EXCHANGE LEMMAS 1: DENG'S LEMMA
STEPHEN SCHECTER

Abstract.  Deng's Lemma gives estimates on the behavior of solutions dafrdinary dif-
ferential equations in the neighborhood of a partially hypebolic equilibrium. We prove a
generalization in which \partially hyperbolic equilibriu m" is replaced by \normally hyper-
bolic invariant manifold."

1. Introduction

Boundary value problems for ordinary di erential equatiors are ubiquitous in applied
mathematics. Consider one of the form

=R M)2A () () 2A(); (1.1)

in which 2 R"; 0 is a small parameter;A () and A, ( ) are manifolds;t and t.
may be speci ed functions of or may be left unspeci ed, in which case we simply want a
solution that goes fromA () to A.( ). See Figure 1.1. For example, i\ () is part of the
unstable manifold of an equilibrium (), and A. () is part of the stable manifold of an
equilibrium (), then a solution of (1.1), when extended to the time internial <t< 1,
is a heteroclinic solution from () to .( ). Such a solution may be of interest because it
represents a traveling wave of a related partial di erentibequation.

A (e)/: :/_/’_t_
/ g - A(e)

Figure 1.1. A boundary value problem and its solution.

To show the existence of a solution of (1.1) with > 0, one often uses a perturbation
argument from = 0 to show that the manifold of solutions that start on A ( ) and the
manifold of solutions that end onA. ( ) meet transversally. See Figure 1.1.

Frequently, the problem (1.1) with = 0 is degenerate in some way, and is only of interest
insofar as it helps to solve (1.1) with > 0. Such problems are typically referred to a
singularly perturbed The geometric approach to such problems, which focuses aadking
manifolds of potential solutions rather than on asymptotieexpansions of solutions, is called
geometric singular perturbation theory7, 8.

Suppose, for example, that (1.1) with = 0 has an m-dimensional manifold of normally
hyperbolic equilibria Eq, and that, after following A (0) forward, we have a manifoldV; that
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is transverse to the the stable manifold oE,. If we follow M forward it becomes a manifold
M, as pictured in Figure 1.2. For small > 0, following A ( ) forward leads to a manifold
M near Mg that is transverse to the the stable manifold ofE , the perturbed normally
hyperbolic invariant manifold nearE,. SinceE typically does not consist of equilibria, in
forward time M becomes a manifoldM as pictured in Figure 1.2.M is far from M,.
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Figure 1.2. Unperturbed and perturbed ows.

The di erential equation on the normally hyperbolic invariant manifold E locally reduces
toc= G(c; ), c2 R". The ow of c®= G(c;0), the limiting rescaled di erential equation,
is called theslow ow. The most common situation isrecti able slow ow: on the region
of interest, c®= G(c;0) can be put in the formc® = 1;5 = ::: = & = 0. In this case, the
Exchange Lemmd11, 10, 24, 9] asserts thail is close to part of the unstable manifold of
E , which is in turn close to part of the unstable manifold oE,. Thus transversality to the
stable manifold of Eq has been \exchanged" for closeness to part of the unstable nifld
of Eq. This information can then be used to followA () forward farther and thus to solve
the boundary value problem.

At present, much work in geometric singular perturbation tieory deals with manifolds of
equilibria Eq that fail to be normally hyperbolic at some points. If there a& no normally
hyperbolic directions at such points, the ow neark, for small can often be understood
using the \blowing up" construction [4, 5, 13, 23, 21, 17].

If there are normally hyperbolic directions, a recipe for aalyzing the ow near Eq for small

is as follows. One imbed£, in a larger manifold K that contains the directions along
which normal hyperbolicity is lost. K is itself normally hyperbolic, and hence perturbs to
nearby normally hyperbolic manifoldsK . The ow on K can by analyzed by blowing up.
One then needs a generalization of the Exchange Lemma to teldahis ow to the ow on
a neighborhood ofK . SinceK, is not a manifold of equilibria, the Exchange Lemma just
described does not apply.

One type of loss of normal hyperbolicity is theturning point: a manifold of equilibria
E, is known to perturb to a family of invariant manifolds E , but normal hyperbolicity is
lost along a codimension-one submanifold &,. At a loss-of-stability turning point, a real
eigenvalue changes from negative to positive as one crogbescodimension-one submanifold
in the direction of the slow ow. Exchange lemmas for loss-@ftability turning points have
been proved by Weishi Liu [16].
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My motivation to work in this area comes fromgain-of-stability turning points. a real
eigenvalue changes from positive to negative as one crogbescodimension-one submanifold
in the direction of the slow ow. Gain-of-stability turning points occur when one looks for a
self-similar solution of the Dafermos regularization of aystem of conservation laws near a
Riemann solution of the underlying system of conservatioraws that includes a rarefaction
wave [21]. For information about the Dafermos regularizatin, its possible relevance to the
the long-time behavior of solutions of viscous conservatidaws, its self-similar solutions,
and their stability, see [2], [25], and [15].

