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1 Introduction

In this paper we consider the problem of finding common intervals of trees, a general-
ization of the concept of common intervals in permutations. For a permutation w of
[n] = {1,2,...,n}, an interval of 7w is a set of the form {m(i),mw(¢ + 1),...,7(j)} for
< i < j < n, and any permutation of [n] has n(n — 1)/2 intervals. Given a family
= (mo,...,m—1) of k > 2 permutations of [n], a common interval of Il is a subset S of
[n] such that S is an interval of m; for 0 <i <k — 1.

Common intervals have applications in many different fields. Some genetic algorithms
using subtour exchange crossover based on common intervals have been proposed for se-
quencing problems such as the traveling salesman problem or the single machine scheduling
problem [4, 10, 12]. In a bioinformatical context, common intervals are used to detect pos-
sible functional associations between genes [8], to compute the reversal distance between
genomes [1], and to define a similarity measure for gene order permutations [2].

A related problem is the consecutive arrangement problem, defined as follows [3, 5, 6]:
Given a finite set X and a collection S of subsets of X, find all permutations of X where
the members of each subset S € S occur consecutively. Finding all common intervals of a
set of permutations reverses this problem.

Uno and Yagiura [14] presented an optimal O(n+ K) time and O(n) space algorithm for
finding all K < n(n —1)/2 common intervals in two permutations of [n]. In [9] this result
was further generalized to find all common intervals in a family of £ > 2 permutations in
optimal O(kn + K) time and O(n) space. The generalization relies on computing a set [
of irreducible common intervals, with |I| < n, which form a generating set for the set of all
common intervals. Similarly, time- and space-optimal algorithms for the problem of finding
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all common intervals in multichromosomal permutations, in signed permutations, and in
circular permutations were presented in [8].

Here we further generalize the above approaches to find common intervals in a family of
labeled trees. The notion of intervals in permutations is replaced by connected components
in trees. If we represent permutations as paths, both definitions coincide. Many of the
results remain unchanged, but in contrast to the case for permutations, a tree can have
exponentially many intervals. Common intervals in trees could be used as a measure of
consensus among trees, and to mine tree-structured data like XML documents, or chemical
compounds.

A similar problem is the leaf-agree subtree problem [11], also mentioned as the common
subtree problem in [15]. Starting from k rooted trees of size n with only leaves carrying
labels, the problem is to find all k-tuples of induced subtrees with the same set of leaf
labels (leaf-agree subtrees). The major difference between common intervals and leaf-agree
subtrees is that the latter do not consider interior nodes. The number of non-trivial leaf-
agree subtrees is bounded by the number of interior nodes, and they can be found in O(kn)
time [11].

This article is organized as follows. In Section 2, we introduce basic definitions and ob-
servations relating to common intervals in trees. In Section 3 we define irreducible common
intervals for a family of trees on n vertices and show that they form a generating set for
all the common intervals. We prove that although the number of common intervals could
be exponential in n, there can be at most n — 1 irreducible common intervals. In Section 4
we show that the irreducible common intervals of a family of k£ trees on n vertices can be
computed in time O(kn?) and space O(kn).

2 Common Intervals of Trees

A tree is an undirected, connected, acyclic graph. In a tree, any two vertices are joined by
a unique path. If G = (V| E) is an undirected graph and U C V, G[U] denotes the subgraph
of G induced by U, that is, the graph with vertex set U and vertices of U joined by an edge
in G[U] if and only if they are joined by an edge in G.

Let T be a tree with vertex set [n] = {1,2,...,n}. A subset S C [n] is an interval of T
if |S] > 1 and T'[S] is connected. Let T = (Tp,T1,...,Tk—1) be a family of trees, each with
vertex set [n]. A common interval of T is a set S C [n] such that S is an interval of T; for
1=0,...,k—1. We denote by C7 the set of all common intervals of 7.

What is the maximum number m(n) of intervals in a tree 7" with n vertices? Let u be
a leaf of T with neighbor v. If I is an interval of T, then I = {u,v} or at least one of
I,I — {u} is an interval of T'— {u}. Thus, m(n) < 1+ 2m(n — 1), with m(1) = 0. This
gives m(n) < 2"~! — 1 and this maximum is achieved by the n-vertex star consisting of one
center vertex adjacent to n — 1 vertices of degree 1.

