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ABSTRACT

After cracking of reinforced concrete structures, the concrete
continues to contribute to the effective stiffness of structures, due to
tension stiffening. This paper proposes an elastic-plastic-softening
constitutive relationship for reinforced concrete developed for analysis
of reinforced and/or prestressed concrete structures. The model is based
on a large experimental program conducted at the University of Manitoba
to determine the behavior of concrete segments reinforced in two direc-
tions and loaded in pure membrane tension. The segments were designed to
include different parameters which could affect the cracking behavior,
such as concrete cover, concrete thickness, percentage of steel, and
spacing between transverse reinforcement. From the results of these
tests, an expression for the cracking strength was determined and related
to standard split and compressive cylinder strengths.

The proposed constitutive relationship includes the behavior of con-
crete in the pre- and post-cracking regions. The model assumes a linear
relationship up to the cracking strength and an exponential relationship
after cracking of the concrete. The proposed model was applied and the
results were compared to a measured value from the experimental program
and also with independent experimental results for uniaxially and biaxi-
ally loaded prestressed concrete segments in tension. It has been
demonstrated that the proposed constitutive relationship permits an ex-
cellent prediction of the deformation of reinforced and prestressed
concrete members subjected to tensile membrane locading.

1. INTRODUCTION

A valid constitutive model to describe concrete behavior under ten-
sion and cnmpression is a fundamental requirement for nonlinear analysis
of reinforced concrete structures. To date, the behavior of concrete
under compression has been well defined. However, very little information
is available to describe the response of concrete in tension, and in
particular, the post-cracking response in the presence of steel
reinforcement.

Cracking of concrete due to applied tensile stresses is considered
to be one of the most important parameters influencing the nonlinear re-



sponse of reinforced concrete structures. For plain concrete, formation
of cracks is a brittle process and the strength in the tension loading
abruptly goes to zero. In the presence of reinforcements, which bridge
the concrete cracks, the tension mechanism becomes quite different. After
cracking of reinforced concrete structures, the concrete continues to
contribute to the effective stiffness of structures, due to the temnsion
stiffening effect of concrete between cracks. '

The tension "cut-off' model for concrete has been used by many in-
vestigators (2,4,6,16,18) in the nonlinear analysis of reinforced concrete
structures. However, Gilbert and Warner (8) indicate that using such a
model will significantly affect the stiffness and could result in a 100
per cent overestimation of a reinforced concrete slab's deflection. A
similar comparison conducted by Kulicki and Kostem (12) indicated that
the tension "cut-off' model fails to describe the response satistactorily
and tends to overestimate the strains and, consequently, displacements

(7).

Recently, the effect of these cracks have been accommodated in a
general constitutive model for reinforced concrete. This model assumes
that the concrete remains continuous in the post-cracking region (11,13).
This accommodation was accomplished by "smearing out"™ the cracks in a
continuous fashion which is more convenient for obtaining lcad-defermation
behavior using any numerical technique.

The objective of this paper is to propose a full description of an
elastic-plastic-softening constitutive relationship for reinforced con-
crete developed for analysis of reinforced and/or prestressed concrete
structures. The model will include the magnitude of the maximum temnsile
stress, and corresponding tensile strain, which will initiate crack devel-
opment. The concrete cracking strength is related to the standard
ultimate compressive strength and split strength.

The proposed model is based on a large experimental program involving
reinforced concrete segments tested in tension. The specimens were de-
signed to include different parameters which could affect the cracking
behavior, such as concrete cover, concrete thickness, percentage of steel,
and spacing between transverse reinforcements. The proposed constitutive
relationship was applied and the results were compared to measured values
from the experimental program, and also with independent experimental
results for uniaxially and biaxially loaded prestressed concrete segments
in tension (11).

