LECTURE HALL THEOREMS, ¢-SERIES AND TRUNCATED OBJECTS

SYLVIE CORTEEL AND CARLA D. SAVAGE

ABSTRACT. We show here that the refined theorems for both lecture hall partitions and anti-lecture
hall compositions can be obtained as straightforward consequences of two ¢g-Chu Vandermonde
identities, once an appropriate recurrence is derived. We use this approach to get new lecture
hall-type theorems for truncated objects. The truncated lecture hall partitions are sequences
(A1,...,Ak) such that

My A2 oM 5y

n ~_ n-—17 “n—k+1"~
and we show that their generating function is :
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From this, we are able to give a combinatorial characterization of truncated lecture hall parti-
tions and new finite versions of refinements of Euler’s theorem. The truncated anti-lecture hall

compositions are sequences (A1, ..., Ag) such that
A A A
L > 2> . >ZE>0
n—k+1 " n—k+2 T n

We show that their generating function is :
k|, (@2n=F+D;q), "

giving a finite version of a well-known partition identity. We give two different multivariate refine-
ments of these new results : the g-calculus approach gives (u, v, ¢)-refinements, while a completely
different approach gives odd/even (z,y)-refinements.

1. INTRODUCTION

For a sequence A = (A1, A2, ..., A,) of nonnegative integers, define the weight of A to be |\ =
A1+ -+ A, and call each \; a part of A\. If A has all parts nonnegative, we call it a composition
and if, in addition, A is a non-increasing sequence, we call it a partition.

In [4], inspired by work of Eriksson and Eriksson on Coxeter groups [9], Bousquet-Mélou and
Eriksson considered lecture hall partitions, specifically, the set L,, of partitions, A, into n nonnegative
parts satisfying

ﬁ> A2 >...>)‘"_1 >)‘_"
n n-—17 -2 T 1
and proved the following surprising result.
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The Lecture Hall Theorem [4]:

(1) &Y M=

/\eLn
with (a;q)n = [1179 (1 — ag?).

In [4], Bousquet-Mélou and Eriksson gave two proofs of the Lecture Hall Theorem: one based
on Coxeter groups and one combinatorial. Subsequently, Andrews gave a proof based on partition
analysis [2]. A refinement and generalizations of the identity (1) were given by Bousquet-Mélou
and Eriksson in [5]. They showed that an elegant mapping between certain partitions in L,, and
partitions in L, 1 gives a functional equation which easily implies the result. The first bijective
proof of the Lecture Hall Theorem was given by Yee [13] and is close to [4]. Others followed [3, 11].

An involution in [4] gave the following nice refinement of (1).

The Odd/Even Lecture Hall Theorem [4]: Given A = (A1, Ag,...), define A\, = (A1, A3,...) and
>\e = ()\27 )\4, .. ) Then

- 1
2) Luey) & ) aly™ = [
1=1

AEL,

A different approach of Bousquet-Mélou and Eriksson in [6] led to the following.
The Refined Lecture Hall Theorem [6]:

s ALy I yo(TA]) = (ZW0&Dn
(3) Ly (u,v,q) £ A; g Ml My = et g

where for a partition A = (A1,...,A,), o(A) is the number of odd parts of A and [A] is the partition

(I—)‘l/{’ﬂv I—)‘Z/(n - 1)—|7 CER ()‘nfl/2—|7 ()‘n/];l)
Setting u = v =1 in (3) gives (1). Yee gave a beautiful bijective proof [14] of this theorem.

In [7], we considered a new twist on these results by studying the set A,, of compositions into at
most n parts satisfying

ﬁ & > . > — An > 0.

1 2 - - n -

We referred to these as anti-lecture hall compositions and showed the following with a bijective proof

along the lines of Yee’s proof of (3) in [14]

>

The Refined Anti-Lecture Hall Theorem [7]:

(—uvg; @)n )
(4) (4, v, q) gl e(A) =
A; (W2q%q)n

where [A| = ([A1/1], | X2/2],..., [A\n/n]) and o(A\) denotes the number of odd parts of a composition
A

Setting u = v =1 in (4) gives the following analog of (1):
The Anti-Lecture Hall Theorem [7]:

(5) 53 gh )>

A€EA,



LECTURE HALL THEOREMS, ¢-SERIES AND TRUNCATED OBJECTS 3

At the time of [7] we did not have a g-series proof of (4) and we were not able to prove an odd/even
refinement of (5) analogous to (2), although we had a conjecture as to its form.

In this paper we extend all of these results. Our starting point is a proof of The Refined Lecture
Hall Theorem from [6], where Bousquet-Mélou and Eriksson gave a two-step proof of (3) using basic
g-series identities. They explained separately the numerator and the denominator using elementary
techniques, deriving a recurrence to obtain the denominator and noting that the recurrence could
be solved using a special case of the g-analog of the Chu-Vandermonde summation ([1], 3.3.10).

In Section 2.1, we pursue their approach, but proceed directly to a recurrence for L, (u, v, ¢) which
can be solved in a straightforward way using the identity ¢-Chu Vandermonde IT [10]:

a(c/a;Q)n  ~= (@) m(@ ™ Dm
(Ga)n 2 © Dm (G D L

With this modified approach, we give, in Section 2.2, a new proof of the Refined Anti-Lecture Hall
Theorem. We show that it can be obtained using another ¢-Chu Vandermonde I [10]:

oo =5 b, e

(GOn =

m=0

where [:J = (@™ @)m/(¢; @)m is the classical Gaussian polynomial, the generating function
for partitions into m nonnegative parts of size at most n — m.

From this point on, all of our results are new. We conjectured them thanks to the Maple im-
plementation of the generating function developed in [8]. In Section 3, we show how the g¢-series
techniques of Section 2 can be extended to get new identities for the enumeration of truncated objects.
For n > k, let L, ; be the set of partitions A = (A1, Ag, ..., Ax) into k nonnegative parts satisfying

Moy A >...>L>0.
n _n—17~ “—n—-k+1"

We refer to these as truncated lecture hall partitions. (Note that the case n = k corresponds to the
ordinary lecture hall partitions.) These objects were introduced by Eriksen in [11], where he gave a
recurrence for their generating function in one variable, but no closed-form solution.