It turned out that instead of proving an exchange lemma for ga-of-stability turning
points, one can state and prove a General Exchange Lemma thancompasses all these
situations (normally hyperbolic invariant manifold with recti able slow ow, loss-of-stability
turning points, gain-of-stability turning point) and perhaps others. This General Exchange
Lemma and its application to self-similar solutions of the Bfermos regularization are the
subject of the present series of papers.

In the literature, there are three ways to prove exchange lemas: (1) Jones and Kopell's
approach [11, 10, 16], which is to follow the tangent spaceltb forward using the extension of
the linearized di erential equation to di erential forms; (2) Brunovsky's approach [1, 18, 19],
which is to locateM by solving a boundary value problem in Silnikov variables; ra (3)
Krupa, Sandstede, and Szmolyan's approach [12], which udas's method [14].

We follow Brunovsky's approach, which is in turn based on wérof Deng [3]. Brunovsky
generalized a lemma of Deng that gives estimates on solutsoaf boundary value problems
in Silnikov variables.

In Deng's work, the boundary data lie near an equilibrium thamay be nonhyperbolic.
In Brunovsky's work, the boundary data lie near a solution of recti able slow ow on a
normally hyperbolic invariant manifold. Our work requiresus to consider more general ows
on normally hyperbolic invariant manifolds.

The present paper is devoted to the required generalizatiasf Deng's lemma, which we
state in Section 2 and prove in Section 3.

In the second paper in this series [20], we state and prove tBeneral Exchange Lemma,
and explain how it easily implies versions of existing exchge lemmas for recti able slow
ows and loss-of-stability turning points. In the third paper [22], which is joint work with
Peter Szmolyan, we use the General Exchange Lemma to proveexthange lemma for gain-
of-stability turning points and to study self-similar solutions of the Dafermos regularization.

2. Generalized Deng's Lemma

On R" we use coordinates = (Xx;y;c), with x2 R\, y2 R, c2 R™, k+ |+ m = n. Let
V be an open subset oR™. We consider aC'*,r 1, di erential equation —= F( ) on a
neighborhood off Og f Og V in R" of the following form:

X = A(XY; O)X; (2.1)
y = B(xy;0)y; (2.2)
c= C(o+ E(xy;c)xy: (2.3)

Thus we assumesx, By, C, and Exy areC"*. Let (t;c) be the ow of c= C(c). For each
c2 V there is a maximal intervall; containing O such that (t;c) 2 V forallt 2 I.. Let the
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linearized solution operator of (2.1){(2.3) along the solion (0;0; (t;c°) be
1 0 10 1

0
X(t) S(t; s; ) 0 0 X(S)
@QynA=@ o U(t; ;%) 0 AQysA (2.4)
c(t) 0 0 °(t;s; %) c(s)
We assume:
(E1) There are numbers ¢ < 0< o, > 0, andM > 0 such that for allc® 2 V and
s;t2 |Co,
k S(t;s;c%)k Me ot 9 ift s (2.5)
k U(t;s;c®)k Me ot 9 ift s; (2.6)
k °(t;s;c®k Me it s for all t; s: (2.7)

In addition, we assume one of the following:

(Dl) otr < 0< o+ o r .
(DZ) ot otr < 0< o r .

We wish to study solutions of Silnikov's boundary value prdiem, which is (2.1){(2.3) on

aninterval 0 t , together with one of the following sets of boundary conditns:
x(0)=x% y()=y4 d0)=c (2.8)
or
x(0)=x% y()=y4 o )=ch: (2.9)

We denote the solution of (2.1){(2.3) with boundary conditons (2.8) by ; y; c)(t; ;x %y, ),
and the solution of (2.1){(2.3) with boundary conditions (29) by (x;y; c)(t; ;x °;yt; ch).

We shall use the following notation. Letf : RP! RY be a function, and leti = iq;:::;ij;
be a sequence gfj integers between 1 ang. Then

@
Qy @u,
We shall allowjij = 0; in this casei is the empty sequence, an®;f = f. Since the ordering

of the sequence is irrelevant wheb;f is continuous, which will always be the case, we will
reorderi whenever it is convenient.

