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12. Are the sets {1, 3, 9} and {2, S, 6} a base for a cyclic design mgd 13? What

parameters of such a design be?
re the sets {=, 0, 3}, {0, 1, 4}, {0, 2. 3}, {0, 2, 7} a base for
s? If so, what are its parameters?

=—cyclic design

trying for a cyclic design mo
base?
*19. Prove Theorem 3.3.
*20. If v = 61 + 6, show that t
A = 2 over the integers mod 6¢ + 5.

Show that by adding the integers mod 7 to the
ed integers mod 2 to elements of base blocks gives a
schoolgirl problem with these base blocks.
) There is a similar construction using seven base blocks and
{—- 5:however, there is no element that plays a special role like c.
22. Write a computer program that uses backtracking to generate appr
tions of a set V and checks to see if they form a base for a cyclic resolvable block design
onV.

*SECTION 4 PROJECTIVE PLANES
The Concept of a Projective Plane

In a block design with A = 1, each pair of points lies in a unique block (because
each pair of points occurs together in exactly one block), just as in geometry each
pair of points determines a unique line. In ordinary geometry, two lines intersect
in either one point or no points. In projective geometry, there are additional
‘‘points at infinity"’ so that two lines which would be parallel in Euclidean geome-
try intersect in a point at infinity. Although these points at infinity strain the
imagination for a while, they make the geometry easier.
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To have a good imaginary picture of points at infinity, you might try to visu-
alize the line at infinity which contains all these points. Try to imagine a point at
the “*end"’ of the positive x-axis, a point at the “‘end’’ of the positive y—-axis, and
a semicircle that starts at the **endpoint’’ of the x-axis, goes up through the **end-
point"* of the y—axis and comes down toward the ‘‘negative end"’ of the x—axis
without ever reaching it. This semicircle is the line at infinity. Then all lines par-
allel to the x—axis intersect at the right end of the x—axis, all lines parallel with the
y-axis intersect at the point at its end, and all lines with slope 1 intersect at the
point on the semicircle halfway between the x— and y-axis. Each possible slope
determines a whole family of normally parallel lines; in this projective plane, these
lines all intersect at the point we get by “‘projecting’” lines with that slope out to
the semicircle.

We define a projective plane  to be a set P of points and a family L of
subsets of P called lines such that

(1) Each pair of points lies together in exactly one line.
(2) Each pair of lines intersects in exactly one point.
(3) There are four distinct points no three of which lie together in the same line.

Note that Postulate 2 can be turned into Postulate 1 and vice-versa by inter-
changing *‘intersect’’ and “lie together,”” and "*point’* and “‘line.”’ We say Postu-
lates 1 and 2 are dual postulates. No dual to Postulate 3 is listed because its dual
is implied by postulates 1 through 3.

Theorem 4.1. In a projective plane, there are four distinct lines no three of
» ‘ which intersect in the same point.

\ Proof. Suppose the four points given by Postulate 3 are p,, p,. ps and p,.
‘ Then by Postulates 1 and 3, there are four lines Ly, Loy, Lgy, Ly, With Ly
containing points p, and p, but not the other two p’s. Suppose three of
these lines intersect in some point g, say

‘ ‘ Ly, N Ly N Ly = {q}.

Then L,, N L,; must be {p,} by Postulate 2. Thus since
4| {pa} N Lac = {a},

p2 = gq. Thus p, is in Ly, along with p, and p,, contradicting Postulate
i nm

‘ l You can further show that Theorem 4.1, Postulate 1 and Postulate 2 imply
Postulate 3. What this means is that whenever we use only the postulates in a
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proof of a theorem about points and lines and then interchange the words ‘point™
and “‘line,” and likewise the word ‘‘intersect’’ and phrase “lie in,”" then this new
statement can be proved by interchanging the same terms in the proof of the
original theorem. This gives us the duality principle for projective planes.

