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Abstract

Five simple guidelines are proposed to compute the generating function for the nonnegative
integer solutions of a system of linear inequalities. In contrast to other approaches, the emphasis
is on deriving recurrences. We show how to use the guidelines strategically to solve some
nontrivial enumeration problems in the theory of partitions and compositions. This includes a
strikingly different approach to lecture hall-type theorems, with new g-series identities arising in
the process. For completeness, we prove that the guidelines suffice to find the generating function
for any system of homogeneous linear inequalities with integer coefficients. The guidelines can be
viewed as a simplification of MacMahon’s partition analysis with ideas from matrix techiniques,
Elliott reduction, and “adding a slice”.

1 Introduction

This continues our work in [18, 19] studying nonnegative integer solutions to linear inequalities
as they relate to the enumeration of integer partitions and compositions. Define the weight of a
sequence A = (A1, Ag, ..., \,) of integers to be |A\| = Ay +-- -+ \,,. If sequence A of weight N has all
parts nonnegative, we call it a composition of N; if, in addition, A is a nonincreasing sequence, we
call it a partition of N.

Given an r x n integer matrix C' = [¢; ;], we consider the set Sc of nonnegative integer sequences
A= (A1, A\a, ..., \,) satisfying the constraints

CiotCiiA +CigAa .+ CipAn 20, 1<i<r (1)
We seek the full generating function
Fo(zy,29,...,2,) = Z xi‘lxg""---x;\f, (2)
AESc
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which can be viewed as an encapsulation of the solution set Sc: the coefficient of ¢V in Fc(qz1, gz, . . -

is a listing (as the terms of a polynomial) of all nonnegative integer solutions to (1) of weight N and
the number of such solutions is the coefficient of ¢"V in Fo(q,q,...,q).

Variations of this problem arise in other areas of mathematics, e.g., solving systems of linear equa-
tions, finding volume of polytopes, as well as in enumeration. In the papers [18, 19] we demonstrated
that in the area of partition and composition enumeration many familiar sets of linear constraints
can be easily handled a matrix inversion: for homogeneous systems, if the constraint matrix C' is
an n X n invertible matrix, and if all entries of C~! = B = [b; ;| are nonnegative integers then by
Theorem 1 in [19]:

n

1
Fc(mlﬂﬂz---x,):H T —.
9 9 » N i (1 _ xlildxgzd . ’xz’n,y)

This theorem (in its full generality) suffices to handle the enumeration of such families as Hickerson
partitions [22], Santos’ interpretation of Euler’s family [28], Sellers’ generalization of Santos [29, 30],
partitions with nonnegative second differences [3], super-concave partitions [31], partitions with
r-th differences nonnegative [3, 14, 33], partitions with mixed difference conditions [3], and examples
(0-5) of Pak in [27]. The theorem provides bijections as well as generating functions.

However, it is easy to find simple examples where the “C matrix” technique fails. In Section 2,
we propose five simple guidelines for computing the generating function F¢ of a system C of linear
diophantine inequalities. The guidelines can be viewed as a simplification of MacMahon’s partition
analysis [25], with ideas from matrix methods, Elliott reduction [20], and “adding a slice” (e.g. [23]).

Our focus is on the use of the guidelines to derive a recurrence for the generating function F¢,
of an infinite family {C,|n > 1} of constraint systems. This is in contrast to the focus of the Omega
package [6], a software implementation of partition analysis, well-designed to compute the generating
function of a given fixed, finite system of linear constraints. The advantage of a recurrence for F
is a program which computes F¢, for any given n. But more significantly, if the recurrence can be
solved, it provides a closed form for the generating function for the infinite family.

In Sections 3-6, we show how to use the guidelines of Section 2 strategically to solve some
nontrivial enumeration problems in the theory of partitions and compositions. Sections 3 and 4
address well-studied problems, included as “warm-up” exercises to illustrate the approach and the
handling of the recurrences that result. Sections 5 and 6 apply the method to the problem of
enumerating anti-lecture hall compositions [16] and truncated lecture hall partitions [17], giving a
simpler approach than in [16, 17]. For completeness, in Section 7 we prove that the guidelines suffice
to find the generating function for the nonnegative integer solutions of any homogeneous system of
linear inequalities with integer coefficients.

This work was inspired by the the work of Andrews, Paule, and Riese in the sequence of papers
[2,3,6,4,12,7,8,9, 5, 10, 11], which illustrate many applications of partition analysis. The Omega
Package software [6] was an invaluable tool in our early investigations. As illustrated in papers such
as [2, 3, 12, 9, 10], recurrences can certainly be derived using partition analysis. However, we found
that the task became easier with a simpler set of tools which appear to be no less powerful. In
Section 8 we discuss MacMahon’s partition analysis and show how the proposed guidelines can be
be viewed as essential ideas underlying his theory.
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2 The Five Guidelines

Let C be a set of linear constraints in n variables, Aq1,..., \,, each constraint ¢ € C of the form

C: [ao +Za1)\z Z O],

i=1
for integer values ag, a1, ..., G-

Let Sc be the set of nonnegative integer sequences A = (A1, ..., A,) satisfying all constraints in
C. Since we are only interested here in nonnegative integer solutions, we will always assume that C
contains the constraints [A; > 0] for 1 <4 < n. Define the full generating function of C to be:

A A1, A
Fe(xy,...,2n) = E R A
AESc

If ¢ is the constraint: [ag + Y., a;\; > 0] define the negation of ¢, =c, to be the constraint
[—ap — Y., a;\; > 1]. Then any sequence (A1, ..., \,) satisfies ¢ or —¢, but not both. A constraint
c is implied by the set of constraints C if Sey(~cy = 0. A constraint c is redundant if Seyuqey = Se.

Let Cx,—x;+a »; denote the set of constraints which results from replacing A; by A; +a); in every
constraint in C. Note that if constraint c is implied by C then ¢y, x,tq; is implied by Cx,—x, +a,-
Thus observe that if C contains the constraints [Ay > 0],1 < k < n and if [\; — aX; > 0] is implied
by C, then all of the constraints [A\x > 0],1 < k < n are also implied by Cx,—x;+an,-

Lemma 1 Let C be a set of linear constraints on variables A1, ..., A\, which contains the constraints
Ak >0],1 <k <n. Let a be any integer (possibly negative). Suppose [\; —aX; > 0] is implied by C
and let C' = Cx,—x,+ax,- Then

B= (b1, 0n) €Sc iff B = (b1,....0—1,0i —aBj, Bit1,---,0n) € Scr.

