
Stability of Fronts in Gasless Combustion

Steve Schecter
North Carolina State University

Anna Ghazaryan
University of North Carolina at Chapel Hill

Yuri Latushkin
University of Missouri

Aparecido de Souza
Universidade Federal de Campina Grande

1



2

I. Introduction

A model for combustion of a solid fuel in one space dimension:

∂tu1 = ∂xxu1 + u2ρ(u1),
∂tu2 = −βu2ρ(u1),

where

ρ(u1)

{
0 if u1 ≤ 0,
e− 1

u1 if u1 > 0.
.

u1

1

Graph of ρ(u1)

• u1 = temperature.
• u2 = concentration of unburned fuel.
• ρ = normalized reaction rate.
• β > 0 is the \exothermicity" parameter; the largerβ is, the more fuel one

must burn to achieve a given increase in temperature.
• u1 = 0 is a background temperature at which the reaction does nottake place.
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We are interested in combustion fronts H(ξ) = ( h1, h2)(ξ), ξ = x− σt.

ξ

u1

ξ

u2
1u1L

h1(ξ) h2(ξ)

• σ is the speed of the front.
• Without loss of generality, we takeσ > 0.
• Behind the front: (h1, h2) = ( u1L,0).
• u1L > 0 is the temperature of combustion, which is to be determined.
• Ahead of the front: (h1, h2) = (0, u2R).
• u2R > 0 is the concentration of fuel in the medium.
• We normalize so thatu2R = 1.

A combustion front is atraveling wave .

Stability of a traveling wave means that a small perturbatio n of it
converges to one of its translates.
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What's in the literature?

(1) u1L = 1
β .

(2) There is aunique combustion front with positive speed that ap-
proaches both end states exponentially , and a family of combustion
fronts with faster wave speeds that approach the burned end state (u, y) =
( 1
β ,0) exponentially and the unburned end state (u1, u2) = (0,1) more slowly.

(3) Only the combustion front that approaches both end states ex -
ponentially is \physical."

(4) Numerical simulations indicate that asβ increases, the combustion front loses
stability due to a pair of complex eigenvalues crossing the imaginary axis.

(5) For the linearization of the PDE at the combustion front,there is a bound on
the possible size of eigenvalues with Reλ ≥ 0 and eigenfunctions inL2.

(6) Numerical Evans function calculations indicate that the 0 e igen-
value (which traveling waves always have) is simple, and the re
are no positive real eigenvalues for any β.

(1){(3), (5) : Varas, F. and Vega, J., SIAM J. Appl. Math. 62 (2002), 1810{1822.
(4): Bayliss, A. and Matkowsky, B., SIAM J. Appl. Math. 50 (1990), 437{459.
(6): Balasuriya, S., Gottwald, G., Hornibrook, J., and Lafortune, S., SIAM J.

Appl. Math. 67 (2007), 464{486.
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We'll only discuss the \physical" combustion front.

What kind of stability is it reasonable to expect?

Suppose that initially there is a fairly high temperature atthe left but no fuel, and
temperature 0 at the right but lots of fuel.

Combustion begins where there is both fairly high temperature and fuel. A com-
bustion front propagates to the right, and heat di�uses to the left.

In a coordinate system moving with the speed of an exact traveling combustion
front, our solution is very close to the exact front for−a(t) < ξ < ∞, where
a(t) → ∞ ast → ∞.

x x

1
u1

x x

11/β

t = 0

t > 0

u2u1

u2
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The mathematical notion that captures this kind of stabilit y is sta-
bility with respect to a norm with weight function eαξ, α > 0.

ξ

eαξ

A perturbation of the combustion front that is small in this norm is exponentially
close to the front at the right but may be far from it at the left.

ξ ξ
eαξv1(ξ)v1(ξ)

For stability in this norm, as time increases, the solution with a perturbed initial
condition must become very close to the combustion front at the right, but may
continue to be far from the combustion front far to the left.
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The linearization ∂tV = AV of the PDE at the
combustion front

Spectrum of a closed, densely de�ned linear operator A:

The resolvent setρ(A) is the set ofλ ∈ C such thatA − λI : D(A) → Y has a
bounded inverse. Its complement is thespectrumSp(A).

The discrete spectrumSpd(A) is the set of isolated eigenvalues ofA of �nite
algebraic multiplicity.