We show in Section 3.1 how to compute the three-variable generating function:

Los(uv,q) 2 30 gPMulPMpeta)
)\ELnk

where [A] = ([A1/n], [A2/(n —1)],..., [As—1/(n —k+2)], [Ae/(n — k+ 1)]).
The Refined Truncated Lecture Hall Theorem:

(6) Ly (u,v,q) Xk: (uv) m;l [n] (_(u/v)qnme;Q)m.

m q (u2q2n_m+1;Q)m

m=0

In Section 3.2 we study truncated anti-lecture hall compositions, defined for each n > k — 1 as the
set A, of compositions A = (A1, Az, ..., A;) into k nonnegative parts satisfying

M, o M

n—k+1 " n—-k+2~ n

> 0.
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(When n = k, these are the ordinary anti-lecture hall compositions.) If we let |A| denote the
partition (|A1/(n —k+ 1), [Aa/(n—k+2)],..., [ Ak—1/(n—1)], [ An/n]), we get the following, for
n > k:

The Refined Truncated Anti-Lecture Hall Theorem:
n—k+1.

2 AL oA _ ] (muvg Dk
(7) Ay i(u,v,q) = Z gMulMly = [k} (P g
XGAnYk q

We next consider odd/even refinements of the generating functions for truncated objects, anal-
ogous to (2) for lecture hall partitions. In Section 4.1, we show the following for truncated lecture
hall partitions.

The Odd/Even Truncated Lecture Hall Theorem:

k

(8) Lo s (,y) Zzlf\\lf\\ Z

AELR & m=0

[m/2]
(3 2Y) fmy21 (@Y™ 5 (2Y) ™) |my2)

(xtm/2j+1yLm/2J)(m/21 {n - [m/ﬂ}
zy

Similarly, in Section 4.2 we find the odd/even generating function for truncated anti-lecture hall
compositions. Let n > k — 1.

The Odd/Even Truncated Anti-Lecture Hall Theorem:

9) Aniloy) 2 S albelyhhel {U;}?JL?,

NeAn (5 2y) prpo) (=AY =R 42 2y) 12

In particular, setting n = k in (9) gives for the first time the odd/even generating function for
anti-lecture hall compositions:

iz,

x5 1Y) [n/2] (zy?; wy) n/2] )

(10) An(x,y) = An7n($>y) = (

One of the many interesting things about lecture hall partitions is that the Lecture Hall Theorem
gives them a simple interpretation in terms of partitions into odd parts: the number of partitions of N
in Ly, is equal to the number of partitions of N into odd parts less than 2n. A similar interpretation
of truncated lecture hall partitions is not so evident from their generating function in (6) or in
(8). However, in Section 5 we show the following correspondence between truncated lecture hall
partitions and partitions into odd parts with certain restrictions.

Characterization of Truncated Lecture Hall Partitions:

The number of truncated lecture hall partitions of IV in L, j is equal to the number
of partitions of N into odd parts less than 2n, with the following constraint on the
parts: at most |k/2| parts can be chosen from the set

{2[k/2] +1,2[k/2] + 3,...,2(n — |k/2]) — 1}.
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As n — oo, the set L, of lecture hall partitions approaches the set of partitions into distinct
parts. Similarly, the right-hand side of (1) approaches the set of partitions into odd parts. In this
sense, the Lecture Hall Theorem is viewed as a finite version of Euler’s Theorem, which states: The
number of partitions of an integer N into distinct parts is equal to the number of partitions of N
into odd parts. In Section 5.1, we show how our results on truncated lecture hall partitions lead

to finite versions of certain refinements of Euler’s Theorem that are implied by Sylvester’s bijection
[12].

We show in Section 5.2 how truncated anti-lecture hall theorems can be viewed as finite versions
of another well-known identity: The number of partitions of N into k parts is equal to the number
of partitions of N with no part larger than k.

2. THE REFINED LECTURE HALL THEOREMS

We will make use of the ¢g-multinomial coefficient, defined for n = ng +mn1 +--- + n; by
{ n } _ (4 O)n
70,1055 | (G Qo (@5 Dy (4D,

from which it follows that
() e e A e
ng,nl...ntq noq 'le,...,TLtq

2.1. Lecture Hall Partitions. We review the proof of the Refined Lecture Hall Theorem (3) of
Bousquet-Mélou and Eriksson. The basic ideas of this proof come from [6]. Given a lecture hall
partition A € L,, denote by [A] the sequence ([A1/n],[A2/(n — 1)],...,[An/1]). We can write
Ai=m—i4+Dp;—r;, with0<r; <n—1ifor1<i<n. Then (p1,...,u,) = [A].

Proposition 1. [6] A partition A is in L, if and only if

(1) pp > p2> ... >y >0 and
(2) r; < riy1 whenever p; = flit1.

The first condition implies that [A] is a partition into n nonnegative parts.

Let P, be the set of partitions into n nonnegative parts. Let u be a partition in P,. In [6] the
authors compute the generating function of the lecture hall partitions A having [A] = u. Let this
generating function be L, (q).

Proposition 2. [6] For € P,,

n i ) n
L (q) S ql)“ — qzi=1(”_z+1)l% |: :| .
o

AEZL,L mo, M1, ..., My, 1/q

[A=p

where m; is the multiplicity of the part i in .

Proof. We sketch here the main ideas of the proof. As [\ =>"""  ((n —i+ 1)u; — 1),

=1

LM(q) = qzyzl(n_i'i'l)l‘i Z q 1 Ti

(P15eeesmn)
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For 0 <i < pq, let

. 0 ifi=0
CXCiL,, iy otherwise.