Proof. By the remarks preceding the lemma, the constraints C and C’ guarantee that S¢ and S
contain only nonnegative integer solutions. So, it suffices to show that (3 satisfies a constraint in C
iff 4" satisfies the corresponding constraint in C’.

Let ¢(A) = ¢o + D1y ctA¢ and assume [c(A) > 0] € C. Under the substitution \; < \; + a);,
¢(\) becomes ¢’ () defined by

d(A\) =co+ Z e + ciad; = c(X) + cad;
t=1
and [¢/(A) > 0] € C'. Thus
c(B) =(B) = ciaBy = (B,
so ¢(B) > 0iff ¢(B) > 0. O
Finally, to simplify notation, we will let X,, refer to the parameter list z1, ..., z,, so that F(X,,)

denotes F(x1,...,x,). Let F(X,;x; — xzx?) denote the function F(X,,) with all occurrences of z;
replaced by z;z].



Theorem 1 (The Five Guidelines)
1. If C = {[\ > t]}, for integer t > 0, then

il

Fe(xy) =

1—1’1.

2. If C1 is a set of constraints on variables \1,...,\; and Co is a set of constraints on variables
)\j+1, cey )\n, then
Feoue, (1, .. ) = Fey (21, ... xj) Fe, (Tig1, - - - Tn)-

3. Let C be a set of linear constraints on variables A1, ..., A\, and assume C contains the con-
straints [A; > 0],1 < i < n. Let a be any integer (possibly negative). If [\; — aX; > 0] is implied by
C,

Fe(X,) = FCA,iHAZ-Jra)\j (Xn; Ty < xjx;'l)'

4. Let ¢ be any constraint with the same variables as the set C. Then

FC(Xn) = FCU{C} (Xn) + FCU{ﬁc} (Xn)

5. Let ce C. Then
Fe(Xn) = Fo—ie) (Xn) — Fe—gayu-e} (Xn).

Proof.

1. This is clear since Fe(z;) = ot + 2t ...,

2. The sequence (A1,...,A,) € Sc,ue, iff (A1,..., ;) € Se, and (Ajq1,..., ) € Se,.

3. Let C" = Cx,—x,+ar,- By Lemma 1,
(>\17~'~7>\n)€SC’ iff ()\1,...,)\2',1,)\2'+(l)\j7>\i+1,...,)\n)GSC.
So,

o AN A1, A2 Aj o Ad+1 A
Fol(Xnsj < mjaf) = E wytap® (g ) Y ait e anr
AESer
o § : A1 /\2 Ai—1 (>\ +aX;) )\1+1 An
— 1; PPN ’L 1 1 Z+1 B
)\GSCI
_ E A1, A2 An
fr— xl IQ DRI o.:ljn

AESCe

4. S¢ can be partitioned into those A that satisfy ¢ and those that do not.

5. By guideline 4, Fe_(.}(Xn) = Fe—(epugey(Xn) + Fe—{eyuf—c} (Xn). Then C — {c} U {c} =C,
since ¢ € C. O



3 Minc’s Partition Function and Cayley Compositions

Minc’s partition function v(d, N) is the number of compositions of N in which the first part is d and
each part is at most twice the size of the preceding part [26]. For example, in the special case d = 1,
these are called Cayley compositions [15, 1, 12]. In this section we compute the generating function
v(q) =g n>o V(4 N)gV = q+2¢* +4¢> + T¢* + 13¢° + 244¢° + - - - . For example, the coefficient of

® is 13, since of the 16 compositions of 5, only these three violate the constraints: (1,4), (1,3,1),
and (1,1,3).

Let C,, be the set of constraints C, = {\; > %/\i—H >0]1<i<n}andlet Cp(zy,...,2,)
be the generating function of C,. Focusing on the constraint ¢ = [A,—1 > %)\n], after noting that
[An—1 > 0] is redundant, we can write C,, as

IS DY
[ M > 3] RSP " S I D VIR 9 P
Ae > i)
A > 3X3 . Ae > 3h3 Ae > 3
c — : — An72 Z %Anfl — : _
" )\n—2 2 %)\n—l An—Q 2 %)\n—l An—2 2 %An—l
An—l 2 %An
An—1 > %)\n A1 > 0 A > 2Ap-1
A1 > 0
L A > 0 | L A > 0 ] L Adn-1 > O
L > 0 ]

where ¢ has been removed from the next-to-last system, making it C,,—1 U [\, > 0], and ¢ has been

replaced by —c in the last system. By guidelines 1 and 2, z,C,_1(21,...,2p—1)/(1 — x,) is the
generating function for C,_1 U [\, > 0]. Note further that the substitution A, «— A, + 2\,_1 in
the last system results C,,—1 U [A, > 0], so by guideline 3, the last system has generating function
2nCpo1(z1, ..., 2n_122)/(1 — x,). Putting this together with guideline 5 and the initial condition
Cy(z1) = 21/(1 — x1) gives the recurrence

Tn

Cn(xla s 7:1;77,) = (C’nfl(ld, LR ‘rnfl) - C’nfl(x17 e 7$n727xn71xi))-

11—z,

Let Cpn(q,s) = Cn(q,q,--.,q,s). Then the above recurrence gives C1(q,s) = s/(1 —s) and for n > 2,

Cn(g,s) = 18?(0”_1((1,(1) — Cn-1(q,45%)).

Set C(q,s) = ZZOZI Cr(g, s) and use the recurrence for Cy,(q, s) to get
= — _ 2 1 . 9 -
) nEZICn(qas) 1_s +;Cn(q,s) 175( +C(q)q) C(q7q8 ))

Tterating the recurrence for C(q, s) gives

2J12

C(Qv ) 1+qu Z z 1H 21 1521)
=1 =0

Let C(q) = C(q, q), then
1

v(g) =1+C(q) =

_ iq2'i+1—i—2

s = '
L+ 2 g e




4 Two-Rowed Plane Partitions

This example illustrates the advantage of guideline 3 of Theorem 1 when a < 0. The two-rowed
plane partitions are those integer sequences (ay, by, ..., an,b,) satisfying the constraints

P = [a;>b;>0, 1<i<m a; > ip1, by >bip1, 1<i<n—1].
It is well-known that the generating function for P, is [24]

1
Fale) = (@ Dn(@% On ®)

In [3], Andrews shows how MacMahon’s partition analysis can be used to compute P,(q) by con-
sidering an intermediate family G,,. We will use this approach, but with a slight twist, to show how
the generating function for P,,, can be computed via G,, from the guidelines of Theorem 1.

