MONODROMY GROUPS OF
PARAMETERIZED LINEAR DIFFERENTIAL EQUATIONS WITH
REGULAR SINGULARITIES

CLAUDE MITSCHI AND MICHAEL F. SINGER

ABSTRACT. We study the notion of regular singularities for parameterized
complex ordinary linear differential systems, prove an analogue of the Schlesinger
theorem for systems with regular singularities and solve both a parameterized
version of the weak Riemann-Hilbert Problem and a special case of the inverse
problem in parameterized Picard-Vessiot theory.

1. INTRODUCTION

Let
ay

(1.1) I = A(z)Y

be a linear differential equation where A(x) € gl, (C(z)) is an n x n matrix with
coefficients that are rational functions over the complex numbers. One can asso-
ciate two groups to such an equation, the monodromy group and the differential
Galois group. To define the monodromy group one starts by removing the set
S = {ay,...,as} of singular points (possibly including infinity) of (1.1) from the
Riemann sphere P!(C) and fixing a point ag € P!(C)\S. Using standard existence
theorems, there exists a fundamental solution matrix, that is, an n X n matrix
Z = (z;) of functions analytic in a neighborhood of ag with det Z(ap) # 0. An-
alytic continuation of Z along any closed path v in P*(C)\S centered at ag yields
a new fundamental solution matrix Z, which is related to Z via an equation of
the form Z, = ZM, for some M, € GL,(C). One can show that M, depends
only on the homotopy class of v in P*(C)\S and that the map v — M, defines
a homomorphism p : w1 (PY(C)\S;a0) — GL,(C), that is, a representation of the
fundamental group. Selecting a different fundamental solution matrix results in
a conjugation of the image of p. The image of p is called the monodromy group of
(1.1) and is determined up to conjugacy.

To define the differential Galois group of (1.1), one forms the field K =
C(z,21,1,-- - 2n,n) constructed from C(x) by adjoining the entries of Z. Note that
(1.1) implies that this field is closed under the action of the derivation %. The
differential Galois group , also called the Picard-Vessiot group G is the group of all
field-theoretic automorphisms of K which leave any element of C(x) fixed and com-
mute with - (see [19] or [27] for an exposition of the associated theory). One can
show that for any o € G, 0(Z) = (0(2:,;)) = ZM, for some M, € GL,(C). From

the preservation of algebraic relations under analytic continuation, one can show
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that the monodromy group p(mi(P(C)\S;ap)) is contained in the Picard-Vessiot
group G. The Picard-Vessiot group is closed in the Zariski topology, that is, there
exists a system of polynomial equations in n? variables such that G is precisely
the set of invertible matrices whose entries satisfy these equations. Furthermore,
various properties of solutions of (1.1) are reflected in properties of G. For example
the dimension of G (as an algebraic or complex Lie group) is related to the alge-
braic dependence among the z; ;, and the solvability of the connected component
containing the identity of G is equivalent to (1.1) being solvable in terms of expo-
nentials, integrals and algebraic functions.

When one restricts the type of singular points of (1.1), one can say more concerning
the relationship of the monodromy group and the Picard-Vessiot group. We say a
singular point a € S is regular singular if there is an n X n matrix P(z) of functions
meromorphic at a with det P(a) # 0 such that the matrix U = PZ satisfies an
equation of the form

dU A
1.2 - =
(1.2) dx m—aU

where A is a constant matrix, i.e., A € gl, (C) (there is an equivalent definition of
regular singular in terms of the growth of the entries of Z near a. See Chapters
3.1 and 5.1 of [27] for a fuller discussion). A result of Schlesinger ([30], § 159, 160;
[27], Theorem 5.8) states that if all the singular points of (1.1) are regular singular,
then the Picard-Vessiot group is the smallest Zariski-closed subgroup of GL,,(C)
containing the monodromy group.

One may also consider inverse questions, that is, which groups appear as mon-
odromy or Picard-Vessiot groups. For example, one may ask: given a homomor-
phism p : m; (PY(C)\S;a0) — GL,(C), does there exist an equation (1.1) whose
monodromy group is the image of p? This is a version of the so-called Riemann-
Hilbert Problem and has a positive solution (see Chapters 5 and 6 of [27] for a
fuller discussion of the various versions of this problem as well as other references).
Using a solution of this problem, C. and M. Tretkoff showed that any Zariski closed
subgroup of GL,,(C) is the Picard-Vessiot group of some equation (1.1) over C(z).

In this paper we consider similar results for parameterized systems of linear differ-
ential equations. Parameterized families of linear differential systems with regular
singular points arise in the study of isomonodromic as well as monodromy evolv-
ing deformations and their relation to the equations of mathematical physics ([3],
[9, 10], [17], [18], [28], [24, 25], [22]) . We address some analogous fundamental
questions concerning the monodromy groups of such families. More precisely, we
consider parameterized linear differential systems of the form
oY

(1.3) 0y = Ay

where the entries of the matrix A(x,t) are rational functions of  with coefficients
that are analytic in the multiparameter ¢ on some domain of C". We begin, in Sec-
tion 2, by studying equivalent definitions of regular singular points of such systems
and proving bounds on the growth of solutions in the neigborhood of these singulari-
ties. In Section 3, we show that the parameterized monodromy matrices of a system
(1.3) belong to its associated parameterized Picard-Vessiot group. In Section 4, we
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prove an analogue of the Schlesinger theorem for systems with regular singularities.
Our result states that for such systems the parameterized monodromy matrices
generate a Kolchin-dense subgroup of the parameterized Picard-Vessiot group. In
Section 5, we solve a parameterized version of the Riemann-Hilbert Problem and a
special case of the inverse problem in parameterized Picard-Vessiot theory.

2. PARAMETERIZED REGULAR SINGULARITIES

Let U be an open connected subset of C" with 0 € U, and let O, be the ring of
analytic functions on U of a variable ¢. Let oo € Oy and assume «(0) = 0. We will
denote

(1) by Oy((xz — «a(t))) the ring of formal Laurent series in powers of x — a(t)
with coefficients in Oy, that is, elements

Fat) = 3 aslt)(z — a(t)’
i>m
where m € Z is independent of ¢,
(2) by Oy({z — a(t)}) the ring of those f(x,t) € Oy((z — a(t))) that, for each
fixed ¢t € U, converge for 0 < |z — a(t)| < Ry, for some R; > 0.

