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Abstract

We consider sequences of integers (A1, ..., A\x) defined by a system of linear inequal-
ities \; > Zj>ia7?j)‘j with integer coefficients. We show that when the constraints
are strong enough to guarantee that all \; are nonnegative, the generating function for
the integer solutions of weight n has a finite product form [],(1 — ¢*)~1, where the
b; are positive integers that can be computed from the coefficients of the inequalities.
The results are proved bijectively and are used to give several examples of interesting
identities for integer partitions and compositions. The method can be adapted to ac-
commodate equalities along with inequalities and can be used to obtain multivariate
forms of the generating function. We show how to extend the technique to obtain the
generating function when the coefficients a; ;11 are allowed to be rational, generalizing
the case of lecture hall partitions. Our initial results were conjectured thanks to the
Omega package [6].

1 Introduction

For a sequence A = (A1, A\g, ..., \x) of integers, define the weight of A to be A1 +---+ \; and
call each \; a part of X\. If a sequence A of weight n has all parts nonnegative, we call it a
composition of n into k nonnegative parts and if, in addition, A is a nonincreasing sequence,
we call it a partition of n into at most k parts. In the sequel we will consider that A\; = 0 if
i1<Oori¢>k.

In this paper we study partitions and compositions into & nonnegative parts defined by

equalities and inequalities. This work was motivated by results of the form :

e Given a positive integer r, the partitions A = Aq,..., A\ of n which satisfy A\; > rA;11

A -1
for 1 < i < k have weight generating function [JF; <1 — gttt ) [14].
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e Given a positive integer r the generating function of the partitions A of n with at
. P47 -1
most k parts and \; > Z;Zl(—l)ﬁl (;))\jﬂ-, 1<i<kis: Hf;ol <1 - q(t )) . See
[2, 12, 19].

e The generating function of the partitions A of n with at most k parts and A;/(k —i+
1) > XNig1/(k—i), 1 <i<kis: Hle (1- q2i_1)_1. See the Lecture Hall Theorem
in [10].

More generally, we consider integer sequences A of length k satisfying \; > Zf:l 11 Qi A
where the a;; guarantee that all A\; > 0. We show in Section 2 that when the a;; are
all integers, the generating function for these compositions is Hle(l — ¢")~1, where b =
(b1,...,by) is a sequence of positive integers. Several generalizations are included.

In Section 3, we consider rational coefficients a;;. We show how to use the results of
Section 2 to give an explicit form for the generating function for any set of compositions
defined by the ratio of consecutive parts:

n n n

Alzd—ixz; A2zd—jA3; Agzd—§A4; Ak_1>zk‘1xk; Ap > 0.

This result has been implemented in Maple and our experiments have led to several inter-
esting results. In Section 3.2 we focus on one special case which has consequences such as:
the compositions of n into at most k parts satisfying

M2>2X>N3/22>2 02> X05/22> - 2> Ao > Aop41/2 20

are in one-to-one correspondence with the set of partitions of n into parts of size at most
3k + 2 in which parts divisible by 3 can appear at most once.

In [10], Bousquet-Mélou and Eriksson considered the set Ly of partitions A into at most
k parts satisfying A\;/(k —i+ 1) > \j11/(k — i), for 1 < i < k, and proved the following

Lecture Hall Theorem: i

Z " = H 1— (1]22‘—1' (1)

AELg =1

In Section 4, we study the 2-variable generating function and show a slight generalization
of (1) in which the constraints on A; can be modified.

Our initial results were conjectured thanks to experiments with the Omega package
[6, 4], a Mathematica implementation of the Omega operator defined by MacMahon [15].
This operator was then not used for 85 years except by Stanley in 1973 [16]. A few years
ago Andrews revived this operator [1, 2] and used it in [1] to give a second proof of the
Lecture Hall Theorem. In conjunction with Paule and Riese, he implemented the operator
in the Omega package and together they have continued to identify the power of the Omega
operator for such combinatorial problems as magic squares [9], hypergeometric multisums
[3], constrained compositions [8], plane partitions diamonds [5], and k-gons partitions [7].



2 Integer Coefficients

2.1 Overview
A matrix A is called upper triangular if Afi,j] = 0 for i > j and strictly upper triangular if
Ali,j] =0 for i > j.

Let A[l..k,1..k] be a strictly upper triangular matrix of integers and let P4 be the set
of sequences A = (A1, g, ..., \;) satisfying

k
A= > Al g for1<i<k (2)
j=i+1

In this section we show that if every A € P4 is a sequence of nonnegative integers, that
is, a composition, then the generating function for the elements of P4 of weight n is

k

1
Hl—qbi

=1

where {b;} is sequence of positive integers which can be computed from A.

2.2 The Detalils

Given A[l..k,1..k], a strictly upper triangular matrix of integers, we know A is nilpotent,
that is, A¥ = 0. Considering \ as a column vector, the matrix inequality, A > A\, describes
the solutions to (2). Then

A=A+ [s1,52,...50)7 (3)

where s = (s1,..., sk) is the column vector of nonnegative integers defined by
k
si=Xi— > Ali,jlA.
j=it+1
Iterating (3) yields
A= (I+A+A2+"‘+Ak71)[81,82,...8k]T

since A* = 0. Since (I — A)(I + A+ A2+ + AF1) = I, I — A is invertible, and its inverse
is an upper triangular matrix of integers, since A is. Thus,

A= (I — A)71[81,82, - Sk}T.
Let B= (I — A)~'. Then

PA:{B[sl,...,sk]T]siEOforlgigk}. (4)



Lemma 1 The set P4, of solutions to (2), is a set of compositions if and only if every
element of B = (I — A)~! is nonnegative.