Dif =

Theorem 2.1. (Deng's lemma for Silnikov's rst boundary val ue problem.) Let
V,p and V; be compact subsets &f such thatVy, Int (V4). For eachc® 2 V, let Jo be the
maximal interval such that (t;c°) 2 Int (V) for all t 2 Jo. Choose numbers and such
that < < 0< < ¢, and (E1) and (D1) hold with (; ) replacing ( o; o). Then
there is a number o > 0 such that if kx°k o, ky!k o, ®2 Vp, and > 0is in Je,
then Silnikov's rst boundary value problem(2.8) has a solution(x;y; c)(t; ;x % y*; ) on

the interval 0 t . Moreover, there is a numbeiK > 0 such that for all(t; ;x °;y!; )
as above,
kx(t; ;x % yh Dk Ket; (2.10)
ky(t; ;x%yhck  Ke @ ) (2.12)

ke(t; ;x%yhd® Dk Ketr ¢ ) (2.12)
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In addition, if i is any jij-tuple of integers between 1 and+ n, with 1 j ij r, then

kDix(t; ;x %yt Ok  Kel Tt (2.13)
kDiy(t; ;x %yh )k Ket 10 (2.14)
kDic(t; ;x%yhc®  Di (tcPk Kel HiwC i . (2.15)

In (2.12) and (2.15), note that
(tc%) = ot ; 0;0,") = cft; ;x%0;¢°) = c(t; ; Oy C):
Cases of this result were proved by Deng[3] and Brunovsky .[1]

Theorem 2.2. (Deng's lemma for Silnikov's second boundary v alue problem.) Let
Vp and V; be compact subsets of such thatVy Int (V;). For eachct 2 V, let Ja be the
maximal interval such that (t;c!) 2 Int (V;) for all t 2 J.. Choose numbers and such
that < < 0< < ¢, and (E1) and (D2) hold with (; ) replacing ( o; o). Then
there is a number ¢ > 0 such that ifkx°%k o, ky'k o, ¢t 2 Vg, and < 0isin Ja,
then Silnikov's second boundary value proble¢d.9) has a solution(x; y; c)(t; ;x % y?*; ct) on

the interval 0 t . Moreover, there is a numbeK > 0 such that for all(t; ;x %y cb)
as above,
kx(t; ;x%yhchk Ke'; (2.16)
ky(t; ;x %yt chk Ke & ), (2.17)
ke(t; :x%yhc) (¢t ;ehk Kett ) (2.18)
In addition, if i is any jij-tuple of integers between 1 and+ n, with 1 j ij r, then
kDix(t; ;x %yh:chk  Kel *iut. (2.19)
kDiy(t; ;x %yt chk  Kel 11t ) (2.20)
kDic(t; ;x%yhc) Dy (¢ ;chHk  Kel HiuwC it . (2.21)

In (2.18) and (2.21), note that
(t e =ct ; 6,0,¢) = oft; ;x%0;,¢h) = ct; ; Oy ch):
Remark 2.3. Normally hyperbolic invariant manifolds. SupposeM is aC*® normally
hyperbolic compact invariant manifold of dimensiomm for the C* di erential equation —=
G( ) on R". This means:

(N1) There is a splitting of the tangent bundle toR" alongM into subbundles of dimension
k,l,and m, k + | + m = n, with the last being the tangent bundle ofM: Ty R" =

S+ U+ TM.
(N2) This splitting is invariant under the linearized solution operator alongM .
(N3) Let (t; ) be the ow of —_= G( ), and let ( t;s; ) be the linearized solution

operatoralong (t; ): (t;s; )=D (t; ) D ( s; (s; )). Thenforeach °2 M,
there are numbers ¢ < 0< 4,0< < min(j oj; o), and M > 0, all depending on

0, such that
k( t:s; Ov(s)k Me °¢ Sky(s)k ifv(s)2'S (s 0pandt s; (2.22)
k(ts; 9v(s)k Me °¢ Jky(s)k if v(s)2 U (5, 0y andt s; (2.23)

k( t:s; Ov(s)k Me 't Skv(s)k if v(s) 2 T (s yM; for all t; s: (2.24)
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(N4) supy o< 0<infy o.
Suppose in addition that there is arr® s such that at eachpoint of M,

ot r%< 0< o r% (2.25)

then M is covered by open set in R" on each of which there ar€'’ * coordinates = ()
in which —= G( ) has the form (2.1){(2.3);f0g f O0g V corresponds toJ\ M [6]. In the
new coordinates, the di erential equation isC'’ 2. However, (o, o; ) cannot necessarily
be chosen independent af.