Lemma 2.1. Let f(z,t) € Oy({z — a(t)}) and let N C U be a compact neighbor-
hood of 0. Then there is R > 0 such that the series f(z,t) converges for all t € N
and 0 < |z — a(t)] < R.

Proof. For each t € U we may assume that R; is maximal, possibly infinite. For
finite Ry, let T'(a(t), Ry) and D(«(t), R:) denote the circle and open disk respec-
tively, with center «(t) and radius R;. If Ry, = oo for some ¢, € U then clearly
R; = oo for all t € U. Assuming this is not the case, R; is a continuous function
of t. To prove this, fix ty € U, and a neighborhood u(tg) of ¢y in U such that
a(t) € D(a(to), Ry,) for all t € u(ty). If t € u(ty), the circles I'(a(to), Re,) and
I(«a(t), Rt) either are equal, or intersect at two points, or are inner tangent. A
simple geometric argument shows that

[R(t) — R(to)| < la(t) — a(to)|
for all ¢ € u(tp), and the continuity of R follows from the continuity of . Since

N is compact, and R; > 0 for all ¢ € N, the function R, (possibly infinite) has a
lower bound R > 0 on V. O

Consider a parameterized linear differential equation
oY

x
where A € gl, (Oy({z — a(t)})). Note that A may be writen as
A_m(t) A (t)

Alz,t) = = ) (@ - ) A(t)

i>—m

(=)™ (z—al)™

where A;(t) € gl, (Oy) for all i > —m, and m € N does not depend on ¢.

Definition 2.2. Two equations

aYy oY
% =AY and % = BY,
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with A4, B € gl, (Ou({z — a(t)})), are equivalent if there exists P € GL,, (Oy({z —
a(t)})) such that
oP

B=_—Pl'4+pApP!
ox

that is, if Y satisfies the first equation, then PY satisfies the second.
Definition 2.3. With notation as before,

(1) Equation (2.1) has simple singular points near 0 if m =1 and A_; # 0 as
an element of gl,, (Oy({z — a(t)})),

(2) Equation (2.1) has parameterized regular singular points near 0 if it is equiv-
alent to an equation with simple singular points near 0.

Note that in the non-parameterized case, simple singular points are sometimes
referred to as “Fuchsian singular points” and regular singular points are sometimes
referred to as “regular points”.

0o -3 1 " t 0 1
0 O (m—t)Z 0 t—2 r—t
t—1 0 1
B = < 0 t—l)x—t

A calculation shows that B = %Pfl + PAP~! where

1 ( *1)2
P = x—t z—1
< 0 z-—t )

Therefore, the equations %—Y = AY and %—Y = BY are equivalent. Since %—Y = BY
X xr X

has simple singular points near 0, the equation % = AY has parameterized regular

singular points near 0.

Example 2.4. Let

A

In the previous example, we transformed an equation with regular singular points
near 0 into an equation that not only has simple singular points but is of the form

ay _ _A®) v
ox — z—a(t)” -
0= (z— a(t))%. If Equation (2.1) has simple singular points near 0 we may also
write it as
(2.2) Y = (Z(x - a(t))iAi(t))Y

>0

with (renamed) A; € gl, (Oy({z — a(t)})) and Ay # 0. We will show that such
an equation is equivalent to an equation of a simpler form. The proof is a slight
modification of the similar one for non-parameterized equations in [27].

We shall now show that this can be done in general.  Let

Proposition 2.5. Assume that in Equation (2.2) no eigenvalues of Ay(0) differ by
positive integers. Then there is an open connected subset U’ of U and matrices
P; € gl (Oy) such that

1) the substitution Z = PY, with

Plx,t) =T+ Y (z—a(t) Pi(t),

i>1
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transforms Equation (2.2) into
87 = Ap(t)Z,

2) the series P(xz,t) converges for (z,t) € D(a(t), R) x U', for some R > 0
that does not depend on t.

Proof. We begin by noting that since no eigenvalues of Ay(0) differ by positive
integers, there is a neighborhood U’ C U of 0 such that for ¢ € U’, no eigenvalues of
Ap(t) differ by positive integers. We will now follow the proof of Proposition 3.12
of ([27]), p. 64). We wish to construct a matrix P,

P(z,t) =1+ (z—a(t) P(t)
i>1
such that
Ao(t)P(x,t) = P(x,t)A(z, t) + 0P (z,t).
Comparing powers of x — a(t) we see that
(2.3) AoP; — Py (Ag +il) = Aj + A1 Py + ...+ A1 Py

for all ¢ > 1 (with Py = I). As noted above, for fixed ¢ € U’ no eigenvalues of Ay(t)
differ by positive integers. Therefore, for t € U’, the map

X = Ag(H)X — X (Ag(t) +il)

is an isomorphism on gl,,(C) and the matrix M(¢) representing this C-linear map
has a nonzero determinant. This implies that the entries of M (¢)~! are analytic on
U’ and that we can solve Equation (2.3) to find matrices P;(t) whose entries are
analytic on U’.

We now turn to the statement concerning convergence. The formal power series
P(x,t) (in powers of x — «(t)) satisfies the differential equation

0P(z,t) = Ao(t)P(x,t) — P(x,t)A(z, t).

For each fixed value of ¢ this is a differential equation with a simple (Fuchsian)
singularity. Lemma 3.9.2 of [33] or the proof of Lemma 3.42 of [27] implies that
P(z,t) has a radius of convergence at least as large as that for A(z,t). We may
assume that I/ is compact with 24’ C U and hence, by Lemma 2.1 above, that there

is an R > 0 such that A(x,t) converges for all t € Y’ and 0 < |z — a(¢t)| < R, which
ends the proof of 2). O

Let us deduce from Proposition 2.5 a slightly weaker result without the hypoth-
esis on Ag(0).

Corollary 2.6. Consider the general equation (2.2). Then there exists

e a constant matrix C' € GL, (C),
e an n X n matrix

(x— o)L 0 0
0 (x —a)™Iy ... 0
S = ) . .
0 0 v (x—alt) I
where for some s the r;, i = 1,...,s, are nonnegative integers and the I;

are identity matrices of various sizes,
e an open connected subset U’ of U and matrices P; € gl,,(Oy),
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such that
1) the substitution Z = PSCY, with
Pz, t) =T+ (x—at) Pi(t),
i>1
transforms (2.2) into
(2.4) 67 = At)Z

where A € gl,, (Our),
2) the series P(x,t) converges for (z,t) € D(a(t), R) xU’ for some R > 0 that
does not depend on t.

