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|. Introduction

A model for combustion of a solid fuel in one space dimension:

OtU1 = OxxUp + Up(Uy),

OtUz = —Buzp(uy),
where [ 1
0 Ifu, <0,

u .
Pl —& s U, > 0.

______ 1— |- — _ _ _ _ _

Graph of p(uq)

e U; = temperature.

e U, = concentration of unburned fuel.

e p = normalized reaction rate.

e 3 > 0 is the \exothermicity" parameter; the larggris, the more fuel one
must burn to achieve a given increase in temperature.

e u; = 0 is a background temperature at which the reaction doetaketplace.



We are interested in combustion fronts H(&) = (hy,hy)(&), & = x —ot.

hy(€) Y 1u2 Np(<)
U1l (

e 0 IS the speed of the front.

e Without loss of generality, we take> 0.

e Behind the front: i01, hy) = (uq, 0).

e U > 0 Is the temperature of combustion, which is to be determined
e Ahead of the front: {1, hy) = (0, UR).

e Uo,r = 0 Is the concentration of fuel in the medium.

e \We normalize so thai,g = 1.

A combustion front is &raveling wave .

Stability of a traveling wave means that a small perturbatio n of it
converges to one of its translates.
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What's in the literature?

(1) uy = 3.

(2) ThereBis aunigue combustion front with positive speed that ap-
proaches both end states exponentially , and a family of combustion
fronts with faster wave speeds that approach the burnedtamel (8,y) =
(%, 0) exponentially and the unburned end statg (I,) = (0, 1) more slowly.

(3) Only the combustion front that approaches both end states ex -
ponentially is \physical."

(4) Numerical simulations indicate that @sncreases, the combustion front loses
stability due to a pair of complex eigenvalues crossingrtagimary axis.

(5) For the linearization of the PDE at the combustion frahere is a bound on
the possible size of eigenvalues with 26 and eigenfunctions I

(6) Numerical Evans function calculations indicate that the 0 e igen-
value (which traveling waves always have) is simple, and the re
are no positive real eigenvalues for any 3.

(1){(3), (5) : Varas, F. and Vega, J., SIAM J. Appl. Math. 62(2), 1810{1822.

(4): Bayliss, A. and Matkowsky, B., SIAM J. Appl. Math. 509Q8 437{459.

(6). Balasuriya, S., Gottwald, G., Hornibrook, J., and dafwe, S., SIAM J.
Appl. Math. 67 (2007), 464{486.



We'll only discuss the \physical® combustion front.
What kind of stability is it reasonable to expect?

Suppose that initially there is a fairly high temperaturéhat left but no fuel, and
temperature O at the right but lots of fuel.

Combustion begins where there is both fairly high temperaod fuel. A com-
bustion front propagates to the right, and heat di uses te [gift.

In a coordinate system moving with the speed of an exactlitrgu@mbustion
front, our solution is very close to the exact front fea(t) < ¢ < oo, where
a(t) - oo ast - oo,

Uy

U,
1
.
t

U; Uo
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The mathematical notion that captures this kind of stabilit y IS sta-
bility with respect to a norm with weight function e% o> 0.

eng

A perturbation of the combustion front that is small in th@m is exponentially
close to the front at the right but may be far from it at the left

- v1(8) eV, (&)

3 3

For stability in this norm, as time increases, the solutigh & perturbed initial
condition must become very close to the combustion frortteatight, but may
continue to be far from the combustion front far to the left.




The linearization 0{V = AV of the PDE at the
combustion front

Spectrum of a closed, densely de ned linear operator A:

Theresolvent sefp(A) is the set oA [ O such thatA — Al : D(A) - Y has a
bounded inverse. Its complement is sipectrumSpA).

The discrete spectrumSp(A) is the set of isolated eigenvaluesPoPf nite
algebraic multiplicity.

The essential spectrunp(A) is the rest.

The linearization of a PDE at a traveling wave H({) always has O
has an eigenvalue. The eigenfunction is  HY¢).
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Spectral stability of a traveling wave

Spectral stability: (1) O is a simple eigenvalud odnd (2) the rest of the spectrum
of A lies in ReA < —v < 0.