The essential spectrumSpess(A) is the rest.

The linearization of a PDE at a traveling wave H(ξ) always has 0
has an eigenvalue. The eigenfunction is H ′(ξ).
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Spectral stability of a traveling wave

Spectral stability: (1) 0 is a simple eigenvalue ofA, and (2) the rest of the spectrum
of A lies in Reλ < −ν < 0.

In our problem, in the space BUC2 (BUC = bounded uniformly
continuous functions with the sup norm), the essential spec trum
includes the imaginary axis, hence no spectral stability.

Fortunately,introducing a norm with weight function eαξ, α > 0, moves
the essential spectrum to the left of the imaginary axis, hen ce there
is the possibility of spectral stability .

Linearized stability of a traveling wave

Linearized stability:eAt has (1) a simple eigenvalue 1, and (2) a codimension-one
invariant subspace on which‖eAt‖ ≤ Ke−νt for someν > 0.

Spectral stability implies linearized stability for certain classes of operators, such
as sectorial operators. Unfortunately,A is not sectorial, even after weighting the
norm: The essential spectrum includes a vertical line.

This di�culty is typical of systems with no di�usion in some equations.
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For a system with no di�usion in some equations, the linearized system∂tV = AV
generates aC0-semigroup, not an analytic semigroup. Linearized stability does not
always follow from spectral stability.

For travelingpulses(left and right states are the same) in such systems, Evans
showed that spectral stability does in fact imply linearized stability; his argument
was simpli�ed by Bates and Jones. However, their arguments do not work for
travelingfronts (left and right states di�erent).

How is it possible to have spectral stability without linear ized sta-
bility?

||A−1|| unbounded

Sp(A) Sp(etA)

1
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Our contributions to linearized stability of the
combustion front

BUC has the norm

‖u‖0 = sup
ξ∈R

|u(ξ)|.

BUCα = {u : R → R : eαξu(ξ) ∈ BUC} has the norm

‖u‖α = ‖eαξu(ξ)‖0 = sup
ξ∈R

eαξ|u(ξ)|.

α > 0 but not too big.

1. The eigenvalues of the linearization are the zeros of the Evans functionD(λ).
We proveD′(0)> 0, so the 0 eigenvalue is simple .

2. We prove thatD(λ) is positive for large positive real λ. This is consistent
with stability.

3. We prove thatin BUC2
α, if the only eigenvalue in Reλ ≥ 0 is 0, then

the combustion front is both spectrally stable and linearly stable .
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Veri�cation that there are no eigenvalues in Reλ ≥ 0 other than 0 must be done by
a numerical Evans function calculation of awinding number , taking advantage
of the fact thatthe Evans function is analytic . (Apparently true for small
β, false for largeβ: combustion front loses stability in a Hopf bifurcation.)

Recall that there is a bound on the size of possible eigenvalues with Reλ ≥ 0 (due
to Varas and Vega).
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Our contributions to nonlinearized stability of the
combustion front

Unfortunately, the nonlinear terms in the PDE do not yield a Lipschitz map from
BUC2

α to itself.

Reason: consider

eαξv2(ξ)ρ′(h1(ξ))v1(ξ).

• ρ′(h1(ξ)) is bounded.
• eαξv2(ξ) is bounded ifv2 ∈ BUCα.
• However,v1(ξ) is not necessarily bounded.

So for a mathematical reason we can't study the PDE inBUC2
α. There is also a

physical reason not to useBUC2
α: unbounded functions don't make physical sense.

Let BUCm = BUC ∩BUCα, with norm
‖u‖m = max(‖u‖0, ‖u‖α).

We prove thatif ‖U0 − H‖m is small, then there is a small number q
such that ‖U (t) −H(ξ − q)‖α → 0 as t → ∞.
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Why is the combustion front that approaches both end
states exponentially the only one that's \physical"?

Combustion front:

ξ

11/β

ξ

u1 u2

Natural initial condition:

ξ

11/β

ξ

u1 u2

In our exponentially weighted norm, the natural initial con dition is
a small perturbation of the combustion front that approache s both
end states exponentially , hence is (presumably) attracted to it.