2. TEST SPECIMENS

All segments were reinforced in two directions with deformed bars.
Longitudinal reinforcements were spaced at 3" (76 mm) centre to centre
and extended 11" (280 mm) beyond each end of the specimen, as shown in
Figure 1. The main variables in the test series were concrete cover, c,
percentage of steel in the direction of the applied load, p, concrete
thickness of the specimen, t, and spacing between transverse reinforce-
ment, Sp, as given in Table 1.



All concrete used in fabrication of the segments was designed for a
nominal ultimate strength of 5,000 psi (34.5 MPa) and was mixed in the
laboratory. Control cylinders 6" x12" (152 x 305 mm) were cast at the
same time with the specimens in order to relate the specimen behavior to
standard material test results. Material tests were carried out at the
time of testing of the main specimen and consisted of compression tests
to measure the ultimate compressive strength, f}, and modulus of elasti-
city, Eg, and split cylinder tests to measure split strength, fép. For
each specimen, samples of the steel bars were tested for tension to
determine yield strength, f,,, ultimate strength, fj, and modulus of
elasticity, Eg. The values of fgp, f&, E¢ and fy are summarized in
Table 2.

The load was applied using a 600,000 1b. (2670 KN) capacity universal
testing machine. Load was transmitted from the loading machine to the
specimen by using specially designed end fittings, as shown in Figure 2.
The end fittings were very rigid, in order to achieve uniformity of loads
from the machine to each load cell. Each reinforcing bar was connected
to a separate, specially designed load cell, which was used to adjust the
load.

During testing, a continucus record of deformation over a 30"
(762 mm) gauge length was made using a linear variable differential trans-
ducer (LVDT) as shown in Figure 2. As well, readings for mechanical strain
gauges were recorded. Crack patterns were marked as they formed and
propagated. Crack locations and crack width measurements were recorded.
Testing was terminated when the load approached the yield point. A de-
tailed description of the instrumentation, testing procedure, and test
results is contained in Reference (9).

3. CONCRETE SPLIT STRENGTH

Recently, Carino and Lew (3) concluded that the ACI (1) expression:
f;p =6.7 /fé (psi) = cvrinsenn. Equation (1)

for predicting the concrete split strength tends to overestimate the
strength for low compressive strength concrete and to underestimate the
strength for high compressive strength concrete. Based on regression
analysis of 798 test data, Mirza, et al.(l4), also concluded that the ACI
equation gives conservative estimates of the splitting strength of con-
crete and proposed the following expression:

fép = 4.4 féo.ss . (psi) +-oeveeennn Equation (2)

A new expression proposed by Carino and Lew (3), to estimate the
concrete split strength in terms of the ultimate compressive strength is
as follows:

0.71

fep = 1.15(£0) -(psi) _......... Equation (3)



To eliminate the constant wvalue in Equation (3), they introduced the
following simplified form:

fep = (fé)o.73 « (psi)  eeceee.... Equation (4)

The relationship based on Equatioms (1),(2),(3) and (4) were compared
to the measured values from the experimental program reported herein, and
to values obtained from Reference (7) are shown in Figure 3. The compari-
sons suggest an underestimation of the split strength by ACI (Eq. (1)),
and Mirza,et al.(Eq. (2)), beyond a concrete compressive strength of 6,000
psi (41.4 MPa). Both equations given by Carino and Lew (Egs.(3) and (4))
show high accuracy in predicting the split strength of concrete and cover
much wider ranges of f{.

4. CONCRETE CRACKING STRENGTH

The cracking strength of concrete is affected by many factors, such
as loading rate, moisture content, curing conditions, size effect, and
percentage of steel. The strength is also affected by the mode of crack
development, and will be different, depending on whether flexural or direct
tensile cracking has taken place. The different factors which might
affect the cracking behavior of reinforced concrete structures, such as
concrete cover, bar spacing, transverse reinforcements, and reinforcement
ratio, may all be expected also to have an influence on the cracking
strength of concrete.