Our statement and proof of Theorems 2.1 and 2.2 require unifo, not pointwise, assump-
tions. In addition, we require (D2) or (D3) rather than an inguality like (2.25). Thus our
assumptions are a little stronger than normal hyperbolicjt

Remark 2.4. Notice that all components ofc must be given att = 0, or all components of
c must be given att = . This is true in Deng's and Brunovsky's work as well. Thus the
proof of the Corner Lemma in [18] is wrong and must be reworked

3. Proof of the Generalized Deng's Lemma

3.1. Introduction.  We shall prove Theorem 2.1 only.
Letc= (t;c% + z. The system (2.1){(2.3) becomes

x = A(t; cO)x + f (t; ¢ x;y; 2): (3.1)
y = B(t;c?)y + g(t; c% x;y; 2); (3.2)
z=C(tc%z+ (t;¢%2)+ h(t;c%x;y;2); (3.3)

with
A(t; co) = A(0;0; (t;c%);
F(tc%xy;2) = (Alxy; (6c)+2) A(0;0; (tc))x;
B(t;co) = B(0;0; (t;c);
gt c%xy;2) = (B(xy; (tc%)+2) B(0;0 (tc?))y;
C(t;co) = DC( (£ c%);
(tc%z)= C( () +2) C( (¢ DC( (tc”)z;
h(t;c%x;y;z) = E(x;y; (t;c%) + 2)xy:
The rst six of these functions areC'; the last is C'*1. To see that the last isC"'*!, let
E(x;y;z) = E(x;y;z)xy. ThenE isC"", and
h(t c%xy;2) = E(xy; (5c°)+ 2): (3.4)
The solution operator of the linear equation

(X;y;z) = diag (A(t; co); B(t; o); C(t; Co))(X;Y; 2)

(x(t); y(t); z(t)) =diag ( °(t;s;%); “(ts;¢%); (t;s; c))(X(s); y(s); 2(9)):
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Then (x(t);y(t); c(t)) is a solution of Silnikov's problem (2.1){(2.3), (2.8), f and only if
c(t) = (t;c%)+ z(t) and (t) = ( x(t);y(t);z(t)) satis es
Z

x(t)= St 0;,)x%+ t S(t;s;¢0)f (s; &5 (9)) ds; (3.5)
Z,
yt) = U(t ;cOyt+ U(t;s; g(s; P (s)) ds; (3.6)
Zt
z(t) = °“(t;5;)( (5;¢52(s)) + h(s; &5 () ds; (3.7)
0

For a xed > 0, let X be the set of continuous functions : [0; ]! R", (t) =

k ki =supy , (e ¢ *1 Mkx(k;e ¢ 1 Dky(t)k;e (7190 €1 Dz(t)k):
Let Ng and N; be positive constants de ned below, and let
=min( ; oo i+ , F ) > 0;

o =min(1; ) > 0

4M 2max(No; 4N;)
= f 2X :kko 2M o0

Given (;x%y1; %), dene T: !X g by the right hand side of (3.5){(3.7).

Proposition 3.1. If kx°k 0, kylk 0, ®2 Vy,and > 0isin Jo, thenT is a
contraction of in the norm k ko with contraction constant at most%.

To prove Theorem 2.1, we shall rst derive, in Subsection 3,20me useful estimates.
Then, in Subsection 3.3, we shall prove Proposition 3.1. Wéall also show that for 2 ,

study partial derivatives of the xed point (t) of T with respect tot and the parameters
(;x%y ). Each is a xed point of a nonhomogeneous linear equation. i€ solution can
be estimated using the results of Subsection 3.2 and the eséte of the norm of DT ( ).

Actually, the framework we have presented does not allow sty of partial derivatives
with respect to , since is used in the de nition of the spaceX and therefore cannot be
treated as a parameter. To get around this di culty, one can,for example, use a larger®
in the de nition of X, and treat the value at which boundary conditions are posed as a
parameter; the solution is then dened on 0 t % As is common in studies of this sort,
we shall ignore this technicality in the rest of the paper.

3.2. Estimates.

Proposition 3.2. There are constantskK;, j = 1;:::;r +1, such that ifi is a j-tuple of
integers between 1 and + m, c® 2 V,, and t 2 Je, then

kDi (c®)k K;é i
Proof. We shall give the proof fort 0. We haveD; (t;c®) = C( (t;c°). Therefore, ifi is
an integer between 1 and 1 #m,

D:D;i (t;c®) = DC( (;c?))Di (t;c):
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The solution of this di erential equation is
Di (%)= °(t;0,C)D; (0;¢°;
whereD; (0; ) is the the ith column of them (1 + m) matrix
C(c®) |
Therefore,
kD; (t;c9k Me' max(kCko; 1):
Thus the proposition is true forj = 1.

