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@ Forsets S, T, let Xs 7 = (Xs,t)ses.teT b€ the matrix of
indeterminates X 1.

o Let K[Xs 7] :=Klxst: s € S, t € T]the polynomial ring
with coefficients in K.

@ Let &7 be the symmetric group on T; the group of all
permutations of T.

Main interest is finite by infinite matrices

X10 X411 X12 Xq3
Xo0 X21 X2 Xoz ...
Xk = X30 X3t Xzg2 Xzg3 ... || K[X[k],N], Sy

Xko Xk1 Xk2 Xk3




@ Let K[Xs 7][&7] be the group ring of & with coefficients in
K[Xs,7]-
(fo) - (97) = (fg)(o).
@ Let St act on K[Xs 7] by permuting columns of Xg 7:

0 - Xst = Xs o(t)

@ K[Xs 7] becomes a (left) K[Xs 7][S r]-module:

(fo)-g=1f(o-9)

Proposition

K[Xs, 7][67]-submodules of K[Xs 7] are the & r-stable ideals;
that is, ideals | C K[Xs 7] such that:

o-fel forallfeloceGr.




The Main Theorem

Theorem (Aschenbrenner-Hillar 2007, Hillar-S)
@ K[X« ] is a Noetherian K[Xx n][6n]-module.

@ Every Gy stable ideal of K[ X n] has a finite symmetric
generating set.

Corollary (Finite to Infinite Ascending Chain Condition)

Form e N, let I, € K[Xk),1m]] be &|m-stable ideals such that for
allmy < mo

K[Xik1,ima)] [S1ma] - Iy € Iy

Then there exists an M € N such that K[ Xk im|[Sm]] - v = Im
for allm > M. That is, there is a finite set of polynomials that
generate all the I, up to symmetry.

N
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Markov Bases

Markov Bases

Definition
Let A: Z" — 79 be a linear transformation. A Markov Basis for

Ais a finite subset B C kerz(A) such that for all u, v € N” with
A(u) = A(v) there is a sequence by, ..., b, € B such that

Q@ u=v+>Yh, b, and
Qv+Ylb>0fori=1,...,L

Markov bases allow us to take random walks over the set of
nonnegative integral points inside of polyhedra.



Markov Bases

Example: 2-way tables

Let A: zkxm _, 7k+m g ch that

k
Alu) = (ZUU’ ZUKJZU/17-~7ZUim)
i=1

= vector of row and column sums of u

kerz(A) = {u € Z¥*™ : row and columns sums of u are 0}
Markov basis consists of the 2(£) () moves like:

0 0 0 0
1.0 -10
10 1 0

Note: there is only one move in Markov basis up to symmetry



Markov Bases

3-way tables

Let A : Zkixkexm _, 7kixketkixmtkexm ha the linear
transformation such that

Alu) = (Z Uiyipig )iy iy’ (Z Uiyl )ivia; (Z Uisioia )i i
iS i2 i1
= all 2-way margins of 3-way table u
= all “line sums” of u.
Markov basis depends on kq, ko, m, contains moves like:
& HE L)

but also non-obvious moves like:

1 -1 0 —1 1 0 0 0 0 0o -1 1 0 1 —1
—1 1 0 0 0 0 1 0o -1 0 0 0 0o -1 1
0 0 0 1 -1 0 -1 0 1 0 1 —1 0 0 0



Markov Bases

Aoki and Takemura’s Shocking Result

Theorem (Aoki-Takemura 2002)

There is a finite set of moves B that, up to symmetry, form a
Markov basis for ky = 3, ko = 3 and all values of m arbitrary.

Most complicated move has format 3 x 3 x 5:

1 -1 0 —1 1 0 0 0 0 0o -1 1 0 1 —1
—1 1 0 0 0 0 1 0o -1 0 0 0 0o -1 1
0 0 0 1 -1 0 -1 0 1 0 1 —1 0 0 0

@ Is there something special about 3 x 3 x m 3-way tables?

@ What about other, higher dimensional, Markov basis
problems?