Based on experimental results, Chitnuyanondh (1) introduced two ex-
pressions for predicting the concrete cracking strength, f.,, in terms of
the split strength, fg, and ultimate compressive strength, fi, as follows:

fo, = 0.6 fép , (psi) .......... Equation (5)

and

for 3.65 /fé . (psi) .......... Equation (6)

Chitnuyanondh inferred that the low magnitude of cracking strength, as
compared to the split strength,is mainly due to the rate of loading and
volume effect.

The cracking load, P.,, for all the tested specimens was determined
from load -strain plots to be the "intersection point" of the tangent lines
to the pre-cracking and post-cracking response as shown in Figure 4, for a
typical load -strain relationship, using specimen No. 2 as an example.

This was usually a well-defined point, since both pre-cracking and post-
cracking responses were essentially linear.

The measured strains were determined as the average strains obtained
from three 8" (200 mm) Demec gauge lengths in the direction of the applied
load within a 24" (610 mm) length on the face of the specimen, as shown in
Figure 2. The cracking strength, f.,, was determined by computing the
stress on the specimen surface as:

_ Per

cr Ag veteana ++. Equation (7)



where A is the appropriate transformed area of the specimen cross-section,
for is considered to be the "true" cracking strength of the concrete as
exhibited in the reinforced concrete segment. The values of the cracking
load, Pey, and the corresponding tensile strength, f.r, and cracking
strain, €cy, for all the specimens are listed in Table 2. Various ratios
of these values are shown in Table 3 together with mean values and stand-
ard deviations. The "true' cracking strength, f.y, for all the specimens
were compared to the concrete split strengths in Figure 5, which shows an
average value of 0.6. This indicates that the "true" cracking strength in
the tested specimen had a mean value of only 60 per cent of that which would
be predicted from a split cylinder test.

If the ratio of 0.6 is combined with Carino and Lew's expressions, an
expression of the "true" cracking strength can be obtained as follows:

©7% (psi) , cereesnsas Equation (8)

for = O.6(fé)
and

2/3 (psi) . cerr e Equation (9)

for = (£2)
The calculated cracking strength was also compared to the ultimate
compressive strength in Figure 6. The mean value of 4.4, which was

obtained, suggests that

£, = 4.4 /fé (psi) . vesseeeesr Equation (10)

The "true" tensile strengths based on Equations (8), (9), and (10)
were compared to the measured values in Figure 7, and gave a satisfactory
agreement.

5. EFFECTIVE TENSILE STRESS-STRAIN CURVE OF REINFORCED CONCRETE

A lcad—average gross strain for a typical specimen is shown in Figure
4, where Specimen 2 was used as an example. In the same figure, the
response based on the steel alone is shown as a straight line. The shaded
area represents the concrete contribution in the pre- and the post-
cracking ranges.

At any given load, P, and corresponding average gross strain, Ep, the
force carried by the concrete, P., can be determined from the test results
as

PC=P_AS ES Em ’ LR R Equation (ll)

where Ag and Eg are the area and modulus of elasticity of the steel, res-

pectively. Thus the effective tensile stress, fi, for this given average

strain, €, can be determined as follows:
Pc

= yoll

where A is the area of concrete. Using Equations(1l) and (12), the effec-

tive tensile stress was calculated for all the specimens with transverse
reinforcements located at 3" (76 mm) centre-to-centre and variable concrete

fy ceerean ... Equation (12)



cover, reinforcement ratio, and concrete thickness, and is shown in Figure
8. In spite of the considerable scatter, the general trend of linear re-
lation prior to cracking and a gradual post-cracking softening in the
effective stress—strain curve is clearly evident.

Based on Figure 8, the proposed stress-strain curve assumes a linear
relationship up to the concrete cracking strength, foy. Thus, for a given
value of the modulus of elasticity of concrete, E., the cracking strain,
€cr, can be determined based on the proposed linear response before the
initiation of the first crack. The magnitude of the modulus of elasticity
in tension can be assumed to equal the initial modulus of elasticity of
concrete in compression, since the difference between the two moduli is
insignificant, as was proposed by Johnson (10).