Other combustion fronts may well attract su�ciently small p ertur-
bations of themselves! This happens for then-degree Fisher-type equation
ut = uxx + un(1− u), n > 1: Wu, Y., Xing, X., and Ye, Q., Discrete Contin. Dyn.
Syst. 16 (2006), 47{66.
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II. Traveling Waves

In PDE let ξ = x− σt:

∂tu1 = ∂ξξu1 + σ∂ξu1 + ω(u1, u2)),
∂tu2 = σ∂ξu2 − βω(u1, u2).

A stationary solution of the PDE in moving coordinates is a traveling wave solution
of the original PDE with speedσ.

Stationary solutions satisfy:

0 = ∂ξξu1 + σ∂ξu1 + ω(u1, u2)),
0 = σ∂ξu2 − βω(u1, u2).

Boundary conditions:

(u1, u2, ∂ξu1)(−∞) = ( u10,0, 0), (u1, u2, ∂ξu1)(∞) = (0,1, 0).
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First-order traveling-wave system

_u1 = u3,

_u2 =
β
σ
ω(u1, u2),

_u3 = −σu3 − ω(u1, u2).

We want a solution that goes from an equilibrium (u10,0, 0) (each
such point is an equilibrium) to the equilibrium (0,1, 0).

Change of variables:

y1 = u1,
y2 = u2,

y3 = σu1 +
σ
β
u2 + u3.

New system, equivalent but easier to study:

_y1 = −σy1 −
σ
β
y2 + y3,

_y2 =
β
σ
h(y1, y2),

_y3 = 0.



17

Sety3 = σ
β so there will be an equilibrium (y1, y2) = (0, 1):

_y1 = g1(y1, y2, σ) = −σy1 −
σ
β

(y2 − 1),

_y2 = g2(y1, y2, σ) =
β
σ
ω(y1, y2),

1/β

1 ?
y1=0.

y2

y1

There is a unique σ = c > 0 for which there is a solution (h1, h2)(ξ)
that approaches ( 1

β , 0) exponentially as ξ → −∞, and approaches (0, 1)
exponentially as ξ → ∞.

The connection breaks in a regular manner asσ varies.

Melnikov integral:
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Linearization along (h1, h2)(ξ):
(

_v1
_v2

)
=

(
−c − c

β
β
c∂u1ω(h1, h2)

β
c∂u1ω(h1, h2)

) (
v1
v2

)
.

Up to scalar multiplication, the unique bounded solution ofthe adjoint equation is

(
φ∗

1(ξ) φ∗
2(ξ)

)
= exp (−

∫ ξ

0
a(η) dη)

(
−_h2(ξ) _h1(ξ)

)
,

with a(ξ) = −c + β
c∂u2ω(h1, h2)(ξ).

M =
∫ ∞

−∞

(
φ∗

1(ξ) φ∗
2(ξ)

) (
∂σg1(h1(ξ), h2(ξ), c)
∂σg2(h1(ξ), h2(ξ), c)

)
dt

=
∫ ∞

−∞
exp (−

∫ ξ

0
a(η) dη)

(
−_h2(ξ) _h1(ξ)

) (
−h1(ξ) − 1

β(h2(ξ) − 1)
− β
c2ω(h1(ξ), h2(ξ))

)
dt

=
∫ ∞

−∞
exp (−

∫ ξ

0
a(η) dη)

(
−_h2(ξ) _h1(ξ)

) ( 1
c
_h1(ξ)

−1
c
_h2(ξ)

)
dt

= −
2
c

∫ ∞

−∞
exp (−

∫ ξ

0
a(η) dη) _h1(ξ) _h2(ξ) dt > 0

because_h1(ξ) < 0 and _h2(ξ) > 0.
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III. Linearization of the PDE at the Traveling Wave

Linearized PDE in moving coordinates

Notation:U = (u1, u2), ω(U ) = u2ρ(u1).

Linearize atH(ξ):

∂tV = AV, A =
(
∂ξξ + c∂ξ + ∂u1ω(H) ∂u2ω(H)

−β∂u1ω(H) c∂ξ − β∂u2ω(H)

)

Look for eigenvalue-eigenfunction pairs: solutions of theformeλtV (ξ). They satisfy

λV = AV.

As a system:



_v1
_v2
_v3



 =




0 0 1

β
c∂u1ω(H) β

c∂u2ω(H) + λ
c 0

λ− ∂u1ω(H) −∂u2ω(H)








v1
v2
v3



 .