Proof If A\ € Py, then from (4), A\ = Bl[sy,...,s;]? for some sequence of nonnegative
integers {s;}. If all elements of B are nonnegative, A\; > 0 for 1 < i < k. However, if some
entry B[j,!] is negative, then choosing {s;} so that s; = 1 and s; = 0 if i # | makes entry
Aj of A = BJsy,...,s;|T negative. O

Theorem 1 Let Pa(n, k) be the set of sequences A = (A1, A2, ..., \g) of weight n satisfying

k
A= > Al gl for1<i<Fk
J=i+1
If every X\ € P4 is a composition, then the generating function for Pa(n,k) is

k

> iPateble" =11 — (5)

i=1

where b; = 3, Bj,i] and B = (I — A)~L

Proof Let h = [1,1,...,1] be the row vector of length k containing only ones. The
weight of a composition A\ € Py is |A| = hA = hB[sy,...s;]T, using (4), where s; =
Ai — Z?:i-}-l Ali, j]Aj. Define b = hB. Then b; = }_; B[j,i| and the weight generating
function of P4 is

1
Z gt = Z gtk — H 1o (6)
AEP, S1,...,5>0 =1 q
O
Note that this argument establishes that the mapping
O(A) = (bis1, ..., bes)
where
k
S; = /\i — Z A[Z,j]/\j
j=i+1
is a bijection from P4(n,k) to the set of sequences ri,...,r; of weight n in which r; is a
nonnegative multiple of b;. In the case that the b; are distinct positive integers, this can be
viewed alternatively as a bijection with partitions of n into parts in {by,...,bx}.

Example 0 Starting with the matrix

0 2 -1 O 1 2 3 4
oo 2 -1 o a1 |01 23
A= 00 0 0 weget B=([—A)" = 00 1 2
00 0 O 0 0 01



and summing each column of B gives the sequence b = (1,3,6,10). By Theorem 1, the
generating function for Py is [(1 — ¢)(1 — ¢*)(1 — ¢%)(1 — ¢*?)] L.

If A is a strictly upper triangular matrix of integers with the property that P4 is a set
of partitions and if the b; are distinct positive integers, Theorem 1 gives a bijection between
two sets of partitions. Several such sample results, including Example 1 below, appear
throughout this section. In other situations, such as Example 2 below, Theorem 1 gives a
bijection between families of compositions. Later examples, such as Example 15 in Section
3, will show bijections between a family of compositions, on the one hand, and a family of
partitions on the other.

Example 1 The partitions A of n with at most k parts and with \; > Zfﬁ \; comprise
P4 where, Afi,j]=1if1 =i < jorj=1i+1and A[i,j] = 0 otherwise. Then the matrix
B=(I-A)"1is

0 if <4

Bli,j]=1{ 1 if j=iorj>i>1

7 — 1 otherwise.
Summing the ith column in the matrix B = (I — A)~! gives b; = 2(i — 1) for 2 < i < k and
b1 = 1, so by Theorem 1, the generating function is

k—1

(- ' JJ-¢*)"

i=1

Let Py —(n,k) be the set of compositions of n in P4 with at most k parts and with
AL = Z;?:Q Ali, j]A;. Since this forces so = 0 in (4), we get the following from 6.

Corollary 1 Let Py —(n, k) be the set of compositions in Pa of n with at most k parts and
with A\ = Z?:z Ali, j]Aj. The generating function for Py =(n, k) is

I

g

Example 2 There is a one-to-one correspondence between sequences Aq, ..., Ay of weight
n satisfying

k—1
(=1)Aq; = 0
7=0
k—i
(=1 Niy; > 0  for2<i<k
j=0

and the set of compositions of n into &k — 1 even parts. The A satisfying the constraints
are compositions and they comprise the set Ps(n, k) where A is the k x k upper triangular



matrix defined by A[i,i] = 0 and A[i, j] = (—1)**7*L. The result follows from Corollary 1
by summing the columns of B = (I — A)~! to get by =bg = --- = b, = 2.

Example 3 The generating function of the partitions A of n with at most k parts and with
A1 > 2X + Zf;gl Ait1 and Ag > Zf;gl i1 is

k—2

1 1
(I—q)(1—¢% };[1 1— g

This follows from Theorem 1: Since A is a partition, for i > 2, A[i,j] = 1 when j =i+ 1
and 0 otherwise. When i < 2, A[1,2] = 2 and otherwise A[i,j] = 1 for i = 1,2, j > i, so
by =1,by =3, and b; =5(i — 2) for 3 <i < k.

2.3 Further Examples and Generalizations

Theorem 1 gives bijective proofs of identities such as the two first examples given in the
introduction.

Example 4 Given a positive integer r, the partitions A = A1, ..., Ay of n which satisfy
Ai > 1Ay for 1 < i < k—1 correspond to the constraint matrix A with Afi,7 + 1] = r.
Then B has Bli,j] = /™ j > 4, and 0 otherwise, so by Theorem 1, the generating function

is [T, ( gttt ) . See [14].
Example 5 Given r, a positive integer. Consider the partitions A of n with at most k

0 £ <
parts and A; > 3% (— )]H( )Aj+i, that is : A[i,j]:{ ne=J

(—1)J—ift (] ;) otherwise - The

generating function is
k—1
H 1
= ey
L . 0 if ¢ >j
since it can be shown that Bli, j] = { (r71+jf’i e
r—1

) otherwise - See [2, 12].