In our problem, in the space BUC? (BUC = bounded uniformly
continuous functions with the sup norm), the essential spec trum
Includes the imaginary axis, hence no spectral stability.

Fortunately,introducing a norm with weight function e® o > 0, moves
the essential spectrum to the left of the imaginary axis, hen ce there
IS the possibility of spectral stability

Linearized stability of a traveling wave
Linearized stabilitye”t has (1) a simple eigenvalue 1, and (2) a codimension-one

invariant subspace on whide? < Ke™* for somev > 0.

Spectral stability implies linearized stability for certalasses of operators, such
as sectorial operators. Unfortunatety,is not sectorial, even after weighting the
norm: The essential spectrum includes a vertical line.

This di culty is typical of systems with no di usion in somguations.
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For a system with no di usion in some equations, the linedrsysteno,V = AV
generates €y-semigroup, not an analytic semigroup. Linearized gtabdes not
always follow from spectral stability.

For travelingpulses(left and right states are the same) in such systems, Evans
showed that spectral stability does in fact imply linearigbility; his argument
was simpli ed by Bates and Jones. However, their argumentsot work for

travelingfronts (left and right states di erent).

How Is it possible to have spectral stability without linear Ized sta-

7
S

Sp(A) Sp(e)

IA7Y| uqbounded

&
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Our contributions to linearized stability of the
combustion front

BUC has the norm
[uTg & sup|u(8)l.
£ [R]
BUCy = {u:R - R:e%u(¢) CBUC} has the norm
[Tk [e9°u(E) o supe™|u(E)|.
¢ [R]
o > 0 but not too big.

1. The eigenvalues of the linearization are the zeros ofvines EunctionD(A).
We proveD{0) > 0, so the 0 eigenvalue is simple .

2. We prove thaD(A) is positive for large positive real  A. This is consistent
with stability.

3. We prove thatn BUC,, if the only eigenvalue in  Re\ = 0 is 0, then
the combustion front is both spectrally stable and linearly stable .



11

Veri cation that there are no eigenvalues il\Re 0 other than O must be done by
a numerical Evans function calculation afiading number , taking advantage
of the fact thatthe Evans function is analytic . (Apparently true for small
B, false for larg@: combustion front loses stability in a Hopf bifurcation.)

Recall that there is a bound on the size of possible eigeawaith R& = 0 (due
to Varas and Vega).
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Our contributions to nonlinearized stability of the
combustion front

Unfortunately, the nonlinear terms in the PDE do not yieldipsthitz map from
BUC?2? to itself.

Reason: consider

e%v,(&)ph1(8)vi(8).

 p'(h,(€)) is bounded.
e e%y,(§) is bounded if, CBIUC,.
e Howevery,(¢) is not necessarily bounded.

So for a mathematical reason we can't study the PDBUWCZ2. There is also a
physical reason not to ugJ C2: unbounded functions don't make physical sense.

Let BUC,, = BUC n BUC,, with norm
(UL 1= max([ulg,l[ul).

We prove thatif [Uhy — HL,lis small, then there is a small number q
such that [U(t) —H(E —q)[gl-> 0Oast — oo,
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Why is the combustion front that approaches both end
states exponentially the only one that's \physical"?

Combustion front:

In our exponentially weighted norm, the natural initial con dition is
a small perturbation of the combustion front that approache S both
end states exponentially , hence is (presumably) attracted to it.

Other combustion fronts may well attract su ciently small p ertur-
bations of themselves! This happens for tha-degree Fisher-type equation
Ut = Uyx+ U"(1—u), n > 1: Wu, Y., Xing, X., and Ye, Q., Discrete Contin. Dyn.
Syst. 16 (2006), 47{66.
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Outline

l. Introduction

ll. Traveling Waves

lIl. Linearization of the PDE at the Traveling Wave
V. Spectral Stability Implies Linearized Stability
V. Nonlinear Stability
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Il. Traveling Waves

In PDE leté = x — ot:

OtU; = OgzUp + 00U + W(Ug, Uy)),
OtUy = 00Uy — Bw(ug, Uy).