λ is an eigenvalue of the linearized PDE provided this Eigenva lue
System has a nontrivial solution with appropriate behavior at ξ =
±∞.
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Eigenvalue System:



_v1
_v2
_v3



 =




0 0 1

β
c∂u1ω(H) β

c∂u2ω(H) + λ
c 0

λ− ∂u1ω(H) −∂u2ω(H)








v1
v2
v3



 .

ξ

ξ ξ

ξ

u1 u2
11/β

h1(ξ) h2(ξ)

∂u1ω(H)=h2ρ'(h1) ∂u2ω(H)=ρ(h1)

e−β
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Write λ = γ + iθ.

At ξ = + ∞, one eigenvalue has real part 0 ifγ = 0 or γ = −θ2

c2 .

At ξ = −∞, one eigenvalue has real part 0 ifγ = −β
ce

−β or γ = −θ2

c2 .

ξ=+∞

+,+,−

ξ=−∞

+,+,−
γγ

θ θ

If we work inBUC2, 
 0 = {λ : Reλ > 0} is the \region of consistent splitting":
at both ξ = −∞ and ξ = ∞ the Eigenvalue System has two positive eigenvalues
and one negative eigenvalue.
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Eigenvalue System forλ ∈ 
 0:

ξ

no  eigenvalue

eigenvalue

For λ in the region of consistent splitting,A − λI is Fredholm of index 0.

The boundary of the region of consistent splitting is in the essential spectrum.

If we work in BUC2, the imaginary axis is in the essential spectrum:
no spectral stability.



23

However:

Let 0< α < 1
2c. Let 
 α denote the set ofλ such that at bothξ = −∞ andξ = ∞

there are two eigenvalues greater than−α and one less than−α. 
 α is the region
of consistent splitting when we work inBUC2

α.

γ

θγ=−cα

Ωα

The parabola isγ = (α2 − cα) − θ2

(c−2α)2.

The essential spectrum is to the left of the imaginary axis when we work inBUC2
α.
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Evans function

In the Eigenvalue System, let



z1
z2
z3



 =




1 0 0
0 1 0
σ σ

β 1








v1
v2
v3



 .

We obtain




_z1
_z2
_z3



 =




−c − c

β 1
β
c∂u1ω(h1, h2)

β
c∂u2ω(h1, h2) + λ

c 0
λ λ

β 0








z1
z2
z3



 .

This system is equivalent to the Eigenvalue System but is eas ier to
study.

We'll write it _Z = E(ξ, λ)Z.
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For λ ∈ 
 α, there is a unique eigenvalue of_Z = E(ξ, λ)Z at ξ = ∞ with real part
less than−α, call it −µ(λ) < −α. An eigenvector is

Z+(λ) =




−1
0

−c + µ(λ)



 .

Let Z+(ξ, λ) be the unique solution of_Z = E(ξ, λ)Z such that

lim
ξ→∞

eµ(λ)ξZ+(ξ, λ) = Z+(λ).

Z+(ξ,0) is a positive multiple of (_h1(ξ), _h2(ξ),0).

Note that _h1(ξ) < 0; that's why we choseZ+(λ) to have its �rst component
negative.
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Forλ ∈ 
, the unique eigenvalue of the adjoint system_ψ = −ψE(ξ, �λ) at ξ = −∞
with real part greater thanα is µ(λ). A corresponding left eigenvector is

ψ−(�λ) =
(
∗ ∗ 1

)
.

Let ψ−(ξ, �λ) be the unique solution of_ψ = −ψE(ξ, �λ) such that

lim
ξ→−∞

e−µ(λ)ξψ−(ξ, �λ) = ψ+(�λ).

Let ψ∗(ξ) = ψ−(ξ, 0).

Recall
(
φ∗

1(ξ) φ∗
2(ξ)

)
de�ned earlier, and de�ne

φ∗
3(ξ) = −

∫ ξ

−∞
φ∗

1(η) dη.

Proposition. As ξ → −∞, φ∗
3(ξ) → 0 like ecξ; and there is a numberd > 0

such that asξ → ∞, φ∗
3(ξ) → d exponentially.ψ∗(ξ) is a positive multiple of(

φ∗
1(ξ) φ∗

2(ξ) φ∗
3(ξ)

)
.
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We de�ne the Evans function

D(λ) = �ψ−(ξ, �λ)Z+(ξ, λ).

The product is independent ofξ and analytic inλ.