Example 6 The generating function of the partitions A of n with at most k£ parts and
Ai > Ait1 +Aigo, 1 <i<kis: Hf+21(1 qF‘*l)*l, where F is the it" Fibonacci number
(defined by Fy = F1 = 1 and F; = F;_1 + F;_3 for i > 1.) In this case, B[i,j] = Fj_; if
7 > 1 and 0 otherwise.

Example 7 Studying partitions with \; > zzj _in Ny 1 <i <k, we get Bli,j] = 1 if
i=7,j!/((i+1)(E— 1)) if i < j and 0 otherwise. It is easy to show by induction that

j—1 .
1 g1
Z(z’Jrl)(i—l)!_ gl

=1

Hence b; =), B[j,i| =1+ Zl ] m = jl. The generating function of the partitions

A of n with at most k parts and \; > zzj N, 1 <i<k, is: 1%, (1 —¢H L.

=i+1 j=1



We can generalize Theorem 1 to allow the constraints of the matrix A to be satisfied
with equality for any specified set of ;.

Corollary 2 Given a set S C {1,2,...,k}, let Pa(n,k;S) be the set of sequences A =
(A1, A2, ..., M) of weight n satisfying, for 1 <i <k:

k
Ai= Y AligN ifies
j=i+1

k
N> Y Al )N ifig S
j=i+1

If all elements of P4 are compositions, the generating function for Pa(n,k;S) is

e k 1
> |Pa(n, k; S)g" = | H T
n=0 1=1,i¢S

where the by =, B[j,1].

Proof

For 1 <i <k, let

k
si=Xi— Y Ali,j\.
Jj=i+1
Any X € Py(n,k; S) must have s; = 0 for i € S, so the result follows from (6) in the proof
of Theorem 1. O

Example 8 Consider the set of partitions A of n with at most k£ parts and with \; = Z?:Q A

and Ao = Zf:g Ai. Here S = {1,2}, by =1, by =2, and b; = 4(i — 2) for 3 < i < k, so by
Corollary 2, the generating function is

k—2

[I0-

=1

Corollary 3 Given a set S C {1,...k} and nonnegative integers dy,ds, . . .dy, let D o(n, k; S)
be the set of sequences A = (A1, Aa, ..., \p) of weight n into nonnegative parts satisfying, for
1< <Ek:

k
A= > Al +d ifie€sS
j=i+1
k
A= > Al N +d ifigS.
j=i+1



If all elements of Py are compositions, the generating function for D a(n, k;S) is just

k o]
[Ta%" > 1Pa(n, k; S)lg™
i=1 n=0

Proof In this case, (3) becomes A\ > A\ + sy +dy, ..., s, +di]T, where s; = 0 when i € S.
By (6) in the proof of Theorem 1, the generating function becomes

k [e%¢)
S s YT gaasabesniond) 2 [ g S [Pan k)"
AED 4 (n,k;S) S1yeeeySE >0 i=1 n=0
O

Example 9 Consider the partitions Ay, ..., A\ of n satisfying Ay = Ao + Zfﬂl A; Or A\ =
Ao + Ef: 4 Ai + 1. These are in one-to-one correspondence with the partitions of n into odd
parts of size at most 2k — 3. To see this, note that for both sets of constraints, S = {1},
b1 =1,by =2 and b; = 2i — 3 for 3 < i < k. For the first set, all d; = 0. For the second set,
di =1, and d; =0 for ¢« > 1. So by Corollary 3, the generating function is:

L S
(1—¢%) 22 (1—¢*3) L3 (1—g¥1)
=3 =1
Example 10 Partitions of n into k£ odd parts can be viewed as those sequences (A1, ..., Aag)

satisfying Agx > 0 and for ¢ < 2k,
Ai=Np1+1 ifiisodd; A > N\yo ifidis even.

(Just let a; = Agj—1 + Ag;.) For this system, d; = 1 if i is odd and 0 if 7 is even and
S =1{1,3,5,...,2k — 1}. So, summing the columns of B = I — A7, we get b; = 1 if i is
odd and 17 if ¢ is even and by Corollary 3, the generating function is

k
FIIa -
=1

giving (not surprisingly) a bijection with partitions of n — k into k& nonnegative even parts.

Remark Note that we can link these results to partition analysis. The Omega operator

2 [15] is defined as follows :
Q o0 o0 o0 o0
N S A e =YY A
T s1=—00 Sp=—00 s1=0 sr=0

To calculate with this operator MacMahon [15] proposed a list of elimination rules. Here is

one of them :
2 1 1 >0
= s T =
Z 1-wz)(1-%) (I-=2)(1-2"y)




Our results can be translated in general elimination rules. Let k be a positive integer and

s=(s1,-...,5kK) be a sequence of integers. Then :
k k
O 1 1 1 1
> 1w:ci1_111yi/wsi N lf:cglfxsiyi’
0 1 ﬁ 1 B 15[ 1
21— 2wy /wy Pl yi/ (w1 /we)si palel S xSy
2.4 From Product to Constraint Matrix
For any sequence ¢ = (cy,...,cx) of positive integers, can one construct a strictly upper

triangular constraint matrix A[l..k, 1..k] of integers such that P4 is a set of compositions
with weight generating function Hle(l —¢%)™1? We can answer yes for any sequence.
First let us suppose that ¢y = 1.