Then the condition (2) in Proposition 1 implies that (r¢, ,,7¢, . ~1,...,7¢,+1) is a partition into
liy1 — € = my,—; nonnegative parts and that these parts are less than or equal to n — £;;.
Therefore their generating function is well-known to be a Gaussian polynomial:

(12) Z q(rl’.i+1 +~~+W.i+1) = |:n - £i+1 + ml‘li:| = |:77/ - £1:| .
( My —i q My —i q
TliyqreoTl+1)

Hence the result follows from the computation below, which uses (12) for the second equality and
repeated application of (11) for the third. b

M1
> orme = [T e
(r1,--smn) 1=0 (re; g5 +1)

Mui=il1/q

=0

n

[mo,ml, e 7’ITLMI:| 1/q

a

At this point we take a different route than [6], proceeding directly to enumeration of the partitions
p with all parts positive. Let P, ,, be the set of partitions into n nonnegative parts, m of which are
positive. Given p in P, ,, we define i in P, by fi; = p; —1, 1 <4 < m. Then

Proposition 3. For p € Py,

L) =g ) | 0] )

Proof. Using Proposition 2, we know that if m; is the multiplicity of ¢ in u, then

m (n—i s n
Ly(g) = g5 (=D it [

)
mo,ml,...,mm} 1/q

and that
Lﬁ(q) e qZZil(m—Hl)m |: m :| .
1/q

m17...,mu1

Since my = n — m, using (11), we can write the first equation as

i n m 1) m
L.(9) :q(n—m)u+m(n+1)—m(m+1)/2[ } g T (m=it [ ] '
w ml o, LPERRLIUTY PR

The result follows from the second equation and the identity

P
m 1/q mi,
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An easy consequence of Proposition 3 is that
(13) AP L (g) = ()l e gn=m)li+(7F) {”} Lala),
q

as |u| = || +m and o(u) = m — o(f1), where o(\) denotes the number of odd parts of .

In order to prove the Refined Lecture Hall Theorem (3), the generating function we are looking
for, can be rewritten as:

(14) Ln(u,v,q) = Z u|ﬂ|v0(M)LM(q) — Z Z U\IL\UO(H)LM(q).

PEP, m=0 pEPry,m
Then we can prove the following recurrence for L., (u, v, q).
Proposition 4. Lo(u,v,q) =1 and for n > 0,

Ln(u,v,q) = Z |:TT;L:| (’U/U)mq(m;rl)Lm<uqn—7n’ 1/v,q).
m=0 q
Proof.
Ly(u,v,q) = Z Z uH W L (q)

m=0puePy m

-y ¥ () alily o) gn=—m)lal+("3) [:J Li(g) (using (13))
m=0 g€ P, q
n n o } .

= Y [m} (o)) 37 (g ) =B L ()
m=0 q peP,,

If we now apply the first equality of (14) to L,,(ug™™™,1/v,q), we get the last sum in the last line
above and the proposition is proved. O

Proof of The Refined Lecture Hall Theorem (3): We solve the recurrence of Proposition 4
using the identity ¢-Chu Vandermonde II:

a"(c/a;q)n _ z": (@ Dm( @ Dm

(15) (& @)n (D@5 D

m=0

If we set a = —vq~"/u, ¢ = ¢~ 2" /u? in (15), we get that

e (CCT 00 )0 (00740 (0T D
(—vq /u>(_2n/2.)=2( _2n/2.)(. )q'

(¢ /u?q)n (@72 /v Q) (5 @)m
Now on every factor above of the form (bg~%; q),, we use the identity

(bq™"5q)im = (—bg = D/2ym (gt=mFL jy ).,

m=0

and get

(-wg @n i(uv)mq(mf) {n} (—(u/v)qn—mﬂ;q)m.
(u2q" ) ml, (W),
This shows that
_ (twg g
(uq" 15 q)n
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is the solution to the recurrence of Proposition 4. O

2.2. Anti-Lecture Hall Compositions. A g-series proof of the Refined Anti-Lecture Hall Theo-
rem (4) will follow the same approach as in the previous subsection. Given an anti-lecture hall com-
position A € A,,, define the floor of X as [A| = (|A1/1], [A2/2], ..., | An/n]). Then write A\; = iu;+74,
with 0 <r; <i—1for 1 <i<mn. Note that (u1,...,u,) = || and that A € 4, if and only if

(i) 1 > p2 > ... > py > 0 and

(ii) r; > ;41 whenever p; = p;41.

The condition (i) implies that |A] is a partition in P,,. We fix u € P,, and compute the generating
function A, of the anti-lecture hall compositions A having |A] = p.
Proposition 5. For u € P,,

nog n
Au(g) & D =g [

i mo,ml,...,mmL
(M=

where m; is the multiplicity of the part i in .

Proof. As \; =ip; +1;
Au(q) = g=i=m N g
(r1,-e0srn)
For0 <i < pj+1,let ¢; = n—zz;é m;. Then the condition (ii) implies that (r¢,, ,+1,7¢, 142, 7¢)
is a partition into ¢; — ¢;11 = m,; nonnegative parts and that these parts are less than or equal to
£;11. Therefore, since ¢y = n,

“w
Z qz?ilrf :1_1[ liv1+my _ n
m; . MO, M,y My, q'

(P1yeeesmn) i=0
O
As before, if 4 € P, ,, then we can get fi in Py, by fi; = p; — 1,1 <@ <m.
Proposition 6. For p € P, 1,
m+1\ | n
Aula) = q"?) [m} Au(q)-
q
Proof. From Proposition 5 we know that
= g2 ity (i) n
Aﬂ(q) q L |:m0,m17--~7mu1:|q’
and that
A- — g iny b m .
i) =4 {ml,...,mm}q
Since m = n — myg, we get the result. O

If o € Py, then |u| = || +m and o(u) = m —o(fi), so we can conclude from Proposition 6 that:

(16) ultloe ) A, (g) = (uv) "l Pl (") [Z] A(a).



LECTURE HALL THEOREMS, ¢-SERIES AND TRUNCATED OBJECTS 9

In order to prove the Refined Anti-Lecture Hall Theorem (4), the generating function we are
looking for, A, (u,v,q) = ZAGA” ulMIpetAD gIAl can be rewritten as

(17) (u,v,q) Z wl#lye(w) 4 Auq) = Z Z u'*"v"(“)Au(q).

HEP, m=0 pnePp m
Then we can prove the following recurrence for A, (u,v,q).
Proposition 7. Ag(u,v,q) =1 and forn >0

n

An(u,0,q) = m; m q (u0)™q("S) Ay (u, 10, q).

