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Abstract

For integer partitions A : n = ay + ... + ag, where a; > a2 > ... > ap > 1, we study
the sum a; 4+ a3 + ... of the parts of odd index. We show that the average of this sum,
over all partitions A of n, is of the form n/2 + (v6/(87))y/nlogn + ca1y/n + O(logn).
More generally, we study the sum a; + @y4i + @om+i + . . . of the parts whose indices
lie in a given arithmetic progression and we show that the average of this sum, over all
partitions of n, is of the form n/m + by, iv/nlogn + ¢, 54/n + O(log n), with explicitly
given constants by, j, ¢ ;. Interestingly, for m odd and i = (m+1)/2 we have b, ; = 0,
so in this case the error term is of lower order. The methods used involve asymptotic
formulas for the behavior of Lambert series and the Zeta function of Hurwitz.

We also show that if f(n,7) is the number of partitions of n the sum of whose parts
of even index is j, then for every n, f(n,j) agrees with a certain universal sequence,
Sloane’s sequence #A000712, for j < n/3 but not for any larger j.
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1 Introduction

If
Ain=a+a+ ...+ a; (ay >ay>...>a,>1)

is a partition of n, we will refer to ay, as, as, ... (resp. as, ay,ag, . . .) as the parts of odd index
(resp. of even index) of the partition A, and we define the two associated partitions

Aot a1 +ag+as+ ..., Ae: QGa+ag+ag+....

Our interest in these partitions was stimulated by two developments. First, Astrid Reifegerste
[9] has shown how the sign of a permutation o can be deduced from the partitions A, A, that
belong to the shape of the tableaux that are induced by ¢ under the RSK correspondence.
Second, we have observed the following interesting phenomenon. Suppose we define f(n, j)
to be the number of partitions of n such that |A\.| = j. Then the sequence {f(20, )} begins
as

1,2, 5,10, 20, 36,65, 109, 167, 170,42, 0, 0,0, . ..

and the sequence {f(25, )} begins as
1,2,5,10,20, 36,65, 110, 185, 297, 443, 512, 272, 0, 0,0, . . .

As n increases, the values of f seem to be approaching the values of a certain universal
sequence which begins as

1,2,5,10, 20, 36, 65, 110, 185, 300, 481, 752, 1165, 1770, 2665, 3956, . . . .

Reference to the database [8] quickly reveals that sequence #A000712 is identical to the
above as far as the computations go. That sequence is described as the number of “colored
partitions,” meaning that we color the parts of some partition in two colors, and regard two
such partitions as being the same colored partition if for each part 7, the number of copies of
1 of a given color is the same in both partitions. Another way to describe this is to say that
the (n+ 1) member of sequence #A000712 counts ordered pairs («, ) of integer partitions
such that |a| + || = n. This latter viewpoint shows that

#4000712(n + 1 Zp p(n — j) (n=0,1,2,3,...), (1)

where p is the usual partition function. Closer inspection of that sequence and of our
computations suggests that the following more precise statement might be true.



Theorem 1 For each n =0,1,2,..., the number of partitions of n the sum of whose parts
of even index is j is equal to the right side of (1) above, for 0 < j < mn/3, and that bound for
7 18 best possible.

We prove this theorem in Section 2. Next we consider the relative contributions of the parts
of even and of odd indices of a typical partition. Evidently |\,| > |\c| always, so |Ae| < |A|/2.
However one might expect that the parts of even index, even though they contribute less
than |A|/2, might not contribute very much less than that, so on the average the two halves
might contribute asymptotically the same amounts. And what about a modulus other than
2?7 For modulus m > 1 and for 1 <i <m, let X,,;(\) be the sum of those parts in partition
A whose index j is congruent to ¢ mod m:

XniM) = > A (2)

j:j=t(mod m)
One might expect that on the average, each X,,; is about n/m, and this is indeed the case.
More specifically, let C' = m4/2/3; we will prove in Section 4:

Theorem 2 For fized integers m > 1 and i, there exists a constant c,,; such that

12
B(Xni) = = = T o= /mlog n + i/ + Ollog ). (3)

The constants ¢, ; are given by

(v +1og(2/C)(m+1—-2i) 2 R w Y .
oy = L L2 B -

where w = 2™V =U™ and v = 0.5772- - - is the well-known Euler constant.