Assume 2 p r +1 and the proposition is true forj =1;:::;p 1. Leti be ap-tuple
of integers between 1 and 1 m. We have

D:D; (t;c°) = )EgC( (EC)D;i () + i(t;c?); (3.8)

i(tc) = & D'C( (5c))Die (%) Di () (3.9)

for certain constantsaix..i; ] = 2;:::;p; jitj;:::;jilj are each between 1 angp 1; and

it:::il is a permutation ofi, sojij+  + jilj = p. The solution of the di erential equation
(3.8) is
Z t
Di (¢ = (0D (0;)+  (t5;¢%) i(s;¢)ds:
0
Therefore Z,
kD; (t;c9k Me'kD; (0;)k+ Me ¢ 9k (s;:P)kds: (3.10)
0
By the inductive hypothesis,
kDil (t, Co)k kDij (t, Co)k Kjiljeiiljt Kjijjeiijjt = Kjilj Kjijjept . (311)

From (3.11) and (3.9), we see thak ;(s;®)k in (3.10) is bounded by a constant times® s .
Therefore the integral in (3.10) is bounded by a constant tiese” ! . If the sequence contains
no 1's, thenD; (0;c®) = 0. Otherwise D; (0;c®) can be calculated from an equation like
(3.8) and is bounded by a constant times® Y. The result follows.

Proposition 3.3. There are constantsM;, j = 1;:::;r such that ifi is aj -tuple of integers
between 1 an®+ m, ® 2 Vp, andt; s 2 Je,
kDi S(t;s;c)k  Mject *it fort s (3.12)
kD; “(t;s;c%)k M;eot 9t fort s (3.13)
kD; S(t;s;c)k M;e® 9t fort s (3.14)

Proof. We will prove only (3.12). Letk be ak-tuple of integers between 1 and 1+, with
1 k r.Wehave

X
DKA(t; c®) = DA(0;0; (t;c?) = &0 DLA(0;0; (5¢%))Dyx (5¢%) Dy (%)

for certain constantsayi...ci; j = 1;:::;K; jklj_;:::;jkjj are each between 1 and; and
kl:::kl is a permutation ofk, sojk'j + + jk!j = k. Then Proposition 3.2 implies that
there are constantsL;:::;L, such that fork =1;:::;r,

KDk A(t; ek Lyekt: (3.15)
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Let i be an integer between 1 and 2 . We haveD; S(t;s;c®) = A(t;c®) S(t;s;c).
Therefore
DDi °(t;s;c%) = A(t;c9)D; °(t;s;c%) + DiA(t; ) 3(t;s;c):
The solution is 7
t
Di *(ts;c))= *(s;c)Di *(sis;@)+  S(trc)DiA(nc®) S(rrs;cd)dr
S

Therefore
Z

t
kDi S(t;s;cOk Me °t 9kD; S(s;s;P)k+  Me °t DL e" Me o 9dr;

S

whereD; S(s;s; @) is the the ith column of them (2 + m) matrix
C(® C(&® 1
Thus (3.12) is true forj = 1.

Assume 2 p r and the proposition is true forj =1;:::;p 1. Leti be ap-tuple of
integers between 1 and 2 +n. We have

D:D; S(t;s;c°) = ,)A(\(t; cOD; S(t;s; )+ (t;s;cY); (3.16)

i(t:s;c) = ay DYA(t; c®)D; 3(t;s; ) (3.17)

for certain constantsay ; jkj 0,jlj 1, kl is a permutation ofi. The solution is
Z t

Di *(ts;c”) = S(ts;c)Di S(s;8:)+  °(tric®) i(rs;cd)dr:
S
Zt
kDi S(t;s;c)k Me °® 9kD; S(s;s;:)k+  Me °t Dk i(r;s; cO)kds: (3.18)

S

Therefore

From (3.15) and the inductive hypothesis,
kaA(r; CO)D| s(r; S, Co)k ijje“‘j ' Mj”e ot S+lir = ijij“‘e off S)rpr. (319)

From (3.19) and (3.17), we see thak i(r;s;c%k in (3.18) is bounded by a constant times
g o 9*pr  Therefore the integral in (3.18) is bounded by a constantriiese ot $*Pt |f
the sequencd contains no 1's or 2's, therD; S(s;s; @) = 0. Otherwise D; S(s;s; @) can
be calculated from an equation like (3.16) and is bounded byaonstant timese® V't . The
result follows.

Proposition 3.4. There is a constantNg such that for allc® 2 Vp, t 2 Jo, and  in a
bounded set:

(1) kf (t;c% )k Ngk Kkxk.