Proof. We will perform a shearing transformation to replace Equation (2.2) by
an equation satisfying the condition of Proposition 2.5 on Ay(0), as follows. Let
c1,...,¢s be the distinct eigenvalues of Ap(0) and assume that co —c¢; = m, a
positive integer. Replacing, if needed, Y by CY for some C € GL,(C), we may
assume that

Ay 0 ... 0
0 Ags ... 0
Ao(0) = : : : :
0 0 ... Aoys
where Ay ;, for i =1,...,s, is a matrix in Jordan normal form with eigenvalue c;.
Let
(x—a)™l; 0 ... O
0 I ... 0
T = . . .
0 0 ... I

where each I; is an identity matrix of the same size as Ag;. The substitution
Z =TY transforms Equation (2.2) into an equation

57 = (Z(m - a(t))iAi)Z
i>0

where the eigenvalues of Ag(0) are ¢; +m, ca, ..., ¢s, that is, Ag(0) has fewer eigen-
values differing by positive integers. By induction, one constructs a matrix S such
that the transform of Equation (2.2) via Z = SCY satisfies the condition of Propo-
sition 2.5, whose conclusion ends the proof. ([l

The following corollary shows that our definition of a parameterized regular
singularity yields, as in the non-parameterized case, solutions that have moderate
growth in the neighborhood of this moving singularity.

Corollary 2.7. Assume that Equation (2.1) has regular singular points near 0.
Then there is an open connected subset U’ of I such that
1) Equation (2.1) has a solution Y of the form
(25) Yie.t) = (Y@ a)Qu) @ a(t)i
i>ig

with A € gl, (Oy) and Q; € gl,,(Oy) for all i > i,



MONODROMY GROUPS OF PARAMETERIZED DIFFERENTIAL EQUATIONS 7

2) for any r-tuple (myq, ..., m,) of nonnegative integers there is an integer N
such that for any fixed ¢t € Y’ and any sector S; from «(t) in the complex
plane, of opening less than 27,

mi+... M,
lim (z — a(t))Na Y(z,t)

z—a(t) o™ty ... 0" t,
rESt

=0.

Proof. Under our asumptions, Equation (2.1) is equivalent to an equation with
simple singularities near 0. We shall prove the conclusion for this new equation and
one easily sees that it holds for the original equation as well.

Assume Equation (2.1) has simple singular points near 0. Corollary 2.6 implies
that there are C, S and P as described above such that Y is a solution of Equation
(2.2) whenever Z = PSCY is a solution of Equation (2.4). This shows that

Y = (PSC) L (z — a(t)) "

is a solution of the desired form (2.5). Differentiating (2.5) yields a form that
satisfies the conclusion of 2). O

Solutions of parameterized differential equations with irregular singularities have
been studied in [1] and [29]. Assuming 0 is a (non-moving) irregular singularity,
these authors gave a condition on the exponential part of a formal solution in the
usual form

Y (z) = H(z)z"e?
to ensure that the coefficients of the formal series H (z) depend analytically on the
multiparameter.

3. PARAMETERIZED MONODROMY

3.1. Classical Picard-Vessiot theory and monodromy. Consider a differential
equation

ay
dx

where A € gl (Q(x)). To apply differential Galois theory to this equation we need
to work over an algebraically closed field containing Q, for example Q, the algebraic
closure of Q. But when we talk about monodromy matrices and want to say that
the monodromy matrices lie in the Picard-Vessiot group, we need to account for
the possibility that these matrices have transcendental entries. To deal with this,
we usually consider the Picard-Vessiot theory over C(z), but we might use any
algebraically closed field containing the entries of the monodromy matrices.

= A(x)Y

This raises the question: does the group change when we go to a bigger field
of constants? The answer is given by the following proposition. We note that
Propositions 3.1 and 3.3 below can be stated in far greater generality than stated
here (see [13], Theorem 9.10 for an approach via Tannakian categories and also [11],
pp. 80-81 for similar results concerning difference equations) yet we present a proof
here using simple tools that allows us to prove this result in our restricted setting.

If not otherwise specified, the derivation will be denoted by ( ). We will write PV-
group and PV-extension, for short, for the Picard-Vessiot group and Picard-Vessiot
extension respectively.
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Proposition 3.1. Let Cy C C; be algebraically closed fields and ko = Cp(x), k1 =
C1(z) be differential fields where ¢/ =0 for all ¢ € Cy and 2’ = 1. Let

(3.1) Y = AY

be a differential equation with A € gl (ko). If G(Cy) C GL,(Cy) is the PV-group
over kg of Equation (3.1) with respect to some fundamental solution, where G is
a linear algebraic group defined over Cjy, then G(C;) is the PV-group of (3.1) over
k1, with respect to some fundamental solution.

Proof. Equation (3.1) has a regular point in Cy and we shall assume this is =
0. We can think of C;(x) as a subfield of the field (of formal Laurent series)
Ci((z)) for i = 0,1. Since 0 is a regular point, Equation (3.1) has a solution Z; €
GL,(Col[[z]]) € GL,(Co((x))) (note that this solution is found by substituting Zy =
Zoo+Zo1w+ Zo2x? +. .. into (3.1) and equating powers of z. Assuming Zg o = I,
ensures that Zy € GL,(Cy[[z]]). Since the differential field Ko = ko(Zo) C ko((z))
has no new constants, it is a PV-extension of ky for Equation (3.1). Similarly,
K, = k1(Zy) is a PV-extension of k; for Equation (3.1).

Let RO = kQ[ZO] and R1 = kl [ZQ] We may write RO = ko[Y]/IO and R1 =
k1[Y]/Z, where Y is a set of n? indeterminates and Zy and Z; are ideals in their
respective rings. Let us prove that Z; = ki - Zy. Clearly, ki - Zyp C Z;. To show
the other inclusion, let P € Z;. By clearing denominators, we may assume that
P € Cy[z][Y]. Let us write P = Y d;P; where {d;} is a Cy-basis of C; and
P, € Cylz][Y]. Note that the d; are linearly independent over Cy[[z]] as well.
Substituting Zy for Y in P, we have that P(Zy) = > d;Pi(Zy) = 0. Therefore
P; € 7, for each ¢ and so P € ky - Zg.