We will use the convention that when a constraint system is represented by a calligraphic letter,
its generating function is represented by the corresponding roman letter. Also, to keep notation
simple, when the meaning is clear from context, we will use the same letter to refer to multivariable
and single variable forms of the generating function.

Define G,, to be the set of constraints below:

a1 t+azt-tan =2 bitbat-+by
ar+ - tan > by + -+ + by

Gn = Do :
-1+ an > bn—1+ bn

Qn 2 bn

ai,biz(), izl,...,n

Denote the full generating functions for P,, and G,, by

E a1, b1 an , bn
xl yl e 71‘77, yn 5
(a1,b1,....an,bn)ESP,

Pn(xlvyla s ax’myn)
G141, T ) = > cPyt L aybn
(a1,b1,...,an,bn)€Sg,,
Note that P, can be transformed into G,, by the sequence of substitutions:

a; < a; + Qiy1; bi<_bi+bi+1§ 1=1,2,...n—1.

We focus on G,,. Since for 1 <i<n—1, a; —a;4+1 > 0 and b; — ;11 > 0 in P, by guideline 3 of
Theorem 1, P, is obtained from G,, by the sequence of substitutions:

T TiTi—1; Yi < YiYi—1 t=nn—1n—2,...,2

Thus
Pn(-’flayla .- -7$n,yn) = Gn(3317y1,$1$27yly27 cee sy L1X2 0 T Y1Y2 yn)



In particular, the generating function (3) for two-rowed plane partitions is obtained by setting
ri=y;=qin P, fori=1,...,n

Po(q,4,0,---,9) = Gnla.¢. 6>, &% ..., ", q"). (4)

Since a, — b, > 0 in G,, by guideline 3, we can do the substitution a,, «— a, + b, in G, to get F,
and recover G, from F;, as shown below.

ar+ax+---+an > bi+ba+ -+ b
a2+"'+an 2 62+"'+bn71

Fn = a
an—1+an 2 bn—l
ai,bizo, izl,...,n

Gn(xlvyla e 7xnvyn) = Fn(xlvylv ey Iy YnsYn (Enyn)

Since a,_1 + an, > 0 in F,,, by guideline 3, we can substitute a,_1 «<— an_1 — a, in F, to get H,
and recover F,, from H,, as shown.

ai+az+---+an-1 > bi+ba+--+by1
az+---+ap-1 2> bo+---+bra
Hn = : S
n-1 > b1
an—1 Z Gn
ai,biZO i=1,4..7n
Fn(xlvyla s axnvyn) = Hn(xla Y1y s Ty Ynis Tp < xn/xn—1)~
Summarizing to this point, we have
Gn(xlayla DR 7-Tnayn) = Hn(xhyh L 73;71—17yn—lzxn/xn—laxnyn)~ (5)

Now apply guideline 5 to H,, using the constraint ¢ = [a,—1 > a,]. Then

Hn :ICn *Lna
where
Kn =My —{lan-1 > anl}, Ly =Hp —{lan-1 > an]} U{lan > an_1 + 1]},
that is,
aitax+--+ap-1 = br+bat--+by
ag+--+ap-1 = by 4+ bp1
ICn — . .
An—1 Z bn—l
ai,bZ-ZO 7;:17...,71
and ~
ap+az+--+ap_1 > br+ba+- by
ag+---+ap-1 2 by + -+ bp1
L, = : ,
an—1 = bp—1
(¢2%) 2 an—1+]~
L ai,biZO izl,...,n_




so that
Hn(xlaylv o 7xnayn) = Kn($17y17 s 7$n7yn) - Ln(xlayly .. 'axnayn)' (6)

Now observe that
]Cn - gnfl U {[an > 0]; [bn > 0]}7

so by guidelines 1 and 2,

Gn—l(xlayla ) xn—l,yn—l)
K, ZT1,Y15--+3,Tn, Y = . 7
n( n TL) (1 71,”)(1 7yn) ( )
Returning to £, since a, — ap_1 > 0 in £,,, we can do the substitution a,, < a, + a,_1, resulting
in

(‘Cn)anea,ﬁran,l - gnfl U {[an Z 1]a [bn Z O]}7
so by guidelines 1, 2, and 3,

InGn—l(zlayh oy Tn—1yYn—-1;Tn—-1 < xn—lxn)
Ln(xlvyla"'axnvyn): (1—5E )(1_y ) . (8)

Combining (6),(7), and (8), we have

Gn—l(xlayh e axn—lvyn—l) 7ann—l(x1; Y1y 3 Tn—2,Yn—2, Tn—1Tn, yn—l)

Hnr g dn) = = 0 - ) (=20 - )

Finally, substituting this expression for H,, into (5) gives a recurrence for G,,:

Gno1(x1, Y1, T 1,Yn-1) = 72 Gn 1 (1,91, -+ s T2, Yn—2, Tny Yn—1)

Ry " ’

(9)

Gn(xlayla s 7xnayn) =

with initial condition Gy (z1,y1) = 1/(1 —21)/(1 — z1y1).

Let G (q,8) = Gn(q,9,4%, 4%, ..., 8,q"). Then from the recursion (9),

Gr 1(q,q" ") = (s/q" )G _1(q,5)

G;(%s) = (1 — s/q”fl)(l _ Sq”)

It is straightforward to show by induction that G} (g, s) satisfies

1
(1—=5)1 = 59) (¢ Dn-1(¢%@Q)n-1

G(g,5) =

Substituting s = ¢™ gives

1

P, =Gy 7727 27""n,n:G:z ’n:
(9) (09,974 q",q") (¢:4") CTRC

2 )

i On

the desired generating function for 2 x n plane partitions.