(2) kg(t;c% )k Nok Kkyk.

(3) k (t;c%z)k  Nokzk?.

(4) kh(t;c% )k Nokxkkyk.
Proposition 3.5. There is a constantN; such that the following is true. Let be an integer
between 1 and.+ m+ n, let c® 2 Vg, lett 2 Jo, and let belong to a bounded set. Then:

Q) Ifi 1+ m, then kD;if (t;c% )k  Nikxke'. If 2+ m i 1+ m+ k, then
kD;if (t;c% )k N3k k. For other i, kD;f (t;c% )k Nikxk.
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(2) Ifi 1+ m,thenkD;g(t;c% )k Nikyke'.If 2+m+k i 1+m+k+I,then
kDig(t;c% )k Nik k. For other i, kD;g(t;c% )k Nikyk.

3) Ifi 1+ m, then kD; (t;c%2z)k  Nikzke'. If 2+ m+ k + | [ n, then
kD; (t;c%z)k Nikzk. For other i, kD; (t;c% z)k=0.

(4) If i 1+ m, thenkD;h(t;c®% )k Nikxkkyke!. If 2+m i 1+ m+ Kk, then
kDih(t;c% )k Nikyk. If 2+m+k i 1+m+k+I1,thenkD;h(t;c% )k Nikxk.

Otherwise,kD;h(t; c% )k  Nikxkkyk.

Proof. We shall only discuss parts (1) and (4) of both propositions.In the de nition of
f (t;c% ), the expressionA(x;y; (t;c%+ z) A(0;0; (t;c%)is O( ) becauseA is C?; this
justi es (1) in the rst proposition. To treat (1) in the seco nd proposition, note that

Dif (t;¢% )= Di(A(x;y; (tc®+2) A(0;0; (t;c?) x
+(AMXY; (¢ +2) A@O;0 (tc%) Dix:

If i 1+ m, we see from Proposition 3.2 that the rst summand is of ordekxke!. The
second summand is 0. If24m i 1+ m+ Kk, the rst summand is the product of a
bounded term and one of ordekxk, and the second is the product of a term of ordek k
and one that is bounded. Otherwise, the rst summand is the mrduct of a bounded term
and one of orderkxk, and the second is O.

To treat (4) in the second proposition, one uses (3.4), notinthat E and are at least
C2,andE(0;y;2) = E(x;0;2) = 0.

For an integerj with2 | r, leti be aj-tuple of integers between 1 and 1 + n.
Write i = kn, wherek is all terms that are between 1 and 1+m, and n is all terms that are
between 2 +m and 1+ m+ n. Similar arguments vyield:

Proposition 3.6. There are constantsN;, j = 2;:::;r such that the following is true. Let
i = kn be anyj -tuple of integers between 1 anti+ m+ n, decomposed as above, let 2 \,
and lett 2 Jo. Then

(1) kDif (t;¢% )k Njkxk €t where =1 ifnoi is betweern2+ m and 1+ m + K,
and =0 otherwise.

(2) kDig(t;c% )k Njkyk €<t where =1 ifnoi is betweer2+m+k and 1+m+k+1,
and =0 otherwise.

(3) kD; (t;c%2)k  Njkzk €kt where is 1if noi is between2+ m+ k + | and n,
and =0 otherwise.

(4) kDih(t;c% )k Njkxk kyk kit 'where =1 ifnoi is betweer2+m and 1+ m+Kk,
and =0 otherwise; =1ifnoi is betweel2+m+kandl+m+k+Il,and =0
otherwise.

3.3. Proof that T is a contraction. Let ( ;x%y% c®) be as above, letX;y;z) 2 , and
let (%;¢;2) = T(x;y;z). From the de nition of T and Proposition 3.4 (1), we have, for
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ot
Zt
k&(t)k Me °%kx’k+  Me ° 9Nk (s)kkx(s)k ds
z.°
Me °t o+ Me °t 9Ny 2M 4 2M e’ ds
0
Me' ¢+4M3Ng de (o) ‘e o
= Me! o(1+4M3Ngo 1) 2M et
Therefore
e 'kj(hk 2M (3.20)
Similarly,
e ¢ Jkp(h)k 2M o (3.21)

Finally, using Proposition 3.5 (3) and (4),
Z t
k2(t)k Me ¢ 9 (Nokz(s)k? + Nokx(s)kky(s)k) ds
Z°,
Me (t S)NO(ZM 0)2(e25 2 (s ) 4 es* (s )) ds
ZO
t
8M 3Ny 2e  9e5* & ) ds
0

8M3N, Ze'  ( + ) et
8M3Ny 2 let* ) oM ettt )
Therefore
e! C Ak 2M o (3.22)

From (3.20){(3.22) we see thatt maps into itself. F is a contraction by the casg = 0 of
Proposition 3.7 below.