For i = 0,1, the PV-group of K; over k; consists of the matrices B in GL,(C;)
such that Z1 B is again a zero of Z;. Let Ty = (f1,..., fm) be generated in ky[Y]
by polynomials f; € ko[Y]. The PV-group of Ky over ko then consists of all
B € GL,,(Cy) such that f;(ZoB) =0 for j = 1,...,m. We may consider f;(ZyB)
as an element of Co((z)) and write f;(ZoB) = Y5, fej(B)z" where f;;(B) is a
polynomial in the entries of B with coefficients in Cy. The PV-group of Ky over
ko is therefore defined as

Go ={B € GL,(Cy) | fe;(B) =0, for j=1,...,m and £ > £y, }.

Since 7 = ky - Zp, we have Iy = (f1,..., fm) in k1[Y], and the PV-group of K,
over k; is also defined as G1 = {B € GL,(C4) | f;(ZoB) =0 for j =1,...,m} and
therefore as

G ={B € GL,(C1)|fr;(B) =0, for j =1,...,mand £ > {,.}.

This means that if G is a linear algebraic group defined over Cy by {f¢ ;(B) = 0}
then the PV-group of K; over k; is G(C;) for i = 0,1. To end the proof, note that
the linear algebraic group G defined over Cj is uniquely determined by the group
G(Cy) of its Cy-points. O

Corollary 3.2. Assume in Equation (3.1) that A € gl,,(Co(x)) where Cp is some
algebraically closed subfield of C. Assuming 0 is a regular point, let us fix it as the
base-point of 71 (P(C)\S), where S is the set of singular points of (3.1) on P1(C).
Let G(Cp) be the PV-group of (3.1) over Cy(x), where G is a linear algebraic group
defined over Cy. If C; is any algebraically closed subfield of C containing Cy and
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the entries of the monodromy matrices, then the monodromy matrices are elements
of the PV-group G(C1) of (3.1) over Cy(x).

Proof. With notation from the proof of Proposition 3.1, note that the matrix Zj
has entries that are convergent in some neighborhood of 0 since at a regular point
formal solutions are convergent. Let M be a monodromy matrix with respect to Zg
corresponding to an element [v] of w1 (P*(C)\S) and let P € 73, that is, P(Zy) = 0.
We again may assume that P € Cy[z][Y]. To show that M € G(Cy) it is enough to
show that P(ZyM) = 0. Note that we can analytically continue P(Zy) around ~
and the result will be P(ZyM). Since P(Zy) = 0, we have P(ZyM) = 0 as well. O

3.2. Parameterized Picard-Vessiot theory and monodromy. In the parame-
terized Picard-Vessiot theory (PPV-theory for short) one has a similar issue: the
equation may have coefficients that lie in one differentially closed field while the
parameterized monodromy matrices have entries that lie in a larger differentially
closed field. For general definitions and facts about PPV-theory we refer to [8] and
[20].

We will first prove a result similar to Proposition 3.1 for parameterized Picard-
Vessiot extensions (PPV-extensions for short). For simplicity of notation, we shall
consider equations of the form

)4

(3.2) 9w Az, t)Y

where A(z,t) € ¢l,,(Oy(z)), witht = (¢1,...,t,) in some domain Y € C". We shall
denote differentiation with respect to z,t1,...,t. by 04,04, ...,0:, respectively,
and let A = {04,0¢,...,0:,} and Ay = {0,,...,0: }. Let C be a differentially
closed A-extension of some field of functions that are analytic on some domain of C"
and let 0, denote for each 7 the derivation extending J;,. We define the differential
A-field k = C(z), where z is an indeterminate over C, by letting 0, (z) = 1,0, (z) =
0 for each 7 and 9,(c) = 0 for all ¢ € C. We willl always assume that C' is chosen
such that A € gl,,(k). For the definition of a differentially closed field, see ([8],
Definition 3.2).

PPV-extensions of k for Equation (3.2) are of the form K = k(Z) where K has
no new J,-constants and Z is a fundamental solution for (3.2). The brackets {(...)
denote the fact that K is generated, as a A;-field, by the entries of Z, that is,
K =k(Z,00,2,...,0,,2,...,03"...077Z,...). Note that this is automatically a
0-field as well, with 0,Z = AZ, 0,(0:,Z) = (01, A)Z + Ady, Z for each i, etc.

Proposition 3.3. Let Cy C C; be differentially closed A;-fields and let kg = Cp(z),
k1 = C1(x) be A-fields as above. Let

(3.3) 0:Y = AY
be a differential equation with A € gl (ko). If G(Cp) C GL,,(Cp) is the PPV-group
over ko of Equation (3.3) with respect to some fundamental solution, where G is

a linear differential algebraic group defined over the differential A-field Cy, then
G(Cy) is the PPV-group over k; of (3.3) with respect to some fundamental solution.

Proof. The proof is basically the same as in the non-parameterized case. Equation
(3.3) has a regular point in Cy and we shall assume this is x = 0. We can think of
C;(x) as a subfield of the field (of formal Laurent series) C;((x)) for i =0, 1. Since
0 is a regular point, Equation (3.3) has a solution Zy € gl,(Co((z))). Assuming
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(using the previous notation Zy = > Z;z') that Zoo = I, ensures that Z, €
GL,(Co((2))). Since Koy = ko(Zo) C ko((x)) has no new 9,-constants, it is a PPV-
extension of kg for Equation (3.3). Similarly Ky = k1(Zy) is a PPV-extension of k;
for (3.3).

Let Ry = ko{Zo} and Ry = k1{Zo} (where {...} denotes the differential ring
generated by ...). We may write Ry = ko{Y'}/Zo and Ry = k1{Y}/Z; where Y
is a set of n? differential indeterminates and Ty and Z; are differential ideals in
their respective rings. Exactly as in the non-parameterized case, one shows that
7y = ky - Ip.

