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Abstract

For a sequence s = (s1,...,8,) of positive integers, an s-lecture hall partition is
an integer sequence A satisfying 0 < A1/s1 < Ao/se < ... < A,/s,. In this work,
we introduce s-lecture hall polytopes, s-inversion sequences, and relevant statistics on
both families. We show that for any sequence s of positive integers: (i) the h*-vector
of the s-lecture hall polytope is the ascent polynomial for the associated s-inversion
sequences; (ii) the ascent polynomials for s-inversion sequences generalize the Eulerian
polynomials, including a g-analog that tracks a generalization of major index on s-
inversion sequences; and (iii) the generating function for the s-lecture hall partitions
can be interpreted in terms of a new g-analog of the s-Eulerian polynomials, which
tracks a “lecture hall” statistic on s-inversion sequences. We show how four different
statistics are related through the three s-families of partitions, polytopes, and inversion
sequences. Our approach uses Ehrhart theory to relate the partition theory of lecture
hall partitions to their geometry.

Keywords: Lecture hall partitions, Eulerian polynomials, permutation statistics, Ehrhart-
theory, inversion sequences, g-series identities
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1 Introduction

In this work, we establish a relationship between Mahonian statistics, such as maja
and inva on permutations, Fulerian statistics, such as desp , and certain lecture hall
partition statistics. We prove that this relationship extends beyond permutations and
lecture hall partitions to the more general classes of s-inversion sequences and s-lecture
hall partitions.

Throughout, we let R and Z denote the sets of real numbers and integers, respec-
tively. For p = (p1,...,pn) € R™, the weight of pis [p| =p1 + -+ pn. U p € Z and
0 <p; <...<py, then pis a partition of |p|.

For a sequence s = {s;};>1 of positive integers, an s-lecture hall partition is a finite
integer sequence A = (A1, g, ..., \,,) satisfying
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Let L) denote the set of all s-lecture hall partitions of length n. For example:

e The elements of Lg’Q’B’“"n) are the “original” lecture hall partitions introduced in

1997 by Bousquet-Melou and Eriksson [2].

° Lﬁf’l""’l) is the set of integer partitions into n nonnegative parts.

o L1 s the set of anti-lecture hall compositions studied in [9].

Unless s is weakly increasing, an s-lecture hall partition need not be a partition. For
example, the anti-lecture hall composition A = (1,2,1) € LSLS’ZI) is not a partition.

Lecture hall partitions attracted immediate attention in 1997 because of their mys-
teriously simple generating function, discovered and proved by Bousquet-Melou and
Eriksson in [2]:

n

Z " = H 1_ ;21‘—1' (1)

)\Elel,Q ..... n) =1

Since their discovery, lecture hall partitions and their generalizations have emerged as
fundamental tools for interpreting classical partition identities and for discovering new
ones [1, 2, 3, 4, 8,9, 10, 12, 30, 31].

In this paper we introduce s-lecture hall polytopes to establish a connection be-
tween the partition theory of s-lecture hall partitions and their geometry. We introduce
s-inversion sequences to establish a connection between the geometry of lecture hall
partitions and Mahonian, Eulerian, and lecture hall statistics on s-inversion sequences.

In the next section, we review results about lecture hall partitions, permutation
statistics and Eulerian polynomials; introduce s-lecture hall polytopes and derive a re-
currence for a refinement of their Ehrhart polynomial; introduce s-inversion sequences
and their statistics and establish their relationship with permutations whens = (1,2,...).
Barred inversion sequences are defined in Section 2.6.

In Section 3, we prove our main results, Theorems 5, 6, and 7, relating

e the refined Ehrhart polynomial for the s-lecture hall polytope;
e the joint distribution of statistics over s-inversion sequences; and

e the multivariate generating function for the s-lecture hall partitions.



As a consequence, for any sequence s of positive integers, we are now able to translate
results in any one of these three domains into the others.