The linearization of T : I'X at = (x;y;z), applied to = (Xx;y;2z), is the map
DT() = "given by
Z t

(1) = (t;5;¢)D f(s;C; (9)) (s)ds; (3.23)
Z°

(1) = “(t;s5;,)D g(s; & (s) ()ds; (3.24)
Z t

2(t) = “(t;s;)(D; (s;¢%52(s))z(s) + D h(s; & (s)) (9))ds; (3.25)
0

Proposition 3.7. Let 2 and let X have one of the normk k;j, j = 0;:::;r. Then

kDT ( )k 1.
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Proof. From Proposition 3.5 (1),

Z

t
kR(t)k Me ot SINy(k (s)kkx(s)k + kx(s)kky(s)k + kx(s)kkz(s)k) ds
Zot Z t
Me o SIN; 2M o € "1 )%k k ds+  Me °t 9N; 2M o(eS + e®) k k; ds
0 0
2M 2N, ge °Y( o+ ) T otk ki +4M2N; ge °Y( o) el 9k k
6M 2N1 0 1et k kj get k kj:
Therefore
CHItRR(t)k 3kk'
e (1) AL (3.26)
Similarly,
C OkPk Sk k- 5
e (1) gk kit (3.27)
Finally,
Z t
k2(t)k Me ¢ 9(Nikz(s)kkz(s)k
0
+ gl(ky(s)kkx(s)k+ kx(s)kky(s)k + kx(s)kky(s)kkz(s)k))k k; ds
tMe (t9IN, 2M o(eS* (& Dl *i s i )s )
0
+ eZ(S )e( +] )s+ es e( i )s )+ ese (s )e( +j )sH( i )s ))k k] ds
th 2N ge (¢ gl *i st s Dk ki ds
0
8M 32N, et C T ( + ) T koK
8M2N, o let*C 1)t Dk Lots i K:
2
Therefore
(4t C I DK K K- 3.28
e (Dk Sk k;: (3.28)

The result follows from (3.26){(3.28).
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3.4. Di erentiability. Leti be anjij-tuple of integers between 1 and 2#, with 1 j ij r.
From (3.5){(3.7), D; (t; ;x %y ) satis es the following system:
t
Dix(t; :x %yt )= S(t;s; D f(s; & (t: :x%yhAd))D; (t; ;x%yh ) ds
0
+ u(t i x %yhe); (3.29)
Z t

“(t;s; D gs; (L xS yhAE)D (5 x % yh ) ds

Diy(t; ;x %yh )

+

Ziz(t; x %yt &) (3.30)
t

°(t;s; (D, (55 z(t; ;x %YL AO))Diz(t; s x %y )

Diz(t; ;x %yt )

0
D h(s; & (t ;x%y5c)Di (t ;x%yh ) ds

+
+ st x % yh ) (3.31)
We have
Z . x
1t i x % yhe’) = Di( (6 0;)x) + 3 1::0m D (55;C7)
0

Dif (5;¢; (55 5x%yHE))Din ny(Si 5x% Y5 Dyni nyy (S 5x%yh %) ds (3.32)
for certain constantsay, :...inj, where

(C1) j is ajjj-tuple of integers between 1 and 2 , none of which is 2;

(C2) k is ajkj-tuple of integers between 2 and 1 + n;

(C3) k = mn, wherem is all terms that are between 2 and 1+#m, and n is all terms that
are between 2+m and 1+ m+ n;

between 1 andn;
(C5) I*:::1i" is each a sequence of integers between 2 and 8.+
(CB) jjj + jmj+ jlj + oo+ jI) = jij;
(C7) jii + Jkj ] ij;

(C8) if j = m = ; andjnj =1, in which case we must havé! = i, then a; =0.
Similarly,
Zyx
2(t x % yhel) = Di( Ut ey + B 2:am Dy “(t;8;C)

Da(s; & (55 ;x%yhe))Di ny(s; i x%y5 ) Dyns oy, (S5 5x%yh ) ds (3.33)
and
Z X
st i x % yhe) = B 1:m Dy (68 C)Di( (s: €% 2(s; X%y )
0
+ h(s; & (s;5x%yhe))) D ny(s sx%yhe?)  Dynon, (s ix%yh ) ds (3.34)

with similar provisos.
Thus D; satis es the linear equation

U= AU+ (1); (3.35)
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with U =(X;Y;Z),

Z t
AU(t) = ( S(t;s; D f(s; & (t: :x%yhA)U(t) ds;
0
Z t
“(t;s; 0D g(s; % (65 x %y ) U(t) ds;
Z t
°(t;s; (D, (s;;z(t; ;x%yhd®)Z(t)+ D h(s;; (t; ;x %yt ) U(t)) ds)

0

and i(t) =( 1(t); i2(t); is(t)).