5 Anti-Lecture Hall Compositions

In [16], we considered the set of sequences A = (Aq,..., \,,) satisfying the constraints
An = M > 22 > 2 A >0|.
1 2 n

We referred to these as anti-lecture hall compositions and showed that the generating function is

Ll
Anlg) £ Z g = Hl_—qzﬂ (10)

AEA, i=1

Here we show how to apply the guidelines of Theorem 1 to get a recurrence for the full generating
function A, (x1,xe,...2,) and use it to give an “easy” proof of (10). The idea is easily extended to
the truncated anti-lecture hall compositions studied in [17]. We start with B,,, a slight variation of

Ay

Lemma 2 The full generating function for the integer sequences defined by the constraints

Al A2 A1 _ An
S e >2n > 11
5 1227 2,171 2 (11)
satisfies
Ap_1(xy .. xpe
Bn(‘rlv 71'71) = = 1(2 13_ Z—ll)

Proof. The following sequence of substitutions transforms B,, into A,,_1 U{[A, > 0]}, as illustrated
in Figure 1:
N Nididy, di=n—1,...,1.

Note that the constraint A;_1 > (¢ — 1)\, is implied at each stage, so by guidelines 1,2, and 3, B,
is recovered from A,, by performing the sequence of substitutions on A, _1(z1,...,2Zn-1)/(1 — x,):

Ty — Tpzi, 1=1,...,n—1.

Proposition 1 The full generating function for anti-lecture hall compositions satisfies:

A _1(581 In—l) 1 1
A = i D —A,_ _ _ —
n(Z1,. .. 20) 11—z, n-1(T15 . Ty, T 1) 1—-z, 1_33133%1-%...3;2

with initial condition Aq(x1) =1/(1 — x1).

Proof. Using guideline 5 with ¢ = [\,_1 > =1\,

- n

Ap(xy,. . xn) = Ch(z1, ... x0) — D21, ..., 20),



[N > gk T [ M > gk A2 g
Ay > 3/\3 Ay 2> %A:& Ay > %)\3
)\n—3 > Z—:g)\n—Q N )\n—3 > Z—:g)\n—Q _ )\n—S > Z—:gAn—2 + (Tl - 3)An
)\n72 2 Zij)\nfl )\n72 2 %)\nfl + (n - 2))\71 A')7,72 2 :i:]_ Anfl
)\nfl 2 (n - 1))\n )\nfl 2 0 A'n.fl 2 0
M > 0 L x>0 | I R Y|
[ A > 3 T [ A > Fhe+ A ] [ A > 3 ]
Ao > §>\3 + 2\, Ao 2> §>\3 Ay > %/\3
N N >\n73 2 Z_::;An72 — )\n73 2 Z_::;An72 N )\n73 Z Z—:g)\n72
>\n—2 2 Z_jAn—l )\n—2 2 %An—l An—2 2 %An—l
An-1 2> 0 An—1 > 0 A1 > 0
An 2 0 An 2 0 ] An > 0 |
Figure 1: Transformation of B,, into A, _1 U {[A, > 0]} in proof of Lemma 2.
where \ \ \
1 2 —1
¢ = [FrEroziEae azi); (12)
)\1 )\2 )\n71 )\n >\n71
D = —>=Z>...> > 0; — > . 13
" [ 1= 2 = “n—17 n n—1 (13)
Note that C,, = A,,—1 U {[A,, > 0]}, so by guideline 2, C,, has generating function
A (...,
Co(zy ... x,) = = 1(11 n-t), (14)
“z,

Since A\, > A\,—1 is implied by D,, in (13), by guideline 3, substituting A, < A, + A,—1 in D,, gives

A1 Ao An—1 An—1
s = |E>22> > >0, A 15
1 = 2 “n—17 >n—1 (15)
and
Dn(xlv ey xn) = En(Xn;xn—l — xn—lxn)a
where X,, represents the argument list z1,...,z,. Using guideline 5 again, with ¢ = [\, > 2”_’11],
gives

10




where C,, is (12) and where B,, is (11). Putting this all together, we have
= Cn(Xn) - En(Xna Tp—1 < $n,1$n)
= Cn(Xn) - Cn(Xnv Tp—1 < xn—lxn) + Bn(Xnv Tp—1 < xn—lxn)

Substituting from (14) and Lemma 2 gives the result. O
In order to make use of the recurrence of Proposition 1 to prove the generating function (10) for
anti-lecture hall compositions, let 4,(q,s) = 4,(q,4,q,---,q,s). Then the recurrence of Proposition
1 becomes
Anfl(qaq) 8(1 B Snilq(g))

An(g,s) =

- An—l(‘]vqs) ) (16)

L=s (1-s)(1 - s7q3))
with initial condition Ag(g,s) = 1. If we were to proceed as with two-rowed plane partitions, we
would (i) “guess” the form of A, (q,s), (ii) prove by induction that it satisfies (16), and then (iii)
show that setting s = ¢ gives (10). This would be the easiest proof and it would give a refinement
of the anti-lecture hall generating function, enumerating solutions according to both the weight and
the size of the last part:

D> gt = A,(q,99).

AES A,

Since we have not succeeded in guessing A,(q,s), we follow a different approach. Iterating the
recurrence of (16) gives:

n—1 . (m\_ (i
. e 1 — g ? (2) (2)
An(grs) = 3 (-1 Aol q)sg) ST (17)
i=0 (5:q)i41(1 — s"q\2/)
Now, setting s = ¢ gives a recurrence independent of s:
n—1 . q(rgl) . q(n;»l)
An(Qa Q) = Z(_l) Anflfi(qy Q) (n,+1) . (18)
i=0 (G@)i+1(1—q' 2 /)

We show by induction that the solution to (18) is

An(Qa Q) =

Assume inductively that A, 1 ; = (—=q¢)n_1-i/(¢*)n_1_i. Then we need to prove that

Bu(a) —¢\"*)Cula) _ (=)
G @)
with .
_ni _1)\¢ (_Q)nflfz
Cn(Q) B ;( 1) (q2 n—1—1 Q)i+1
and )
N qyigitin /e (COnoimi
Bn(Q) g( 1) 1 (q2)n—1—i Q)i+1

