,
max{S / 2+ 2Rylc, § 12+ 2R, o} = S / 2+ 2Ry/c.

We will analyze the first scenario as an example. We will also drop the factor in front of the
integral (2.15) as its absolute value is equal to 1. Then,

W]’%(y ,Z) /T/2+2 Ryfe gile —a)t? glilaRy /e—a Ry [vo)t gy
—7/2+2 Ry /c

Changing the variable t = U + 2Ry /c and dropping another factor of magnitude 1 in front of
the integral, we can write

T/2

(Cl) W;%(y , Z) / ei(a —a)u? | e4i(oz —a)(Ry /c)u . e4i(aRy/c—a Rz /vo)u du.
—7/2

Using formula (2.13), we estimate the exponent in the first factor under the integral as |( 'S
Ju?| | | /4 = B/ 8, and for the typical values of the parameters (including R,
1000km and B 10MHz) we obtain

2R, peB2

0.4.
C % 0

(C.2) B

Therefore, we begin with approximating the function e —a)v” ynder the integral (C.1) by
. 2
its zeroth order Taylor expansion, e/(® —®)u 1:

T/2 T/2
W;%(y , Z) / / e4i[(ozRy /e—a Rz Jvo)+( o —a)( Ry /c)]udu _ / / e4i(oz Ry /c—a Rz /vo)udu
—7/2 —7/2
(C.3) = sinc (2] 'Ry/c S 'R;No] )

= sinc (2[(Ry SR,)( le)+ R, '(l/c S 1ivg)] ).
Next, instead of employing the approximation €@ —a)u? 1 prior to integration (see
(C.3)), we will rather return to the full original expression €@ ~%* in (C.1) and subsequently
approximate the result. For convenience, we will also denote def 4( 'Rylc S 'Ry 0)-

Integral (C.1) cannot be evaluated using elementary functions, but it can be expressed via
the error function erf:

T/2

wi.z) [
(C.4) /2 ) 3§

e (erf[ Si; 3 )}gerf[ Si; + >]>
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The new ambiguity function (C.4) needs to be compared against the previous expression (C.3):
Wg(y,z) sinc[ﬂ;]. We first notice that in general the right-hand side of (C.4) is complex
and, consequently, for the analysis of the range resolution we need to study the absolute value
[Wg(y,z)| as a function of . On the other hand, as we expect that the difference between
[Wg(y,z)| and | sinc[ﬂ{“ will not be substantial, we will perform the analysis of critical points
Al
2

of |Wf(y,z)| near the extrema of | sinc[7 ]|. To do so, we will approximate the right-hand

side of (C.4) by means of the Taylor formula.

The maximum of sinc[ﬁ;] is attained at = 0. Near = 0, we have for W(y,z) of
(C.4)
Si ie’Y
Whiy,z) S erf[ ) }+ f 210( 4.
= zl\ef(C z;gC
Consequently,
Z
IWE(Y,2)] = |z1]? <1 +2Re (;) 2> +0( 4,
1
and we conclude that |[Wf(y,z)| has a critical point at = 0 as well. One can show that it

is also a maximum, and its value can be obtained using Taylor’s expansion for z; = z;(  2):

— <1é 1;04+O( 36)).

527] = because 2 4180 2-107%; see formulae (2.13)

i . 2 4
|W1/“’°(y’z)|‘5=o: ‘Hm “S g TOC )

This value is very close to mﬁax sinc|

and (C.2).
The first zero of sinc[ﬂ;], or, equivalently, the first minimum of | sinc[ﬂ;“, is attained at
= 27”, which makes the overall width of the main lobe of the ambiguity function (C.3) equal
to 47”. To analyze the behavior of the new ambiguity function (C.4) near that minimum, we
expand the right-hand side of (C.4) into the power series with respect to ( S 27”):

wiz) o (afs ST s SO O

~
24€C
Hence,
2 3
z < 2 < 2
IWE(Y,2)I> = |zsl? <1+2Re<24> ( S > )+o (( S > )
3
and we see that [W[(y, z)| has a critical point at = 27”. This is a minimum that W (y, z)|

of (C.4) attains at precisely the same location, at which sinc[ﬁ;] of (C.3) has its first zero. Its
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value relative to the magnitude of the central maximum is small; for the typical parameters

chosen previously we have
2
(C.5) |va(y,z)|ﬁ:2ﬂ:: 5 2 (1+0( 2) -107%

T

Appendix D. Travel time in the inhomogeneous ionosphere. Let us first use Taylor’s
expansion and, taking into account that all the ionospheric corrections are small, pe ,
recast formula (2.22) by retaining only first order terms with respect to ge/ 2,