In Section 4, we demonstrate how the results of Section 3 can be applied to dis-
cover new relationships and to provide new context for known results. This sam-
pling includes: the ¢-binomial theorem; the s-Eulerian numbers; Eulerian polynomi-
als and the lhp statistic; Mahonian statistics and lecture hall statistics; k-ary words
and lecture hall statistics; signed Eulerian polynomials; interpreting g-series products
with s = (1,2,1,2,...); signed permutations and lecture hall polytopes; the sequences
(1,4,3,8,5,12,...) and (1,1,3,2,5,3,...); the sequences (1,k,k+1,2k+1,...); and the
{-Eulerian polynomials.

Our main results integrate and extend previous work on lecture hall partitions and
we highlight these connections in Section 5. Readers familiar with results on lecture
hall partitions might look ahead.

2 Definitions and background

2.1 Generating functions for lecture hall partitions

We review some of the main results. In the enumeration of s-lecture hall partitions, A,
there are two statistics of interest, in addition to the weight, |A|. Define

(AT = ([A/s1], [A2/s2] 5oy [An/sn]);
A = ([Ai/s1], [Ae/s2]) o [An/sn))-

Theorem 1. The Refined Lecture Hall Theorem [4]:

(—ugq: q)n
Ln(u,q) = > ulMlght = —b2n (2)
P (w2t q)n
AeL,;,

where (a;q)n = [11y (1 — ag’).
Setting u = 1 in (2) gives (1) as follows:
(= Dn (4% 6*)n 1

La(19) = @50 @D (@GP

Theorem 2. The Refined Anti-Lecture Hall Theorem [9]:

An(u,q) = S Wi = M' @
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e (A) £ (A —s1[M/s1], de—sa[Ae/sa), ooy An = sn [An/sn)).



2.2  Lecture hall polytopes

For a sequence s = {s;};>1 of positive integers, define the lecture hall polytope Psf) by

0<)‘1<)‘2<...<)‘”<1}.

S1 52 Sn

P = {A €R"

PSLS) is a convex, simplicial polytope with the following n + 1 vertices:
{(0,0,...,0,8;,Si41,---,8,) | 1 <i<n+1},

all with integer coordinates. The t-th dilation of Psls) is the polytope

0§>‘1§)‘2§...§)‘”§t}.

S1 82 Sn

P = {/\ €R"

Let £ (t) be the number of integer points in tPY):
£8)(1) = P n zn.

Since P! is a convex polytope with integer vertices, f,(f)(t) is a polynomial in ¢ of
degree n, called the Ehrhart polynomial of p [13, 14]. Moreover,

®) (4
St = 0

t>0

where h%s) (2) is a polynomial with nonnegative integer coefficients [26]. The degree of

h® (2) is the dimension of P The sequence of coefficients of h (z) is known as the

h*-vector of P [26]. The infinite series defined in (4) is the Ehrhart series of P
We will be interested in the following refinement of £ (t):

f’r(LS)(t; u,q,z) = Z ul“]lq\/\lz\ et (5)
ActP N zn

Note that

£9(4:1,1,1) = ‘tpgf)m zn| = £9).

2.3 A recurrence for the refined Ehrhart polynomial

For positive integer sequence, s, and nonnegative integers n, j, and ¢, with 0 <1 < s,
let

L&) = (A eL® |\, <js, +i}. (6)

(Define sg = 0.) Let L& (u,q, 2) be the generating function for L9 defined by

LED(u,g,2) & Y wlMlghller ol (7)
AL



Theorem 3. (Refinement of Theorem 1 from [8]) Let s be any sequence of positive
integers. For integersn >0, j >0, and 0 <1 < s,

1 ifn=0o0rj=i=0, else

(s;5—1,50) e
Ly (u,q,2) ifi =0, else
L;S;J,zfl)(u, a.2) +

uj+1qjs"+i28"7iLS;fl’ Lls”_l/s"D(u, q,z) otherwise.