11



We will prove that
Bony1(q) = (=@2nt1 Consi(q) = (=)2n+1

(@®)2n+1 (@*)2n+1
(_Q)Qn q(2”2+1) (_Q)Zn 1

Ban(q) = Con(q) = -

(g*)2n - (@%)2n
Therefore, we need to prove the following identities for C),

2n

Z(fl)i( (=@)2n—i _ (*q)2n+1' (19)

i—0 q*)2n—i(q)i+1 (g%)2n+1

2n—1
i (@21 (F@an 1
;( 1) @) = . (20)

on—1-i(q)it1 (@®)2n (@*)2n

A few g-series manipulations show that the two previous equations are equivalent to:

S (L), K } = (-1 (21)

i=0 /

Recalling that

{ n } (g™);(=1)igni—iti—1/2

J q a (9); ,

we see that the identity follows from the case a = —1,¢ — oo of ¢-Chu Vandermonde summation
(1.5.2 in [21]),

i cqn/a) (C/a)n . (22)

=0 (c j(q)j (©)n

Now we need
2n

Z<_1yq<i;1>( (—Q2n-i  _ (~@D2ns1 o)

=0 @*)2n—i(@)i+1 (@*)2n+1

277.2+1)

2nz—1(71)iqi(i+l)/2 (—q@)2n—1-i _ (=@)2n q( (24)

“—o (@®2n-1-i(@)it1  (@*)2n " (@®)2n

The same g-series manipulations show that the two previous equations are equivalent to:

St | ] a3 = 2y (29

=0

This follows in a similar way from the “other” ¢g-Chu Vandermonde summation (1.5.3 in [21]),

Xn: q] a”(c/a)n , (26)

C J (E)n

under the substitutions a = —1,¢ = 0. |
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6 Lecture Hall Partitions

In [13], Bousquet-Mélou and Eriksson studied the set of integer sequences A = (Aq,. .., A, ) satisfying
the constraints

L, = {ﬁ> A2 >...2)‘

n _ n—17" 1

> 0} |
They referred to these as lecture hall partitions and showed that the generating function is

n

Ln(q) = Z g™ = H # (27)

A\ESc, i=1

In [2], Andrews showed how to use partition analysis to derive a recurrence for the full generating
function of £,,. However, substantial new ideas, outside of partition analysis, were required to move
from this to the solution (27).

In this section, we show that by strategic application of Theorem 1, we can derive a recurrence for
the full generating function of a generalization of £,, that will reduce the proof of (27) to a g-series
calculation (albeit nontrivial). Our derivation here via the five guidelines is both simpler and more
elementary than the approach in [17] (at the expense of a more challenging g-series calculation).

In [17], we defined truncated lecture hall partitions to be the integer sequences satisfying:

)\1 )\2 )\k
Lok = |2L2> >...> " >9].
» [n_n—l_ “n—-—k+17
We showed that if \ \ \
Low = |22>-72 > k 0 28
ok [n_nl_ nfk+1> ’ (28)
that is, all parts must be positive, the generating function is
7 ey [ ] ("9
Ln,k(q) = q( 2 ) |: :| k1. . (29)
ko], (@ Fq)

It can be checked that setting k = n and dividing by q(ngl) gives (27).

Proposition 2 The generating function for truncated lecture hall partitions (28) satisfies

i _ wpLlpgp—a(zy, .o xe1) Lpg—a(21,.. 0, 2k 0, Tp_17k)
nk(T1, . T) = -
1-— Tk 1-— Tk
~ Zngklng—1(T1, . T2, TR 1T)
1-— Zn,k '
with zp 1, = x?wgfl .. .xszﬂ.

Proof. Note that A\g_1 > Ay is implied by £, , so by guideline 4, L, 1 = L1 U {[A—1 > ]}

13



n—k+2

Now apply guideline 5 with ¢ = [Ay_1 > i) to get L, =D — &:

n—k+1
IR 2 T E VO v I D
Ae > BN Ae > ) Ao > =)
) Ak—3 2 Z:ﬁigkkﬁ Ak—3 2 Z:’;zi;f/\k—z k-3 2 Z:Zﬁ)‘kﬂ
Lng = Ak—2 > Z:ﬁig Mot || e > Z:]Zig M1 | | M2 > Z:ﬁii Ak—1 (30)
Meor > mokEZy e > REER A
Ak—1 > Ak Ak—1 > Ak Aec1 > X
L X > O ] L X > 0 i L X > O ]

The first system on the right, D, implies the constraint A\y_; > 0, so it can be added. Now apply

guideline 5 to D using ¢ = [Ag_1 > Ak to get:

S T .V 1 [ A = A i [ A > A
A2 > el A2 > el Ao > =N
Ak—3 Z BREE N2 Ak—3 Z BRE N2 Ak—3 Z s DV
b= Ak—2 = Z::ig)\k—l T e > Z:Eig)\k—l | M2 2 Z:zr;/\k—1 (31)
Ak—1 > A Ak > A—a
A1 > 0 A1 > 0 Ak—1 > 0
L e > 0 | L e > 0 | L A > 0 ]

The first system on the right of (31) is just Ly x—1 U {[Ax > 0]}. The second system on the right
becomes Ly ,—1 U {[Ax > 0]} after the substitution Ay, «— Ax + Ag—1. So, by Theorem 1 and

summarizing so far, we have

7 Ly jo— . Ly j— ey TR
Lyy(z1,...,25) = Trln-1(@1, nk=1(Z1; - Th_1T8)
(1_$k?) (1—$k)

where E(xzq,...,xx) is the generating function for the last constraint system, &, in (30). Apply
Ak—1 — Ag—1 + g to & followed by A\, — A\ + (n — k 4+ 1) A1 as illustrated below &€ — & — F:

~,l'k—1) . —E(xl,...,l‘k), (32)

(33)
R A . i AN > ] T A > St
O Ao > =) A2 > =l
Ak—3 2 Z:]ZigAk*Z Ak—3 Z Z:I;ig)‘k*Q Ak—3 2 Z:'Izig)\k,2
= - PV e I — - (CEDW Moz > PEEESN 4 (n— k4 3)Aks
e > BN Ae > (n—k+1D X > 0
A—1 > A A—1 > 0 Ak—1 > 0
L A% > 0 i L A% > 0 i i
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By guideline 3,