For ¢ = 0,1, the PPV-group of K; over k; is the set of matrices B in GL,(C;)
such that ZyB is again a zero of Z;. Let Zy = {f;},;es for some indexing set J.
We then have that the PPV-group of Ky over kg is the set of B € GL,(Cp) such
that f;(ZoB) = 0 for j € J. We may consider f;(ZoB) as an element of Cy((z))
and write f;(ZoB) = 345, fe.;(B)z* where fo;(B) is a differential polynomial in
the entries of B with coefficients in Cy. Therefore the PPV-group of Ky over kg is
defined as

Go = {B € GL,(Cy)|fr;(B) =0, for j € J and £ > £y, }.

Since 71 = ki - Zo, the differential ideal Z; is generated by {f;}jes in k1{Y}, and
hence the PPV-group of K7 over k; is defined as

G ={B € GL,(C1)|fr;(B) =0, for j € J and £ >y, }.

This means that if G is the linear differential algebraic group defined over Cy by
{fe,;(B) = 0}, then the PPV-group of K; over k; is G(C;) for i = 0,1, and since G
is defined over Cy by the group of its Cp-points, this ends the proof. O

We shall now show that the parameterized monodromy matrices (defined below)
of Equation (3.2) are elements of the PPV-group.

Let D be an open subset of P1(C) with 0 € D. Assume that P1(C)\D is the union
of m disjoint disks D; and that for each ¢ € U, Equation (3.2) has a unique singular
point in each D;. Let 7;, i = 1,...,m be the obvious loops generating 71 (D, 0).
Let us fix a fundamental solution Zj of (3.2) in the neighborhood of 0 and define,
for each fixed t € U, the monodromy matrices of (3.2) with respect to this solution
and the ;. We will call these matrices, which depend on t, the parameterized
monodromy matrices of Equation (3.2).

In the classical, non-parameterized situation, we gave an argument using analytic
continuation of P(Zy) where P had coefficients in Cp(z). This argument made
sense because the coefficients of P were a fortiori analytic functions. In the present
situation the coefficients, a priori, do not have such a meaning. The following result
of Seidenberg [31, 32] allows us to give them such a meaning.

Theorem 3.4 (Seidenberg). Let Q C K C K; be finitely generated differential
extensions of the field of rational numbers QQ, and assume that X consists of mero-
morphic functions on some domain €2 € C". Then K; is isomorphic to a field K} of
functions that are meromorphic on a domain Q; C 2, such that K|g, C K.

Note that finitely generated here means finitely generated in the differential sense.
We are now able to prove the same result as in the PV-case.
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Theorem 3.5. Assume in Equation (3.2) that A € gl,,(Co(x)), where Cj is any
differentially closed A;-field containing C and let C; be any differentially closed
As-field containing Cy and the entries of the parameterized monodromy matrices
of Equation (3.2) with respect to a fundamental solution of (3.2). Then the param-
eterized monodromy matrices belong to G(Cy), where G is the PPV-group of (3.2)
over the A-field Cy(x).

Proof. As in the proof of Proposition 3.3, let us construct a formal fundamental
solution Zy € GL,,(Cy((x))) of Equation (3.3). The coefficients of the power series
Zy are matrices whose entries are polynomials, with integer coefficients, in the x-
coefficients of the entries of A(x,t), assuming as we are that Z, has the initial
condition Zy(t,0) = I,. The coefficients of Z; are therefore analytic on some
domain U4 C C". The usual estimates show that Z; is analytic in V x U where V is
a neighborhood of 0 in the z-plane. Let K be the differential A;-field generated over
Q by the x-coefficients of the entries of A(z,t) (that is, the coefficients of powers of
x of these rational functions). Note that K consists of functions meromorphic on
U. Let M be a parameterized monodromy matrix corresponding to some [y]. For
any differential polynomial P € Cy(x){Y} let us show that P(ZyM) = 0 whenever
P(Zy) = 0. As in the PV-case, this will prove that M € G(Cp). Let K1 be a finitely
generated A;-field extension of IC such that M € GL,, (K1) and P € Ky (z){Y}.. The
Seidenberg theorem applied to I and Iy allows us to identify IC; with a differential
field of meromorphic functions on some U; C U and in particular to consider P(Z)
and P(ZyM) as functions analytic on V x Uy for some Us C U;. Let us continue
P(Zy) along , considered for each fixed ¢ € Uy as a path in D x {t} C D x Us.
Since the coeflicients of P remain unchanged, P(ZyM) = 0 holds after continuation
along ~. O

4. A PARAMETERIZED ANALOGUE OF THE SCHLESINGER THEOREM

We consider as before a parameterized equation

)4
4.1 — = A(z,t)Y
(41) = A
where A(x,t) is a rational function of x with coefficients that are functions of a
multi-variable t = (¢1,...,t,), analytic in some domain &/ € C" containing 0. We

shall denote differentiation with respect to z and ¢1,...,%¢, by 0, and 04,,...,0;
respectively and let as before A = {9;,0¢,,...,0: }, Ay = {0%,...,0:}.
The following lemma is inspired by a result of R. Palais ([26]).

r

Lemma 4.1. Let F be a A-field of functions that are meromorphic on V x U
where V C C and & C C" are open connected sets, and let C, = {u € F | 9,u = 0}.
Furthermore assume x € F. Let f € F be such that f(x,t) € C(x) for each ¢t € U.

Then for some m € N, there exist ag, ..., am,bo,...,bn € C; such that
m i
QT
Fla,t) = 20T
Zi:o b;x?

Proof. For each r € N, let
X, ={teU| f(z,t) is a ratio of polynomials of degrees at most r}.

By asumption U = U,.cnX,. The Baire Category Theorem implies that for some m,
the closure of X,, has a nonempty interior. For ¢t € X,,, there exist ags,...,am.y,
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bots ... bm+ € C such that

[z, t) = Lot amxf.
’ ZZO bix
This implies that, for t € X,,,

e f(z,8), 2™ f(x,t), . flat), 2™l

are linearly dependent over C. In particular the Wronskian determinant (with
respect to 9;) W(x,t) = wr(x™f(x,t),a™ L f(x,t),..., f(x,t),2™, ... 1) vanishes
for any t € X,,. Since the closure of X,,, has a nonempty interior, W(z,t) = 0 on
a nonempty open set and so is identically zero. Since

o™ f(x,t), ™ f(a,t), . f(a,t), 2™, 1 EF

the vanishing of the Wronskian determinant implies that these elements are also
linearly dependent over the 0,-constants of F, that is, C,. Therefore there exist
a0, -+ s bo, - . ., by € Cy, not all zero, such that (Y-, bia") f(x,t) = it aix’.