LD (u,q,2) =

Proof. The theorem is clearly true for n = 0 and for j = i = 0. Let (n, j, ¢) satisfy n > 0,
J,i>0,and (4,4) # (0,0). If i = 0, then j > 0 and js,, +i = j$p, = (j —1)8n + Sn, so the
theorem is true. Assume, then, that 1 <1 < s,. By definition, A € Lgf‘j’i) if and only
if either A € LY or X € L and A, = js,, +4. But (A, ..., A1, jsn +14) € L
if and only if (A1,...,An_1) € LSZI and (jsp, 4+ 1)/ An—1 > S$n/Sn—1. That is,

(j$m +1) = jsn_1+i2=L,

n STL

Sp—1

)\n—l S

So, since A,,_1 is an integer,

/\n—l S jsn—l + Lisn_lJ-
S

n

Note, since 1 < i < sp, [isn-1/8n] < $n_1,50 (A1, ..., Ap_1) € LELEn=1/onD) “pinany,
adding A\, = js, + i to the sequence (Ay,...,A,—1) multiplies its (u, g, z)-weight by
wln/snlglinl psnlAn/sn]=An — i+l gisntiysn—i, 0

So, the refined Ehrhart polynomial (5) for the s-lecture hall polytope, P%S) is
£9(tu,q,2) = L0 (u,q,2).

The following u-analog of a result from [8] can be proved by induction from Theorem
3.

Theorem 4. Fors = (1,2,...,n), and nonnegative integers n, j,i with 0 < i < s, = n,
LEM(u,1,1) = [j+1]07"[5+2], (8)

where [j], = (1 —u?)/(1 — u).

Corollary 1.

B2 (G, 1,1) = [E4 1] ©)

So by Corollary 1, the lecture hall polytope Pg,l’Q’”'"n) has the same u-Ehrhart poly-
nomial as the unit cube Q,,. This was proved bijectively in [5], motivating the current
work.



2.4 Eulerian polynomials

Let &,, denote the set of permutations of {1,...,n}. For 7 € &,, a descent of 7 is a
position i, 1 < i < n, such that m; > m; 1. Let desy m be the number of descents of
w. The major index of w, maja 7, is the sum of the descent positions. It was shown by

MacMahon [21] that
Z umajAﬂ- — H[Z]u

TES,, i=1

[199%2

We will use “u” for the statistics related to major index, reserving “q” for statistics
related to the generating function of lecture hall partitions.

The distribution of desy over &, is Y. .o 29%47™ = E,(z) [22], where E,(z) is
the Eulerian polynomial, defined by

S+ 1)t = G (10)

_ n4+1"
= (1—-=x)

See [15] for an informative history of the Eulerian polynomials. A statistic on permu-
tations is Mahonian if its distribution over &,, is the same as majs and Eulerian if it is
the same as desy. The joint distribution of (desy, maja) over &,, is given by Carlitz’s
refinement, E, (z,u), of the Eulerian polynomials [6, 7]:

>0 ML —aw) o LS —aw)

This is a special case of a result of MacMahon, Vol. 2, p. 211 in [20]. Equations (10)
and (11) are interpreted combinatorially as relationships between integer points in the
n-dimensional cube t@Q),, and permutations in &,,.

desp 7w, maja w
X u E,(z
Z[t 1}23725 Zﬂ'GGn n( 7u) (11)

2.5 Generalized inversion sequences

For m € &,,, we define the inversion sequence of 7, e(w) = (e1, ea,...€y,), by
ei = [{jli>jand n'(i) <7 '(5)}.
The mapping m — e(m) is well-known to be a bijection between &,, and {e € Z" | 0 <
e; < i} [18]. The inversion number of 7 is
invam = le(n)|. (12)
It is easy to check that > s Zmvam™ =TT [i]_, so that inva is also Mahonian.

In this section we generalize the notion of an inversion sequence. Given a sequence
s = {s;}i>1 of positive integers, define Igf) by

I = {(e1,...,e,) €Z" | 0<e; <s; for 1 <i<n}.