Corollary 1 For any family of trees T with vertex set V = [n] we have

1< |Cr] < 2™t



Lemma 1 Let T = (Ty,T1,...,Tx—1) and let ¢,d € Cr.
(i) Ifend #0, cud e Cr.
(i) If |end| > 2, end € Cr.

Proof. For 0 < i < k — 1, both T;[c] and T;[d] are connected subgraphs of T;[c U d]. For
(i), since |cUd| > 1, it suffices to show that T;[c U d] is connected. This is clear, since if
z,y € cUd and z € cNd, z and y are each joined to z by paths in cUd.

For (ii), let =,y € ¢Nd, with x # y. There is a unique path p from z to y in 7;. Since
Ti|c] and T;[d] are connected, p is contained in both intervals, and their intersection. Thus,
T;[c N d] is connected and ¢ N d is a common interval of 7. O

Given 7 = (Ty, T4, ...,Tk_1), define the common interval graph of T, to be the graph
G1 = (Cr, E1), whose vertex set is the set of common intervals of 7 and where E7 is the

set of edges
Er ={(c,d)|c,d € Cr,c#d,cnd#0}.

Example 1 Let V = [n| and T = (Tp,T1) with Ty = P, a path where the vertices are
labeled in their natural order, and Ty = S,_1 a star with center vertex labeled 1. We have
Cr=A{[2],]3],...,[n]}, and G = K¢, where K¢, denotes the complete graph over Cr.

3 Irreducible Common Intervals

For V C Cr, Gr[V] is the subgraph of G induced by V. For ¢ € C'7 and a subset V' C Cr,
say that V' generates c if

(i) for each d € V, d is a proper subset of ¢,

(ii) ¢ = Ugeyd, and

(iii) Gr[V] is connected.
If there is no such V' € C7 then c is irreducible. Let I7 be the set of irreducible intervals of
7. Given T = (T, T, ..., T), let T' =T} and let E7 be the set of edges of T'. Define

©:FEr— Ir

as follows. For e = (z,y) € Er, let ©(e) be the minimal (with respect to C) element of Cr
containing {x,y}.

Lemma 2 O is a well-defined, onto function.

Proof. Let e = (x,y) € Ep. Since [n|] € Cr, some element of C7 contains {z,y}. To
show © is well-defined, suppose that distinct elements ¢, d € Cr both contain {x,y}. Then
cnNd e Cr and ¢Nd contains {z,y}. Since ¢ N d is a proper subset of at least one of ¢ and
d, the intervals ¢ and d cannot both be minimal elements of C'7 containing {z,y}.

To show ©(Er) C Ir, suppose for some e = (z,y) € Ep that ¢ = O(e) is reducible.
Then there is a subset V' C C'r which generates c. By minimality of ¢, no element of V'



contains both z and y, although some element of V contains x and some element of V'
contains y. Since Gr[V] is connected, let dy,ds, ..., d; be a path in G7[V] with z € d; and
y € dj. Then T'[d;] is a connected subgraph of T' — (z,y) for i = 1,...,l and d; Nd;j+1 # 0
fori=1,...,0 —1. Thus, T[di] UT[d2] U---UT[d;] is a connected subgraph of T — (z,y)
containing x and y. This is a contradiction since x and y are disconnected in T — (z,y).
To show ©(ET) = I, assume c is an interval of 7 which is not in ©(Er). Let Er[c]| be
the set of edges of T'[c]. Note that since T'[c| is connected G7(O(Er[c])) is also connected.
Since c is an interval containing « and y for each e = (z,y) € Er[c], O(e) is a proper subset
of ¢, and |JO(Er[c]) C ¢. Since {z,y} C |JO(Er[c]) for each (z,y) € Er[c|, we also have
c CUO(Er[d]), and thus O(E7[c]) generates c¢. Thus ¢ & I7. O

Corollary 2 For any family of trees T with vertex set V = [n] we have
1< |Ir| <n.

O
Now we show that for any family of trees 7 the set I of irreducible common intervals,
generates the set Cr of all common intervals.

Lemma 3 For each ¢ € C'1, there is a subset V C Ir such that V' generates c.

Proof. If ¢ € I7, let V = {c}. Otherwise, ©(Er][c|]) generates ¢ because Gr(O(Er][c])) is
connected, and ¢ = |JO(Er[c]), as shown in the proof of Lemma 2. O

4 The Algorithm

The algorithm is based on the following lemma, which follows from the definitions.