Theorem 4.2. A theorem which is a consequence of Postulates 1 through 3
for projective planes can be turned into another theorem by interchanging
“point” for “‘line”” and “’intersect’’ for “'lie in.”

A theorem that is converted into a restatement of itself is called self-dual.

Projective planes on a finite set of points are block designs, as you may
have suspected; the proof of this fact will be smoother if we first present certain
additional information about projective planes.

Basic Facts About Projective Planes

Theorem 4.3. For any two lines L, and L, in a projective plane, there is a
one—to—-one function from L, onto L, .

Proof. By Postulate 3, there must be a point g not on L, or L,, or else
each of these has two points x,, y, € L, and x,, y, € L, not on the other.
In this case, the line joining x, and y, and the line joining x, and y, intersect
ina point g noton L, or L,. For each point p on L,, there is a line L, dif-
ferent from L, and L, containing p and q. Define f(p) to be the unique in-
tersection of Ly, and L,. Then fis a function from L, to L,. If p and rare
different points of L, , then to have f(p) = f(r) would mean g and f(p) lie on
the same unique line that g and f(r) lie on. But this line intersects L, in
only one point and contains p and r as does L,. Thus if f(p) = f(r), then
p = r because they are both points on the intersection of a certain line with
L,. IfsisapointonL,, then the line containing g and s must intersect L,
in some point p; thus f(p) = s, so fis onto. W

We have just shown that for each finite projective plane. any two lines have
the same number of points. (We used the correspondence principle again.) Thus
there is a number n, called the order of the plane, such that all lines of the plane
have n + 1 points. (The n versus n + I choice is purely technical.)

Theorem 4.4. Suppose we are given a point p in a projective plane and a
line L not containing p. There is a one—to-one function from the set of
lines containing p onto the set of points of L. ‘

Proof. For each line L’ containing p, define f(L’) to be the intersection of
Land L'. If f(L') = f(L"), then L' and L" have two points (p and the
common value of f) in common; therefore L' = L". IfgisonL.thenpandg
lie in a line L’ containing p. Thus g = f(L"). &
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l
|
From this theorem we can conclude that the number of points on any given
Al line equals the number of lines containing any given point. Now we can explain
“' the relationship between projective planes and block designs.
|
!
i
|

| !i | Projective Planes and Block Designs
i 1

1 9 Theorem 4.5. The lines of a projective plane of order n on a set V of points
] . forman (n2+n+1,n2+n+1,n+ 1, n+ 1, 1) balanced incomplete
. block design.

P Proof. We have seen that each line has n + | points, that each point ap-
: pears in r = n + 1 lines and that each pair of points appears together in
i & XA = 1 lines. Thus the lines form a block design, and since bk = vr and
Pl r =k, we get b = v and since

&nW* rk = 1) = Ap - 1)
- it follows that

i

HE (n+ Dn=v-1,
|

: or

v=n*+n+1. 01

Theorem4.6. Theblocksofan(n?2+ n+ 1, n®+n+1,n+1,n+1,1)

: balanced incomplete block design with n > 1 on V form the lines of a pro-
% jective planeon Vifn > 1.
A
r

R Proof. We know that every pair of points lies in a unique block. Now
nl suppose two blocks B, and B, do not intersect. Let x be a point in B,.
I Then for each point y in B, , x and y are in a unique block. AlsoifzisinB,,
R the block containing x and y must be different from the block containing x
| and z because B, is the only block containing y and z. Thus x would have
| to be in n + 2 blocks, one for each point of B, and B, as well. Since this is
E impossible, any two blocks must intersect. Now suppose we have two
{ points x and y and let B, be the unique block containing them. There are
! more than n + 1 points, so there is another point z notin B,. Let B, and B;
] be the blocks containing {z, x} and {z, y}. Sincen = 2,thenn® + n = 3n,so
it n* + n + 11is greater than the total number of points in By, B; and B;. Thus
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-~

there is a fourth point w not in any of these blocks. That is, there are four
points no three of which are in a block. W