A stationary solution of the PDE in moving coordinates isgéling wave solution
of the original PDE with speeal

Stationary solutions satisfy:

0 = 0g:uUy + 00:U1 + (U1, Uy)),
0 = 00:uy — Bw(ug, Uy).

Boundary conditions:

(Uz, U2, OgU1)(—o0) = (U1, 0,0), (ug, Uy, dgus)(oo) = (0, 1,0).
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First-order traveling-wave system

lil_ U3,

B

Uy = EUO(UL uz),

Uz = —0U3z — 0(Ug, Up).
We want a solution that goes from an equilibrium (U1, 0,0) (each
such point is an equilibrium) to the equilibrium (0,1, 0).
Change of variables:

Y1 = Uy,
Y2 = Uy,
4]

Y3 = 0ug + Euz + Us.
New system, equivalent but easier to study:

Y1 = —0Yy1— BYz tYs,

2= oh(ysye)

y3 = 0.
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Sety; = 5 SO there will be an equilibriunyy(y>) = (0, 1):

0]
Y1 = 01(Y1,Y2,0) = —0y; — E(Yz — 1),
Y2 = 02(Y1,¥2,0) = gw(YLYZ),
Y2
53
1 «Q\ )

2 ?

yi=0"~._
LI

There is a unique o = ¢ > 0 for which there Is a solution  (hg, h2)(¢)

that approaches (%,O) exponentially as ¢ —» —oo, and approaches (0, 1)
exponentially as ¢ — oo,

The connection breaks in a regular manners &aries.

Melnikov integral:



Linearization alongh(, h,)(§):
[ T 10 1 LIT T 1

Vi o _ —C —5 V1

= B .
V2 %aulw(hl, h2) %aulw(hl, h2) V2

Up to scalar multiplication, the unique bounded solutiothefadjoint equation is

Ll

0

] ]
Pr€€) 9x8) =exp(—

with a(g) = —c + 2ay,w(ha, hy)(E).

[ ] [ ]
a(n)dn) —hy(&) hi(€)

[
v e o D00, 1.0 o
o PR 90g,(h(8), (), )

- =Ry () — L(hy(E) — 1
T N = T Ty )

3 0
exp(— a(n)dn)ha(g)hy(c)dt=>0

— oo 0

dt

_ 2

becausd(¢) < 0 andhy(¢) = 0.
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l1l. Linearization of the PDE at the Traveling Wave

Linearized PDE in moving coordinates
Notation: U = (ug, Uy), w(U) = uyp(uy).
Linearize atH (¢):

1
Oz + €O + Oy, w(H)  dy,w(H)

V = AV, A=
O ’ —BaL0(H)  cdg — Bag,un(H)

Look for eigenvalue-eigenfunction pairs: solutions dbtheeV (8). They satisfy

AV = AV.
As a system:
| | 11 I L I1T1 I
V1 0 0 1 Vq
ﬁ =11 Lé ulw(H) %GU2(*)(H)+ % OI I\&ZJ C I
!3 )\ _ aU1(L)(H) _aUQw(H) V3
A Is an eigenvalue of the linearized PDE provided this Eigenva lue
System has a nontrivial solution with appropriate behavior at ¢ =

+oo0,
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Eigenvalue System:

| v I 1l ] 0 0 1| | \I/1 1
Lol =1L Bh, w(H) Eoy,uH)+2 oLl
V3 A—0y,w(H) —0y,w(H) V3
Ul u2
hy(€) hy(<)

e B

0u,0(H)=hyp’(hy) 0u,0(H)=p(hy)
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Write A = y + 10.

At ¢ = + oo, one eigenvalue has real part Q £ 0 ory = —%;.

At ¢ = —oo, one eigenvalue has real part § # —%e‘B ory = —%;

6 6

+4 — +4 —
Y

&=—00 &=+

If we work inBUC?, = {A: ReA > O} is the \region of consistent splitting":
at both = —oo and& = oo the Eigenvalue System has two positive eigenvalues
and one negative eigenvalue.
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Eigenvalue System far [}

no egenvalue

AN

N

D

E/ T
elgenvalue ?