Proof.
n
An(u,v,q) = Z Z ultl? ) 4, (q)
m=0 pE Py,
= D03 g ] 4 (using (1)
m=0 f€ m q
- Z[ ] 0% A, 1/0,9),
where the last step follows from first equality of (17). O

Proof of the Refined Anti-Lecture Hall Theorem (4). We solve the recurrence of Proposition 7
using the identity ¢-Chu Vandermonde I:

(18) (C/a; q)n _ Z |:n:| (av q)m (7C/a)mq(7;),

(¢;@)n

Setting a = —ugq/v and ¢ = u?¢? in (18) gives immediately

m=0

(u?q2;q)n m (u?q%q)m

(—uvg; @) _ z": [n} (wwymg") 1/ D

m=0

Using the recurrence of Proposition 7, we conclude that

(—uvg; q)n
An(u,v,q) = @i

3. REFINED LECTURE HALL THEOREMS FOR TRUNCATED OBJECTS

In this section we apply the techniques used in Section 2 to derive the new refined truncated
lecture hall theorems.
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3.1. Truncated Lecture Hall Partitions. Recall that a truncated lecture hall partition in L, j
is a sequence A = (A1, ..., Ag) such that

A1 A2 S Ak

Given a lecture hall partition A\ € Ly, , we write A\; = (n — i+ 1)p; — ry, with 0 < r; < n —4 for
1<i<k Let[A] =(M/n],...,[A\/(n—=k+1)]). Then p = [X]. Note that A has k positive
parts if and only if u has k positive parts.
Theorem 1. (The Refined Truncated Lecture Hall Theorem)
k n—m-+1.
_ m (") [n] (=(u/v)g S Dm

m=0

Proof. Let L, ;. be the set of lecture hall partitions in L,, with k positive parts. Then
Ly (u,v,q) = Z ul T o TAD gIA = Z U\N\UO(M)LH.
AELn i HEPn i
It follows from the proof of Proposition 4 (ignoring the outer sum there) that

Ln,k(uv v, q) = (uv)kq(k;ﬂ) |:Z:| Lk(U'qn_ka 1/1}7 Q)

and then applying the Refined Lecture Hall Theorem (3) to Ly gives

B _ n—k+1. )
90 Lo (v, q) = (uv)oq("H) m (=(u/v)q 1@k
( ) ,k‘( q) ( ) q k, . (u2q2n_k+1;q)k
The result follows since Ly, x(u,v,q) = Z:;:O Lym(u,v,q). O

3.2. Truncated Anti-Lecture Hall Compositions. Let n > k. A truncated anti-lecture hall

composition in A, j is a sequence A = (A1,..., Ag) such that
Moo, M S e
n—k+1 " n—k+2 —n

We write A; = (n—k—+4)pu; +7;, with 0 < r; <m—k+i—1for 1 <14 < k and define |A] = (u1,. .., i)
As before, A € A, ;, if and only if
(i) g1 > p2 > ... > pi > 0 and
(ii) r; > ;41 whenever p; = pi41.

For pu € Py, we compute the generating function A, 1(g) of those A € A, having |[A] = pu.
Proposition 8.

n e
Auk(@) 2 > M= M g AL (q),
q

AEAL K
[A=n

where A, (q) is the generating function of A € Ay having |A] = p.

Proof.
k N koo
Au,k(Q) — qzi:1(n_k+z)l"z E qzri:1 i

(T15--57%)
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For0<i < pi+1,letf; = n—Z;;é m;. Then the condition (ii) implies that (r¢,, 41,70, 12, .., 7ei)
is a partition into m; nonnegative parts and that these parts are less than or equal to £;11. Therefore,

since g'i - gi-&-l =m; and gpl-&-l =n — k,

qu=1”=ﬁ liv1 +my _ n _|n k .
m; v Mo, M1,...,My,,N—k . k g LMo, cmy, |

(’I“l ..... T‘)C) =0

By Proposition 5,
k

)
mo, My, . .. 7mu1:|q

Aulg) = g= i [

and the result follows. O

Theorem 2. (The Refined Truncated Anti-Lecture Hall Theorem).

n] (—uwwg" Ft1 )
(21) Apio(u,v,q) 2 Ml MpoAD) = [ } - .

Proof. Applying first Proposition 8, then the definition of Ag(uw,v,q), and finally the Refined
Anti-Lecture Hall Theorem 4, we get

Apr(u,v,q) = Y ultlye®) [Z] g A, (q)
HE Py q

|:Z:| Ak(uqnila v, q)
q

_ m (—uvg"F 1)y,
- n—k . :
k q (U,2q2( +1)7Q)k

4. OpDD/EVEN GENERATING FUNCTIONS FOR TRUNCATED OBJECTS

In this section we adapt the technique introduced in [4] to get the two-variable generating functions
of the truncated objects. In [4], Bousquet-Mélou and Eriksson introduce a bijection T from R, X
[0,n — 1] to R,, where R,, is the set of the reduced Lecture Hall partitions. See [4] for further
details. We restate here that bijection as a bijection Y,: L,_1 XN — L,. For A € L,,_; and s € N,
Y, (N s) = u, where

’V’I’L>\1-‘
M1 = +s
n—1

Poe — A1, 1 <L<n/2;
n—20)\ n—20) oy
(no2ppaess | 4 [( 2t J — o, 1<l<(n—1)/2

H2e41 -
(n=2aes | Ny, 0= (n—1)/2.
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It is proved in [4] that g € Ly, that |ue| = |Xo| and |uo] = 2|Ao] — |Ae| + s and that T, is a
bijection. This implies that:

o0
La(wyy) 2 3 alwelylud = S § g2Rol=Ircrey

HEL, AEL,_1 s=0

1 Ln—l xzy,x*
ANEL, 1

giving the recurrence
Ln—l(Ian Iil)
11—z ’

As Lo(x,y) = 1, this gives L, = 1/(z;xy),, the Odd/Even Lecture Hall Theorem (2).