For λ ∈ 
 α, λ is in the spectrum of the linearized PDE on BUC2
α if

and only if D(λ) = 0.

ξ

no  eigenvalue

eigenvalue

Z+
ψ_

Of course,D(0) = 0.
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Calculation of D′(0)

Sandstede gives the formula: up to multiplication by a positive number,

D′(0) = −
∫ ∞

−∞
ψ∗(ξ)

∂E
∂λ

(ξ,0) _z∗(ξ) dξ.

Up to multiplication by a positive number, we calculate:

D′(0) = −
∫ ∞

−∞
ψ∗(ξ)

∂E
∂λ

(ξ, 0) _H(ξ) dξ

= −
∫ ∞

−∞

(
ψ∗

1(ξ) ψ∗
2(ξ) ψ∗

3(ξ)
)




0 0 0
0 1

c 0
1 1

β 0








_h1(ξ)
_h2(ξ)

0



 dξ

= −
1
c

∫ ∞

−∞
ψ∗

2(ξ) _h2(ξ) dξ +
∫ ∞

−∞
ψ∗

3(ξ)( _h1(ξ) +
1
β

_h2(ξ)) dξ.

= −
1
c

∫ ∞

−∞
ψ∗

2(ξ) _h2(ξ) dξ −
1
c

∫ ∞

−∞
ψ∗

3(ξ)•h1(ξ) dξ.

We integrate the second integral by parts:
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∫ ∞

−∞
ψ∗

3(ξ)•h1(ξ) dξ = ψ∗
3(∞) _h1(∞) − ψ∗

3(−∞) _h1(−∞) −
∫ ∞

−∞

_ψ∗
3(ξ) _h1(ξ) dξ.

We haveψ∗
3(∞) �nite, _h1(∞) = 0, ψ∗

3(−∞) = 0, and _h1(−∞) = 0. Therefore
the boundary terms vanish. We conclude that, up to multiplication by a positive
number,

D′(0) =
1
c

∫ ∞

−∞
−ψ∗

2(ξ) _h2(ξ)+ _ψ∗
3(ξ) _h1(ξ) dξ =

1
c

∫ ∞

−∞
−ψ∗

2(ξ) _h2(ξ)+ψ∗
1(ξ) _h1(ξ) dξ

=
2
c

∫ ∞

−∞
− exp (−

∫ ξ

0
a(η) dη) _h1(ξ) _h2(ξ) dξ > 0.



30

IV. On BUCα, spectral stability implies linearized
stability

∂tV = AV, A =
(
∂ξξ + c∂ξ + ∂u1ω(H) ∂u2ω(H)

−β∂u1ω(H) c∂ξ − β∂u2ω(H)

)

Let A, Aα, andAm be the linear operators onBUC2, BUC2
α, andBUC2

m respec-
tively given byV → AV .

Each operator is closed and densely de�ned. IfV ∈ BUC2
m, thenAV = AαV =

AmV . Each operator generates aC0 semigroup. IfV ∈ BUC2
m, then etAV =

etAαV = etAmV .

A andAm both have 0 in the essential spectrum.

Aα is Fredholm with index zero (because 0 is in 
α), and 0 is a simple eigenvalue.
Therefore R(Aα) is a codimension-one closed subspace ofBUC2

α.

Let Ps
α denote projection onto R(Aα) with kernel N(Aα). Let Pc

α = I − Ps
α.

Theorem. Suppose the only eigenvalue ofAα with nonnegative real part is 0.
Then :
(1) The traveling wave is spectrally stable.
(2) The traveling wave is linearly stable. In particular, there are numbersK > 0

andν > 0 such that‖etAαPs
α‖ ≤ Ke−νt.
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The proof of the theorem uses some notions from semigroup theory.

Let

W (ξ) = eαξV (ξ)

V (t, ξ) is a solution of∂tV = AV in BUC2
α if and only ifW (t, ξ) = eαξV (t, ξ) is

a solution of

Wt = ~AW, ~A =
(
∂ξξ + ( c− 2α)∂ξ + α2 − cα + ∂u1ω(H) ∂u2ω(H)

−β∂u1ω(H) c∂ξ − cα− β∂u2ω(H)

)

in BUC2.

Let ~A be the linear operator onBUC2 given byW → ~AW .