For A In the region of consistent splitting, — Al is Fredholm of index O.
The boundary of the region of consistent splitting is in gse=etial spectrum.

If we work in  BUC?, the imaginary axis is in the essential spectrum:
no spectral stability.
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However:

letO< a < %c. Let , denote the set of such that at botlf = —oco andé = oo
there are two eigenvalues greater thamand one less thara. 4 Is the region
of consistent splitting when we workBu C2.

y——"=Cd a)

The parabola iy = (a? — ca) — &Z

The essential spectrum is to the left of the imaginary axew¥e work irBUC?2.
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Evans function

In the Eigenvalue System, let

0 V1
[z, I =10 h oL Iy 1 1
Z3 0) % 1 V3
We obtain
I i S o
Z_l —C _E 1 71
Lz, L =1128],w(hy, hy) 20,0(hy, hy) + 2 0T
Z3 A % 0 Z3

This system is equivalent to the Eigenvalue System but is eas
study.

We'll write it Z.= E(&,\)Z.

ler to
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For A [, there is a unigue eigenvalueZof E(&,A\)Z at & = oo with real part
less than—q, call it —p(A) < —a. An eigenvector is

[ 1 1 [ 1
—C+ (A

Let Z.(&, A) be the unique solution @ = E(&, \)Z such that
E|im eHMEZ (&, N) = Z+(N).

Z.(&,0) is a positive multiple oh{(&), hy(¢), 0).

Note that h;(¢) < O; that's why we chos£.(A) to have its rst component
negative.
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For A [1the unigue eigenvalue of the adjoint systén¥ —(E(,\) at& = —oo
with real part greater tham is u(A). A corresponding left eigenvector is

mi -
U_(\) = [I1.

Let y_(&, \) be the unique solution df.= —pE(E, A) such that

lim e HMEY_(E,A) = P+ (V).

& —oo

Letw%)‘ W—(&, 0)
Recall (pf_fE) 05(%) de ned earlier, and de ne

L
e36) = —  o(h)dn.

Proposition. As& - —oo, pi(¢) - O likee%; and there is a numbet > 0
stch that ag - cpg'fE) ~ d exponentially. p(€) is a positive multiple of

p1€E) @5€E) cp%E)




We de ne the Evans function

D()\) - l.lJ—(E, )\)Z‘F(E’ )\)
The product is independent &fand analytic inA.

For A L1, A is in the spectrum of the linearized PDE on
and only if D(A) =0.

Y

no eigenvalue ///

A v
o

N

Y

4
7
eigenvaue //

Of courseP(0) = 0.

27

BUC? if
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Calculation of DY0)

Sandstede gives the formula: up to multiplication by a pesiumber,

_ — oE
Df0)=— I (E 0L

Up to multiplication by a positive number, we calculate:

1=
D)=~ WO55(E OHE) o
L 11

> | 1 1

L — 000  h(f)
= 0w v 107 0LTE) Ldd

Cl 3 P 0
i

PO e+ WEE)(hu(E) + hy(E)) .

1 g

C —w

W3(€)Ma(€) dE.

Olk Ol

W,(€)ha(8) € —

We integrate the second integral by parts:
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L, L,
W3tE)Mi(8) dE = Y3(eo)hy(o0) — Py(-oo)hy(—o0) —  Ya(€)hs(¥) dE.

We haveyifto) nite, hi(oo) = 0, Pif-o0) = 0, and hy(—oo) = 0. Therefore
the boundary terms vanish. We conclude that, up to mulaglbn by a positive
number,

L] . =
~W3(E)ha(8)+ Y (©)a(¥) dE = ~
) o b L

=c  Texp - : a(n) dn)hs(¢)hy(¢) d¢ > 0.