(22) Ly(z,y) =

4.1. Truncated Lecture Hall Partitions. Recall that En,k for k£ < n is the set of partitions in
L, with k positive parts. Let

Log(w,y) 2 > alelyPel L (zy) & ) alelylil
AELy i )\GEW,,I«

Note that En,k(x,y) =Lpi(x,y) — Lpgp—1(z,9).
For n > k > 1, define a variation on the function T,
Yokt Ly—1k-1 X N— Ly,

by YTh k(A s) = (41, p2, ..., ), where

_n)\l—‘
M1 + s
n—1

Moo — Age1, 1 <0< k/2;

_(n - 2@))\2“_1 (TL - 26))\23_1
— 1<i<(k—-2)/2;
H20+41 — ’I’L—2€—1 + n_2£+1 )\QZa _(_(k' )/7
and, if k is odd with k = 2t + 1,
(TL* 2t))\2t_1
e i 1.
Hot41 T 2t +

As was true for the function T, Ty, i is one-to-one. It is straightforward to check when k is odd
that the image of L,,—1 1 X N under Y, j is Ly x, and that lteel = [ Aol and |po] = 2|A6] — | Ae| +s+1.
This gives a recurrence for L, ;(x,y) when k is odd.

Proposition 9.

xr = _
(23) Lokt (2,y) = an—sz(ﬁyvx b.

Getting a recurrence for the even case will be harder. For ¢ > 0, let Emk’i be the set of partitions
in L, whose kth part is equal to 4. Let L, 0 = L, r—1. We can check that when k is even,
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Y,k gives a bijection between L, 1 -1; X N and L, ;. Furthermore, when A\ € L,_12;—1, and
="y or(A,s), then |p.| = |Xo| and
(n —2k)i
n—2k+1
with [ = |i/(n — 2k + 1)]. This implies that:
Proposition 10. Fori >0,

Iuo—2IAo|Ae|+s{ J—2|)\O||>\e|+s+lz',

— zlii —

(24) Lnawi(@,y) = 7= Ln-1,26-14(27y, 1/2),

with 1 = [i/(n —2k+1)].

Now we will decompose the set f/n’ng,Z-. In what follows, in order to compress the notation, we
will sometimes write a function f(z,y) as f, when the arguments are (z,y).

Proposition 11. Let i =1(n —2k) +r, where 1 <r < n — 2k.
If r > 2, then

_ - 9
Lpok+1,i = 2Ly ok41,i-1 — 1 an71,2k71,i+l(I y,1/x).

Otherwise, r = 1 and

7 T 7 2 T F 2
Lpok+1,: = Ly 2k+1,i-1 — 1 an—1,2k—1,i+l—1($ y,1/x) — an—l,%—uH(ﬂ? y,1/x).
Proof. For i =(n — 2k) +r,
7 &L ok+1,i-1 — T Ly 2 it ifr>2ori=1
(25) Lngksri =9 f i7 i7 o 1andil
TLnok41,i-1 — ' Lok ivi—1 — ' Lpokipr if r=1and i #

which can be seen as follows. Adding one to the (2k 4+ 1)*" part of a partition in Ly, op41.-1 gives
a partition in L, og+1,:, except in the following two cases (i) if the 2k th part was equal to ¢ 4+ [ and
(ii) if » = 1 and the 2k*" part was equal to i +1 — 1.

Now using Proposition 10, for i = I(n — 2k) + r with 1 <r <n — 2k,

B 1,171

Ly ok it = 1= xin—1,2k—1,i+l($2y, 1/x),
and for ¢ = I(n — 2k) + 1,
1—i
_ €T _ 2
Ly okiti—1 = 1= an71,2k71,i+l71($ y,1/x).
Combining this with the recurrence (25), we get the result. O

We will combine the previous results to get a recurrence for Emgk(.’li, Y).
Proposition 12.

- Ly—12k(2%y,1/2) + 2= Lp—12k-1(2%y, 1/x) ifn > 2k
2 Lok = L2k, =g nl ’ .
(26) n.2k { ﬁLn,uk,l(xz% 1/x) if n =2k
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Proof. The n = 2k case is (22). Assume n > 2k. From Proposition 11, for i = [(n — 2k) 4+ r with
2 <r <n -2k, we have

_ _ -
Lpok+1,i = Ly ok41,i-1 — - an—1,2k—1,i+l(372ya 1/x).
and for ¢ =I(n — 2k) + 1,
7 7 Tz 2 Tz 2
Ly ok+1,i = TLy 2k41,i—1 — an—L?k—l,i—&-l—l(m y,1/x) — an—sz—LiH(x y,1/x).
We sum
oo oo :I/. oo
Ln,2k+1 = ZLn,2k+1,i = iULn,zk + HUZLn,zkH,i - -2z ZLn71,2k71,i($2y, 1/$)
=1 =1 =1
Therefore .
Ly k41 = xLp ok + 2Ly ok41 — an—1,2k—1(I2ya 1/x).

Using Proposition 9, that
(1= 2)Ln k41 = 2Ln—1 21 (2%y, 1/2),
we get the result. O

Now we can compute the generating function we were looking for.
Theorem 3. Forn >k >0,

[k/2]
(@3 2Y) (k21 (Y™ 5 (2y) ™) 1k /2)

n—[k/2
(ka/2J+1y\_k/2j)|'k/2'||: ’7/-‘:|
Ln,k(x7y) = -

Proof. For k = 0 the result holds, as En,o = 1. Let n > m > 0 and assume inductively that the
theorem is true for (n,m — 1), (n — 1,m — 1), and, if n > m, for (n — 1, m).

For the odd case m = 2k + 1, by Proposition 9,

Tz 2 -1
Ly oky1 = anq,%(ﬂC Y,z ).

By the induction hypothesis,
n—1—k
($k+1yk)k { k }
zy

G T G DR
and substituting in the previous equation gives the result.

Lyp_19, = (

)

For the even case m = 2k, we have by Proposition 12,

(27) Lo — { Ly—196(2y,1/2) + 25 L1061 (2%y, 1/2)  if n > 2k

LL 1,21971(!@2’!/7 1/!1)) if n = 2k.

l—g N~

By the induction hypothesis,

ko k—1yk [P —1—k
R ]
Ln—1,2k—1:( ‘

z;zy)r (e tyn =2 (2y) -1
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When n = 2k, substituting this in the previous equation gives the result. When n > 2k, by the
induction hypothesis, we also have

($k+1yk)k {” - ; - k’} .

bt = @ Ty T ) e
Then let
Lok = Ly_106(2%y,1/2) + ﬁin—1,2k—l(x2ya 1/z) = g::
with
Dy = (252951 (2"y" 5 (2y) e
Then

Ny = (P2t {n T k} (1—a) + (@ 1yh)" {n P k} (1 — gn=hrlyn=h),
Ty zy

We use these identities to simplify the numerator.

