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Abstract. We take a geometric view of lecture hall partitions and anti-lecture hall compositions in order to settle some
open questions about their enumeration. In the process, we discover an intrinsic connection between these families of
partitions and certain quadratic permutation statistics. We define some unusual quadratic permutation statistics and
derive results about their joint distributions with linear statistics. We show that certain specializations are equivalent
to the lecture hall and anti-lecture hall theorems and another leads back to a special case of a Weyl group generating
function that “ought to be better known.”
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1 Introduction

A lecture hall partition of length n is an integer sequence A = (A1, Ag, ..., A,,) [BME97] satisfying

0<£<£<...<)\—n.
-1 2~ - n
An anti-lecture hall composition of length n is an integer sequence A = (A1, Aa, ..., \,) [CSO3] satisfy-
ing
N . )
1 = 2 - n -

These intriguing combinatorial objects and their various generalizations have been the subject of several
papers and they have been shown to be related to Bott’s formula in the theory of affine Coxeter groups
[BMEO97, I BME99], Euler’s partition theorem [BME97,[YeeO1, ISYOS], the Gaussian polynomials [[CLSQ7,
CS04], the ¢-Chu-Vandermonde Identities [CLSO7,ICS04], the g-Gauss summation [ACS09], and the little
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Gollnitz partition theorems [CSS09]. In this paper we regard them from the point of view of lattice point
enumeration and uncover several new results and connections.

The set Z™ C R" is the n-dimensional integer lattice and its elements are called lattice points. ZZ,
denotes the set of lattice points with all coordinates nonnegative. So, lecture hall partitions and anti-lecture
hall compositions of length n can be viewed as lattice points in ZZ .

Let L,, be the set of lecture hall partitions of length n and A,,, the set of anti-lecture hall compositions

of length n. Define the subsets Lgf ) and Aff ) by the constraints:

Le . oM re Ay

1 2 n

and ) A N
AV > > 22> >0 5,

1 2 n

The following was shown in [CLSO7]

Theorem 1.1 For integert > 0,
&

= (t+1)" = A

Let )} denote the lattice points in the n-dimensional cube of width ¢:
QY ={(z1,22,...,2,) €25, | 0< 2 <, 1 <0 <n}.
Matthias Beck observed [Bec09] that since also |Q}| = (¢ + 1)™, there should be some natural bijections
with Lg) and Agf).
In Section[2] we prove two simple bijections
O Zgo — L,
and
Q7% — An
with the property that for every ¢ > 0,
O HLY) =@l =27 (4]).

Previously, a bijection between Lgf ) and Agf ) was known [[CLSQ7], but it depended on ¢, it did not extend
to L,, and A,,, and it did not explain the relationship between their generating functions. In contrast, a new
bijection L,, — A,, reveals the functional relationship between their generating functions and restricts to
a bijection between L% ) and Agf ). What emerges is a characterization of L,, and A,, in terms of (new)
permutation statistics.

In Section 3] we use the bijections © and ® to derive generating functions for L,, and A,, in terms of
permutation statistics and show how to derive one from the other. Similar ideas underlie the computa-
tion of the refined generating function for L,, in [BME99]] and A,, in [CS04]], but the connection with
permutation statistics, a key ingredient in the relationship between L,, and A,,, was missed.

In Section 4 we show how the generating functions derived in Section (3| imply new results about
distributions of quadratic permutation statistics and connections with affine Coxeter groups.
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2 The bijections

The bijections between points in the cube and the lecture hall partitions and anti-lecture hall compositions
have simple descriptions in terms of permutations and their inversion sequences, so we first review some
notation and results.

2.1 Permutation statistics and stable sorting

Let S,, be the set of permutations of {1,2,...,n}. For m € S, an inversion of 7 is a pair (4, j) such
that i < j, but m; > 7;. The number of inversions of 7 is denoted inv(w). A descent of 7 is a position
i such that 1 < 4 < m and m; > m;41. The set of all descents of 7 is denoted Des() and its size is
des(m) = |Des()].