Proposition 1 Given a sequence (ci,...,c) of positive integers, such that ¢; = 1, there

exist
k <CZ' — 1)
11_12 1 —2

upper triangular matrices B with nonnegative integers coefficients and ones on the diagonal
such that if A =1 — B~ then P4 has generating function Hle(l — gL,

Proof Given a sequence (cy,...,cx) of positive integers with ¢; = 1, we can always con-
struct an upper triangular matrix B with ones on the diagonal and nonnegative entries such
that the sum of the entries in the j** column is c¢j. Then B is invertible and its inverse is an
upper triangular, integer matrix with ones on the diagonal. Thus the matrix A =1 — B~!
is the constraint matrix A such that P4 has generating function Hle(l —q%)L O

Remark If ¢; is not equal to 1, we can construct matrices A[l..k + 1,1..k + 1] of integers
such that P, — is a set of compositions with weight generating function Hle(l —q“)~L

When the ¢; satisfy ¢; > i, we can use the following corollary to show, in Proposition 2,
a simple form for the inequalities defining Pj.

Corollary 4 If P4 is a set of compositions with A\; > A\ix1 for 2 < i < k —1 and with the
first part constrained by Ay > Zf;ll a;Ni+1, the generating function of Py is

k—1

1 1
_ H _ gitartHa;
1 q 41 1 gita a

Proof In this case B = (I — A)~! is the upper triangular matrix defined by B[1,1] = 1,
B[l,j] = a1+ ---+aj—q for j > 1, and for 2 < i < j, B[i,j] = 1. The column sums, b;,



satisfy by = 1 and for 2 <i <k, b; = (j — 1)+ a1 + -+ a;_1, so the result now follows
from Theorem 1. O

Proposition 2 For any sequence ¢ = (c1, ..., c) of positive integers satisfying ¢; > i — 1,
one can construct a matriz A such that either Pa(n, k) or Py —(n,k+1) is a set of compo-
sitions with weight generating function Hle(l — gL

ProofIf ¢; =1, let A be the k x k strictly upper triangular matrix such that Afi,i4+1] = 1 if
i>2; Ali,jl=0if2 <i<j—1; A[1,2] = ca—1; and A[l,j] = ¢j —cj—1 —1 for j > 2. Then
by Corollary 4, using a; = A[l,i + 1], Pa(n, k) has generating function Hle(l — ¢
where the b; are defined by by =1 =¢; and for 2 <i <k

1—1 i—1
bi = (i—l)—l—ZA[l,j—i—l] = (’5_1)+(C2—1)+Z(Cj+1 —c¢j—1)=g¢.
Jj=1 Jj=2

Note from the proof of Corollary 4 that in this case B = (1 — A)~! has all entries nonnegative,
since Zf;ll a; = c¢; — (i — 1) > 0, by the constraints on the ¢;. So, by Lemma 1, Ps(n, k) is
a set of compositions.

If ¢; > 1, apply the technique for ¢; = 1 to the sequence ¢ = (1,¢1,¢,...¢x) to get a
family of compositions P(n, k) with generating function (1 — ¢)~* Hle(l —¢%)~ L. Then
Py —(n, k) is the required set of compositions. O

Example 11 Given the sequence 1,3,5,...2k — 1, of the first k odd positive integers,
the method of Proposition 2 says that Hle(l — ¢*~1)~1 is the generating function of the
partitions A of n with at most k& parts and with Ay > 2Xo + Zf:_gl N

Example 12 Given the sequence 1,4,6,9,11,14,...,5k — 4,5k — 1, of the first 2k integers
congruent to 1 or 4 mod 5, the method of Proposition 1 says that if we choose B such that

0 ifj<1
— 1 if j=1
Bll =19 3 it odd
2 otherwise.
Then
k

1
H (1 — g4)(1 — g%

i=1
is the generating function of the partitions A of n with at most 2k parts and with Ag;_1 >
ZjZi 3(2]_1)()\2]' - )\2j+1) and Ag; > 2X9i41 — Zj>i 2]_Z+1(/\2j - /\2j+1).
Example 13 Given the sequence 2,2,4,4,6,6, ..., 2k, 2k, by Proposition 2,
k

1
=gy

=1

is the generating function of the set of compositions satisfying A\; > Z?EZ(—I)Z'/\Z' and
)\i > >\i+1 for 2 < ) < 2k.

10



3 Rational Coefficients

In this section we would like to generalize our results to allow some of the elements of the
constraint matrix to be rational. In particular, we will find the generating function for the

set of integer sequences A1, ..., A\; satisfying the constraints:
n k
1
A= Cl[d—)\ﬂﬂLZCi)\i (7)
! =2
n2
Ay > A
2 = 7
n3
A3 > —A
3 2 s 4
e > Ly,
d—1
A, >0
where:

e For 1 <i<k—1,n; and d; are positive integers and

e the ¢; are any integers which make the first constraint strong enough to guarantee
that A; > 0. (We will see several examples of such ¢;.)

Fori=1...k, let
i-1 k-

a; = H dj
j=1

Then a;/a;+1 = n;/d;, so the system (8) above is equivalent to:

1
.
t=t

k
A > ’VZ—;)\Q—‘ + Zci)\i and (8)
=2

Xofag > Aszfaz > -+ > Ap—1/ag—1 > A/ ak.

3.1 The Generating Function for (8)

Consider first the case where ¢y = 1 and ¢; = 0 for i > 2.