Markov Bases

Higher Lawrence Liftings

Theorem (Santos-Sturmfels 2003, Hosten-S 2007)

Fix ki, ko, ..., ky_1. There exists a finite set of moves that form
a Markov basis up to symmetry for ki x ko x ---ky_1 x m
contingency tables for every value of m.

Proof idea: study Markov bases of higher Lawrence liftings:

c 00 --- 0
o Cco0 --- 0
0O 0 C - 0
Am(C, D) = : :
0 0 O C
D D D D

as mvaries.



Markov Bases

Fundamental Theorem of Markov Bases

Let A: Z" — 79. The toric ideal I, is the ideal

(xY—x":u,veN' Au=Av) C K[xy,..., X

A

Theorem (Diaconis-Sturmfels 1998)

The set of moves B C kery A is a Markov basis for A if and only
if the set of binomials {x?" — x?™ : b € B} generates I,.

0O 0 0 O
1 0 -1 0 —  X21X33 — X23X31

o’

-10 1 0



Markov Bases

Using the Main Theorem for Markov Bases

Corollary (Finite to Infinite Ascending Chain Condition)

Form e N, let I, € K[Xjx),1m]] be &-stable ideals such that for
allmy < mo

KXk, imo))[Siml - Imy € Imy-

Then there exists an M € N such that K[ Xk im|[S(m]] - v = Im
for allm > M. That is, there is a finite set of polynomials that
generate all the I, up to symmetry.

o Letk = V" k.

@ Each of the toric ideals I4,, for k1 x - - - ky—1 x m Markov
basis problem is an ideal /4, € K[Xx],(m]-

@ Iy, is &y invariant (permuting levels)
® KX, im)l[Sima] - am, € lam,-



Markov Bases

Beyond Markov Bases

Theorem

Consider a statistical model My n, for two discrete random
variables X, Y, with discrete state spaces [k] and [m]. Suppose
that the sequences My ,, m € N satisfies:

@ My m is S|y -invariant, and
@ Ifpe Mym,, then P(X,Y|Y < my) € Mk m,.

Then the vanishing ideals Z(Mx n), m € N have a finite
symmetric generating set.

This applies in very general circumstances:

@ Undirected graphical models with and without hidden
variables.

@ Some directed graphical models, with and without hidden
variables.



Proof

Proof of the Main Theorem

Theorem (Aschenbrenner-Hillar 2007, Hillar-S)
@ K[X« ] is a Noetherian K[ X« n][6n]-module.

@ Every Gy stable ideal of K[ Xk n] has a finite symmetric
generating set.

@ Pass to the initial ideal.

@ Show that symmetric monomial ideals are finitely
generated.

@ Deduce that there are finite symmetric Grébner bases.
@ Unfortunately...




Proof

Unfortunately...

Observation

Regardless of the term order <, the symmetric group action
does not preserve leading terms. That is, for f € K[X n][Sn]
and g € K[Xjx n] it often happens that:

in<(f - g) # in<(f - in<(9)).

Example
Let f = (12), g = x11 + X12. If in<(g) = X12, then

in«(f-g) = Xx12 # x11 = inx(f - in<(g)).

Proposition

There is no term order on K[ Xy n] such that the K[ Xk ] initial
ideal of every Gy stable ideal is Sy stable.




Proof

Increasing Functions

@ Let IN be the monoid of increasing functions from N to N:
M={r:N—-N:7(i) <n(i+1)forall i € N}.

@ Let M act on K[ X« n] by acting on the second coordinate:
T Xs,t = Xsm(t)-
@ K[Xkn] is @ K[X,~][M] module.

Proposition

® Every Gy-stable ideal of K[ X, ] is a MN-stable ideal.

@ If <iex is the column-wise lexicographic term order with
Xs, t; <lex Xsp,t, If 4 < b Orty =t and sy < sp, then if
I C K[Xjx,n] is a MN-stable ideal, so is in, (/).




Proof

The Main Lemma

Lemma

@ Every N-stable monomial ideal in K[ X« ] /s finitely
generated as a K[Xjx v][M]-module.

@ The N-divisibility partial order on the set of monomials in
K[Xqn] (where x!|nx" if there is a = € T such that
m - xY|x") has no infinite antichains and is well-founded.