Define the inversion sequence of 7 as the sequence e(7) = (€1, €a, ..., €,), Where ¢; is the number of
elements of {1, ..., n} to the right of %, in 7, which are smaller than 7. Then inv(7) = €1 + €2 + - - + €.

It is well-known ([Knu73|], p. 12) that the mapping © — €(7) is a bijection between S,, and integer
sequences I,, where
I, ={(e1,€9,...,6,) | 0 <& < i}.
For 7 € S,,, although in general e(7) # e(7~1), it is known that ([Knu73l, p. 14-15):

inv(r) = inv(7~1). (1)
A permutation 7 € S,, stably sorts a sequence s = (s, ..., S, ) into weakly increasing order if
Sy S8y <o < S,

and if i € Des(r) then s, < s, ,, that is, equal elements of s retain their relative order. For every
sequence s of length n there is a unique m € S, such that 7 stably sorts s into weakly increasing order.

Let (w1 < wy < ... < w,) denote a weakly increasing sequence and (w; > wg > ... > w,
a weakly decreasing sequence. For a sequence s = (s1,...,8,) and m € S, define 7(s) by 7(s) =
(Sirys Smas e« vy Smy )

Define

Sn/(wy <wy < ... <wy,) ={r €S, |ifi € Des(r!) then w; < w;11}

and
Spf(wy > wy > ... >wy)={n €S, |ifi € Des(r~!) then w; > w;41}
Informally, 7 € S, /w iff 7! is the unique permutation in S,, that stably sorts 7(w) into w.
Define
In/w = {6 el, | ifw; = W41 then ¢; > Ei+1}.

It is straightforward to prove the following lemma, which characterizes the multiset permutations of
{w1,...,wy,} in terms of their inversion sequences.

Lemma 2.1 Givenw = (w; < wg < ... <wp)orw = (wy > we > ... > wy), the mapping m — €(m)
on S,, restricts to a bijection between S, /w and I,,/w. The mapping = — 7(w) is a bijection between
Sp/w and (distinguishable) permutations of w. In particular, there is a bijection between permutations
of w and inversion sequences in I, /w.
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2.2 The bijection for lecture hall partitions

Bijection © : Z%;, — Ly:
For p € ZY,,, define ©(p) as follows:

1. Let 7! be the unique permutation that stably sorts p into weakly increasing order
(w1 <wy < ... <wy) =7"1(p)

2. Lete = (€1, €2, ..., €,) be the inversion sequence of 7

Then O(p) = A = (A1, Ag, ..., A\p) Where \; = iw; —€;, i=1,2,...,n

Example 2.1 Letp = (9,0,3,3,5,4,3,8,1,8,2,9) € Z1%. Thenw = (0,1,2,3,3,3,4,5,8,8,9,9)
and 7 = (11,1,4,5,8,7,6,9,2,10,3,12) and (7) = (0,0,0,2,2,2,3,4,2,1,10,0). So
O(p) = A
— (0—0,2—0,6—0,12 — 2,15 — 2,18 — 2,28 — 3,40 — 4,72 — 2,80 — 1,99 — 10, 108 — 0)
— (0,2,6,10,13, 16,25, 36,70, 79, 89, 108).

To check that O(p) = A € L,,, verify that
0O 2 6 10 13 16 5 3 _70 79 8 108
I<-<Z<-<o<E<c << S <2
1727374 ~-5 -6 "7 -8 9 1011~ 12°
Also, note that p € Qé since its largest coordinate is 9 and that ©(p) = \ € LSI ), since

A2/12 = (108)/(12) < 9.

Theorem 2.2 © is a bijection between lattice points in <, and lecture hall partitions of length n. In
fact, ©(QY) = LY.

Proof: First, to prove O(Q}) C Lgf), let p € QF and A = O(p). From the definition of ©, \; = iw; — €;,
where w = (w1 < wy < ... < w,) is the sorted sequence of coordinates of p and (€1, €a, . . ., €,) = €(7)
for the unique 7 € S, /w with w(w) = p. By Lemman e(m) € I,/w,s00 < ¢ < iand 1fwl = W;y1,
then ¢; > €it1-

To show that A € Lgf ) , we must show that

lw; — € w; — € i+ w11 — € nw, — €
1 1< < 7 7,<(+)7,+1 z+1< < n n<t.