3 < 1wl (H)\ .
dx & \/18 MEZ(QH) sin g & (13 %“’ng ))sm 0

h = W = = W w? in? fp—w?
d \/18 %gh) S (18 E)Z)(QH))Sinz o \/COSZ o+ 2.(H)sin 290 2.(h)

. 2 o
S tan 0<1g1 FZJe(ZH)> <1g1 FZJe(H)Sm 0S rzie(h)>
2 2
)

(D.1)

2c082 g

y .1 2,(H)S 2.(h
S ¢ 1S~ Pe pe .
at 0( 2 2cos? ¢

Then, we substitute the unknown angle 1 instead of ¢ into the previous formula, and require
that X(0, 1) =H tan ¢. In other words, we require that the wave trajectory that originates at
the antenna under the look angle 1 would terminate precisely at the target z on the ground;
see Figure 1(b). The value of x(0, 1) is obtained by integrating (D.1):

(D.2)

0 2 S 2 2 £ (H) &
< =1 pe(H)S pe(h) 14e2Ng" S Ne(H)H
0, 1)= [ St 1S~ P pe dh=Ht © ,
x(0: ) /H . l( 2 2cos? 1 o l+2 Me Zcos? 1

where _éH) is another important characteristic of the ionosphere—the integral of its electron
number density across the layer of thickness H—

H
(D.3) Mmg/N@m.
0

Using formula (D.2), we can write the following equation for 1:

14e2N{ & Ng(H)H
H tan 1+2 ¢ g( )

= H tan o.
Me 2cos?

Then, we make a natural assumption that 1 = o+ , where is small, and notice that
the second term on the left-hand side of the previous equation is already of the order ;2>e/ 2
compared to the first term. Therefore, we can replace cos? 1 by cos? ¢ in the denominator,
which yields

. 1 4e2N{ § Ng(H)H
D.4 t tan oS .
(D-4a) a1 tanoS o, Me 2cos? ¢
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Later, we will also need some other trigonometric functions of the angle 1:

) g lde? N S Ne(HH

2
(D.4b) tan® 1 tan® g H me 2c082 g tan o
and

1 1 . 142N & Ne(H)H
D.4 S t .
(D.4c) cos? 1 cos? o H me 2cos? g a0

To evaluate the wave travel time between the antenna and the target, let us suppose
that the antenna emits a signal into the ionosphere at the look angle 1. Subsequently, this
signal travels along the trajectory schematically shown in Figure 1(b) with the group velocity
Vgr = Vgr(h); see [27, Chapter X]. Let s denote the arc length of the trajectory. Then, using
formula (2.22) and keeping only first order terms in the Taylor expansion, we can write

(D.5)

ds dx\* n2(h) 1 1 3(MS ZH)
dh \/1 - <dh> B \/nz(h) Sn2(H)sin® | cos 1 (1 Ty 2 tan® 1 |-

Consequently, for the time t we have

dt. 1 ds
dh vy (h)dh’

and for the group velocity vgr(h) we will use the approximate expression (2.10):
L1 3(h) 1 3(h)

D. h 1 L2 1 be :

(D-6) Vor(N) C<82 28 z,h)) © So 2

Accordingly, we combine formulae (D.6) and (D.5) and obtain

dad 1 1 ge(h) ds 1 1 ge(h) 1 ge(h)é ge(H) 2
dh c<1+2 2 Jdh Tceos 1\ T2 2 J\1To 2 s

1 1 pe(h) 1 Ze()S Je(H)
1 p p pe 2 )
Cccos 1 < + 2 2 + 2 2 tan” 1

Finally, substituting the expressions for the trigonometric functions from (D.4), we have

dt L[] 162N & Ne(H)H .
dh  ccos ¢ 2H me 2cos2 ¢ 0

1 2(h) 1 2(M)S 2,H) . 142N & Ng(H)H
x 1 pe pe pe t 2 S e e t
( +2 2 +2 2 ooy Me 2cos2 g an o
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1 . 1 4e2N{ & Ng(H)H
1S > 5 tan o
Ccos o 2H me Ccos® ¢