An interesting thing to note about this result is that when the modulus m is odd and
i = (m + 1)/2, then the term on the right of equation (3) having magnitude /nlogn
disappears, and the difference E(X,, ;) —n/m has magnitude \/n. For example, when m = 3

and 7 = 2, so we are taking the expected value of Ay + A5 + - - -, the theorem asserts
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2 Proof of Theorem 1

Recall that we have defined f(n,7) to be the number of partitions of n the sum of whose
parts of even index is j. Let p(n,j) be the number of partitions of n with at most j parts.
We first obtain an explicit formula for f, viz.,

f(n,3) = p(i)p(j —i,n — 2j), (5)

1<j

by describing a bijection between the set of partitions A of n with |\.] = 7 and the set of
pairs of partitions («, 3) where |a| 4 || = 7 and [ has at most n — 2j parts.
Let A = (ay,aq,...,a,) be a partition of n with j = |A\.]. Map A to the pair of partitions
(e, B) with
a = (1112—&32&4—053&6—&7 . _)7 6 — (103—a42a5—¢163a7—as . ,)’

where we let a; = 0 if ¢ > r. Then

la| + 18] = Zi((a% — Qgi+1) + (Q2i41 — G2i42))
i>1
= Zi(a% - a2i+2)
i>1
= Z@z‘ = ’)\e| =7,
i>1

and the number of parts of 3 is
(a3 —aq) + (a5 —ag) + - < |Xo] = [Ael = (R —J) —j =n—2j.

To show this mapping is a bijection, assume n and j are fixed and (a, ) is a pair
of partitions satisfying |a| + |3| = j and the number of parts of 3 is b < n — 2j. Let
d =n —2j —b. For a partition A and positive integer i, define m, (i) to be the multiplicity
of part 7 in A. The inverse mapping sends (a, ) to the partition A = (ay, as, ...) defined by

am=a+6 a= Y, mak)+ > mgk), i>2
k=>[i/2] k>[i/2]

Clearly A is a partition. Note that

a1 =Y ma(k)+ > mglk) +n—2j = mgk) =n—2j+> ma(k).

k>1 k>1 k>1 k>1



The weight of A, is

i>1 i>1 \k>i k>1
= Y kma(k)+ Y kmg(k)
k>i k>i

= laf+ 18] =,

Xe] = Za% = Z (Zma(k) + ng(k))

and the weight of \ is

Al = a1+Z( > ma(k)+ D mﬁ(k))

i>1 \k>[i/2] k>|i/2]
E>1
= n—2j—|—2ma(k)+2j— Zma(k) =n.
E>1 k>1

Now to prove Theorem 1, suppose j < n/3. Then n —2j > j — i for all i < j, whence
p(j —i,n —2j) = p(j — ©) for every term in the sum that appears in (5), and (1) follows. If
j > n/3 then at least the single term with ¢ = 0, namely the term p(j,n — 2j), in the sum
(5) is strictly less than p(j), so f(n, j) is strictly less than 3=, p(i)p(j — 7), as required. O

3 A Generating Function Equation

We prove an identity to be used in computing E(X,,;). For 1 <i < m, let F,,;(n,k) be
the number of partitions A of n with X,,;(\) = k, where X,,; is defined in (2). To get the
generating function, note that a part am+0b in the conjugate X', with 1 < b < m, contributes
a to the sum if b <7 and a + 1 if b > 7. So,

. i—1 1 m 1
Z Fmﬂ'(n’ k)q ut = H (H 1 — uaqam+b IE 1— ua+lqam+b> ' (6)

n,k>0 a>0 \b=1

Then,
Z szl()\) = Z ka7i<n7 k)a

| A|=n k>0

which can be obtained from (6) by logarithmic differentiation as follows.