E(z1,...,28) = E'(21,. .., Th_1, Th_1Tk),
E'(xq,...7) = F(z1,..., 752, xk,lmszﬂ, Tk),
SO
E(zy,...,x) = F(x1,...,Tk_2, xZ:erzxZ*kH? Tp—1Zk). (34)
Finally, starting from F, the last set of constraints in (33), perform the following sequence of
substitutions
=X+ n—i+1DNoy; i=k—2,...1,
as illustrated below:
TN > 7 TN > 1
Ae > el A2 > P4 (n— 1Ak
F o Ak—3 > Z:ﬁiéAk72+(n—k+4)>\k71 o S| Mk-z 2 Z:’;EM%
Aoz > BEER M Mz 2 REER M
A > 0 A > 0
L Adk—m1 > O ] L Adk—m1 > O ]
r A1 > #)\2 4+ nAg—1 | [ AL > ﬁAQ
A2 > el A2 > el
| s > RN . Ai-g > P - G (35)
Moz 2 R === 2
A > 0 A > 0
L Adke—m1 > O ] L Adk—m1 > O

The resulting system of constraints, G, in (35) can be viewed as L, x—1, where A\y_; has been
replaced by Ag, together with the constraint [A;_1 > 0]. Thus,

Tp1Lpg—1(T1,..., 282, T1)
(]. — xk,l)

By guideline 3, the generating function for F is obtained from G by the sequence of substitutions

(36)

G(.Z‘l,...,$k) =

Tp_1 xk_lx?_i+1; 1=1...k—2,
giving
_ -1 —k+3
F(xy,...,x1) = G(xy, ... op_g, 2@y - 2p 5 "Tp_1,T). (37)
Returning to E in (34) and using (36) and (37),
_ n—k+2_n—k+1
E(xlw"vzk) - F(Ilv"'a‘rk—Qazk_l Ty axk—lxk)
_ -1 —k+3, n—k+2, n—k+1
= G(x1,...,2p—2, 272y - -ap 5 Cwn Ty , Th—1Tk)
n—1 n—k+1
I 2 S Lpg—1(x1,..., 22, 2p_17) (38)
- n—1 n—k+1 '
1—afxy "y,
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Combining (38) with (32) gives the result. O
Let Ly, x(q,8) = Lnx(q,4,--.,q,s). Setting z;, = s and x; = ¢ for i < k in Proposition 2 gives

s - , 1 Zn.k
Ln (g, s) = an,k—l(%Q) — L k-1(q, s9) <1 s + m) ) (39)

where 2, = 3"—k+1q<”;1)_<"7§+2). One would hope to prove (29) now by finding a closed form

for L, x(q,s), proving that it satisfies the recurrence (39) and then setting s = ¢ to get (29). Since
we were unable to guess L, 1 (g, s), we proceed as for anti-lecture hall compositions to iterate the
recurrence (39) and get

1 — gkt kGD+ ()~ (E )

_ - 5qj71 —
L ,8) = —1)771 . L i—i(q,q).
nk (45 8) ;;( ) (s: (Z)j 1 Sn_k+lq(n;1)_(n—§+2) nk J(q q)

Now setting s = ¢ we need only a single argument:
k(n—k+7)+(*~31)

7 _ _q1yi—1 ¢ .1*(] T
Ln,k(‘]) = JXZ;( 1) (¢; Q)j 1 q(n;l)i(n7§+l) Ly (q)-

It remains to prove that this recurrence is satisfied by (29). We defer the details until a later report;
our main point was to show that strategic application of the guidelines reduce the truncated lecture
hall theorem to a g-series computation.

7 The Five Guidelines Suffice

Let C be the set of inequalities
Cio+ Ciad FCigda+ .. Fcinh, >0, 1 <0< (40)

and let S¢ be the set of of nonnegative integer sequences satisfying all constraints in C. In this
section we show that the five guidelines of Theorem 1 are powerful enough to find the generating
function of S¢ for any integers c; ;. We will assume that all constraints are homogeneous, i.e., that
¢i0 = 0. Otherwise, introduce a new variable A¢ and let C’ be the same as C, except that for every
i, the ith constraint is now:

Ci,O)\O + Ci71A1 + Ci72A2 + ...+ Ci,n)\n 2 0.

Then Fe(xq,...x,) is the coefficient of x¢ in Fe/(xo, 21, ... x,). We also generalize the claim a bit
to allow any of the constraints of C to be equalities.

Theorem 2 The five guidelines of Theorem 1 are sufficient to find the full generating function for
any homogeneous system of linear inequalities and equalities.

Proof. Let C be a homogeneous system of linear inequalities and equalities with variables Ay, ..., A,.
Since we require nonnegative integer solutions, we can assume that for each variable \;, C contains
a constraint b; of the form [A; > 0] or [A\; = 0]. Call these constraints b; basic. Write C in the form

C: [01,62,...,Cr;bl,bg,...,bn],
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where ¢q, ¢, ..., ¢, is an ordered list of the non-basic constraints in C. If » = 0, all constraints are
basic and the generating function follows from guidelines 1 and 2 (and Fjy,—oj(z;) = 1).

Otherwise, define:
M: the largest positive coefficient of ¢; (0, if none);
emaz: the number of occurrences of M among the coefficients of cq;
m: the smallest negative coefficient of ¢; (0, if none);
emin: the number of occurrences of m among the coefficients of ¢;.

When r > 0 we show that we can use the guidelines to reduce the computation of the generating
function of C to the computation of the generating function of one or more systems C’ in which at
least one of the statistics {r, M, €maz, M|, €min } has been reduced.

If m = 0, all coefficients of ¢; are nonnegative, so ¢; is redundant and can be deleted. Otherwise,
if M =0, all coefficients of c; are nonpositive and so we get an equivalient system replacing A; by
0in e¢q,...,cr and setting b; = [A; = 0]. In so doing we have decreased |m| or €nin.