0<
- 1 - - 1 o 1+1 o o n o

Clearly, the first inequality holds, since w; > 0 and €; = 0. Also, since p € Q7, w, < t, so the last
inequality holds.

zw, €< (i+D)wip1—€it1

To show ]

since €; > eH_l,

, consider the relationship between w; and w;4;. If w; = w;41, then

w; — €; € €; €; 1+ Dwir1 — €
Zi.lzwi+1_f2§wi+1_i1§wi+l_.z+1:( ).ZH as
) ) 7 i+ 1 i+ 1
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Otherwise, w;+1 > w; + 1,s0since 0 < €41 <1+ 1,

iwi — €;

t+ Dw;r1 — € € )
( )z+1 l+1>wi+1_il>wi+1_‘7>wi2

1+ 1 - 1+ 1~ 141 i
To complete the proof that O(Q}) = LY, since by Theorem \Lgf )| = |Q?/, it suffices to show that
© is one-to-one. Suppose O(p) = A = O(r) forp,r € Q. Then A = (w1 —€1,...,0wW; — €. .., NWy, —
€n) for some w = (w1 < wy < ... < w,) and € satisfying € € I, /w, and in particular, 0 < ¢; < 4. But
this determines w uniquely as

w = ([A/1], [A2/2], ..., [An/n]) 2

and thus € uniquely as
€; = zwl — )\1

There is a unique permutation = € S,, with inversion sequence ¢ and by Lemma 7w € S, /w. Then,
by the definition of ©, 7(w) = p and 7(w) = r. Thus p = r and therefore O is a bijection. O

2.3 The bijection for anti-lecture hall compositions

Bijection ¢ : Z%, — Ly:
For p € ZY,, define ®(p) as follows:

1. Let 7~ be the unique permutation that stably sorts p into weakly decreasing order
(w1 > we > ... > w,) =7 (p)

2. Lete = (€1, €2, ..., €,) be the inversion sequence of 7

Then ®(p) = A = (A1, A2, ..., Ap) Where \; = dw; +¢;, i=1,2,... ,n.

Example 2.2 Letp = (9,0,3,3,5,4,3,8,1,8,2,9) € Z%%. Thenw = (9,9,8,8,5,4,3,3,3,2,1,0)
and 7 = (1,12,7,8,5,6,9,3,11,4,10,2) and ¢(r) = (0,0,1,1,3,3,5,5,3,1, 3, 10). So

d(p) = A= (9,18,25,33,28,27, 26,29, 30,21, 14, 10).
Theorem 2.3 @ is a bijection between lattice points in 2, and anti-lecture hall compositions of length

n. Infact, ®(Q}) = A,

Proof: In the same spirit as the proof of Theorem|2.2] first show that A resulting from ®(p) is, in fact, an

anti-lecture hall composition. Then, cite Theorem|1.1|to show ’Agf )| = |Q?%|. To complete the bijective

proof, show that ® is one-to-one by observing that if ®(p) = A = ®(r), then because

we know, from from Lemma[2.1|that p = r. O
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3 Generating Functions

In this section we will derive generating functions for lecture hall partitions and anti-lecture hall compo-
sitions via the bijections © and ®. We need the following additional observations about permutations.

Lemma 3.1 If © € S, stably sorts (p1,...,pn) into weakly increasing order and o € S,, stably sorts
(Pns - - ., 1) into weakly decreasing order then o; =n+ 1 — w11,

Lemma 3.2 Let o, 7 € S, be related by 0; = n + 1 — m,41—;. Then their inverses are similarly related:
cri_1 =n+1- 7";+117i-

Lemma 3.3 Ifo, 7 € S, are related by 0; = n+1—my,11_;, thendes(o) = des(n) and inv(o) = inv(m).