S s R N A e R )

So,

o k+1, k\k n—l—k kk_n—l—k

okl kvk okl k[ [R—1—k n—2k, n—2k [P —1—Fk
prio ([ e o

The Odd/Even Truncated Lecture Hall Theorem (8) is an immediate consequence of Theorem 3.

4.2. Truncated Anti-Lecture Hall Compositions. Recall that for n > k — 1, A, ;, is the set of
compositions such that:

L>...>ﬁ>0.
n—k+1— —n _

(If n =k — 1, A1 need only satisfy A\; > 0.) Our goal is to compute the generating function

Apg(z,y) = Z ghrelylrel,

)\GAn,k

We will again adapt the mapping of [4]. For n > k > 1, define

@n,k: : An,kfl x N — An,ka
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by @n,k(A,S) = (/J“17/~‘L27 s 7#76) =K, where
— 1
’7(77/ k+ )/\1—‘ 1

# n—=k+2
Hoe — Ag—1, 1 <0< E/2;
n+20 —k+ 1)Aopt1 (n+2f—/€+1))\gg,1
n+20—k+2 -‘ { n+20—k

and if k is odd with k =2t + 1

fae1 [( J—)\% 1<0< (k—2)/2.

Similar to the mapping T, of the previous section, it can be checked that ©,, ;. is one-to-one
and O, k(A k-1 x N) C A, . Furthermore, when k is odd, ©,, i, is onto A,, ; and if = O, (A, 5),
then |ue| = |Ao| and |uo| = 2|Ao] — |Ae| + s. This implies:

Proposition 13. For n > 2k,

1

(29) Ap itz y) = mAn,%(nyamil)-

Again the recurrence for even k is more difficult. For ¢ > 0, let A,, 1 ; be the set of compositions in
A, | with k" part equal to . It can be checked that Oy, 2k maps A, 2k—1,; XN bijectively to A, o5 ;. If
= 0y.9,(A, s), it is not too hard to see that p € A, ok41, [te] = |Xo] and |fo| = 2|1 Ao| — [ Ae| +5—7—1
with { = |é/n]. This implies:

Proposition 14. For n > 2k,

—i—1

T
(30) Aponi(@,y) = 1= xAn,2k71,i($2yax71)~
with I = |i/n].
Proposition 15. For n > 2k,
T
(31) (1—x)An2k+1 = An—126 — T xAnf1,2k71($2y7 1/x),

Proof. Let i =in+r with 0 <7 <n — 1. It follows from the definitions that A, 0 = An_1,%5—1-
Consider the case r =0 and I > 0. If X\ € A, 2p41,i—1, then Xog/(n—1) > (i—1)/n, so Ao /(n—1) >
i/n. Therefore adding 1 to the last part of A gives a composition in A, ox+1,;. Thus, Ay, o1, =
2Ap 2k+1,i—1. For r > 0, we have

i
Anokt1, = TAn 2k41,i-1 — T Ap_12ki—1—-1-

To see this, adding one to the (2k + 1)“‘ part of a composition in A, 254+1,,—1 gives a composition
in A, 211, unless the (2k)*" part was equal to i — [ — 1.

By Proposition 14, we get that
1—i
z 2
A1 2ki-1-1 = mAn—l,Qk—l,i—l—l(x y,1/x).
We apply this and get if r > 1,
x

1—

2 .
An k41,0 = TAn 2k41,i—1 — xAn—l,Qk—l,i—l—l(x y,1/x);
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ifr=0and>0
A okt1,i = TAp 2k+1,i—1;
otherwise, =0 and A, 0 = Ap—1,4—1. Now we sum over all 4:

[e%s) [e%s) . n—1 oo
> Apokiri =1 Anoirio1 - T2 DY Anrsktintroi1(zy, 1/).
i=1 i=1 r=1 =0
This gives
T
Apok+1 — An—126 = TAp 2641 — T mAn—l,Qk—l(xzy, 1/x),
and therefore the result. O

Now we get a recurrence for the number of even parts.

Proposition 16.

A = Aop—1,26-1(y, ) ifn=2k—1
™2k An_126(1/y, zy?) + T An-126—1 i n > 2k

Proof. For the case n = 2k — 1. These are the objects such that

I LI
1 — —2k—-1—
and \; > 0. Then
1
A1 k(z,y) = EAQk—l,Qk—l(yax)-

For n > 2k, we use the previous Proposition 15. From Proposition 13, we know that (1 —
x)Apokt1 = Apor(z?y,1/z). Therefore,

T
Apok(2?y,1/2) = Ap_q ok — 7

— xAn—l,Qk—l('T2ya 1/x).

We make the substitutions = 1/y and y = zy? and get the result. O

Remark. Note that, using Proposition 16, we get:

Aog ok = (Aok—1,26—1 — YAok—1.26-1 (9%, 1/y)).

l-y
Theorem 4. (The Odd/Even Truncated Anti-Lecture Hall Theorem) Forn >k —1 and n,k > 0,

),

(z32y) 121 (2= F ALy =k+20y) o)

An,k(xa y) =

Proof. We will prove the result by induction. We know that A, o =1. Let n+1 > m > 0 and
assume inductively that the theorem is true for (n,m—1), (n—1,m—1), and, if n > m, for (n—1,m).
For the odd case m = 2k + 1, by the induction hypothesis,

i,

(iC; my)k(xn72k+1yn72k+2; fy)k :

An,Zk =
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Apply Proposition 13,

1
foTh?k(x%yv 1/$),

An k1 = 1

and get the result.
For the even case m = 2k, if n = 2k — 1, by the induction hypothesis, using Proposition 16:
2k —1
1 k—1 oy
Aop—10k(2,y) = ——As—1,2k-1(y, @) = (

-z Y zy k(T 2y
Now for n > 2k, by the induction hypothesis, using Proposition 16:

L g

2\ _ : . —_
An71,2k(1/yaxy ) = /iy e(ar —2EFlyn—2k32,50) 0 An71,2k:71 = Tay)p@n T lygn—2kF 2,50y,

1
An—l,Qk(l/y71'y2) - _/yyAn—l 2k—1 = 75—

with Dy = (1/y; 2y) kg1 (z" 2Ky =242 24) .. Then

-1 ko k—1y n— ok, n—k+1
3 Ly(l Ty ) 1/y{k1L (1—z""y )

where the last step follows from (28). O

5. COMBINATORIAL CHARACTERIZATIONS AND REFINEMENTS

5.1. Characterization of Truncated Lecture Hall Partitions. In this section we characterize
truncated lecture hall partitions in terms of partitions into odd parts with certain restrictions. We
first need a few steps.