= Z (Z k:sz(n,k)) q"

u=1 n>0 \k>0

aau Z Fo.i(n, k:)q”uk

n,k>0




1 0 [ 1 m 1 ))
iso (1= @) 55 <8u (1; 1 —uagom+? bz:; L -ttt ) )
i—1
— P(q) Z (am+b)j +ZZ a -+ 1 (am+b)j
a>0 \b=1j5>1 b=1j>1
d+m—1
= Plg) ). { J v,
j>1d>1 m
in which 1
P(z) = :
jl;[1 1— 2

is Euler’s unrestricted partition generating function. It follows that

5 X = X ptn -3 | . )

X|A=n k>1 ik m
When m = ¢ = 1, this gives the familiar

:Zp(n—k‘)Zd. (8)

k>1 djk

4 Proof of Theorem 2

We start with three Lemmas.

Lemma 1 Let m > 1 and h be integers. Define

o0

Cmn(8) = > Je Re(s) > 1.

j=1,j=h (mod m)

Then,
1/

Gnan(s) = 25 4 L+ A()

where A(s) is analytic for Re(s) > 0; cmd, umformly for s in a compact subset of that region,
we have A(s) = O(s — 1). The constants v, are given by

(),
b = w "o
Tk = STt

where w = 27V-1/m,



Proof. There is! a standard technique, sectioning, for extracting particular coefficients from

a series. Define
oo

Cm 14

The desired result follows from the three equatlons

Gale) = £
Cnols) = §<s>=#+v+o<s—1>

1
CAm,E(S) = 10g1

1
— T O(s—1), €% 0(modm),

where in the latter two the big-oh terms represent functions analytic in Re(s) > 0. For the
displayed equation concerning ((s) near s = 1, see for example [10]. O

Lemma 2 Let 7(k) denote the divisor counting function

-y 1.
d|k

Then, for Rea > 0

Y or(k)e ™ =aloga™ +va~t + O(1).
k=1

Additionally, fort=1,2,

S EK'r(k)e ™™ = O(a " loga™).

Proof. Recall the Lambert series

o0 L& ol
kz::lT(k)x = dz_:l [
and Mellin’s formula ]
ea—%/()a T'(s)ds, a,a >0

ISee also subsection 5.1 below.



In the latter, (a) indicates integration along the vertical line Re(s) = a. Replace a by ja,
sum for j > 1, and take a > 1 so that the infinite sum converges:
e 1

= — —°C(s)I'(s)d >0,a > 1.
e = g fy @ COIT(5)ds, 0> 0,

Now, again, replace a by da and sum for d > 1:

> 0 —do
—he — 67 — 1/ —s 2
;T(k)e = dz::l T—cd 27 )i a*C(s)T'(s)ds, a > 1. (9)

If we move the line of integration to the left, across the singularity of the integrand at s = 1,
and use
Res,—1a*¢(s)°T'(s) = a tloga™ + ya ™!, (10)

we obtain

> 1
(ke ™™ =aloga™ +ya + —/ a~*((5)’T(s)ds, 0 < a < 1.
k=1 21 J(a)

The Lemma follows by moving the line of integration again to the left, across the singularity
of I'(s) at s = 0, this time to the region —1 < a < 0. The missing details of this proof (for
instance, interchanging the order of infinite summation and integration, bounding integrands
to justify the movement of paths of integration) can be readily supplied by using this fact:
along vertical lines |I'(s)| decays exponentially, while |((s)| grows at most polynomially [7].

Lemma 3 Let m > 1 and h be integers, T, 1(k) be the generalized divisor counting function

Tm’h(k) = Z 1,

d|k,d=h (mod m)

and Y p be the constants introduced in Lemma 1. Then, for Rea > 0
> 1 1
> Tma(k)e™™ = —a M oga™ + —qaT! a4+ O(1).
k=1 m m

Additionally, fort =1,2,

S k' rnp(k)e ™™ = 0(a " loga™).
k=1



Proof. The proof proceeds exactly as the proof of Lemma 2. Instead of equations (9) and
(10) we have

0o —da 1

i T (k)e ™™ = > liw = —/ a Cnn(s)C(s)I'(s)ds, a > 1,
k=1

d=1,d=h(mod m) 211 J(a)
and
—s 1 —1 —1 1 —1 —1
Resy—10 G (8)C(s)(s) = —alogaT + a4 ympa

the second being obtained by an application of Lemma 1.