For a point p € Z", the weight of pis |p| = p1 + ... + p,. For A € A, let

I_)‘J = (\_)‘I/U’ I_/\2/2J7"" L)‘n/nJ)

Note from (3)) that, for A € 4,
(M= 127 (V)
Similarly, for A € L, let
(AT = ([A/11, [A2/2], - [An/n]).
Then from @) for A € L,,,

ITAl =107 (V).
Define
L — [TAT] 1Al d A — [LAL] 1A
n(uvq) - Z u q an n(u7Q) - Z Uu q .
AEL, AEA,
It was shown in [BME99|| that
=1+ ug
Lo(u,q) = || —5 4)
( ) Z];[1 1— u2qn+z
and in [CS04] that
_ ~ 14 ud
An(u,q) =] T u2gHi &)

=1

Although a relationship between A,, (u, ¢) and Ly, (u, ¢) can be deduced from (@) and (5), each generating
function was derived independently and until now the relationship could not be explained combinatorially.

From Theorem 2.2} the mapping p — ©O(p) is a bijection ZZ%, — L,, and if A\ = O(p) then |p| = [[A]].
pping J >0

Thus
Ln(u,q) = Z ul?lgl®®l,
JSAQ



Lecture Hall Partitions and Permutation Statistics 7

Similarly, from Theorem the mapping p — ®(p) is a bijection Z%, — A, and if A = ®(p) then
lpl = [[Al]- So,
An(u,q) = Z ulPlgl®@)l

peEZY,,

For the first time we are able to show that L, (u, ¢) can be derived from A,, (u, ¢). Define the reverse of a
sequence s = (81,82, -..,5,) by 8™ = (Sp, Sn—1,---,81)-

Theorem 3.4
Ly(u,q) = Ap(ug™™,q7 ).

Proof: For p € ZZ,, we compare the contribution of ®(p) to A,,(u, g) with the contribution of ©(p™") to
Ly (u,q). Let 7~1 be the permutation that stably sorts p into weakly decreasing order w = (w; > ... >
wy,) and let 01 be the permutation that stably sorts p*®¥ into weakly increasing order w™". Then

O(p) = (w14 e(m),2ws + ea(m),...,nwy, + €,(m))
O™ ) = (wn—e€1(0),2wp—1 —€2(0),...,nw1 — €,(0)).
So
ulplql‘l’(p)\ — u\wlqE? i’wiqinv(‘n')
and
ulp"evlql(ﬂ(prev)\ — u‘wrev‘qzy(ﬂri*l*i)wiqfinv(a)

— (uqn+1)\w|q_ >r iwiq—inv(o) — (uqn—i-l)\p\q—|<1>(p)|7

where we have used inv(o) = inv(7) from Lemma Note finally that summing over all p € ZZ is
equivalent to summing over all p™ € ZY, so

Ln(U,q): Z Ulp‘qle(p)‘ — Z u‘p’r'evlqle(prev)l
= =

D (ug"tHPlg PP = A, (ug™ g7,

PELL,

Now we derive the generating function for A,, in terms of permutation statistics.

Theorem 3.5 _ -
qmv(‘n') HieDcs(ﬂ-) uzqz(z-‘rl)/Q

A, (u,q) =
(u, q) W;ﬂ (1 —ug)(1 — u2qi2) - (1 — ungl+2+-+n)
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Proof: For T' C Zgo, define Frr by

Al A1 A An
Fr(u,z1,...,2,) = E w232 20
XeT

Given D C {1,2,...,n — 1}, define
Sp={(w1 >wy > ... >wy) € L | w; > w1 if i € D}.
Then )
HieD u'zi129 - 2
1—uzy)(1 —u2z129) - (1 —ul2z129 - 2)

We count A, from ZY%, via ®. Use the permutations 7 € .5, to partition the points p € ZY, into sets T
defined by