DY0) =

Ol

— Y (€)ha(8)+ W (€)ha(8) dE
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IV. On BUCq, spectral stability implies linearized
stability

[ 1
055 + Cag + auloo(H) auZoo(H)

oV = AV, A=
' —B0oy,w(H) CO0s — 30y, (H)

Let A, Ay, andA,, be the linear operators dUC?, BUC2, andBUC?2 respec-
tively given byV - AV.

Each operator is closed and densely de ned. FRBUC2, thenAV = AyV
AnV. Each operator generatesCg semigroup. v [CBUC?, then eV
elhay = gtAmy

A and A, both have 0 in the essential spectrum.

Ay Is Fredholm with index zero (because 0 isdih and O is a simple eigenvalue.
Therefore RA,) is a codimension-one closed subspaBaJ@f2.

Let P; denote projection onto R(,) with kernel NAy). Let P = 1 — P¢.

Theorem. Suppose the only eigenvalue”qf with nonnegative real part is O.
Then :
(1) The traveling wave is spectrally stable.
(2) The traveling wave is linearly stable. In particulaernare numbers > 0
andv > 0 such that[ef'ePa [ Ke™"t.



31

The proof of the theorem uses some notions from semigraary. the

Let

W (&) = ™V (§)

V (t, &) is a solution 0BV = AV in BUCZ if and only ifW (t,&) = e™V (t,§) is
a solution of

[ 1 [ 1
O0z: + (€ — 20)0; + a® — ca + 9y,0(H) 0u,w(H)

W; = AW, A= —By,0(H) c0; — ca — Ba,,w(H)

in BUC?2,

Let A be the linear operator dBU C? given byW - AW.

Instead of consideridy, onBUC?2 we may conside on BUC?.
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Spectral bounds

The essential spectral bound sg(L) is the in mum of all reaty such that the
Intersection SR() n {A : ReA = w} is contained in the discrete spectrunicdnd
has only nitely many points.

Y=Sess(L)
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For aboundedliinear operatoil : Y - Y, de ne the seminorm
[Tlc]= irI1<f [T+ K[

where the in mum is over the set of all compact operatorsy - Y.

If L generates &,-semigroupet™, the essential growth bound  wess(L) =

lim;_ ot~ log (Y [c]

In general:

Sss(L) = Wess(L)

One kind of problem:

|A| urlbounded

Sp(A) Sp(e”)
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Facts about the essential growth bound

1. et@ess(L) js the radius of the essential spectrunatbffor anyt > 0.

2. Letw > wess(L) be a number such that no isolated eigenvalue ludis real part
®w. Then there is a nite sefAq, ..., A} LClsuch that

SpL) n{A:ReA=w} =Spy(L) n{A: ReA = w} = {A1, ..., AJ-

Let E4, ..., Ex be the generalized eigenspaces af. ., A« respectively; they are
nite-dimensional. Then there is a closed subspacef Y such thatY = Ey [
E, [} [E} andE; is invariant undel.. Moreover, there is a numbist > 0
such that[e}|E, £ Me®t,
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Outline of proof: ConsideW; = AW onBUC->.

1. A generates é:o-semigroupetAN.

2. The only eigenvalue & with nonnegative real part is 0.
3. The eigenvalue 0 is simple.

4. Wess(A) < 0. (The key point.  Sus(A) = Wess(A) = 0> —ca < 0.)

5. Therefore we can choese < 0 such that the only element of ZP(with real
part greater than or equal tev is O.

Sp(A)

y=—V
6. BUC2 = R(Ag) + N(Ay) and [ |R(A,) [ Ke™t.
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Outline of proof that  Wes(A) <O

Recall
[ 1
o O0z: + (€ — 20)0; + 0% — ca + 0y, w(H) 0u,w(H)
_BaU1w('% €0z — ca — Bdy,w(H)
C 0u,w(H)
_BaU1w(H) G .
Let
[ 1 [ 1
3= C Oue(H)
0) G

1. Cis a\localized" perturbation of the sectorial operatgr(c—2a)0: + a*—cal.
Hence its essential spectrum has for its right boundary arebpla

92
(c— 20()2}'

IA=vy+i0:y=(a®—ca)—
Also, $(A) = Wess(A) = a® — ca < 0.
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_1
2. Associated witks are the two constant-coe cient operatad —ca+ e P at
¢ = —oo andcds —ca at & = oo. Each has spectrum consisting of a single vertical

line: Re\ = —ca — Be_% and Re\ = —ca respectively. S@&) = Spess(G) = {A:
1
—ca — e B < ReA < —ca}. s4(G) = —ca.