Instead of consideringAα onBUC2
α we may consider~A onBUC2.
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Spectral bounds

Theessential spectral bound sess(L) is the in�mum of all realω such that the
intersection Sp(L) ∩{λ : Reλ ≥ ω} is contained in the discrete spectrum ofL and
has only �nitely many points.

γ=sess(L)

γ

θ

...
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For aboundedlinear operatorT : Y → Y, de�ne the seminorm
‖T‖C = inf

K
‖T + K‖,

where the in�mum is over the set of all compact operatorsK : Y → Y.

If L generates aC0-semigroupetL, the essential growth bound ωess(L) =
limt→∞ t−1 log‖etL‖C.

In general:

sess(L) ≤ ωess(L)

One kind of problem:

||A−1|| unbounded

Sp(A) Sp(etA)

1
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Facts about the essential growth bound

1. etωess(L) is the radius of the essential spectrum ofetL for anyt > 0.

2. Letω > ωess(L) be a number such that no isolated eigenvalue ofL has real part
ω. Then there is a �nite set{λ1, . . . , λk} ⊂ C such that

Sp(L) ∩ {λ : Reλ ≥ ω} = Spd(L) ∩ {λ : Reλ ≥ ω} = {λ1, . . . , λk}.

Let E1, . . . , Ek be the generalized eigenspaces ofλ1, . . . , λk respectively; they are
�nite-dimensional. Then there is a closed subspaceE0 of Y such thatY = E0 ⊕
E1 ⊕ · · · ⊕ Ek andE0 is invariant underL. Moreover, there is a numberM > 0
such that‖etL|E0‖ ≤ Meωt.
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Outline of proof: ConsiderWt = ~AW onBUC2.

1. ~A generates aC0-semigroupetÃ.

2. The only eigenvalue of~A with nonnegative real part is 0.

3. The eigenvalue 0 is simple.

4. ωess( ~A) < 0. (The key point. sess( ~A) = ωess( ~A) = α2 − cα < 0.)

5. Therefore we can choose−ν < 0 such that the only element of Sp(~A) with real
part greater than or equal to−ν is 0.

γ=−ν

γ

θ

Sp(A
~

)

6. BUC2 = R(Aα) + N( Aα) and‖etÃ|R(Aα)‖ ≤ Ke−νt.
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Outline of proof that ωess( ~A) < 0:

Recall

~A =
(
∂ξξ + ( c− 2α)∂ξ + α2 − cα + ∂u1ω(H) ∂u2ω(H)

−β∂u1ω(H) c∂ξ − cα − β∂u2ω(H)

)

=
(

C ∂u2ω(H)
−β∂u1ω(H) G

)
.

Let

J1 =
(
C ∂u2ω(H)
0 G

)
.

1. C is a \localized" perturbation of the sectorial operator∂ξξ+( c−2α)∂ξ+α2−cα.
Hence its essential spectrum has for its right boundary the parabola

{λ = γ + iθ : γ = (α2 − cα) −
θ2

(c− 2α)2}.

Also, sess(A) = ωess(A) = α2 − cα < 0.
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2. Associated withG are the two constant-coe�cient operatorsc∂ξ − cα+ βe− 1
β at

ξ = −∞ andc∂ξ − cα at ξ = ∞. Each has spectrum consisting of a single vertical

line: Reλ = −cα− βe− 1
β and Reλ = −cα respectively. Sp(G) = Spess(G) = {λ :

−cα− βe− 1
β ≤ Reλ ≤ −cα}. sess(G) = −cα.

3. It is known thatG has the spectral mapping property , so sess(G) =
ωess(G).

4. From triangularity of J1 and our understanding of the spectra of
C and G, ωess(J1) ≤ max{ωess(C), ωess(G)} = α2 − cα < 0.

5. Since limξ→±∞ ∂u1ω(H) = 0, multiplication by −β∂u1ω(H) is a com-
pact operator.

6. From the variation of constants formula, etÃ is a compact pertur-
bation of etJ1, soωess( ~A) = ωess(J1) by de�nition.
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V. Nonlinear stability

The PDE in moving coordinates:

∂tu1 = ∂ξξu1 + σ∂ξu1 + ω(U )),
∂tu2 = σ∂ξu2 − βω(U ).

Notation:

L =
(
∂ξξ + c∂ξ 0

0 c∂ξ

)
, B =

(
1

−β

)
.

The PDE becomes

Ut = LU + Bω(U ).
Let U = H + V .