Theorem 2 Given a sequence of positive integers aq,...,ay, the generating function for

11



the compositions A1, ..., A satisfying

Al > arAa/as

X2 > ag)3/as
A2 > ap—2Xp—1/ak—1
Ae—1 > ag—1\p/ag

A > 0

18

k ikl 2
as—1 —ag—1 ap—1 [H2745°8 2 rrk—1 bl g5 =32
D00 204 2 ’ [lig g ovr @

Hf:1(1 —q")

where by = 1 and for 2 <1i <k,

bi=ai+az+- - +a;.

Proof For 2 <1 <k, let
i = aixi + zi,

where x; > 0 and 0 < z; < a;. The system of inequalities becomes

Al > arwa +arza/ay
asTy + z2 > axs+ aszs/as
asrs +z3 > asx4+aszz4/ag
Ak—2Tk—2 + 2k—2 > Ap—2Tk-1 + Ag—22k—1/Ak-1
Af-1Tk—1+ 2k—1 = Q1A
arxrr +2zr > 0
Rearrange the sequence A1, Ag, . .., Ay by moving (a; —1)z;+2; “dots” in the Ferrers diagram

from part A; to part A\; for 2 < i < k to get a new sequence of the same weight:
T1,X2y...,T}k,

where

k
1 =M + Z((ai — D + zi)
i=2

12



satisfying:

k k
r1 > (a14+azx—1) $2+Z ;i — 1) xz+a122/a2+zzl
=3 =2
xe > x3+ z23/asz — z2/az
T3 > T4+ Z4/CL4 — Z3/a3
Th—p > Tp—1+ Zh—1/Ak—1 — Zk—2/Ak—2
Tp—1 > Tp+ 2p/ar — Zp—1/akp-1
Tk > 0.
(10)
This is just the system
k
T > (a1+a2—1w2+2 1)x; + 51
=3
T, > wig1+s; 2<i<k-1
T > 0
where
k
S1 = [alzg/aﬂ + ZZZ
i=2
and
8; = [ziy1/aiv1 — i/ ;]
for 2 <i<k.

Thus, by Corollary 3 and Corollary 4, the generating function for fixed si,...s5_1 is

k—1
Hzf qblsl
Hi:1(1 — q%)
where by =1 and for 2 <1i <k, b; = a1 + a2+ - - -+ a;. Summing over all possible sequences
$1,89,...,8c_1 as the z; vary independently from 0 to a; — 1 gives the result. O

Example 14 Suppose (a1, a2,as3,a4) = (4,3,2,1). Then (b1, be, b3, bs) = (1,7,9,10) so the
denominator of (9) is the product (1—¢q)(1—¢")(1—¢")(1—¢'°). The numerator of (9) is the
sum, as (29, 23, z4) range over the set {(0,0,0),(1,0,0),(2,0,0),(0,1,0), (1,1,0),(2,1,0)},
of the terms

q’7422/31+Z2+Z3+Z4q7[23/2—22/3] q9|—24/1—23/2-| — q’—422/31+22+Z3q7’—Z3/2—22/3-‘ .

So, the generating function is

1+ ++ ¢+ +¢¢ 1+ +¢")1+¢")
1-g(1-¢N1-¢)1-¢") — (1-90-g)1-¢)1-q")
1

(1-9)(1-¢")A—¢*)(1~¢%)

13



More generally, in the special case of Theorem 2 that a; = k—i+1 for 1 <14 < k and where
ci=1and ¢; =0 for 1 =2,...k , the constraints become:

M/k>Xo/(k=1)> > Ni1/2 > A/l

and the sequences satisfying these constraints are partitions known as lecture hall partitions.
It was first shown in [10] that these partitions have generating function

ﬁ 1
— 21y’
o (=g
giving a finite form of the identity of Euler equating partitions of n into distinct parts with
partitions of n into odd parts.

Note that although Theorem 2 gives an explicit form of the generating function for these
partitions, it does not help with the factoring of the numerator. In another proof of the
lecture hall partitions theorem [1], Andrews uses partition analysis to get the generating
function and shows how to factor the numerator via a permutation of the set of tuples

(2’2, NN Zk)

Example 15 Suppose (a1, az, a3, aq,a5) = (1,3,2,3,1). Then (b1, ba, b3, bs, b5) = (1,4,6,9,10)
so the denominator of (9) is the product (1—q)(1—q*)(1—¢%)(1—¢°)(1—¢'%). The numer-
ator of (9) is the sum, as (22, 23, 24, 25) ranges over the set {(0,0,0,0), (1,0,0,0), (2,0,0,0),
(0,1,0,0),(1,1,0,0), (2,1,0,0), (0,0,1,0), (1,0,1,0), (2,0,1,0), (0, 1,1,0), (1,1,1,0), (2, 1,1,0),
(0,0,2,0), (1,0,2,0), (2,0,2,0), (0,1,2,0), (1,1,2,0), (2,1,2,0)}, of the terms
q]—22/3]+22+Z3+Z4q4fzg/2—zg/3] quZ4/3—23/2] q9f25/1—z4/3]_
So, the generating function is
I+ P4 P+ P4+ 4+ 400+ 4+ + ¢+ 0+ g + g3 + ¢ + 2
(1—q)(1—g")(1—¢%)(1—¢°)(1—q")
1+ +d)1+¢*+¢°) (1 +¢°)
(I-q)(1=¢")(1—¢°)(1—=¢°)(1—q")
1
(1= -¢*)(A—-a*)(1 -1 —¢°)
Thus there is a one-to-one correspondence between the compositions of n into 5 parts
satisfying

>

Moy Ay
. >

|3

A M As
2 =3 71

and the partitions of n into parts of size at most 5.