3. It is known thatG has the spectral mapping property , so §s(G) =
(L)ess(G).

4. From triangularity of  J; and our understanding of the spectra of
C and G, Wess(J1) < Ma{ess(C), Wess(G)} = 0 — ca < 0.

5. Since limg_ +c 0y,0(H) = 0, multiplication by  —po,,w(H) Is a com-
pact operator.

6. From the variation of constants formula, etA is a compact pertur-
bation of e, S0Wess(A) = Wess(J1) by de nition.



38

V. Nonlinear stability

The PDE in moving coordinates:

Otul = aggul + O'agul + (JO(U)),
OtUy = 00sUp; — Bw(U).

Notation:

I%I 5 OI:I Illl |
_ Og t+ CO; _
L= 0 Cag ’ B =

The PDE becomes

U= LU + Bw(U).
LletU=H+ V.

w(U) = uzp(uy),
W(H+V)=w(H)+ Do(H)V +remainder
remainder :thz(hl,vl)vf + p1(hy, v)vivo = n(H, V)vy,
n(H, V) = hypa(hy, vi)vs + pi(hy, va)Vva.



Using the fact that

LH(E) + Bw(H()) =0,

the PDE becomes
Vi=(L+ BDw(H))V + Bn(H, V)v;.
More notation:

[ ] [ ]
R(E) = Do(H(E)) = h2&)p(h(8)) p(hi(8)) ,

A= L+ BR().
The PDE becomes

Ve = AV + Bn(H, V)v,.

39
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We'll need a slightly di erent substitution:

U(€) = H(E—a) + V(3),
whereq can change with time. Using the fact that
LH(E — )+ Bo(H(¢ —0)) =0,
we obtain
—H'@ —q)a+ 8V =(L+ BR(E—q)V + Bn(H(E —0q),V)v1.
Let

S(&,9) = R(§ —q) — R({),

SO

L+ BR(¢—0q)= L+ BR({)+ BS(¢,q) = A+ BS(E,9).
The PDE becomes

—HY& —g)qg+ 9V = AV + BS(E,q)V + Bn(H(E —q), V)v;.
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Assume/ [R(A,).

R(AGM
- // H(&-0)

0V = AV + PS(BS(E,q)V + Bn(H(E — ), V)vi + H(E —q)q),
—PSHYE — ) = PS(BS(E,q)V + Bn(H(E —q),V)vy)

Apply P; andPg,.

Warning. The nonlinear terms do not de ne a Lipschitz map figgro itself.

Let

G(V,q) = BS(¢,q)V + Bn(H(¢ —q), V)vy,
B(V,q) = (PSHYE —q)) "PSG(V, 0).

(Abuse of notation warning.) Forsmall, PEHYE — q) (i3 close to 1.
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So formally we can rewrite our PDE as a system ahR& R:

0V = AV + G(V,q) + B(V,q)H(E —q),
g=B(,q)

Proposition. The formulas fo&(V, q) andB(V, q) de ne mappings frorBU C2 %
R to BUC,, and toR respectively. On any bounded neighborhood d¥)(n
BUC2 x R, the mappings are Lipschitz, and there is a congtastich that:

(1) [G(V, q) Lek= C(Ja] + DI
(2) [G(V, q) Lnl= C(|q] + DLx) VL]
(3) IB(V,a)| = C(lq| + DALV

Reason: consider a term ligghy, v1)vy1Vy

e®|p1(h1(&), Va(§))V1(E)V2(8)| = C il o T4 [

Therefore

[pd(h1, v1)V1Vo e k= C Dvg [oTvd [l



Study of the system on the space BUCS xR

1. Existence of solutions on BUC?2 xR and a priori bound

We shall study solutions of the system

0V = AV + G(V,q) + B(V,q)H(E —q),
qg=B(,q)

43

Proposition 1. For eachd > 0 there exisp > 0 andT nax, With 0 < Tyax < oo,

such that the following is true: i¥¢,q°) CBIUC? x R satis es

(1) [(V°,0°) Gedicaxr = DMPLal+ 0° < p

and 0< t < Thmax then (V,g)(t, vV, qY) is de ned and satis es

(2) V(t, V °, 9°) G+ (L, VO, ¢°) < 3.