Fs (uyz1,...,2n) = (

T, ={p|p=mn(wy >wy>...>w,)suchthati € Des(7™') — w; > wi 1}

So, we are partitioning the points according to the permutation 7 such that 7! stably sorts p into weakly
decreasing order. The bijection ® : Z%, — A,, does the following to the points in T%: They are first
mapped onto the points in Speg(r-1)- Then for each i, the ith coordinate is multiplied by i and added to
€;(m). So in the generating function

e1(m) €n (T 2 n
2 -~-zn"( ) Uy 21, 25y es 20 ),

FSDes(wfl) (

u keeps track of the weight of p € T, and the variables z; track the weight of ®(p). Putting this together,

Ap(u,z1,. .. 20) = Z ulMIM A = Z Zulplz?(ml...zg(mn

A€A, wESy pETx
— e1(m) €n(m 2 n
= E E 20 L genl )FsDeS(Fl)(mzl,zQ,...,zn)
TESy pETR

- Z Z?(W) L. Z:Ln(fr) HieDes(nfl) uiZ1Z§ ozl
T g 0w wad) (- wraEg )

Setting all z; = ¢, and using , which states that inv(7) = inv(r 1),

Ay (u,q) Z ¢ [Tiepes(m a2
nAT _ —2011t2) . (1 — 1+2+4...4n)"
Lz (I—ug)(1—u?¢'*?)--- (1 —urq ')
O
Th 3.6
corem 7inv(7r)H' (u (n+1))i —i(i41)/2
Lu(wg) = 3 ieDes(r) 1) §
D= 2 T )
Proof: From Theorem[3.4] L, (u,q) = A, (ug"*', ¢ 1), so apply Theorem 3.3} O

Combining Theorems [3.3] and [3.6] with equations (@) and (3) will have implications about the distribu-
tion of certain permutation statistics, discussed in the next section.
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4 Quadratic Permutation Statistics

Define the g-integer [n ], by [n ]y = landforg # 1, by [n ]y = (1 —¢™)/(1 — ¢). In Section 2.1
we defined the permutation statistics inv and des. The major index of m € S,, is the sum of the descent
positions: maj(m) = }_;cpeq(x) ¢ It is known that

n

Z qmaj(fr) — H [i]q, (6)

TESy i=1

and that inv and maj are equally distributed over all permutations [Mac60]].

Motivated by Theorems [3.5]and[3.6] we introduce quadratic permutation statistics sq and bin:
B Y o it+1
sq(m) = | Z i and  bin(m) = | Z ( 5 )
i€Des(m) i€Des(m)
Because of the way “inv” is involved with the distribution of these quadratic statistics, we also define
sqin(m) = sq(m) + inv(n)
binv(r) = bin(n) + inv(n)

and prove two distribution theorems that refine (6). The first comes from the enumeration of anti-lecture
hall compositions.

Theorem 4.1

n

. . L (i 1+ uqi
umaj(ﬂ-)quv(w) — (1 _ qu( ;1)> -

Proof: Restate the generating function for A, (u,q) in Theorem in terms of the new permutation
statistics and apply eq. (3). |

Setting ¢ = 1 in Theorem [4.1] gives (). Setting v = 1 in Theorem [4.1] gives the following interesting
generating function for the symmetric group.

Corollary 4.2

n

Z qbinv(ﬂ') _ H [2 ]qi [Z(Z + 1)/2 ]q

= Pl [i+1],

In Theorem 4. 1] setting ¢ = ¢! and then u = ¢"*' gives an unusual variation of (G).

Corollary 4.3
Z q(n+1)maj(7r)7binv(7r) _

TFESWL 7

[ 1 ]q2(n,—i)+1 .
1

n
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Proof: By Theorem [3.4] A, (u,q",q7!) = Ly (u,q). Equate L,(u,q) in Theorem [3.6/and eq. (),
setting « = 1, and simplify:

n n

(n+1)maj(w)—binv(w) _ _ i(2n—i41)/2
Zq : o H(l 4 )Hl_qmq'

TESy i=1 i=1

The result follows by observing that

1_ gin—itn/z _ ) 1= g" TR = [ k] oo (1 — 2 7RF) i = 2k
4 T 1= @R = [ k] (1 — g2R Y if i =2k + 1.