@

It is straightforward to extend Theorem 2 to get the generating function for the system
(8) with more general ¢;.

Corollary 5 Given a sequence of positive integers ai,...,ar and a sequence of integers
c1,...,CL, consider the set of sequences A1, ..., A, satisfying
a k
1
Al > al—X]+ ciAi  and
1 1’—0,2 2~| ZZ; 1A\



Xofag > N3faz > -+ > A1 /ag—1 > g/ ag.

As long as the ¢; are integers which make the first constraint strong enough to guarantee
that Ay > 0, the generating function is

ajzo =
2

~1 1 1 +5F (et )z prh—1 bil 25
DD D SRR Dt T RAR U Al | v S R T
k .

Hi:1(1_qb’)

where by =1, bs = c1aq and for 3 < i <k,

; (11)

bi = cra1 + (c2 + 1)ag + -+ + (¢; + 1)a;.

Proof Using the same strategy as in the proof of Theorem 2, the system of inequalities in
the Corollary becomes

k
21 > (o + (2 + Dag — Dag + Y ((ei + Da; — i + 81
i=3
i, > Tip1+s 2<i<k-1
Tk > 0
where now 0 < z; <i —1,
k
S1 = C1 [alzg/ag] + Z(CZ + 1)2:1',
i=2

and
8; = [ziv1/aiy1 — zi/ai
for 2 < i < k — 1. Thus, by Corollary 3 and Corollary 4, the generating function for fixed
81,89, ... 8k_1 18
1= ¢
[Ts (1 - %)

where by = 1, by = c1a; and for 3 <i < k, b; = cia1+ (ca+1)as+ (cs+1)ag+- - -+ (¢;+1)a;.
Summing over all possible sequences s1, S2,...S;x_1 as the z; vary independently from 0 to
a; — 1 gives the result. O

Example 16 Consider sequences (A1, A2, Az, A4, A5) satisfying
A1 > A2/2 4 3X5

and

A A3 M X

The constraints guarantee these A are compositions and they satisfy the conditions of Corol-
lary 5 with & = 5, (a1,a2,a3,a4,a5) = (1,2,1,2,1) and (c1,¢2,c3,¢4,¢5) = (1,0,0,0,3).



Then (b, ba, bs, bs, bs) = (1,3,4,6,10) so the denominator of (11) is the product (1 —¢)(1 —
@) (1 —¢*)(1 - ¢%) (1 — ¢*°). The numerator of (11) is the sum of the terms

q|—22/2-‘ +zo+234+24+424 q3|—23/1—Z2/21 q4[24/2—23/11

as (z2, 23, 24, 25) ranges over the set {(0,0,0,0),(1,0,0,0),(0,0,1,0),(1,0,1,0),}. So, by
Corollary 5, the generating function is
1+¢*+¢"+¢ (1+¢*)(1+q°)
(I-9)(1—¢*)(1—g")(1—¢%)(1—q") (I-g)(1—¢*)(1—g")(1—¢%(1—q")
1
(1-g)(1-¢*)(1-¢*)(1—-¢°)(1—¢°

Example 17 Consider sequences (A1, A2, A3, A4) satisfying
A1 > 2[TA2/3] + 3Xa + As + BAs

and
A s M
3~ 2 71
The constraints guarantee these A are partitions and they satisfy the conditions of Corol-
lary 5 with k& = 4, (a1,a9,a3,a4) = (7,3,2,1) and (c1,c2,¢3,¢4) = (2,3,1,5). Then
(b1, b2, b3, bs) = (1,26,30,36) so the denominator of (11) is the product (1 — ¢)(1 —¢*%)(1 —
%) (1 — ¢3%). The numerator of (11) is the sum of the terms

q2 [Tz2/3]+42z2+223+624 q26 [z3/2—22/3] q30 [z4/1—23/2]

> 0.

as (z2, 23, 24) ranges over the set {(0,0,0),(1,0,0),(2,0,0),(0,1,0),(1,1,0),(2,1,0)}. So,
by Corollary 5, the generating function is

14q0 4 g% 1 g% g% 4 q® (14 ¢'0 + ¢20)(1 + ¢'%)
(1=q)(1—¢*)(1—¢)(1 - ¢%) (1= —¢*)(1-¢*)(1 - ¢*)
1

(1=g)(1—¢") (1 —¢")(1 —¢*)

3.2 A Special Case

Corollary 6 Suppose the sequence aq,as,...,ar has the property that for 1 <i <k —1 if
a; > 1, then a;41 = 1. Then there is a one-to-one correspondence between the compositions
AL,y A of n satisfying

At/ar > Aafaz > Azfaz > - > Np—1/ag—1 > A\ /ay
and the partitions of n into parts in
{1,[)2,[)2 +1,... ,bk},

where by = 1, b = a1 + a2 and bjy1 = b; + a;41 for 2 < i < k — 1, such that at most one
part can appear from each of the sets

Si =A{plbi +1 < p < b1 — 1}.