Let Tmax(9, p) denote the supremum of dllsuch that (2) holds forall&t< T

whenever (1) is satis ed.
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2. Decay of [VI(t) [

Proposition 2. There exisd, > 0 andC > 0 such that for every [ (0, 9,) and
everyp given by Proposition 1, the following is true. Considel R(PS)nBUC2
such that {/°,q%) satis es (1), so that\(,q)(t,V° q") satises (2) for O< t <
Tmax(0, p). Then:

(3) DVI(t) = Ke VY2 WP [dand |q(t) — q°| < C VP [Ifor 0< t < Tmax(3, p).

Moreover, ifT max(3, p) = oo, then there ig) Rl such that

(4) la(t) — 9= Ce VY2 P [eifor all t = O.

3. Bounds for [VI(t) [g]

Proposition 3. There existdsz in (0,9,) and C > 0 such that for every [ 1
(0, 83) and everyp given by Proposition 1, the following is true. Consiier[]
R(PS) n BUC? such that Yy, qo) satis es (1). Then\(,q)(t,V?, q°) satis es (2)
for 0=t < Tmax(9, p), and the following estimates hold folt < Tax(0, p)):

(5) () [k C(lo°| + DG,
(6) () lo= C(lo°| + DG,

e—vt/2.
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Proofs use the variation of constants formula to make gstana solution of

0V = AV + G(V,q) + B(V,q)H(E —q)
satis es

L 1 1
V() =e®vo+  etT9A G(g(s), V) + B(q(s), V)HE —q(s)) ds.
0
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4. Nonlinear stability

Lemma 1. DeneF :R(P5) xR - BUC3byF(V,q) =V + H( —q). Then
DF (0O, 0) is an isomorphism, $6 maps a neighborhoddof (0 0) in R(Py) < R
di eomorphically onto a neighborhoddof H(€) in BUC?.

Choosey > 0 so that the ball of radiugy aboutH in BUC, is contained irJ.

Lemma 2. LetU [CBUC? [BUCZ with [— HL,< py. Then there are
numberd. and M such that:

(1) (V,q) = F}(U) [R(PS) x Ris dened, sdJ = V + H( —Qq).
(2)[q] =< LI—H L
(3)V [BUCZ, and VIL,l< (1 + LM) [l — H L]

GivenU® [CBUCZ, let U(t) = U(t, U be the solution of our PDE iBUC2
with U(0) = U°. If [P — H []< py, we can use Lemma 1 to write

(7) U°=VO+ H(E —q° with (V°,¢%) CR(PS) < R.

If [UI(t) — H L,]l< py, we can use Lemma 1 to write

(8) U(t) = V() + H(E —q(t)) with (V (1), q(t)) CR(P;) < R.
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Nonlinear Stability Theorem There is a constar€ > 0 such that for each
0 (D, maxQ@s, py)), there existp with 0 < p < py such that the following is
true. LetU® CRUCZ with 0P — H L < p, and let ¥°,q% = F71(U9). Let
U (t) be the solution of our PDE iB? with U(0) = U°. Then:

(1) U(t) is de ned for allt = 0.

(2) For allt = 0, U(t) [, so we can de neV((t), q(t)) = F1(U9).
(3) D(t) Leal+ a(t)] < .

(4) DVI(t) o= Ke™" Y2 VP [

(5) There existg~Such that|q(t) — ' Ce VY2 [V [

(6) Da(t) = C(|o° + D Lw).
(7) Da(t) [od= C(lo”] + DVPL)e™v2,