Lemma 4 Let I be an interval in tree T', and r € 1. If u is a vertex of T, then the minimal
interval of T containing I U {u} is I U P(T,u,r), where P(T,u,r) is the set of vertices on
the unique path from u tor in T.

We compute irreducible common intervals as follows. For convenience, label the trees
To, ..., Tk—1. Each tree has vertex set [n| = {1,...,n}.

Preprocessing

(A) For each T; = (Vi, E;), choose a root vertex, converting T; into a rooted tree, and for
each v € V;, compute p;(v), the parent of v in the rooted T;.

(B) Preprocess each (rooted) T; in order to compute the least common ancestor lca(i, u, v)
for arbitrary vertices u,v € V; in constant time.

For each tree, step A is clearly linear in n, e.g. via depth-first search, and step B can be
done in time O(n) using a result of Harel and Tarjan [7, 13]. Thus the total preprocessing
time is O(kn).



FIND-IRC(T)
for each edge e = (z,y) of Tp do

//initialization

unmark each u € [n];

By — {z,y}; Lo+« {y}; marky; ro<« lca(z,y);

for ¢ from 1 to kK — 1 do
Bi—{a} Li—0 ne—u
end {for i}

L « Lo;

J<—1

//iteration

while L # () do
[JP]:)ATE(]7 L, Bj, Lj, Tj)
j—j+1 (mod k)
end {while L # 0 }

end {for each edge }

Figure 1: Overview of the computation the irreducible common intervals of 7 =
(Ty, Ts, ..., Tr_1), after preprocessing.

The algorithm will proceed by computing ©(e) for each edge e in Ty. Throughout the
computation for fixed e = (x,y), we will keep two sets B, L; C V;, and a vertex r; € B;
for 0 < j <k —1. We also store L = Uj L;.

Initially we set By = {z,y}, Lo = {y}, 70 = lca(0,z,y), and B; = {z}, r; =z, L; = 0,
for j =1,...,k — 1. We iterate circularly through the T and, while processing T}, update
Bj, the current “best guess” of ©(e). Given sets B;j and L, we update B; to be the minimal
interval of T} containing B; U L. This introduces new vertices, L;, which must be added to
O(e). Set L is updated to reflect this. The algorithm terminates when L = (). We outline
the computation in Figure 1, and procedure UPDATE in Figure 2.

Lemma 5 Assume that Bj is an interval of the rooted tree Tj, and that subtree T;[Bj]
has root rj. Let L*,B;-‘,L;-, and r; denote the wvalues of the wvariables after executing
UPDATE(j, L, B;, Lj,r;). We have

(i) Bj is the minimal interval of Tj which contains Bj U L, and 1} is the root of T;[B}].
(ii) Bj s the disjoint union of B; U L and L.

Proof. (i) For u € L, let z = lca(j, u,r;). By Lemma 4, the minimal interval containing

Bju{u}is S = B; U P(T},u,z) U P(Tj,7;,2). Then T;[S] is a subtree of T rooted at z.

Starting at u, UPDATE(j,...) first adds the vertices of P(T},u, z) to Bj, then starting at
rj, it adds the vertices of P(T},r;, z); in both cases, it stops when reaching a vertex already



UPDATE(j, L, Bj, Lj, ;)
L—L— L]’;
Lj — @;
for each w € L do
U <= Ty;
z « lea(j,u,v);
i 2
//Ensure vertices on the path from u to z are in B;
while v € B; and u # z do
add u to Bj;
if u unmarked then mark v and add u to Lj;
u — pj(u);
end {while u...}
if u =z and u ¢ B; then
//Note that v # z, since v € B;j. Thus, p;(v) is a descendant of z.
add u to Bj;
if w unmarked then mark v and add u to Lj;
//Ensure vertices on the path from v to z are in B;
v —pj(v);
while v ¢ B; and v # z do
//Note that these conditions become true simultaneously.
add v to Bj;
if v unmarked then mark v and add v to L;;
v — p;(v);
end {while v...}
end {if }
end {for each u € L}
L — LU Ljy;

Figure 2: The procedure UPDATE.



in B;. Repeating for each v € L with the updated B; gives the result. (ii) Note that
no iteration of UPDATE ever puts an element into L, or a B; without marking it. Thus,
just before UPDATE(yj, L, Bj, Lj,rj), all elements of Bj U L are marked. At the end of
UPDATE(j, L, Bj, Lj,7;), L; consists of the elements of B} which were unmarked at the
beginning of the iteration. O

To prove correctness, we show that the following invariants hold after the initialization, and
are preserved by successive iterations of UPDATE. Based on this result we show furthermore
that L =0 and By = ... = By_1 = O((z,y)) after a finite number of iterations. Let INV;
be the following collection of properties.