The elements of IS) are the s-inversion sequences of length n. For e € Igf), define the

ascent set of e by

Asce = {i|i=0ande; >0 or 1§i<nandﬁ<ei—+l} (13)
Si Si+1



s=(1,2,3)
|

’ e € Iﬁf) ‘ |- ] ‘ Asc ‘ asc | amaj ‘ lhp ‘ Des ‘ des ‘ dmaj ‘ dlhp ‘
000 0 {} 0 0 0 {} 0 0 0
001 1 {2} 1 1 2 {} 0 0 1
002 2 {2} 1 1 1 {} 0 0 2
010 1 {1} 1 2 4 | {2} 1 1 4
011 2 {1} 1 2 3 {2} 1 1 5
012 3 {1,2} | 2 3 5 {} 0 0 3

s=(3,21)

’ e € I%S) ‘ |- ] ‘ Asc ‘ asc ‘ amaj ‘ lhp ‘ Des ‘ des ‘ dmaj ‘ dlhp ‘
000 0 {} 0 0 0 {} 0 0 0
010 1 {1} 1 2 2 {2} 1 1 2
100 1 {0} 1 3 5 {1} 1 2 4
110 2 {0,1} | 2 5 7 {2} 1 1 3
200 2 {0} 1 3 4 {1} 1 2 5
210 3 {0} 1 3 3 | {1,2}| 2 3 7

s=(2,1,2)

’ ec Iﬁf) H |- ‘ Asc ‘ asc ‘ amaj ‘ lhp ‘ Des ‘ des ‘ dmaj ‘ dlhp ‘
000 0 {} 0 0 0 {} 0 0 0
001 1 {2} 1 1 1 {} 0 0 1
100 1 {0} 1 3 4 | {1} 1 2 4
101 2 {0,2} | 2 4 5 {1} 1 2 5

(s)

Table 1: Statistics on inversion sequences I;,” for various sequences s.



and let asce = |Ascel|. Define the set of descents of e € I by
Dese = {i:1§i<n €¢>61+1}
S Siy1

and dese = |Dese|. Inversion sequence statistics are illustrated in Table 1. From the
examples in Table 1, note that asc and des are not necessarily equidistributed over
s-inversion sequences.

For e € IS), define the statistics amaj and dmaj by

amaje = Z (n —1),

i€Asce
dmaje = E (n —1).
i€Dese
Lemma 1. Fors=(1,2,...,n),
§ xdesA T mAjA T inva T E ASC e, amaj ez\e|' (14)
€S, eEI&LS)

Proof. For 7 € &, invam = inva 7 !. Also, i is a descent of 7 if and only if i €

Asce(r™1). So the mapping m — e(m~!) sends (desa ,inva ) to (asc, |e|).

The mapping m — o defined by 0; = n+1—m,41_; also preserves invy, . Further, i is
a descent of 7 if and only if n—i is a descent of 0. So the composition: 7 — o — e(o~1)
sends (desa ,maja ,inva ) to (asc,amaj, |e]). O

In view of (9), Lemma 1, and (11), when s = (1,2,...,n), we can re-interpret
Carlitz’s identity (11) as a relationship between s-lecture hall partitions and s-inversion
sequences:

Z = asc euamaje
Slt+1]"at = Y £ (1,12t = ZE

™ ; (15)
>0 t>0 [Tz (1 = zu?)

Finally, we introduce the “lecture hall” statistics, lhp and dlhp on I (see Table 1):

lhpe = —|€|—|— Z (S¢+1+"'+Sn),
i€Asce

dlhpe = |e| + Z (Sit1+ -+ 8n)-
i€Dese

2.6 Barred inversion sequences

In [17], Gessel and Stanley define a barred permutation of &, to be a permutation
T = mmy... T, in which one or more vertical bars are inserted before and/or after
elements m;, with the stipulation that if ¢ is a descent of 7, there is at least one bar
between 7; and ;1. Counting barred permutations in two ways gives an elegant proof
of (10). First, fix the number of bars, ¢ and sum over ¢ > 0. Then fix the permutation
m, and sum over all 7.



11000 01100 00]]0 000]| 1000
1000 1000 | 0/0]0 0100 | 00]0|
1001 0/0]1 00]]1 00]1]
11100 11100 1100 1100 ]|
[10]1

Figure 1: Barred inversion sequences of I§2’1’2) with exactly 2 bars.