16



Proof Since z; = 0 whenever a; = 1, the generating function (9) becomes

+
az—1x~az—1 = agp—1 LE20 420 k-1 Z[az T+zit1
ZZQZO 223:0 sz— q “2 Hi=2:ai+1 >1 q o

Hz‘:1(1 —q")

and since consecutive a; cannot both be greater than 1, we get

2]+zz aip1—1 bil ZEL 4244
Zzg =049 Hz 2:a;41>1 Zth =04 it

[T, (1~ g*)

which, letting b = 1, gives

1 b |—a L4241
| Liagi1>1 ZZZE 0q "
H’L:l(]‘ —4q ’)

Since by = a1 + ag and b; 11 = b; + a;+1 we get

k—2 ) ) L
]_[Z.:mefbpl(l 4 ogh 4 bt g b
k . :
[Tisi (1 —g%)
Note that each integer m satisfying bo < m < b; appears exactly once as an exponent in

either the numerator or denominator. So (12) is the generating function for partitions into
parts in

(12)

{1,b2,b0+1,...,bs}
such that at most one part can appear from each of the sets
Si={p|bi+1<p<biy—1}.
(The set S; is empty if b;11 — b; > 1). This result can easily be proved bijectively. |
Example 18 Compositions of n satisfying

A A A
Mz&zfz&z;"’z%zmzmz ias

>0

are in one-to-one correspondence with the set of partitions of n into parts of size at most
3k 4 2 in which parts divisible by 3 can appear at most once.
Example 19 Compositions of n satisfying

A2 A4 A6 Aok
2 3

> > — > > A >
A= 2 k-1 Z 377

A1 > > A3 >

are in one-to-one correspondence with the set of partitions of n into parts of size at most
k(k 4+ 5)/2, such that for each j > 3, at most one part can occur from the set

(1) sern= (@) rs-5)

17



4 Two Variable Generating Functions

In their study of lecture hall partitions, Bousquet-Mélou and Eriksson found it very useful
to consider the 2-variable (odd/even weighted) generating function of the set of partitions
satisfying the lecture hall constraints. We show here how our method can be adapted to
get multivariable generating functions for compositions satisfying linear constraints, using
the two-variable case as an example.

Given a sequence A = (Ag,..., \x), we denote by A, the subsequence (A1, A3, As,...) and
by Ae the subsequence (A2, Ag, Ag, - .. ).

4.1 Integer Coefficients

Let A[l..k,1..k] be a strictly upper triangular matrix of integers, such that P4 is a set
of compositions. Let QA(l,m,k) be the subset of P4 consisting of those compositions
A= (A1, Ag, -, M), with I = [Ao] = A1+ A3+ A5+ -+ and with m = |Ae| = Ao+ g+ X6+ -,
satisfying

k
A= > Afi gy fori> 1.
j=i+1
We would now like to write the generating function

> 1Qall,m, k)laty™.

1,m>0

Theorem 3 Let A a k x k strictly upper triangular matriz of integers,. If B =1+ A+
A% + .+ A7 has nonnegative coefficients then the two-variable generating function for

Qa(l,m, k) is
k

1
H 1 — xoiyei’ (13)

i=1
where 0; = ;- B[2j — 1,i] and e; = 3,5, B[2j,1].
Proof As A\ = Bisy,...,s;]T then \yjp1 = > Bl27 + 1,5]sj and Ay = >, B[2j,i]s;.
Therefore |\,| = Zi21 0;s; and || = Zizl e;s;. The result follows. O
Example 20 Let fy(z,y) be the generating function for ordinary partitions:

A >A 2> 2> A >0,

Then 01,092,03,...1s: 1,1,2,2,3,3,4,4,... and ey, eg,€e3,...1is: 0,1,1,2,2,3,3,4,4,...so the
generating function is

[k/2] 1 Lk/2)
Jrlz,y) = le[l 1 — giyi1 LT Tyt

18



Note that
fk+1($7 y) =

4.2 Alpha-beta Sequences

Let A be a k x k strictly upper triangular matrix of integers, such that P4 is a set of
partitions and let G(z,y) be the two variable generating function, that is,

Glz,y) = Y |Qall,m)|z'y™ (14)

1,m>0
Theorem 4 Let o > 1 and 3 < « be integers (note 3 can be negative). The set of compo-
sitions Ao, A1, ... Ak, satisfying
)\0:a()\1+)\3+/\5+~-)—ﬁ()\2+)\4+/\6+-~)
and for 1 <i <k, \; > Z;?:H_l Ali, j]\; has generating function G(x%y,x=P+1), where G

is defined by (14).

Proof Let partition A = (A1, A2,...Ag), satisfy the constraints \; > Z?:iﬂ Ali, jIA;.

Prepend part )y to satisfy the new constraint and call the new composition \'. (Since
A is a partition, the conditions on «, 3 ensure Ag > 0. The odd parts of A become the even

arts of \'. The odd parts of \ are the even parts of A plus the new part \g, so
p

|)‘,|e = Ao |)‘,|o: IAle + afAlo = BIAle. U

Corollary 7 For fized constants « > 1 and 5 < «, the sequences (A1,...\) satisfying, for
1<i<k,

Ai = a(Aig1 + i3 + Aigs + 0 0) = B(Aiv2 + Aipa + Aige + 1),
form a set of compositions with odd/even generating function

k

1
Gr(x,y) = —_
k(flf y) 21;[1 (1 — ﬂs‘oiyei)
where
o1=1, oa=0a; 0, =a0j—1+ (=B +1)oj—2 fori>2
and

e1=0; ea=1; e, =0;—1 fori>2.