After cracking, where the average gross strain, €y, exceeds the
cracking strain, €¢y, the proposed stress-strain curve can be represented
by the following exponential function up to average strain equal to the
yvield strain of steel.

~Em-€cp)x 103
fr = fer e mTEer 3 seeseeas.. EBEquation (13)

where ft is the effective tensile stress of the concrete at any given
average gross strain in tension, €y, and for is the cracking strength of
concrete at which the first crack is initiated. The effectiveness of this
relationship in simulating the behavior of various segments can be de-
termined by using this curve as input for any numerical analysis solution
and comparing the output with measured values.

In Figures 9(a) and 9(b) the constitutive models proposed by Chitnuy-
anondh (7) and Vecchio (17) are compared to the experimental results. The
comparisons suggest very clearly that both models overestimate the re-
sponse of reinforced concrete. This observation agrees with Chen's
conclusion (5) that the aggregate interlocking effect in shear tends to
overestimate the concrete stress, compared to that obtained from uniaxial
tension tests. Koziak and Murray (11) also indicated that the effective
tensile stress-strain response based on prestressed concrete segments is
significantly higher than that obtained from reinforced concrete specimens.

To study the effect of concrete cover, concrete thickness, and steel
reinforcement ratio, the measured effective stress-strains of specimens
with variable quantities of the above functions were compared to values Ob—
tained using the proposed constitutive model in Figures 9(a) and 9(b). The
comparison clearly indicated that the above mentioned variables have an in-
significant effect on the proposed model.

The effect of the spacing between the transverse reinforcement steel
bars, Sg, was investigated as shown in Figure 10{(a), which shows a consid-
erable scatter. However, the behavior can be explained by using the
dimensionless parameter, R, introduced in Reference (15).where,

R=-—— esressssss Equation (14)



where Sy is the predicted average crack spacing without the presence of
transverse reinforcement, and Sy is the spacing between transverse
reinforcements.

Values of R significantly lower or greater than one, as given in
Table 3 for specimens 2, 2A, 2B, and 2C indicate that the transverse
reinforcement has insignificant effect on the crack pattern, thus the
proposed model is capable of predicting the response accurately,as shown
in Figure 10(a).

Values of R slightly lower or greater than one, indicate that the
transverse reinforcement does influence the crack spacing. For specimens
4A, 4B, and 4C, the value of R is 0.94 and the cracks were located at
each transverse reinforcement bar, i.e., at a distance less than the expec-
ted value. Consequently, the concrete would contribute less in comparison
to the proposed model as shown in Figure 10(a), for these specimens. For
specimens 6A, 6B, and 6C, all having an R value of 1.42, the cracks were
located at a distance greater than the predicted values and less cracks
were found. This will consequently cause the concrete to contribute more
in tension tc the proposed model, which consistently underestimates the
response for these specimens, as shown in Figure 10(a).

Similar behaviors are also observed for specimens with concrete covers
equal to 1.50" (38 mm), as shown in Figure 10(b). The proposed stress-
strain curve underestimates the response in these specimens. Should the
cracking strength, f.,, be more accurately assessed, better prediction can
be achieved.

6. SIMULATION OF EXPERIMENTAL BEHAVIOR

If the proposed constitutive model in tension shown in Figure 8 is to
have validity, an analytical model of a segment test should produce results
which agree with experimental observations when the aforementioned stress-
strain properties are input to the analysis. If such a correlation can be
obtained, it serves to verify the effectiveness of the material properties
for use with the particular analytical method.

The material properties derived herein have been used in conjunction
with a computer program developed in Reference (11). The response of the
segment to a given set of strains is found by layering the segment through
the thickness as shown in Figure 11, givingeach layer appropriate proper-
ties and then integrating the responses from the individual layers to find
the segment response. The constitutive relation of the reinforcing steel
consists of the conventional two-part elastic-perfectly plastic curve.

The value of for was determined based on Equations (5) and (9).