Proof of Theorem 2. The desired average is the sum of X,,;(\) over all partitions A,
divided by p(n). From (7)
Zsz =>

e e L

We introduce the functions x;(d) defined by

1 if d = j(modm)
0 otherwise,

w(d) = {

and note

mz: szJrJ

m

d+m—1 _d—l—m—i
N m

Since by (8)

— Y (S d)p(n-

k=1 d|k
we have
ZXm,z()\> = _p( ) i+7 (11)
A
where .
S = ZT(k)p (n—k)
k=1
and .
S = Z Tin.j k)
k=1



The plan of the proof is to obtain asymptotic estimations of S and \S;, and then substitute
these into equation (11).
To estimate S, we replace p (n — k) from

p(n—k) =pn)e (14 Ok/n+ k2 n*?)),

uniformly for & < n%?®. (This is an easy consequence of the Hardy-Ramanujan formula for
p(n).) We have

S = 3 tkpn—k+ S 1k)pnh—k)
1<k<n?/a w25k
= p(n) X (ke VD14 O(k/n + K /0*?)) + O(p (nn?e /")
1<k<n2/3
= p(n) Y 7(k)e™ MO (14 O(k/n + K /n*?)) + O(p (n)ne /27,
k=1

where we have used the extremely crude bound 7(k) < k at two points. The infinite sum
appearing here can be estimated by Lemma 2, with a = C'/(2y/n). We conclude that

S =p(n) (é\/ﬁlogn + (é(v + logé)) vn + O(logn)) .

The estimation of S; proceeds very similarly, using Lemma 3 instead of Lemma 2. The
bottom line is

S; = Y;E:g <\/ﬁlogn + <210g (é) + 27+ 2m7m,j> vn + O(log n)) .

When we substitute the formulas for S and S; into equation (11), and perform some ele-
mentary algebra including

m—i 177 m+1-2
m m = m 2m
and 1 1, —a(i-1)
—Ymjiti = — log(1 — w),

(where as usual w = e2™V=1/™) we obtain the theorem.

10



5 Notes and Bibliographic Remarks

5.1 Remarks on Lemma 1
Our (,,.n(s) is related to both the L-functions of Dirichlet and the generalized zeta function
of Hurwitz, defined by
1
((s,a) =) ——.
%:0 (n+a)®
Indeed, our G, 4(s) = m™°C(s, h/m). It is known (e.g., [11], Chap. XIII) that

1 I(a)

s—1 T(a)

((s,a) = +0(s—1) (s — 1),

in which the “big-oh” term is an entire function. Consequently, except possibly for the given
form of the constants 7,, 5, Lemma 1 is well known.

5.2 Remarks on Lemma 2

The asymptotics of the Lambert series whose coefficients are the divisor function are due
to Wigert [12], and are used in [10] to investigate the mean values of the Riemann Zeta
function on the critical line. We included the derivation here because it applies equally well
to Lemma 3, which is more general. In fact, the process of moving the line of integration to
the left by one unit can be indefinitely repeated and the result is the complete asymptotic
series representation for this Lambert series (see, e.g., [3]). Although this asymptotic series is
well known for the standard divisor function, we have not been able to find in the literature
the corresponding result for the “mod m” divisor function 7, (k). Since this is an easy
consequence of our method, we quote the final result here, which is the following asymptotic
series:

s _ 1 _ o Yy n+1Bn+1< )
- k ka%_ 11 1 (_ - > n 12
2 Tma(R)e™ o og a0 o nzonﬂ mr e (12)

in which both B,, the nth Bernoulli number, and B,(z), the nth Bernoulli polynomial,
appear. This result agrees with known ([3], [12]) formulas for the usual divisor function in
the case m = h = 1.