We will adapt this tool for inversion sequences. Define a barred inversion sequence
of ISLS ) to be a sequence e € IS ) in which one or more vertical bars are inserted before
and/or after elements e;, with the stipulation that if ¢ is an ascent of e, there is at
least one bar in position 4, the space immediately preceding e;1. Using the example
s = (2,1,2) from Table 1, for I§2’1’2) there are 19 barred inversion sequences with exactly
two bars (see Figure 1).

3 Main results

Recall that

fy(LS)(t;u7q’z) = Z u||')ﬂ|q|)\\z‘6+()\)‘7
AetP$)n zn
where
tPgLS) = {)\ER" OS)\lg/\QS"'ﬁ)\nSt}.
S1 S2 Sn

We can now state and prove our main result relating the Ehrhart series of s-lecture
hall polytopes to statistics on s-inversion sequences.

Theorem 5. Let s be any sequence of positive integers. For integer n > 0,

ZeeI o) pSCegamaje qlhpe Zl el
n

(s) (¢ to_
an (t7an7Z)x - Hn (1—Iun_iqsi+1+m+8”) . (16)

t>0 i=0

Proof. Let e be a barred s-inversion sequence with d; bars in position ¢ for 0 < ¢ < n.
Assign to e the weight

w(e) = (2)6ﬁ(mu"‘iqs”ﬁ“*s")di. (17)
i=0

For example, if s = (2,1, 2), the barred s-inversion sequence |1]|0]1| has the weight:

w(1[[0[1) = (2/9)*(2u’¢")(2u?q*)*(2ug®) (v) = a°2*u’q".



We show that both sides of (16) count barred inversion sequences by counting barred
s-inversion sequences in two ways. First, fix the inversion sequence, e, and sum over all
e € I;S). Second, fix the number of bars, ¢, and sum over ¢ > 0.

The first way is easy: a barred inversion sequence e € 1) must have at least one
bar following each ascent position. This minimally contributes z:25¢ € y2maie glhpe zlel ¢
w(e). But in each position ¢ of e, any number j > 0 of additional bars may be placed,
contributing a term in the series below as an additional factor to w(e):

1
]_ — xun*iqsiﬁ»l“r”'*’sn :

o0
Z(fu"_iq3i+1+-~~+sn)j _
§=0
So, the right-hand side of (16) counts all barred inversion sequences of 155), with their
corresponding weight.

For the left-hand side of (16), we describe a weight-preserving bijection from s-

lecture hall partitions in tPSIS) N Z™ to barred s-inversion sequences with ¢ bars. If

/\Etng) 7", let
S1 52 Sn

Note that b, <t. Let e = et(\) = (e1,€2,...,€,), 80
e, = Sibi _)\i'

Then clearly e € L(f). We “bar” e with ¢ bars by placing by bars before ey; b; — b;—1
bars before e; for 2 < i < n; and t — b,, bars after e,,. Since A\ was an s-lecture hall
partition, if 1 < i < n and there is no bar after e;, then b; = b;;1 and therefore

€; g Aig1 Ait1 61

— =bj—-— > b — = biy1 — = .
Si Si Si4+1 Si+1 Si+1

Thus i € Asc (e). If there is no bar before e, then by = 0, so A; = 0 and thus e; = 0 and
so in this case also, 0 ¢ Asce. Thus e is a barred inversion sequence with ¢ bars. For
example, if s = (2,1,2) and ¢ = 5, let A = (1,3,7) € tPY) NZ3. Then b= [A] = (1,3,4)
and et(\) = (1,0, 1), so A maps to the barred s-inversion sequence |1||0|1].