O

This lemma is the key to proving an analogue of the Schlesinger theorem.

As in the previous section, let D be an open subset of P*(C) with 0 € D, assuming
that P*(C)\D is the union of m disjoint disks D; and that for each t € U, Equation
(4.1) has a unique singular point z;(t) in each D;. Let v;,i = 1,...,m be the
obvious loops generating 71(D,0). We also assume that 0 € «. We construct as
before a fundamental solution Zy of (4.1) near 0 € D, analytic on V x U where V is
some neighborhood of 0 in D, and such that Zy(¢,0) = I,,. By the theorem about
analytic dependence on initial conditions (¢f. [7]), the analytic continuation of Z;
along each ~; (for each fixed t € U) provides a solution which is again analytic on
V x U. We may therefore assume, on a possibly smaller ¢/, that B,, € GL,(Oy)
for each parameterized monodromy matrix 5., with respect to Zp.

In what follows k(x), for any differential A,-field &, will denote the field of ratio-
nal functions in the indeterminate x and coefficients in k, where z is a A;-constant
and O, is the usual, formal differentiation of rational functions with 9,(z) = 1
and 0;(a) =0 for all a € k.

Theorem 4.2. With notation as before, assume that Equation (4.1) has regular
singularities near each z;(0), ¢ = 1,...,m. Let k be a differentially closed A;-field
containing the z-coeflicients of the entries of A, the singularities z;(¢) of (4.1) and
the entries of the parameterized monodromy matrices with respect to Zy. Then the
parameterized monodromy matrices generate a Kolchin-dense subgroup of G(k),
where G is the PPV-group of (4.1) over k(z).

Proof. Under the asumptions of the theorem, K = k(x)(Z,) is a PPV-extension
of K for (4.1) (it has no new constants) and by Theorem 3.5 we know that the
parameterized monodromy matrices lie in its PPV-group G(k). We now wish to
show that these generate a Kolchin-dense subgroup. Using the parameterized Galois
correspondence it is enough to show, for any f € K, that f € k(x) whenever f is left
invariant by the action of the monodromy matrices. Let Fy be the differential A;-
subfield of k generated over QQ by the coefficients of powers of x in the entries of A,
the singularities x;(t) and the entries of the parameterized monodromy matrices
with respect to Zy. Note that Fy consists of functions meromorphic on Y. Let us



MONODROMY GROUPS OF PARAMETERIZED DIFFERENTIAL EQUATIONS 13

fix f € K, and any finitely generated differential A;-subfield F; of k containing
Fo, such that f € Fi(x)(Zp). Using Theorem 3.4 we may consider F; as a field of
meromorphic functions on some (possibly smaller than V xU) domain 2 of the (z, t)-
space. We may moreover assume that f is a rational function, with coefficients that
are analytic functions on  (rational in z, analytic in t) in the entries of both Zj
and some A;-derivatives of Zy. Assume that f is left invariant by the parameterized
monodromy matrices, that is, by analytic continuation of f along each ~;, for any
fixed value of ¢ such that (0,¢) € Q. For such fixed values of ¢, Corollary 2.7 implies
that f has moderate growth at its singular points. Therefore, for these fixed values
of t, f is a rational function of z with coefficients in C. Lemma 4.1 implies that
f is a rational function of x with coefficients in the subfield C, of d,-constants of
F1(x){Zy), and since C, C k, this ends the proof. O

5. A WEAK PARAMETERIZED RIEMANN-HILBERT PROBLEM

Classically, the weak form of the Riemann-Hilbert Problem is:

Let S ={ai,...as} be a finite subseet of PL(C) and ag € P}(C)\S.
Given a representation

p:m(PH(C)\S;a0) — GL4(C)

of the fundamental group w1 (P*(C)\S;a0) show that there exists a
linear differential system

dY
— =AY
dx

with A € gl (C(x)), having only regular singular points, all in
S, such that for some fundamental solution analytic at ag, the
monodromy representation is p.

Solutions of this problem go back to Plemelj with modern versions presented by
Rohrl, Deligne and others (see [2] or [27] for presentations of solutions and historical
references). In this section, we will present a solution to a parameterized version of
this problem and apply this to the inverse problem in parameterized Picard-Vessiot
Theory.

To state a parameterized version of the weak Riemann-Hilbert Problem, note that
a representation of 7 (P*(C)\S; ag) above is determined by the images of the gener-
ators of this group, that is, by selecting s invertible matrices My, ..., M, such that
My - ... - Mg = I,, the identity matrix. We will present a solution of the following
weak parameterized Riemann-Hilbert Problem

Let S = {ay,...as} be a finite subset of P1(C) and ag € P*(C)\S,
and let D be an open polydisk' in C". Let v1,...,vs be generators
of m1 (PY(C)\S;a0) and, fori=1,...,s, let M; : D — GL,(C) be

analytic maps with My - ... - My = I,. Show that there exists a
parameterized linear differential system
oY
— = Az, )Y
81‘ ( Y )
LAn open polydisk D is a set of the form {t = (t1,...,t) | [t; —w;| <r; 1 <j <r}for some

w = (w1, ...,w,) and positive real numbers ;.
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with A € gl (Op/(x)) for some open polydisk D' C D, having only
reqular singular points, all in S, and such that for some fundamen-
tal solution, the parameterized monodromy matrixz along each ; is
M;.

Let K be the field of functions, meromorphic on D, generated over Q by the
entries of the matrices M;. The assignment 7; +— M; yields a homomorphism
x : T (PHC)\S; a9) — GL,(K).

Modern solutions of the weak Riemann-Hilbert Problem use the techniques of an-
alytic vector bundles and we will proceed in a similar fashion following the presen-
tation in [6]. We begin by first constructing a family of vector bundles on P!(C)
together with a family of meromorphic connections. We will then show how this
yields a solution of the weak parameterized Riemann-Hilbert Problem. We note
that the related but different problem of constructing an isomonodromic family
including a given Fuchsian differential equation is considered in [23] and [21] (see
also [16] and [28]).