The second distribution theorem has the following form.

Theorem 4.4

n

Z qmaj(?r)tsqin(ﬂ) — H [i]qtz‘

TESy, i=1

Before proving Theorem [4.4] we observe that it has the following specializations. Setting ¢ = 1 in
Theorem [.4] gives (6). Setting ¢ = 1 in Theorem [4.4] gives the following, which appears to be a new
observation:

Corollary 4.5

S e = T i),

TES, =1
Setting ¢ = ¢™ and ¢ = 1/¢ in Theorem [4.4] gives:
Corollary 4.6

n

Z qnmaj(W)—Sqin(Tf) — H [’L’]qn—i.

TESR =1

In [SWOS8], Stembridge and Waugh derive a Weyl group generating function which, especially in the
case of the symmetric group, they felt “ought to be better known”. In [ZabQ3|], Zabrocki gave a simple
combinatorial proof of that special case, which was exactly Corollary {f.6|above. It appears that we have
come full circle, since lecture hall partitions originally arose in Eriksson’s work on affine Coxeter groups
[BME97|]. Compare Corollaries and[4.3} the joint distribution with binv is the product of consecutive
g-integers for consecutive powers of ¢, whereas the joint distribution with sqin involves consecutive odd
powers of q.

Setting ¢ = ¢*"*land t = 1/¢% in Theoremgives:
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Corollary 4.7
n
Z q(2n+l)maj(ﬂ')72sqin(7r) _ H [i}q2(n—i)+l,

TESy i=1

We finish this section with a proof of Theorem4.4] which follows the same strategy as Zabrocki’s proof
of Corollary[.6]above. In contrast to the proof of Theorem 4.3, this is a direct and elementary proof which
does not rely on the theory of lecture hall partitions or affine Coxeter groups. We have not as yet found a
similar approach to Theorem 4.3.

Proof: (of Theorem 4.4) Expand the product in Theorem {.4] as

[i]ge = (A +qt*)(1+qt® + (%)) ... (7
i=1
_ Z qr1+..-+mt1r1 +2r2+...4nr, (8)
(”'1 1'“~,rn)
where the sum is over the n! sequences (r1, ..., r,) satisfying 0 < r < i. So, we will establish a bijection
from S,, to these sequences with the property that if = maps to (r1,...,7,), thenmaj(r) =r; +...+7r,

and sqin(7) = 1rqy 4+ 2rg + ... + nrp,.

Given m, let € = (7 1) be the inversion sequence of 7. Define r by r; = ¢; — ;41 +iif i € Des(m)
and r; = €; — €;41, otherwise. Observe that ¢; < €;41 if and only if i € Des(7). By definition, 0 < ¢; < ¢
for every ¢ Thus 0 < r; < i for every 4. Clearly r + ...+ r,, = maj(7) and

n

Ziri = Z i? 4 Zi(ei —€41) = sq(7) +inv(r ) = sq(7) + inv(n).

i€Des() i=1

Finally, observe that ¢, and therefore 7—! and , can be recovered from r: €,, = 7, and for i < n, given
r; and €;41, it must be that €, = r; + €;41 if 7; + €;41 < 7 and otherwise, ¢; = r; + €41 — 1. O

If, in Section 3, we had derived the generating function for L,,(u, ¢) directly from the bijection ©,
rather than via A,,(u, ¢), the numerator would have had a different form and we would get the following,
which now involves the descent statistic.

Theorem 4.8

n

"1 des(m)—binv(r .
Z q( 5 )det( )—binv( ):H [Z]qQ(nfi)‘Fl.

TESy i=1

5 Further directions

We mention a few questions suggested by this work. Are there other areas where quadratic permutation
statistics arise naturally? Other joint distribution results? Can we give a direct and elementary proof of
Theorem on the joint distribution of maj and binv that is independent of the theory of lecture hall
partitions and Weyl groups? The lecture hall theorem came from the theory of affine Coxeter groups and
Bott’s formula; do anti-lecture hall compositions have any place in this theory?
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