Proposition 17. Given n,t,j,l, the weight generating function for the number of partitions into
odd parts in {1,3,...,2n — 1} in which exactly t of the parts can be chosen from the set {2j + 1,25 +
3,...,2l =1} is

g" &ty {1 —j—1+ t} .
(@:6%); (@547 2)n t 2

Proof. Note that 1/(g;¢®); is the generating function for partitions into odd parts in the set
{1,3,...,2j — 1} and 1/(¢*"1;¢72),,_; is the generating function for partitions into odd parts in
the set {241, ...,2n—1}. So the denominator of the fraction is the generating function for partitions
into odd parts which are not restricted.
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Now count partitions into exactly ¢ parts from the set {2j + 1,25 + 3,...,2l — 1}. Take off 2j + 1
from each part. This is counted by ¢*®*1. We are left with a partition into even parts in a

t x 2(I — 7 — 1) box, which is counted by {l —J ; L+ ’5] ' _
q2

Corollary 1. The generating function for the number of partitions into odd parts in which exactly
t of the parts are greater than or equal to 25 + 1 is
PACTERY

(:¢%);(* 6%

Applying Proposition 17 gives the following.
Proposition 18. Let R, be the set of partitions into odd parts less than or equal to 2n — 1 where
at most |k/2] parts can be chosen from the set {2[k/2] + 1,2[k/2] +3,...,2(n — |k/2]) — 1}.

k i n—k—1+1
ZL{;J q (2[k/2]141) [ . ] 2
q

(32) Rur(@) 2 D ¢ =

ey (434 k21 (@71 472) k2]

O

~ Let Rmk =R, — Ry k-1 and let Rmk(q) be the corresponding generating function. Recall that
L., 1 is the set of lecture hall partitions in L, ; with k positive parts.

Proposition 19. For k > 0,
(“41) [n - fk/ﬂ}
! k/2] ],
(@) /21 (@ 15072 (k)2

I/n,k(Q) = Z q‘M =

AELn,k

Proof. Let = y = ¢ in Theorem 3. O

Theorem 5. (Characterization of Truncated Lecture Hall Partitions) The number of truncated
lecture partitions of N in L, i, is equal to the number of partitions of N into odd parts less than 2n,
with the following constraint on the parts: at most |k/2| parts can be chosen from the set

(27k/2] +1,2[k/2] +3,....,2(n — |k/2]) — 1}.

OI_,n)m = Rn);t(q). Since L, 0(q) = Rno(g) = 1, it
R, 1(q). We use Ly, ;(q) from Proposition 19, and now

)

Proof. We must show that L, x(q) = EI:@:
suffices to show that for k > 0, L, x(q) =
compute Rn,k(Q) = Rn,k(Q) - Rn,k—l(Q)~

For k > 0, first look at the case k = 2s. Using Proposition 18,
s i(2s n—2s—1+1 s s—1 i(2s n—2s+1
g0 [P TE I e ey e [T
e qa?
(4:4%)s(a®15972)s

Since the denominators of R, 25(q) and L, 25(q) agree, we focus on the numerator E(n, s):

s s—1
i(2s n—2s—141 s i(2s n—2s+1
E(n,S):E q(2+1){ ; }2_(1—q2( )+1)§ q(2+1)[ ; ]2.
i=0 q i=0 q

Rn,Qs (Q) =
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Therefore, using the first identity of (28),

s—1 s—1

i(2s n—2s—141 n—2s+1 ne—9s i(2s n—2s+1i—1
Zq”‘*”([ i ] _{ : ] ) _ “Zq‘“”[ a4 }
i=0 a? a? a?

=0

s—2
n—s 7(2s n—2s + 1
_ 7q2( )+1 E q (25+1) |: : :| )
q2

i=0
We then get:
E(n,s) = g*(2st) {" - j - 1} + @28l g(s=1)(2s+1) [” ;j; 1}
q2 2
s(2s+1) n — S:| _ (kjl) |:’n, — [k/?‘l:l ]
1 [ s |, ! k/2) ] .

Now when k = 2s + 1, applying Proposition 18 gives

s i(2s n—2s—2+1 s s i(2s n—2s—1+1
Zi:oq (2543) |: i :| 5 - (1 _q2 +1)Z’L:Oq (2s+1) |: . :| ,
q q

Ry 2541(q) =

(%) s+1(*" 11 q72)s
Again we can focus on the numerator O(n, s):
_ - i(2s43) [P =25 —2+1) o 9t - i(2s4+1) [P — 28— 141
S M e I R X L

Then, using the second identity of (28),
>\ ios n—2s—2+i n—2s—1+i °~ iasen) [n— 25 — 241
i=0 ! a? ! a? i=1 ! 7

= n—2s—1+1
2s+1 i(2s+1)
= —q E - q [ i ] . .
iz

Applying this to O(n, s) gives the result:

I il i IR S

a

Further refinements. We could also add another parameter. Let
Rosle) 2 Y 20
AER, K
where [()) is the number of parts of A. Using the same arguments we get that
Zitiéﬂ Zigi2Ik/2141) [n —k - 1+ Z}
q2

1
Rn,k(zv Q) =

(26 @) 121 (26" 15072) |k 2
and that

Rn,k(27 Q) - Rn,kfl(za Q) = Ln,k(xzv y/Z)
Therefore



LECTURE HALL THEOREMS, ¢-SERIES AND TRUNCATED OBJECTS 21

Theorem 6. The number of truncated lecture partitions XA of N in L, i, such that |Xo| — |Ae = j is
equal to the number of partitions of N into j odd parts less than 2n, with the following constraint
on the parts: at most | k/2] parts can be chosen from the set

(2[k/2] + 1,2[k/2] +3,...,2(n — |k/2)) — 1}.