To complete the proof of Theorem 2.1, we consider the follavg statements (A), (B«),
k=1;:::;r:

(Ay) There is a constantP, such that if kx°k o, ky*k ¢, 2 Vy, > 0OisinJe, and

JI] = k then k ikk Px.

(Bx) Under the same assumptionskD; k,  2P.

We rst show (A ;). We will consider only 4(t) given by (3.32), with jij = 1. From (3.12)
it is easy to see thatkD;( 5(t; 0; ®)x%)k is at most a multiple of &l °* )t, To estimate the
integral, we note that there are two types of summands: (3)j =1, m=;,and (2)j = ;,
jmj =1. (The casej = m = ; is ruled out by (C8).)

For a summand of the rst type, kD; S(t;s;c%)k  Mje ot 9"t by (3.12), and

kf(s;& (s ix%yhed))k  Nok (s)kkx(s)k

by Proposition 3.4. The other terms are not present. Therefe, since , 1, the integral of
one summand is at most
t
M.e oft s+ t Noes ds M]_Noe( o* )t( 0) le( ot M1Ng 1e( L
0
The second case is similar. From these estimates, it follovilsat e ( * )tk ;1(t)k is
bounded.
Next we show that (A¢) implies (Bx). Let X have the normk kg, and regard the right-
hand side of (3.35) as an a ne linear map fromX to itself. By Proposition 3.7, kAk %
The result follows.

Proposition 3.3 and the assumption thakx’k o 1,

kDi( s(t; (0 CO)XO)k Mjije ot S)+Jiit. (336)
To estimate the integral in (3.32), we must estimate
Z t
kDj °(t;s;cOKkDf (s; ¢ (s; :x%yh )k
0

kD2 n,(s; ix%yh ek KDy ny, (S5 i x %y O)kds (3.37)
From Proposition 3.3,
kD; S(t;s;c)k  Mye ot ot (3.38)
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By the induction hypothesis,

kDix ny(S; sx%yh ek 2Py it KDjnp gy, (S 5X %y )k 2Py (3.39)
If no n; is between 1 andk, then by Proposition 3.6 (1),
KD f (5;F; (5 ix%yh )k Njkx(s)ke s Ny el *iki)s (3.40)
Let P = 2I"M;;jNjciPjiz;  Pjunyj. Then (3.37) is less than or equal to
Z t
peolt it gl vikidsgs  pe ot 4 jkj o) lel tik ol
0

p 1o itk )t p o 1g( +p Ot
If somen; is between 1 andk, then by Proposition 3.6 (1), (3.40) must be replaced by
KDif (s; & (s i x%yh )k Ny els:
Suppose, for example, than; k. Then, fortunately, the rst estimate in (3.39) can be
replaced by
kDt n,(s; ;x%yh )k Pyyel FIs:
We obtain the same result.
Finally we estimatek ;3(t)k given by (3.34). We must estimate
Z t
kDj °(t;s;c”)(kDk (s;¢%;2(s; ;x%yh @)k + kDih(s; & (s; ;x%y* ?)k)
0
kDit n,(s; i x%yh ek KDy ny, (S5 1%y O)kds (3.41)
From Proposition 3.3,
ij C(t; S, Co)k ijje (t syt . (342)

By the induction hypothesis, we again have (3.39). If no; is greater thank + |, then by
Proposition 3.6 (3),

kD (s;%z(s; ;x%yh )k Nikz(s)kés Ny es* (& ks, (3.43)
If somen; is greater thank + |, then (3.43) must be replaced by
kDi (s;¢%z(s; ;x%yh )k Ny;eds:

Suppose, for example, thah;,; > k + |. Then, fortunately, the last estimate in (3.39) can
be replaced by

KDjinj n,,; (S; X%yt )k Pjinije® " s »ifis.
We obtain the same result.

The term kD h(s;&@; (s; ;x%y!; )k is dealt with similarly, using Proposition 3.6 (4)
and separately considering the cases (1) mp is less than or equal tk + I; (2) at least one
n; is less than or equal td, but none is greater thank and less than or equal tk + I; (3)
no n; is less than or equal tdk, but at least one is greater thank and less than or equal to
k+ |; (4) at least onen; is less than or equal tk, and at least one is greater thark and less
than or equal tok + I.
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