This use of Mellin’s formula is found frequently in analytic number theory. Another
example is seen in Chapter 6 of [2], which deals with the asymptotics of coefficients of
infinite products. The method was also used in Husimi’s [5] 1938 paper on the average
number of parts in a random partition.

11



5.3 Remarks on the constants v,

In Lemma 1 we have given an explicit formula for the constants 7,, . Here we note that a
purely real form for these constants had previously been found by Gauss, namely

1 h 2hk k
Ymh = — T cot (-7‘1’) +log2—2 Z coS (—7?) - log sin L (13)
m \ 2 m 0<k<m/2 m m

Indeed, as we mentioned earlier, our (p, () = m~°C(s, h/m), where the ¢ on the right is
the Hurwitz Zeta function. It is known (e.g., [11], Chap. XIII) that

1 I(a)
s—1 Tf(a)

((s,a) = +0(s—1) (s — 1),

in which the “big-oh” term is an entire function. Hence,

Conls) = m_s<si1 ?/((h))+0(s—1)>

1 1 1 V(L
_ 1 _ Ogm_ (mh) —|—O<S—1)

ms—1 m mF(E)

;*‘

Now the logarithmic derivative of the I'-function evaluated at a rational argument can be
expressed in a nice form. We have first, from section 12.16 of [11], the relation

ilogf( )z—v———i—zz

dz et n(n+ z)
and therefore

INED)

Ty ~— 77 n; n(n+ %)

1
- T %‘;(rw— n+1>'

Next, from Ex. 1.2.9.18 of [6], we have the following identity, which is attributed to
Gauss:

1 1 2pk k
Z ( _ ) = zcot]—jw+log2q—2 Z cosiﬂ-logsin—ﬂ. (14)
So\n+p/q n+1 2 q 0<k<q/2 q q

12



Thus we have?, for 0 < h < m,

2hk k
=73 cot (ZW) —log (2m) + 2 Z cos <m7r> - log sin % (15)

0<k<m/2

This shows that (5 (s) is of the form

1 1 1 h 2hk k
+ — (’y—l— gcot (Eﬂ) +log2—2 > cos (WW> -log sin %) +O0(s—1),

ms—1 m 0<k<m/2

which is the result (13). O

2This is also due to Gauss. See [1].

13



References

1]

[10]
[11]

[12]

Jean-Paul Allouche, Series and infinite products related to binary expan-
sions of integers, 1992, Seminar notes by Paul Dumas, available from
<http://algo.inria.fr/seminars/sem92-93/allouche.ps>.

George E. Andrews, The Theory of Partitions, Cambridge University Press, 1984.

Bruce C. Berndt and Ronald J. Evans, Extensions of asymptotic expansions from
Chapter 15 of Ramanujan’s second notebook, J. reine angew. Math. 361 (1985), 118
134.

G.H. Hardy and E.M. Wright, An Introduction to the Theory of Numbers, Oxford,
5th ed., 1980.

K. Husimi, Partitio numerorum as occurring in a problem of nuclear physics, Proc.
Phys.-Math. Soc. Japan 20 (1938), 912-925.

Donald E. Knuth, The Art of Computer Programming, Vol. I/Fundamental Algo-
rithms, 3rd ed., Addison Wesley, 1997.

Hans Rademacher, Topics in Analytic Number Theory, Springer-Verlag, 1973.

Neil J.A. Sloane, The On-Line Encyclopedia of Integer Sequences, on the web at
<http://www.research.att.com/~njas/sequences>.

Astrid Reifegerste, personal communication, June 2003.
E. C. Titchmarsh, Theory of the Riemann Zeta Function, 2nd ed., Oxford, 1987.

E.T. Whittaker and G.N. Watson, A Course of Modern Analysis, Fourth Ed., Cam-
bridge, 1958.

S. Wigert, Sur la série de Lambert et son application a la théorie des nombres, Acta
Math. 41 (1916), 197-218.

14