Example 4.1. The block design of Examples 2.1 and 2.2 of this chapter is a
(7, 7, 3, 3, 1) design and so is a projective plane of order 2. This plane is shown
schematically in Figure 6.5. Note that six of the lines are represented as line seg-
ments; the seventh is represented by the circle. &

Figure 6.5

It turns out that there is at least one projective plane of order p* for any
prime number p and any positive integer n; further, no examples of projective
planes with other orders are known. One of the currently open and exciting
problems of combinatorial mathematics is whether there is a projective plane of
order 10.

Example 4.2. (For those who have studied vector spaces.) Let W be a
three—dimensional vector space. Let P be the set of one—dimensional subspaces
of W and let L be the set of two—~dimensional subspaces of V. Then two elements
of P lie in a unique member of L. Further, since the dimension of the vector
space sum of two members of L must be 3, the dimension of their intersection
must be 1. Thus two members of L intersect in a unique member of P.

Three linearly independent vectors and their sum generate four one-
dimensional subspaces no three of which lie in the same two-dimensional space.
Thus P and L are the points and lines of a projective plane. If you are familiar
with abstract algebra, you know that any vector space is associated with a field,
and that any finite field has p" elements for some prime p and some integer n.
Further, there are p" + 1 one—dimensional spaces contained in a given two-
dimensional space. W
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Projective Planes and Resolvable Designs

More examples of projective planes may be obtained from sets of mutually orth-
ogonal Latin squares. To see how this happens, we must analyze the designs as-
sociated with projective planes.

Theorem 4.7. Given a resolvable design D on V with parameters (n2 + n,
n% n + 1, n, 1), we may adjoin one additional block with n + 1 additional
vertices and add these additional vertices to existing blocks to obtain a de-
sign D’ with parameters (n? + n+ 1, n2 + n+ l,n+ 1, n+1,1).

Proof. Suppose D has been resolved into families F,, F,, . . . , F,4, of
blocks each family of which is a partition of the set V.

Add the n + 1 symbols f;, fo. . . . , fass t0o V o get V', adjoin f; to
each block in F; and let D' be the design on V' whose blocks are these en-
larged blocks and the block {f,.f;, . . . . fa+:}- Then D’ consists of V'
together with a family of (n + 1)-element sets of V' such that each point in
V'liesinn + 1 of these sets. Further, two points of V' are either both £;’s,
in which case they lie in the added block (and only that one), or are both in
V, in which case they are in exactly one of the blocks created by adding an
Ji to a block of D, or else one of the points is in V and the other is an f;.

But each point in Vs in exactly one block of F;. Thus these two points lie
in exactly one block of D’. W

Theorem 4.8. Each (n®* + n, n®, n + 1, n, 1) design D on V is resolvable.

Proof. Let B be ablock of D. Let x be an element of V not in B. For
each point a of B, there is a unique block of D containing a and x. Further,
no two of these blocks can be the same because the only block containing
two points of B is B itself. Since x is in n + 1 blocks, there is a unique
block B, containing x but no points of B. For each y in B,, the block B, is
the unique block containing y but no points of B. Now let z be a point of V
not in B or B,. Then the unique block containing z but no points of B
cannot contain any y in B, because B, is the unique block containing each of
its y’s and skipping B. We continue in this fashion, choosing blocks
B,.B,,. . ., B,until we run out of elements of V. Let F, be the family
of blocks B, B,.. . . ,B,. Let B’ be a block of D not in F,. Then B’
must intersect each block in F,, because if B’ skips every point in By, it is

the unique block containing a certain point and missing B;, so it would be in
F,.

We now repeat our process with B’ to construct a family F, which is
a partition of V. Repeating the process until we run out of blocks, we get a
resolution Fy, F,, . . . , F, of D into n families of n + 1 blocks each. H