5.2. Finite Versions of Refinements of Euler’s Theorem. Euler’s Theorem says that the
number of partitions of N into distinct parts is equal to the number of partitions of IV into odd
parts. (A straightforward proof shows (—¢;q)eo = 1/(¢; ¢*)se.) The Lecture Hall Theorem is a finite
version of that theorem: the number of partitions of N in L,, is equal to the number of partitions
of N into odd parts less than 2n. We will show how the truncated lecture hall results give finite
versions of refinements of Euler’s theorem that can be easily deduced from (slight modifications of)
Sylvester’s bijection [12].

Finite Version 1.

i n—k—1+1
: (i [n] (@) e (ZWQHI)[ i ] >
. 5[] L e
mz::() m|, (@), ; (4 1ry21 (@75 072) k)2

This is Theorem 5, which states that Ly, x(q) = R, x(¢q), where L, x(q) and R, x(q) are given by
Theorem 19 and Proposition 18, respectively.

Taking limits in (33), as n — oo, gives

>

m=0

("3 LA 2(k/2]+1)

L)

2 q"(
GDm = (66 ry21(@% 6

(]

Note that q(;r Y /(¢; q)m is the generating function for partitions into m distinct parts. Applying
Corollary 1 to the right hand side then gives the following refinement of Euler’s Theorem:

Refinement 1: The number of partitions of N into at most k distinct parts is equal
to the number of partitions of N into odd parts such that at most |k/2] of the parts
are greater than or equal to 2[k/2] + 1.

Theorem 5 itself is a further refinement.

Finite Version 2.
(34) (5 m (@ g G {n Ik%ﬂ] 2

k], @559 (403 k21 (25072 ky2)

This is Proposition 19 combined with eq. (20), setting v = v =1 in eq. (20).
Letting n — oo in (34) gives
o3 o5

35 — .
(35) (ke (68 rr/21(@%5072) k2]
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On the right-hand side of (35), if we use
g("3") = glke/21=1k/2) g Lk/2) (2[k/2]41)
and apply Corollary 1, (35) can be read as the following refinement of Euler’s theorem:

Refinement 2: The number of partitions of N into exactly k distinct parts is equal
to the number of partitions of N — ([k/2] — | k/2]) into odd parts such that exactly
|k/2| of the parts are greater than or equal to 2[k/2] + 1.

A combinatorial interpretation of (34) will give a further refinement of Refinement 2. To get this,
note that the right-hand side of (34) can be written as

IR RSV [k/2]
( qk/21-1k/2) ) [k/2] ]

1 — @2n=2lk/2141 ) (q5.¢2) a1 (@215 072) (ky2) -1
Using Proposition 17, the last quotient above is the generating function for the number of partitions

into odd parts less than 2n with exactly |k/2] parts in the set {2|k/2] +1,...,2n — 2|k/2] + 1}.
So (34) says:

Further refinement 2: The number of partitions of N in L, is equal to the
number of partitions of N — ([k/2] — |k/2]) into odd parts less than 2n with at least
|k/2] parts in {2|k/2| +1,...,2n —2|k/2] 4+ 1}, but at most |k/2] parts less than
2n — 2| k/2| + 1.

Finite Version 3.

Using Theorem 3 with = zq and y = ¢q/z, we get

Lk/2]
2454 rey21 (26215 (62) 7 ) ky2)
Now let n — oo and Dy, be the set of partitions into k distinct parts and get
2k gk(2k=1)

(2g2Le/2)+1)[k/2] {n - [k/Qq
Ln,k(ZQ7Q/Z) = ( ¢

Pol=Pelgh = 24
A€D3i,—1UDa, (24;4)(a% %)

We say that the Durfee rectangle size of a partition A into odd parts is k, if Ay, > 2k — 1 and
Akt1 <2k — 1.

Refinement 3: The number of partitions A of N into 2k — 1 or 2k distinct parts
with [A,| — [Ae] = j is equal to the number of partitions of N into j odd parts and
Durfee rectangle size k.

5.3. Interpretation of Anti-Lecture Hall Theorems. We consider the limiting case for trun-
cated anti-lecture hall compositions. Note that for fixed k, as n — oo, the set A,,  approaches P,
the set of partitions into £ nonnegative parts. From Theorem 4 we have

e

xn—k+1yn—k+2; xy)

S abelyhl =
X Yy =
(x5 2y)

AEA, i /21 ( Lk/2] '
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Taking limits as n — oo and substituting x = zq and y = ¢/z, gives

1
Z ql/\‘zp‘o‘_v‘el —

et (243 4*) k21 (@2 4%) (ky2)

which is the well known “transpose theorem”: The number of partitions A of IV into k& nonnegative
parts and |A,| — |[Ae|] = j is equal to the number of partitions of N with largest part less than or
equal to k and j of the parts odd.

Similarly, consider the identity which combines Theorem 7, setting ©v = v = 1 with Theorem 4,
setting r =y = ¢:

n
|:'fl:| (_qn—k-‘rl;q)k _ |:U€/2J:|q2
kI, (@ g (66 k21 (622362 |12

Taking limits as n — oo shows that (36) can be interpreted as a finite version of the transpose
theorem.

(36)

6. CONCLUSION

We hopefully have demonstrated that basic hypergeometric series are a good tool to give proofs
of various refined Lecture Hall Theorems. Furthermore, the T mapping plays a significant role in
the development of 2-variable generating functions for anti-lecture hall compositions and truncated
objects. Our study of the 2-variable generating function of the truncated objects leads to the
following x, y-series identity. Using Equations (2) and (8), we have

Proposition 20.

n

{n — [m/ 21]

(g2l myay) /2] lm/2] |, B 1
Z (m Yy ) (z; zy) (zryn—1; (zy) 1) B H 1 — gigi-1"
0 ) [m/2] Yy (XY lm/2] i—1 Yy

m=

As a special case, substituting = a and y = ¢/a, we get the identity:

Proposition 21.

[m/2]

(@; @) rmy21(aq™ 1571 ) 2]

[n - (m/ﬂ]

=1/(a;q)n.

i (aqu/zJ) [m/2]

m=0

In future work we will consider truncated versions of the (k,)-lecture hall partitions of [5].
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