Comparison between the computer analyses and experimental observations
for segments 6 and 2B are shown in Figures 12 and 13. These specimens were
reinforced in two directions and subjected to uniaxial membrane tensile
forces. The two specimens have different concrete covers and material
properties, and the transverse reinforcements were located 10.5" (267 mm)
and 2" (50 mm) centre-to-centre, respectively.



Comparison between predicted results and measured values for two
prestressed specimens tested in Reference (11), are shown in Figures 14
and 15. The first specimen was prestressed in one direction and loaded
by uniaxial membrane tensile forces, while the second specimen was pre-
stressed in two directions and subjected to biaxial membrane tensile
forces. Again, the comparison is excellent and confirm the conclusion
made by Kupfer, et al.(19), and Murray (7), that the biaxial tensile
values are independent of the stress ratio and equal to the uniaxial ten-
sile strength. The results also confirm that the proposed model is
applicable for reinforced concrete, as well as prestressed concrete
members loaded by membrane tension.

7. SUMMARY AND CONCLUSTIONS

An experimental program to determine the behavior of reinforced con-
crete segments loaded in pure menmbrane tension has been described.
Analysis of the results indicates that cracking of these segments is
initiated at an average value of 60 percent of the split strength of
concrete. Expressions for the split strength and for cracking strength
of concrete are recommended. A detailed description of a constitutive
model for concrete in tension, including pre- and post—cracking regions,
has been proposed. It has been demonstrated that the proposed constitu-
tive model permits an excellent prediction of the deformation of reinforced
concrete and prestressed concrete subjected to tensile membrane forces.
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NOTATION

area of concrete in cross-section
A cross-sectional area of reinforcing bars

A, transformed area of specimen cross—section

c minimum cover to surface of bar (measured perpendicular to surface)
E., modulus of elasticity of concrete
Eg modulus of elasticity of steel

fé compressive strength of concrete

f., cracking strength of concrete

fép tensile split strength of concrete
f, effective tensile stress in concrete
fa ultimate strength of steel

fy yvield strength of steel

p reinforcement ratio

P axial load

Pe load carried by concrete

Peoy cracking load

R Sr/Sm

Sm predicted average crack spacing
Sg spacing between transverse bars
t concrete thickness

cracking strain in concrete

average strain measured over a gauge length which includes
several cracks

€20 steel strain at a crack

yield strain of steel
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TABLE 1  VARIABLES CONSIDERED IN THE EXPERIMENTAL PROGRAM

Concrete Steel Concrete Specimen X-Section Reinf. Transverse Bar

Cover Ratio Thickness Number Area Bar Spacing, Sy
(in) (in) (sq. in) Size (in)
5.0 T1A 60.0 #3 3.0
0.50 0.0147 7.0 T4A 84.0 10M 3.0
16.0 T7A 110.0 #4 3.0
5.0 T2A 60.0 10M 3.0
0.0207 7.0 T5A 77.0 #4 3.0
10.0 T8A 120.0 15M 3.0
5.0 T3A 55.0 #4 3.0
0.0294 7.0 T6A 84.0 15M 3.0
10.0 T9A 120.0 #6 3.0
5.0 T1B 60.0 #3 3.0
0.75 0.0147 7.0 T4B 84.0 10M 3.0
10.0 T7B 110.0 #a 3.0
5.0 T2B 60.0 10M 3.0
0.0207 7.0 T5B 77.0 A 3.0
10.0 T8B 120.0 15M 3.0
5.0 T3B 55.0 a4 3.0
0.0294 7.0 T6B 84.0 15M 3.0
10.0 T9B 120.0 {6 3.0
2A,2B,2C 2.0
4A,4B,4C 4.0
0.75 0.0147 7.0 6A,6B,6C 84.0 10M 6.0
i1 8.5
{2
#3 2.0
4 4.0
1.50 0.0147 7.0 i#t5 84.0 10M 6.0
it6 10.5