Otherwise, m < 0 and M > 0; we do a version of Elliott reduction [20]. Let ¢ and j be such that
m is the coeflicient of ); in ¢; and M is the coefficient of A;. We would like to use guideline 3 and
reduce to a system with smaller M or e;qq O |m| Or €,:,. First use guideline 4 with ¢ = [A; > )\j]:

Fe(Xn) = Feup a1 (Xn) + Feup, > (Xn)-

For the first term, Feupa, >, (Xn), do the substitution A; «— X;+A; into constraints ¢1, ¢z, ..., ¢, inC.
This decreases the coeflicient of A;, thereby decreasing M or e;q,. By guideline 3, the substitution
r; + x;r; in the generating function of the resulting constraint system gives Feupy,>a,1(Xn)-

For the second term, Feypx,>a,1(Xn), if bj = [A\; = 0], there are no solutions and the generating
function is 0. Otherwise, b; = [A; > 0]. Substitute A\; «— \; +\; into constraints ¢1,cs, ..., ¢, in C to
get C’. This increases the coefficient of \;, thereby decreasing |m| or ep,. Substituting A; «— X\;+X;
into [A; > A;] gives [A; > 0]. By guideline 3,

Fcu[Aj>>\i](Xn) = FC’U[)\]->O] (Xn; @i — xlxj)

However, we disallow strict inequalities. So, use guideline 5 with ¢ = [A\; > 0] and observe that
bj =[X\; > 0] € C’. Let C" denote C’ with b; «— [A\; = 0]. Then

Ferupy>0/(Xn) = Fer(Xn) — Forup, <0 (Xn) = Fer (Xn) — Fer(Xn).

(Note that we have optimized the proof for simplicity at the expense of algorithmic efficiency.)

It follows from Theorem 2 and its proof that the full generating function of (40) can be built up
from the functions 1/(1—=;) by a finite number of additions, subtractions, and substitutions. We get
then as a corollary the following well-known result: The full generating function for the nonnegative
integer solutions to any system of linear inequalities in n variables with integer coefficients has the
form

p(x1, ..., x,)
(1—a)(l—ag) (1 —ay)’
where t > 0, p is a polynomial in z1,...,z, and each a; is a monomial in z1,...,z,.
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8 Relationship to MacMahon’s Partition Analysis

We give a brief introduction to partition analysis in order to highlight the fact that the guidelines of
Theorem 1 underlie the work of MacMahon. Indeed, they were distilled from partition analysis by
a study of MacMahon’s work in [25] and its application by Andrews, Paule and Riese in the series
of papers [2, 3, 6, 4, 12, 7, 8, 9, 5, 10, 11].

Consider the set of constraints C = {ci,...c,} where

¢ = [aiaM + -+ aipAy > 0]

We seek the full generating function for the set S¢ of nonnegative integer sequences A = (A, ..., \,)
satisfying ¢;, 1 <i <r:
Fe(zq,...,zp Z xi‘lx§2~~~
AESe

The method of partition analysis, developed by MacMahon in [25] is to view the problem as follows.
Let

n
1
P(J)l,l‘g,...,xn,Cl,CQ,...,Cn) = H ar; azj arj (41)
ceecp

Expanding P gives

n

at, ar, i \\j

P(x1,22,...,Tpn,C1,C2,...,Cp) = E H zje; e S )N
An>05=1

D S
_ E <$i\1$§2 . zi\Ln HC? ALt n An ) ' (42)
ALy A >0 i=1

Observe that A € Sc iff in the term corresponding to A in the sum (42) every ¢;, 1 < i < r,
has nonnegative exponent. Thus F¢(x1,...,x,) is recovered from P(z1,2a,...,2Tn,C1,C2, . .. ) by
deleting all terms in which some ¢; has a negative exponent and then settingcy =cy =--- =¢, = 1.
MacMahon uses the Omega operator to express this process:

Fe(xy,...,zn) = §>2P(ml,xg,...,xn,cl,CQ,...,cn).

The core of partition analysis is a system of Omega-rules designed to be applied strategically to
transform P(x1,%2,...,%Tn,C1,C2, ..., Cn) step-by-step into Fe(x1,...,x,). This view converts the
combinatorial problem into an algebraic one, opening the possibility, for example, of a partial fraction
decomposition of (41) to assist in the transformation from P to F. A list of basic Omega-rules
appears in [25](pp. 103-106) and [2].

This approach has proven both powerful and systematic in the computer solution of systems of
inequalities. However, for deriving recurrences for infinite families, we found that a return to some
of the basic underlying ideas simplified the process. We note the roots of guidelines 3-5 of Theorem
1 in the work of MacMahon [25].

Our use of guideline 3 (which performs limited column operations on the constraint matrix) is
used to much the same effect as the following Omega-rule:

1 1

Y T e0-2)  U—a)(-aa)
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The utility of guideline 4 was recognized by MacMahon. He writes in [25], p. 103, “A very useful
principle is that of adding an inequality which is afortiori true.” It is also used in a decomposition
shown at the beginning of [25], Section 379, p. 131. Guideline 5 is one of MacMahon’s Omega-rules,
found in [25], Section 351, p. 104 (slightly transformed):

Q P(o) = P()-Q P(1/o).

9 Concluding Remarks

The “five guidelines” of Theorem 1 provide a unified setting for computing the full generating
function for many challenging families of constraints. However, even though they are guaranteed to
be sufficient to find the generating function for any homogeneous linear system, we are not necessarily
guaranteed to be able to use them to devise a recurrence for a parametrized family of constraint
sets.

In continuing work we consider the case when all constraints have the form A; > A; or A\; > A,
forming a directed graph. We show how to get a recurrence by strategically manipulating the
diagrams. Many examples are presented, including two- and three-rowed plane partitions, plane
partitions with diagonals, plane partition diamonds, and hexagonal plane partitions.

Finally, we note that in [32], Xin offers a speed-up to the Omega package for implementing
MacMahon’s partition analysis. Xin’s method uses the theory of iterated Laurent series and partial
fraction decompositions.

Acknowledgement. We are grateful to the referee for a careful reading of the manuscript and
detailed suggestions to improve the presentation.

References

[1] George E. Andrews. The Rogers-Ramanujan reciprocal and Minc’s partition function. Pacific J. Math.,
95(2):251-256, 1981.
[2] George E. Andrews. MacMahon’s partition analysis. I. The lecture hall partition theorem. In Mathe-

matical essays in honor of Gian-Carlo Rota (Cambridge, MA, 1996), volume 161 of Progr. Math., pages
1-22. Birkh&user Boston, Boston, MA, 1998.

[3] George E. Andrews. MacMahon’s partition analysis. II. Fundamental theorems. Ann. Comb., 4(3-
4):327-338, 2000. Conference on Combinatorics and Physics (Los Alamos, NM, 1998).