INV;:
0. L is the pairwise disjoint union of Lg, ..., Li_1.

1. For 0 <i<k—1, B; is an interval of T; and L; C B; C O((z,y)).

2. Bj 2 Bj_1 (mod k) 2 - 2 Bj_k11 (mod k)(= Bj11 (mod k))-
3. For0<i<k—1,andi#j+1 (mod k), Li = B; — Bi_1 (mod k)

4. L = (Bj — Bj11 (mod k) Y Lj11 (mod k)

Lemma 6 For(0 < j < k—1, if the conditions INV;_1 (mod ) are true just before executing
UPDATE(j, L, Bj, Lj, ), then the conditions INV; are true after execution.

Proof. Assume that the conditions INV;_; are true before executing UPDATE(j, L, B, L, 7;),
and that L*, B}, L% represent the values of these variables at the end of the call. We show
that INV;(0 — 4) hold.

(0) By INV;_1(0), L = U;L; is a disjoint union. UPDATE(y, L, B;j, L;j,r;) replaces L; in
this union by L}. By Lemma 5 (i), L} is disjoint from L.

(1) Using INV;_;(1), it suffices to look at ¢ = j. By Lemma 5 we get that B} is the minimal
interval of T; containing B; U L, and L} C B;. Using INV;_1(0) and (1), we get L; C B;
for all 4, and L = UL; C UB; C ©((z,y)). Thus ©((z,y)) is an interval of T; which contains
Bj U L. Since B} is minimal with this property we have B} C O((z,y)).

(2) Since UPDATE(j, L, B, Lj,rj) does not alter B; or L; for i # j, by INV;_1(2) it
suffices to show that Bf O Bj_1. By Lemma 5 (ii), Bj 2 B; U L. By INV;_1(4), L =
(ijl—Bj)ULj. By INijl(Q), Bj,1 D) Bj. Finally, by Iijfl(O) and (4), Lj c L - ijl-
Putting these together gives the result, since

BjUL = BjU(Bj_l—Bj)ULj = BjUBj_lLJLj = Bj_l.

(3) By INV;_1(3) it suffices to show that L} = B; — B;j_1. By Lemma 5 (ii), B is the
disjoint union of B; UL and L}, so LT = B; — (B;UL). But as in (2) above, B;UL = B;_.



(4) Taking all subscripts modulo & and using INV;(2) and (3) proved above,

Bj = Bjy1 = (Bj = Bj-1)U(Bj1— Bj2)U---U(Bjr2 — Bjt1)
= L;ULj_lLJ--'ULj_,_Q.

By INVj(O) we have L* = L;ULj_lU s ULj+2ULj+1, so L* = (B; - Bj+1)ULj+1. a

Theorem 1 The procedure FIND-IRC(7) computes the irreducible common intervals of T .

Proof. Let (z,y) be an edge of Ty. Initially, By = {z,y}, Lo = {y}, L = {y}, and for
1<i<k-1, B;={x}, L; = 0, so the conditions INVj are satisfied. Thus, by Lemma 6,
the conditions INV; hold at the end of any call to UPDATE(j, .. .).

To show L = () after a finite number of iterations, we note that by Lemma 6, INV;_;(4),
L = (Bj_1 — Bj)ULj, so if L # ) either L; # () and some element leaves L (see procedure
UPDATE, line 1) or Bj_1 — B; # () and some element enters B; (see Lemma 5 (ii)). No
element enters L more than once, and no element is added to any B; more than once. Thus,
after n + (k — 1)n = kn iterations, L must be empty.!

From L = () we conclude by Lemma 6, INV;(4), that B; = Bjy1. Thus by INV,(2),
By =---= Bj_;. Since z,y € By by initialization, INV;(1) yields that By C ©((x,y)) is a
common interval containing {z,y}. By minimality of O((z,y)) we get By = O((z,y)). O

To prove time O(kn) for each (z,y) € Tp, we implement the B; and the mark function
as bit vectors, the L; as lists, and L as a queue, so that all operations needed on these
objects can be performed in constant time. Initializing all B;, L;, r; and the mark function
takes time O(kn). The time for a call to UPDATE(j, L, Bj, L;, r;) is linear in the number
of elements added to Bj, the number of elements |L;| deleted from the front of L, and the
number of elements |L7| added to L. Furthermore, since INV;_1(4) holds, at the beginning
of update L = (Bj_1 — Bj) U L;, so if L # (), either L; # () and some elements are deleted
from L, or Lj = () and some element is added to B;. Since no u € [n] is added to Bj or L
more than once, summing over all calls to UPDATE for fixed j gives total time O(n) and
summing over j from 0 to k — 1 gives O(kn).