i#7
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TABLE 2  MEASURED AND COMPUTED STRENGTHS AND CRACKING
STRAIN OF CONCRETE SEGMENTS
Specimen fép £ Ec fy Pey for Ecri
Number (psi) (psi) (ksi) (psi) (kips) (psi) x 10
T1A 610 7600 4650 61800 24.5 380 60.3
T1B 610 7480 4530 63150 25.0 387 165.5
T2A 610 8510 4720 52500 27.6 417 53.8
T2B 630 7360 4800 52950 26.0 393 108.9
T3A 560 7330 4970 54300 25.0 399 77.6
T3B 610 7220 4640 54500 25.0 395 28.6
T4A 660 8380 49 30 52300 34.0 378 63.1
T4B 680 7320 49 30 53050 35.0 389 72.0
T5A 480 72 80 4550 53930 32.5 381 88.8
T5B 550 7260 4680 53850 30.0 353 97.9
T6A 690 8080 5070 55900 37.5 394 50.0
T6B 700 8510 5020 53750 41.0 430 51.1
T7A 570 7440 4590 54150 42.5 359 103.2
T7B 720 7320 4600 53850 42.5 359 62.5
T8A 750 8900 5170 54200 40.0 305 51.1
T8B 720 8910 5070 54000 34.0 259 34.9
T9A 710 8750 4990 62500 45.0 330 26.7
T9B 700 8410 5160 64200 50.0 368 68.8
2A 663 6756 4685 66300 36.0 399 161.7
2B 622 7782 5028 66300 36.0 401 50.7
2C 657 7829 5043 66300 37.0 412 64.8
LA 707 6873 4726 66300 32.0 355 92.5
4B 648 6862 4722 66300 33.0 366 66.0
4C 637 6556 4615 66300 30.0 332 28.0
6A 654 6412 4193 66300 36.0 396 78.9
6B 666 7051 4786 66300 38.0 422 57.9
6C 592 7417 4909 66300 35.0 389 38.9
1 607 7181 4828 65220 41.0 455 135.0
2 643 7934 5077 65700 38.0 424 118.1
3 648 7840 5047 69720 37.0 412 84.6
4 628 7545 4951 66260 35.0 389 248.9
5 634 6956 4754 70200 35.5 394 67.7
6 713 8052 5115 66020 34.4 379 45.3
7 663 7486 4932 68030 35.0 389 73.9

* Measured

Eg =29 x 105 psi
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TABLE 3 RELATIONSHIPS OF CRACKING, SPLIT

AND COMPRESSIVE STRENGTHS

f

£

Specimen _g{ ~er R
Number fSP Jfg
T1A 0.62 4.36 0.94
T1B 0.63 4,47 0.85
T2A 0.68 4,52 0.93
T2B 0.62 4,58 0.85
T3A 0.71 4.66 0.96
T3B 0.65 4.65 0.87
T4A 0.57 4,13 0.77
T4B 0.57 4.55 0.71
TSA 0.79 447 0.81
TSB 0.64 4.14 0.74
THA 0.57 4,38 0.73
T6B 0.61 4.66 0.67
T7A 0.63 4.16 0.67
T7B 0.50 4,20 0.62
T8A 0.41 3.23 0.62
T8B 0.36 2.74 0.58
T9A 0.46 3.53 0.59
T9B 0.53 4,01 0.56
2A 0.60 4,85 0.47
2B 0.64 4.55 0.47
2C 0.63 4.66 0.47
4A 0.50 4.28 0.94
4B 0.56 4.42 0.94
4C 0.52 4,10 0.94
6A 0.61 4,95 1.42
6B 0.63 5.03 1.42
6C 0.66 4,52 1.42
1 0.75 5.37 2.00
2 0.66 4.76 7.08
3 0.64 4.65 0.38
4 0.62 4,48 0.76
5 0.62 4.72 1.15
6 0.53 4,22 2.00
7 0.59 4.50 5.73
Mean 0.60 4.40
Std. Dev. 0.087 0.4907
C.0.V. 14.59% 11.167%
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