ω(U ) = u2ρ(u1),
ω(H + V ) = ω(H) + Dω(H)V + remainder,
remainder =h2ρ2(h1, v1)v2

1 + ρ1(h1, v1)v1v2 = n(H,V )v1,
n(H,V ) = h2ρ2(h1, v1)v1 + ρ1(h1, v1)v2.
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Using the fact that

LH(ξ) + Bω(H(ξ)) = 0,

the PDE becomes

Vt = (L + BDω(H))V + Bn(H,V )v1.

More notation:

R(ξ) = Dω(H(ξ)) =
(
h2(ξ)ρ′(h1(ξ)) ρ(h1(ξ))

)
,

A = L + BR(ξ).

The PDE becomes

Vt = AV + Bn(H,V )v1.
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We'll need a slightly di�erent substitution:

U (ξ) = H(ξ − q) + V (ξ),

whereq can change with time. Using the fact that

LH(ξ − q) + Bω(H(ξ − q)) = 0,

we obtain

−H ′(ξ − q) _q + ∂tV = (L + BR(ξ − q))V + Bn(H(ξ − q), V )v1.

Let

S(ξ, q) = R(ξ − q) −R(ξ),

so

L + BR(ξ − q) = L + BR(ξ) + BS(ξ, q) = A + BS(ξ, q).

The PDE becomes

−H ′(ξ − q) _q + ∂tV = AV + BS(ξ, q)V + Bn(H(ξ − q), V )v1.
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AssumeV ∈ R(Aα).

H(ξ-q)

R(Aα)

Apply Ps
α andPc

α.

∂tV = AV + Ps
α(BS(ξ, q)V + Bn(H(ξ − q), V )v1 + H ′(ξ − q) _q),

−Pc
αH

′(ξ − q) _q = Pc
α(BS(ξ, q)V + Bn(H(ξ − q), V )v1)

Warning. The nonlinear terms do not de�ne a Lipschitz map fromE2
α to itself.

Let

G(V, q) = BS(ξ, q)V + Bn(H(ξ − q), V )v1,
β(V, q) = ( Pc

αH
′(ξ − q))−1Pc

αG(V, q).

(Abuse of notation warning.) Forq small,‖Pc
αH ′(ξ − q)‖ is close to 1.
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So formally we can rewrite our PDE as a system on R(Aα) × R:

∂tV = AV + G(V, q) + β(V, q)H ′(ξ − q),
_q = β(V, q)

Proposition. The formulas forG(V, q) andβ(V, q) de�ne mappings fromBUC2
m×

R to BUCm and to R respectively. On any bounded neighborhood of (0,0) in
BUC2

m × R, the mappings are Lipschitz, and there is a constantC such that:

(1) ‖G(V, q)‖α ≤ C(|q| + ‖V ‖0)‖V ‖α.

(2) ‖G(V, q)‖m ≤ C(|q| + ‖V ‖m)‖V ‖m.

(3) |β(V, q)| ≤ C(|q| + ‖V ‖0)‖V ‖α.

Reason: consider a term likeρ1(h1, v1)v1v2

eαξ|ρ1(h1(ξ), v1(ξ))v1(ξ)v2(ξ)| ≤ C‖v1‖0‖v2‖α.

Therefore

‖ρ1(h1, v1)v1v2‖α ≤ C‖v1‖0‖v2‖α.
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Study of the system on the space BUC2
m × R

1. Existence of solutions on BUC2
m × R and a priori bound

We shall study solutions of the system

∂tV = AV + G(V, q) + β(V, q)H ′(ξ − q),
_q = β(V, q)

Proposition 1. For eachδ > 0 there existρ > 0 andTmax, with 0< Tmax ≤ ∞,
such that the following is true: if (V 0, q0) ∈ BUC2

m × R satis�es

(1) ‖(V 0, q0)‖BUC2
m×R = ‖V 0‖m + |q0| ≤ ρ

and 0≤ t < Tmax, then (V, q)(t, V 0, q0) is de�ned and satis�es

(2) ‖V (t, V 0, q0)‖m + |q(t, V 0, q0)| ≤ δ.