Vector bundles are determined by cocycles with respect to coverings so we will
proceed by defining parameterized cocycles on P1(C). We begin by considering
P1(C)\S (and will fill in the “holes” later).

Let Usy1,...,Un be a covering of P*(C)\S by open disks (other disks Uy, ..., Us
will be defined below) and let 7; be a path in P1(C)\S from z, to the center of U;.
For each pair (i, j) with ¢ < j and U; NU; # 0, let §; ; be a the line-segment joining
the center of U; to the center of U;. Let

9 = X([:© i j on; ']) € GLyu(K).

By replacing D with a smaller open polydisk if necessary, we may assume that the
entries of all the g; ; are analytic functions on D. For each ¢t € D, we consider
gi;(t) : U;NU; — GL,(C) as a constant function on U; NU;. One can easily check
that, for fixed ¢t € D, the {g; ;(¢)} form a cocycle and therefore define an analytic
vector bundle F(t) of rank n over P'(C)\S. For later use it is important to note
that the the {g; ;} can also be thought of as forming a cocycle on (P*(C)\S) x D
with respect to the covering {U; x D} and so define an analytic vector bundle F
on (P(C)\S) x D.

For each t € D, we define a system of linear differential equations locally over each
Uj,i=s+1,..., N via the forms

dy = wi(t)y
where each w;(t) = 0. Of course, this is just the trivial system and one has, on each
nonempty intersection U; N Uj,

wit) = d(gi.3 (1)) (gi(6) ™" + (g3 (6))w; () (95,5 (1))
since the g; ;(t) are constant on these sets. Therefore these local systems patch
together to form an analytic connection V(¢) on F(t). Trivially, if we write V(¢) in
terms of local coordinates, one has that the terms appearing depend analytically
on ¢ (and this holds for any other trivializing covering as well). Furthermore, for
each t € D, the monodromy associated with simple loops ~; from zy surrounding
each x; corresponds to M;(t).
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We will now fill in the “holes” and extend each (F(t),V(t)) to a holomorphic
vector bundle F(t) on all of P!(C) and meromorphic connection V(¢) on F(t). Let
Ui, ...,Us be pairwise disjoint open disks centered at a1, ...,as (for simplicity, we
will assume that these are all finite points). Shrinking D again if necessary (but
keeping the same notation), there exists for each ¢ an analytic function N;(t) : D —
gl (C) such that N;(¢t) = (1/2mi)log(M;(t)). On each U;, 1 < i < s, consider for
fixed t € D the meromorphic system

Ni(t)

5.1 dy = ——“<d(z—a)y.
(51) Vo= i)y
For each i, 1 <7 < s, select an « such that U; U, # 0 and let Y;(z, ) be a solution
of (5.1) on this latter set. We may write

Yi(z,t) = (z — a;))V®.

on U; NU,. Let g; o = Yi(x,t). If Ug, B # «, also has nonempty intersection with
Ui, we consider a path in U; from a designated point u; € U;NU, ending in U; NUg
moving in the counterclockwise direction (less than one turn) around a;. We let
gi,3 denote the analytic continuation of g; , along this path. One can show that
the g, thus defined for all 1 < k,! < N such that Uy NU; # 0, define a cocycle for
the covering {U; x D}1<;<n of P}(C) x D. This cocycle yields an analytic vector
bundle F on P*(C) x D. A fortiori, for each t € D, {gx(t)} defines a cocycle for
the covering {U;}1<;<n of P}(C) and this yields, for each ¢ € D an analytic vector
bundle F(t) on P(C).

We now claim that for each t € D the local systems {dy = w;(t)y}}Y, define a
meromorphic connection on P!(C). We need only check compatibility on sets of
the form U; NU, with 1 <i<s,5s+1 < a < N. On such a set we have

d(gi.0(1)gia() ™! + (910 (D)wa () (gi.a(t) T = dVi¥" = wilt)

which proves compatibility. Therefore, for each ¢ € D, we have a connection V (¢) on
F(t). Note that in local coordinate, the terms of V(¢) depend analytically on t. We
refer to the pair (F(t),V(t)) as the canonical extension of (F(t),V(t)), and this
generalizes similar notions in the non-parameterized case introduced by Deligne.
Note that the connection V(¢) has at worst logarithmic poles at the a;,i =1,...,s.
Therefore, the differential systems will have regular (even Fuchsian) singular points

in the local coordinates.

We now wish to change the covering of P*(C) x D and consider the vector bundle
F with respect to this new covering. In particular, let p; # p2 be points of P1(C)
and let V; = PY(C)\{p2} and Vo = P}(C)\{p1}. We claim that F is isomorphic
to a vector bundle determined by a single cocycle g12 : (V1 NV2) x D — GL,(C).
First note that both V3 x D and V5 x D are contractible topological spaces so any
vector bundle over these spaces is topologically trivial. Furthermore, both of these
sets are Stein manifolds ([15], p. 209) so any topologically trivial analytic vector
bundle is analytically trivial ([14], Satz 2, [12], Corollary 3.2). Therefore, V4 x D
and V5 x D form a covering such that the vector bundle is analytically trivial on
each set. This implies that the vector bundle is indeed determined by a cocycle
gl’g : (Vl N ‘/2) x D — GLn(C)
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Under the isomorphism described above, the connections V(¢) have a new coordi-
nate description. If we consider the covering {U; }1<;<n of P*(C), the isomorphism
yields equivalent cocycles g; ;(t) = I';(t)"1g; ;(t)I'j(t) where T';(t) and I';(¢) are an-
alytically invertible matrices on their respective coordinate patches. Since we are
dealing with an isomorphism of vector bundles over P!(C) x D, one sees that the
T';(t) are holomorphic in t as well. The local forms of the connection in this new
coordinate description become

(5.2) dy = @i(t)y,
where

@i(t) = d@))s) ™ + Ti(twi(O)Ta(t)
Note that the w;(t) also has, at worst, poles of order 1 at the a;.