- ~ -
accounts for the curved trajectory

2 2 S 2
1 pe(h) 1 pe(h) S pe(H ) 2
x| 1+ + tan
( 2 2 2 2 0
N~ 7 ~ -
accounts for  accounts for the curved trajectory
the variation

of speed
1 . 1 4e2N{ § Ng(H)H 1 %) 1 2SS 2,H)
coo 0<182H N € 20085(0) tan o+, e +, PevT T P T tan? o |
e

Hence, the total travel time between the antenna and the target (see Figure 1(b)) is given by

0 H
:/ édtdh: dtdh

5z dh o dh

H 14e2 1 - o - 1
D.7 N L (N & No(H)H 2
(D.7) ceos o + 5 m, 2 [ e +< e 7S Ne(H) ) (tan 0S tan 0)} ceos o

R R, 14e?1 [ ~(H) & 8
= CZ + CZ OH m, 2 [NéH) + (NéH) S Ne(H)H) (tan2 0S tan 0)] .
Appendix E. Ergodicity. Consider the spatial average of a given realization of U(S) over
the interval of length S:
1 S
def

[ls = s)ds.

s =g | K
Taking into account that U = 0, the ergodic theorem yields (see [31, section 4.7])
(E.1) lim [ggS p|? = lim |pgl? =0.

S—o00 S—o0
Next, combining (E.1) with the Chebyshev inequality,
L& s S W2

(E2) P{RsS 1l> ) M
we obtain that the probability for the deviation of flg from W = 0 to be larger than any
given > 0 tends to zero as S increases:

(E.3) Jm P{psS wl> } = Jim P{pasl> } =0,

In other words, for large values of S the probability of having a finite deviation of the quan-
tity flg from zero is arbitrarily small. Consequently, for large integration distances R; the
contribution of the last integral on the right-hand side of (2.29) to the overall travel time can
indeed be considered small.

To justify the foregoing ergodicity-based argument we note that according to [31, section
4.7], equality (E.1) holds if and only if

(E.A) Jim é /O "V(syds =0,

S—o0
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where V is the correlation function defined by (1.8). As we are considering only short-range
phenomena in this paper, the exponential correlation function (1.11) obviously satisfies equal-
ity (E.4).

We can also estimate the rate of convergence of the spatial average to the mean. To do
so, we recall the definition (1.12) of the correlation length rg and according to [31, section 4.7]
write

r
(E.5) sl 2GV(0).
Then, the Chebyshev inequality (E.2) along with (E.5) yields

} lisl> 271
(E.6) P{psl> } 2 2 g V(0

Hence, the probability for the integral 1%2 fORZ H(X)ds on the right-hand side of (2.29) to have
a finite deviation from zero decreases proportionally to the ratio ro/R ;. As the correlation
length is typically much smaller than the distance to the target, the quantity ro/R ; is small.

Appendix F. Logarithmically normal random variables. Consider a logarithmically nor-
mal probability density function [22] for the pair of random variables (, ):
(F.1)
_ 1 (In S m1)2 _2 (InvS mp)(InwS mgy) , (Inw$S m2)2>
f (V,W) — 1 B e 2(1Sr2)< o% T 0102 * o% RV 0’ w > 0’
VW2 1 o2 1Sr2

f(v,w) =0 otherwise,

where 0 r < 1. The first moments (expected values) for the density (F.1) are

00 -2
N / vf (v, w)dvdw = ™% 2|

—00
o] g%
= / vf (v, w)dvdw = e™*" 2.
—00
Consequently, the correlation function (covariance) of the random variables and is given
by

oo »2 o2
VG )=(8 )8 )= // (vSem® ) (wS et 7t (v,w)dvaw
(F.2) , , —00
—gmt Grmat Y (g § ),

If the variables and are uncorrelated, then V(, )= 0. Hence, according to formula (F.2)
we have €192 = 1 and therefore r = 0. If r = 0, then the joint probability density func-
tion (F.1) gets factored into the product of two individual logarithmically normal probability
density functions:

n'uvm 2 l'l’LUVm 2
1 _;((1 Smp)?y (nwS my) >
f(v,w) = i e 71 72
12
F.3
( ) 1 (InvS m1)2 1 (In wS m2)2
< 1 2 0-2 >< 1 2 0-2 >
= e 1 e 2 ,
vV 2 o w 2 -
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which makes the random variables and independent.
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