@ The lN-divisibility partial order is the Higman partial order of
the usual divisibility order of monomials in K[xy, ..., Xk].

@ The Higman partial order of a well partial order is a well
partial order (Higman 1952).




Proof

Computational Framework: Increasing Functions Only

Computing “symmetric” Grébner bases is hard, because a
symmetry group does not respect the term order.

Problem

Design an algorithm to compute Grobner basis for ideals stable
with respect to a monoid (like M) that preserves the term order.

@ Checking M-divisibility is easy to implement.
@ Can use this notion even in ideals | C K[X[4 ] that are
column homogeneous, because

ins(m - f) = 7 - in(f).




Failure of Finiteness

The Action of Two Symmetric Groups

Now let 65 x &7 act on K[Xs 7] by permuting rows and
columns.

Proposition
K[Xy n] is not a Noetherian K[ Xy n][6n x Sn]-module.

Proof.
Consider

I = (X11X12X22X21, X11X12X22X23X33X31 ,

X11X12Xe2X23  * * XmmXm1, - - ) -

There are infinite sequences of bipartite graphs such that none
is isomorphic to an induced subgraph of another. Ol




Independent Sets

A Useful Proposition

Proposition

Let L C M C N be R-modules such that L is finitely generated
and N/L is a Noetherian R-module. Then M is a finitely
generated R-module.

Example (Infinite Dimensional Segre Products)

Let J C K[Yw,n] be a M-stable (under diagonal action on both
indices) and

JDI= <det (y,-1,,-1 y"hfé) ity oy oo fo € N>.

Yiji Yijo
K[YNyN]/I = K[X1,‘X2j : I,j € N]

which is a Noetherian K[ Yy n][[1] module. So J is finitely
generated as a K| Yy n|[M]-module.




Independent Sets

A Conijecture for Affine Semigroup Rings

@ An (affine) semigroup ring K[Q)] is a subring of a
polynomial ring generated by monomials.

@ A semigroup ring K[Q] C K[Xx n] is I1-stable if
xY e K[Q] = w-xY e K[Q] forall 7 €.

@ A semigroup ring K[Q] is divisible if x“|x" in K[Xx)n]
implies that x“|x" in K[Q)].

Conjecture

IFK[Q] € K[ X« n] s a MN-stable semigroup ring, then K[Q)] is a
Noetherian K[Q][M]-module.

IFK[Q] € K[X«n] s a divisible N-invariant semigroup ring,
then K[Q)] is a Noetherian K[Q][N] module.



Independent Sets

Independent Set Conjecture For Markov Bases

Theorem (Hillar-S)

LetT C 2IM pe a simplicial complex, and suppose that
{¢+1,...,N} is an independent set in . Fix the number of
states of random variables X1, Xo, ..., Xy as ki, ko, ..., ks. Then,
up to symmetry, there is a finite set of moves that form a
Markov basis for I', regardless of the number of states of

XE—H y Xg+2, v 7XN-

Example (6-cycle)

) @ Fix the number of states of
(xo ) Cx) X1, X3, X5, at ki, k3, Ks.
@ There is a finite symmetric
° () Markov basis of I' as number of

() states of X, Xy, Xg — 0.




Independent Sets

Generally: Models Contained in a Cl Model

Again: there is nothing special about toric ideals!!!

Theorem (Hillar-S)

Let My m be a family of statistical models for random variables
Y, X1, ..., Xy that is symmetric with respect to states of the X;
and conditioning invariant. Suppose further that

Mym C MX1 X L X Y

Then, if the number of states k of Y is fixed, there is a finite, up
to symmetry, set of generators of Z(My m) for all m.




Open Problems

Open Problems and Future Directions

@ Prove the Noetherian conjecture for semigroup rings (and
possibly other rings).

@ Find effective versions of these results: How large does M
need to be in terms of input data?

@ Computing monoid invariant Grébner bases in finite
polynomial rings.
@ Are there stopping criteria in implicitization computations?



	Finiteness for Markov Bases
	Proof of the Main Theorem; or, How I Learned to Stop Worrying about the Symmetric Group and Love the Monoid of Increasing Functions
	Failure of Finiteness in Natural Generalizations
	The Independent Set Conjecture
	Open Problems