Altogether, since preprocessing takes total time O(kn) (and is done only once), finding
all irreducible common interval by computing ©(e) for each e € Ey takes time O(kn?). O

5 Conclusion

We generalized the concept of common intervals in multiple permutations of n elements to
common subtrees of multiple labeled trees. While there are at most n(n — 1)/2 common
intervals, now there might be up to 2"~! — 1 common subtrees. Despite this difference,

Note that at least k iterations of UPDATE are required, since y is not removed from L until the second
call to UPDATE(0, L, .. .).



there is still a generating subset of irreducible elements of maximal cardinality n — 1. Our
algorithm to compute this set of irreducible elements uses O(kn?) time and O(kn) space.
In contrast to the case for permutations, it can be shown that a common interval could be
generated by different sets of irreducible common intervals. This makes the design of an
efficient output-sensitive algorithm an interesting open problem.
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References

1]

A. Bergeron, S. Heber, and J. Stoye. Common intervals and sorting by reversals: A
marriage of necessity. Bioinformatics, 18(Suppl. 2):S54-S63, 2002. (Proceedings of
ECCB 2002).

A. Bergeron and J. Stoye. On the similarity of sets of permutations and its applications
to genome comparison. In Proceedings of COCOON 2003, LNCS 2697, pages 6879,
2003.

K. S. Booth and G. S. Lueker. Testing for the consecutive ones property, interval graphs
and graph planarity using PQ-tree algorithms. J. Comput. Syst. Sci., 13(3):335-379,
1976.

R. M. Brady. Optimization strategies gleaned from biological evolution. Nature,
317:804-806, 1985.

D. Fulkerson and O. Gross. Incidence matrices with the consecutive 1s property. Bull.
Am. Math. Soc., 70:681-684, 1964.

C. Golumbic. Algorithmic Graph Theory and Perfect Graphs. Academic Press, Inc.,
New York, 1990.

D. Harel and R. Tarjan. Fast algorithms for finding nearest common ancestors. STAM
J. Comput., 13:338-355, 1984.

S. Heber and J. Stoye. Algorithms for finding gene clusters. In Proceedings of the First
International Workshop on Algorithms in Bioinformatics (WABI 2001), volume 2149
of LNCS, pages 252-263. Springer Verlag, 2001.

S. Heber and J. Stoye. Finding all common intervals of k£ permutations. In Proceed-
ings of the 12th Annual Symposium on Combinatorial Pattern Matching (CPM 2001),
volume 2089 of LNCS, pages 207-218. Springer Verlag, 2001.

S. Kobayashi, I. Ono, and M. Yamamura. An efficient genetic algorithm for job shop
scheduling problems. In Proc. of the 6th International Conference on Genetic Algo-
rithms, pages 506-511. Morgan Kaufmann, 1995.



[11]

Y. Lin and T. Hsu. Efficient algorithms for descendent subtrees comparison of
phylogenetic trees with applications to co-evolutionary classifications in bacterial
genome. In The 1jth Annual International Symposium on Algorithms and Compu-
tation (ISAAC’03), Lecture Notes in Computer Science 2906, pages 339-351. Springer
Verlag, 2003.

H. Miihlenbein, M. Gorges-Schleuter, and O. Kramer. Evolution algorithms in combi-
natorial optimization. Parallel Comput., 7:65—85, 1988.

B. Schieber and U. Vishkin. On finding lowest common ancestors: Simplification and
parallelization. STAM J. Comput., 17:1253-1262, 1988.

T. Uno and M. Yagiura. Fast algorithms to enumerate all common intervals of two
permutations. Algorithmica, 26(2):290-309, 2000.

M. Yagiura. Studies on Metaheuristic Algorithms for Combinatorial Optimization Prob-
lems. PhD thesis, Department of Applied Mathematics and Physics, Graduate School
of Informatics, Kyoto University, 1999.

10