19



Proof The constraints ensure that \; > 0 for ¢ = 1,...k, so as in proof of Theorem 4 their
generating functions satisfy the recurrence

Gk—l—l(xv y) = Gk(xayvxiﬁjq)/(l - ‘T) 0

Example 21 If « =1 and 8 = —1 in Corollary 7 we get:
o1=1; o2 =1; 0;=0;-1+20; 2
and
eo=1;, e1=2; € =01,
so the generating function is

1
(=)L~ ay)(1 — ) (1 — a7y — 2 (T — a2yl -

Substituting © = y = ¢ tells us that the partitions Ay, ..., \; of n satisfying
Ai 2 Aig1 + Aip2 + Az + o

are in one-to-one correspondence with partitions of n whose parts must be one of the first
n powers of 2: 1,2,..., 2" L,

Example 22 In Corollary 7, if « = 1 and 8 = 1, we get:
o1=1; o2=1; 0,=0;1
and
e1=0; ea=1; € =0;-1,
so the generating function is

1
(1-2)1-2y)(1 —2y)(1 —2y)(1 —2y)(1 —2y) -~

Substituting z = y = ¢ tells us that the compositions A1, ..., Ax of n satisfying

(—1) Xit;

Ai >
-1

<

are in one-to-one correspondence with compositions of n into k parts whose first part can be
any nonnegative integer but whose other parts must be nonnegative even integers. (Compare
with Example 2.)

Example 23 If « = 2 and 3 = 2, from Corollary 7 we get:
o1=1; 02=2; 0; =20;—1—0;—2

and
e1=0; ea=1; e =0;-1,

20



so the generating function is

1
(= 2)(1 =) (1 =21 = 2"y) (1~ a7y —a7) -

Substituting © = y = ¢ tells us that the partitions Ay, ..., \; of n satisfying
k—i
A2 2 (=1 Ay
j=1

are in one-to-one correspondence with partitions into odd parts less than 2k.

4.3 The Two Variable Generating Function for Rational Diagonal Con-
straints

To get the odd/even weighted generating function for the compositions satisfying the con-
straints:

ﬁzézéz...zAkflzﬁZO, (15)
a as as ag—1 a

in the system (10) we separate the “dots” comprising z; into those which come from odd
parts:
a1z + (a3 — Doz + (a5 — D)as + -+ 23+ 25+ -+

and those which come from even parts:
(ag—Daxo+(ag — V)zg+--+20+24+26+- -
Then we get the following refinement of (9):
ajzg i+l %

29
Za2_1 ZZ:;(%ZE[ a ITetasd yetEate Hfz_zl(l‘oiyei)ui“ ]

oS
() [T, (1 — 2oye)

where 00 = 1, e = 0, and for 2 < i < k 0o; = a1 + a3 +as + --- + as|(i-2)/2]+1 and
ez‘:a2+a4+a6+"'+a2[(i_1)/2].

: (16)

4.4 Variations on Lecture Hall Partitions

Theorem 5 If G(z,y) = H(z,y)/(1 — x) is the generating function given in (16), then
whenever a1 > ag > -+ > ay, for any 1l >0 and j > 2 — 1, H(z!, 29~ y) is the generating
function for the partitions satisfying

Moo= fade/as] + Y (G = Ddai+ (1= DAain)

i>1
A2 > ﬁz...z)‘kflzﬁzo. (17)
as as ak—1 ak



Proof If j =1 = 1, the system (17) is the same as (15), except with equality for A1, and
the generating function is H (z,y) = G(z,y)/(1 —x). Suppose A satisfies (15). To transform
A into a composition satisfying (17), we increase the first part by (I — 1)|Al, + ( — 1)|A|e
to get \'. The conditions of the theorem guarantee that this increase is nonnegative. Then
IN|e = |M|e and

‘)‘,‘0 = ’)"0 + (l - 1)‘)“0 + (j - 1)’)"6 = ”/\|o + (] - 1)‘)“@ O

Remark If the a;s are not non-increasing then the theorem is still true if [ and j are both
positive.

We can use Theorem 5 to generalize the Lecture Hall Partition theorem of Bousquet-

Mélou and Eriksson.

Corollary 8 Forl > 0 and j > 2 — 1, the generating function for the sequences Ai,..., A\
satisfying

M 2UkX/(E=1)]+(G-DAe+M+r+ )+ U =13+ A5+ A7 +--)

and
A2 > A3 >...>£>&>0
k—1"k—2"— - 2 — 1~
18
1 e 1
(1 _ q) Pl (1 _ qil+z’j+l)'

Proof Bousquet-Mélou and Eriksson have shown in [10] that when j = [ = 1 the generating

function is:
k—1

1
G(z,y) = —_ .
g} (1 _ xz—i—lyz)
The result follows from Theorem 5, setting r =y = q. a
Example 24
k—1
H 1
_ 2043
o (L—=g %)

is the generating function for the partitions satisfying

k—1
M= 3[R/ (k= 1)]+2> (=1 A1y
j=1
and 5 ) )
R a3
k—1—"k—-2"7 - 2 1

This is Corollary 8 with [ =3 and j = —1.
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5 Conclusion

In this paper we have shown that compositions and partitions defined by (in)equalities
have nice and easy-to-compute generating functions in the integer case and, sometimes, in
the rational case. The proofs are all bijective and the techniques are powerful and well
suited. However these techniques are not completely satisfactory for analyzing families like
the Lecture Hall partitions, since additional (and non-trivial) methods may be required to
compute a factorization of the numerator of the resulting generating function.

We have found the techniques in this paper to be most useful when implemented and used
in conjunction with a computer algebra package like Maple. Through computer experiments,
we have been able to discover new identities, whose proof is beyond the scope of these
methods. However, we show in a forthcoming article [13] that methods inspired from
Bousquet-Mélou and Eriksson [11] and Aa Ya Yee [17, 18] can give straightforward proofs
of these types of results.
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