Let Tmax(δ, ρ) denote the supremum of allT such that (2) holds for all 0≤ t < T
whenever (1) is satis�ed.
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2. Decay of ‖V (t)‖α

Proposition 2. There existδ2 > 0 andC > 0 such that for everyδ ∈ (0, δ2) and
everyρ given by Proposition 1, the following is true. ConsiderV 0 ∈ R(Ps

α)∩BUC2
m

such that (V 0, q0) satis�es (1), so that (V, q)(t, V 0, q0) satis�es (2) for 0≤ t <
Tmax(δ, ρ). Then:

(3) ‖V (t)‖α ≤ Ke−νt/2‖V 0‖α and |q(t) − q0| ≤ C‖V 0‖α for 0≤ t < Tmax(δ, ρ).

Moreover, ifTmax(δ, ρ) = ∞, then there isq∗ ∈ R such that

(4) |q(t) − q∗| ≤ Ce−νt/2‖V 0‖α for all t ≥ 0.

3. Bounds for ‖V (t)‖0

Proposition 3. There existδ3 in (0, δ2) and C > 0 such that for everyδ ∈
(0, δ3) and everyρ given by Proposition 1, the following is true. ConsiderV 0 ∈
R(Ps

α) ∩ BUC2
m such that (V0, q0) satis�es (1). Then (V, q)(t, V 0, q0) satis�es (2)

for 0≤ t < Tmax(δ, ρ), and the following estimates hold for 0≤ t < Tmax(δ, ρ)):

‖v1(t)‖0 ≤ C(|q0| + ‖V 0‖m),(5)

‖v2(t)‖0 ≤ C(|q0| + ‖V 0‖m)e−νt/2.(6)
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Proofs use the variation of constants formula to make estimates. A solution of

∂tV = AV + G(V, q) + β(V, q)H ′(ξ − q)

satis�es

V (t) = etAV 0 +
∫ t

0
e(t−s)A

(
G(q(s), V ) + β(q(s), V )H ′(ξ − q(s))

)
ds.
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4. Nonlinear stability

Lemma 1. De�ne F : R(Ps
α) × R → BUC2

α by F(V, q) = V + H(ξ − q). Then
DF(0,0) is an isomorphism, soF maps a neighborhoodV of (0,0) in R(P s

α) × R
di�eomorphically onto a neighborhoodU ofH(ξ) in BUC2

α.

ChooseρU > 0 so that the ball of radiusρU aboutH in BUCα is contained inU .

Lemma 2. Let U ∈ BUC2
m ⊂ BUC2

α with ‖U − H‖m ≤ ρU . Then there are
numbersL andM such that:

(1) (V, q) = F−1(U ) ∈ R(P s
α) × R is de�ned, soU = V + H(ξ − q).

(2) |q| ≤ L‖U −H‖m.

(3) V ∈ BUC2
m, and‖V ‖m ≤ (1 + LM )‖U −H‖m.

GivenU 0 ∈ BUC2
m, let U (t) = U (t, U 0) be the solution of our PDE inBUC2

m
with U (0) = U 0. If ‖U 0 −H‖m ≤ ρU , we can use Lemma 1 to write

(7) U 0 = V 0 + H(ξ − q0) with (V 0, q0) ∈ R(P s
α) × R.

If ‖U (t) −H‖m ≤ ρU , we can use Lemma 1 to write

(8) U (t) = V (t) + H(ξ − q(t)) with (V (t), q(t)) ∈ R(P s
α) × R.
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Nonlinear Stability Theorem There is a constantC > 0 such that for each
δ ∈ (0,max(δ3, ρU)), there existsρ with 0 < ρ ≤ ρU such that the following is
true. LetU 0 ∈ BUC2

m with ‖U 0 − H‖m < ρ, and let (V 0, q0) = F−1(U 0). Let
U (t) be the solution of our PDE inE2 with U (0) = U 0. Then:

(1)U (t) is de�ned for allt ≥ 0.

(2) For all t ≥ 0,U (t) ∈ U , so we can de�ne (V (t), q(t)) = F−1(U 0).

(3) ‖V (t)‖m + |q(t)| < δ.

(4) ‖V (t)‖α ≤ Ke−νt/2‖V 0‖α.

(5) There existsq∗ such that|q(t) − q∗| ≤ Ce−νt/2‖V 0‖α.

(6) ‖v1(t)‖0 ≤ C(|q0| + ‖V 0‖m).

(7) ‖v2(t)‖0 ≤ C(|q0| + ‖V 0‖m)e−νt/2.