[4] George E. Andrews and Peter Paule. MacMahon’s partition analysis. IV. Hypergeometric multisums.
Sém. Lothar. Combin., 42:Art. B42i, 24 pp. (electronic), 1999. The Andrews Festschrift (Maratea,
1998).

[5] George E. Andrews, Peter Paule, and Axel Riese. MacMahon’s partition analysis. IX. k-gon partitions.
Bull. Austral. Math. Soc., 64(2):321-329, 2001.

[6] George E. Andrews, Peter Paule, and Axel Riese. MacMahon’s partition analysis: the Omega package.
European J. Combin., 22(7):887-904, 2001.

[7] George E. Andrews, Peter Paule, and Axel Riese. MacMahon’s partition analysis. VI. A new reduction
algorithm. Ann. Comb., 5(3-4):251-270, 2001. Dedicated to the memory of Gian-Carlo Rota (Tianjin,
1999).

19



8]

[9]

(10]
(11]

(12]

(13]
(14]

(15]

(16]
(17]
(18]
(19]
20]

(21]

George E. Andrews, Peter Paule, and Axel Riese. MacMahon’s partition analysis. VII. Constrained
compositions. In g-series with applications to combinatorics, number theory, and physics (Urbana, IL,
2000), volume 291 of Contemp. Math., pages 11-27. Amer. Math. Soc., Providence, RI, 2001.

George E. Andrews, Peter Paule, and Axel Riese. MacMahon’s partition analysis. VIII. Plane partition
diamonds. Adv. in Appl. Math., 27(2-3):231-242, 2001. Special issue in honor of Dominique Foata’s
65th birthday (Philadelphia, PA, 2000).

George E. Andrews, Peter Paule, and Axel Riese. MacMahon’s partition analysis X: Plane partitions
with diagonals. 2004. SFB Report n. 2004-2, J. Kepler University, Linz.

George E. Andrews, Peter Paule, and Axel Riese. MacMahon’s partition analysis XI: Hexagonal plane
partitions. 2004. SFB Report n. 2004-4, J. Kepler University, Linz.

George E. Andrews, Peter Paule, Axel Riese, and Volker Strehl. MacMahon’s partition analysis. V.
Bijections, recursions, and magic squares. In Algebraic combinatorics and applications (GéBweinstein,
1999), pages 1-39. Springer, Berlin, 2001.

Mireille Bousquet-Mélou and Kimmo Eriksson. Lecture hall partitions. Ramanujan J., 1(1):101-111,
1997.

Rod Canfield, Sylvie Corteel, and Pawel Hitczenko. Random partitions with non negative r** differences.
Adv. Applied Maths, 27:298-317, 2001.

A. Cayley. On a problem in the partition of numbers. Philosophical Magazine, 13:245-248, 1857.
reprinted in: The Collected Mathematical Papers of A. Cayley, Vol. III, Cambridge University Press,
Cambridge, 1890, 247-249).

Sylvie Corteel and Carla D. Savage. Anti-lecture hall compositions. Discrete Math., 263(1-3):275-280,
2003.

Sylvie Corteel and Carla D. Savage. Lecture hall theorems, ¢-series and truncated objects. J. Combin.
Theory Ser. A, 108(2):217-245, 2004.

Sylvie Corteel and Carla D. Savage. Partitions and compositions defined by inequalities. Ramanujan
J., 8(3):357-381, 2004.

Sylvie Corteel, Carla D. Savage, and Herbert S. Wilf. A note on partitions and compositions defined
by inequalities. Integers, 5(1):A24, 11 pp. (electronic), 2005.

E. B. Elliott. On linear homogeneous diophantine equations. Quarterly Journal of Pure and Applied
Mathematics, 34:348-377, 1903.

George Gasper and Mizan Rahman. Basic hypergeometric series, volume 35 of Encyclopedia of Mathe-
matics and its Applications. Cambridge University Press, Cambridge, 1990. With a foreword by Richard
Askey.

D. R. Hickerson. A partition identity of the Euler type. Amer. Math. Monthly, 81:627-629, 1974.

Arnold Knopfmacher and Helmut Prodinger. On Carlitz compositions. Furopean J. Combin., 19(5):579—
589, 1998.

Percy A. MacMahon. Memoir on the theory of the partitions of numbers VI - Partitions in two-
dimensional space. Phil. Trans. Roy. Soc. London Ser. A, 211:345-373, 1912. Reprinted in Percy
Alexander MacMahon: Collected Papers. ed. George E. Andrews. Vol. 1, pp. 1404-1434. MIT Press,
Cambridge, Mass., 1978.

Percy A. MacMahon. Combinatory analysis, vol. 2. Cambridge University Press, Cambridge, 1916.
Reprinted: Chelsea Publishing Co., New York, 1960.

H. Minc. A problem in partitions: Enumeration of elements of a given degree in the free commutative
entropic cyclic groupoid. Proc. Edinburgh Math. Soc. (2), 11:223-224, 1958/1959.

Igor Pak. Partition identities and geometric bijections. Proc. Amer. Math. Soc., 132(12):3457-3462
(electronic), 2004.

20



(28]
29]
(30]

(31]

Jose Plinio O. Santos. On a new combinatorial interpretation for a theorem of Euler. Adv. Stud.
Contemp. Math. (Pusan), 3(2):31-38, 2001.

James A. Sellers. Extending a recent result of Santos on partitions into odd parts. Integers, 3:A4, 5
pp. (electronic), 2003.

James A. Sellers. Corrigendum to: “Extending a recent result of Santos on partitions into odd parts”
[Integers 3 (2003), A4, 5 pp. (electronic)]. Integers, 4:A8, 1 pp. (electronic), 2004.

Jan Snellman and Michael Paulsen. Enumeration of concave integer partitions. J. Integer Seg., 7(1):Ar-
ticle 04.1.3, 10 pp. (electronic), 2004.

Guoce Xin. A fast algorithm for MacMahon’s partition analysis. Electron. J. Combin., 11(1):Research
Paper 58, 20 pp. (electronic), 2004.

Doron Zeilberger. Sylvie Corteel’s one line proof of a partition theorem generated by Andrews-Paule-
Riese’s computer. Shalosh B. Ekhad’s and Doron Zeilberger’s Very Own Journal, 1998.

21