We now turn to the solution of the weak parameterized Riemann-Hilbert Problem.
In the solution of the Riemann-Hilbert Problem as presented in Chapter 3 of [2], the
authors appeal to the Birkhoff-Grothendieck Theorem. To prove the existence of a
system (5.3) that solves the parameterized weak Riemann-Hilbert Problem, we shall
use a parameterized version of the classical Birkhoff-Grothendieck Theorem. We
can assume that s > 2 (otherwise the Riemann-Hilbert Problem is trivial). Consider
the vector bundle F on P*(C) x D with respect to the covering {V; x D,V x D},
as defined above, where p; = a1 and po = ao. For simplicity of notation we will
assume that a; = 0 and as = oo. Let g12 : (Vi NV2) x D — GL,(C) be the
associated cocycle. The parameterized Birkhoff-Grothendieck Theorem (cf. [21],
Proposition 4.1; [4], Theorem 2; [5], Theorem A.1) states:

There exists an open polydisk D' C D as well as maps

o, : Vi x D' — GL,(C) with ®q, <I>1_1 analytic on Vi x D', and

Oy : Vo x D' — GL,(C), with D, <I>§1 analytic on Vo x D' such

that

Gip = @2,y

where A = diag(\q, ..., \,) for integers Ay > ... > \,.2
We will now consider (an isomorphic copy of) F determined by ®; and ®5. Note
that the cocycle defining this vector bundle is (z—a;)* : ViNVa x D’ — GL,(C). In
these new coordinates, for each ¢ € D', the connection V(t) above V; corresponds
to a linear differential equation

oY

— = Ay (z,t)Y

e 1(z,t)
where A; is analytic in ¢ and analytic in = outside of {aj,as,...,as} and having
poles of order at most one at these points. Above V5 we have the expression

oY

— = As(u,t)Y

ou 2(u.?)
where Ay is analytic in ¢ and analytic in w = 1/z outside of = € {as,as,...,as}
and having poles of order at most one at these points. Using the cocycle, we have

a(xh)

Aq(z,t) = A 4 2h Ay (1, )z

ox

20ne may also select D’ to be D\X where ¥ is an analytic subset of codimension 1 and assert
that ®; and ®2 are meromorphic along ¥ but we shall not need this stronger version.
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Since the right-hand side of this equation represents a function meromorphic at
T = 0o, we have that A; is meromorphic at oo as well. Lemma 4.1 implies that the
entries of A (x,t) are rational in x with coefficients that are functions analytic on
D’. We therefore have the following solution of the weak parameterized Riemann-
Hilbert Problem.

Theorem 5.1. Let S = {aj,...as} be a finite subset of P}(C) and D an open
polydisk in C". Let 71,. .., s be generators of 71 (P1(C)\S; ag) for some fixed base-
point ag € PY(C)\S, and let M; : D — GL,(C), i = 1,...,s, be analytic maps with

My -...- Mg = I,. There exists a parameterized linear differential system
oY
— = A(z,t)Y
8.’1; (1"7 )

with A € gl (Op:(z)) for some open polydisk D’ C D, having only regular sin-
gular points, all in .S, such that for some parameterized fundamental solution, the
parameterized monodromy matrix along each ~; is M;. Furthermore, given any
a; € {ay,...,as}, the entries of A can be chosen to have at worst simple poles at
all Q; 7& a;.

As an application of Theorem 4.2 and Theorem 5.1, we solve the inverse prob-
lem of parameterized Picard-Vessiot Theory in a special case. Let k be a so-called
Ag-universal field, that is, a As-field such that for any A;-field kg C k, As-finitely
generated over Q and any A;-finitely generated extension ki of kg, there is a
Ay-differential kp-isomorphism of k; into k (see [19], Chapter III, §7). Note that
k is in particular a differentially closed A;-field. As in Section 4, let k(x) denote
the A = {0,,04,,...,0 }-field of rational functions in the indeterminate x with
coefficients in k, where x is a A4-constant with 9,(x) = 1 and 9, commutes with
the 0;,. We shall prove the following

Corollary 5.2. Let G be a Ag-linear differential algebraic group defined over k and
assume that G(k) contains a finitely generated subgroup H that is Kolchin-dense
in G(k). Then G(k) is the PPV-group of a PPV-extension of k(x).

Proof. Let My, ..., M, generate H. We may assume that M7 -...- M; = I,,. Let kg
be a finitely generated A;-field containing the entries of the M;. Theorem 3.4 (with
K =Q and Ky = ko) implies that there is an open polydisk D in C" such that we
may consider the elements of ky as meromorphic functions on D. By shrinking D if
necessary, we may assume that the entries of the M; are analytic on D. Theorem 5.1
implies that there exists a parameterized linear differential system

oY

ox
with A € gl,,(Op/(x)) for some open polydisk D’ C D, having only regular singular
points, all in S, such that for some fundamental solution, the parameterized mon-
odromy matrix along each ~y; is M;. Let ki be a differentially, finitely generated
As-extension of kg containing the coefficients of powers of x in the entries of A.
Since k is As-universal, we may assume that ky C k. Theorem 4.2 implies that the
group generated by the M; is Kolchin-dense in the PPV-extension corresponding
to % = A(z,t)Y and so this PPV-group must be G(k). O

= Az, )Y

This proof follows closely the proof in [35] where the authors show than any linear
algebraic group defined over C is a Galois group of a Picard-Vessiot extension.
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Those authors use a solution of the weak Riemann-Hilbert Problem, Schlesinger’s
Theorem and the fact that any linear algebraic group contains a Zariski dense
finitely generated subgroup. In contrast, not all linear differential algebraic groups
contain dense finitely generated subgroups. For example, the Kolchin-closure of any
finitely generated subgroup H of the additive group G, (k) is a proper subgroup of
Ga(k). A proof of this in the ordinary case, that is, when A; = {0;} proceeds as

follows. Let H be generated by z1,..., 2, and assume z1, ..., 25 is a basis for the
C-vector space spanned by H. The elements of the group H all satisty L(y) = 0 for
L(y) = wr(y, z1, ..., 2s) where wr(...) denotes the wronskian determinant. In [20]

and [8] it is furthermore shown that neither G, (k) nor G,, (k) is the PPV-group of
any PPV-extension of k(z). Among linear algebraic groups, this group presents the
main obstruction to a linear algebraic group being a PPV-group over k(z) since it
is shown in [34] that a linear algebraic group G defined over k is a PPV-group of a
PPV-extension of k(z) if and only if the identity component of G has no quotient
isomorphic to G, (k) or Gy, (k). The proof of this latter fact relies on Corollary 5.2.
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