Before specifying the inverse, note that this mapping preserves weights, as follows.
For fixed ¢, the weight associated with A € tPE«LS) NZ" is

w() = wlPg 1O gt

whereas, from (17), the weight of the barred inversion sequence ¢ = e¢*(\), derived from
A, is

lel {4

w(e) = (f) H(mun—iqsi+1+...+sn)di’

q =0

where dy = by, d, =t —b,, and for 1 <i < n—1, d; = b;41 — b;. Comparing the

10



exponents of z,x,u, and ¢ in w(\) and w(e) we find that they agree: |e| = |eT(\)| and

n n—1
Sdi = bt (t—by)+ Y (big1—b) = t;
1=0 =1
n n—1
> (n—i)d; = nby+ Y (n—i)(bix1 —b;) = [b];
=0 i=1
—lel+ > (it +sa)di = —lel+ Y sibi = |l
=0 =1

Finally, to prove that the mapping from tPﬁf) N Z™ to barred s-inversion sequences
with ¢ bars is a bijection, we specify its inverse. Let e be a barred s-inversion sequence
with ¢ bars. For 1 < ¢ < n, let b; be the total number of bars preceding e; in any
position. Then by < by < ... < b, <t. Define A = (A1, Aa,... \y) by

)\i = sibi—ei.

We show A € tP%®). Then An/Sn = (8pby — €,)/8, < t, since e, > 0. First note that
Ai > 0, since e; < s; and if b; = 0, then, by definition of barred inversion sequence, no
position j < i is an ascent of e, so e; = e3 = ... =¢; = 0. Secondly, we show that A is
an s-lecture hall partition. Since e is an s-inversion sequence, % < 1 for all j. Now, if
i € Asce, there is at least one bar between e; and €;41, so b; < b;+1 and

s 5:b; — €; €; €it1 Ait1
D= I T - < by < b —1 < by — = 2L

Si S4 Sq Si+1 Si+1

On the other hand, if i & Asce, then

e; €;
2>
Sq Si+1
SO
Ai sibi—e; & €it1 Ait1
= —— = b — — i1 — = —.
Si Sq Si Si4+1 Si4+1
This completes the proof. O

The generating function for the set Lgf) of s-lecture hall partitions can now be

expressed in terms of statistics on s-inversion sequences. Recall that

Lgf) = {)\GZ”|O§£§&<~-~§)\J}.

S1 S92 Sn
Theorem 6. The s-Lecture Hall Theorem: For any sequence s of positive integers,

asce ,,amaje ,lhpe |e]|
Zeelﬁf) T u q z

[T (1 — aun—igrentton)

DRI PP IR
AeL®

(18)

11



Proof. For X\ € L,(f), A€ tPE«LS) if and only if A, /s, < t. So for t > 0, the generating
function for the elements of Lgf) with [A,/sn] =t is

f7(LS) (t;ua q, Z) - fr(LS) (t - 1;ua q, Z)

Thus,

Z qlM u||—>\-‘| Zl 6+()\) | x’—)\n/sn-‘ =1 + Z(f’r(LS) (ta Uu, q, Z) - fr(LS) (t - 17 u, q, Z)) J"t

AeLy) tz1
= > £ (tug,2) 2t —2 Y (- Lu,q,2) 2"
>0 t>1
= (1-x) Z fff) (t;u,q,z) x"
>0

Zeeﬂs) pasce amaje qlhp e Zl e|

[ (U= g

where the last equality is Theorem 5. O

So, we can now interpret statistics on lecture hall partitions in terms of asc, amaj
and lhp on inversion sequences.

Corollary 2. For any sequence, s, of positive integers, and for integer n. > 0,

1h
(a) > a = D A
H?:l(l _ q5i+"'+5n)

AeL®

by S /el = L

AeL® (1=a)

amaje
(© 3 WP = Lear W

AL i (=)

Note that although we came to Theorem 6 via the lecture hall polytope, in retrospect,
everything can be done directly on lecture hall partitions using the barred inversion
sequences. And instead of using [\], and ascent statistics, everything works equally
well with |A] and descent statistics. This gives rise to the following descent version of
the s-Lecture Hall Theorem. Details, which are very similar, are omitted.

Theorem 7. The s-Lecture Hall Theorem (descent version): For any sequence s of
positive integers,

dese , dmaje ,dlhpe ,|e]|
Ze e T U q z

H?:_ol(l - xu”—’iqsi+1+~~+sn) :

S G ST | /on)
AeL(®

(19)

12



The statistics des, dmaj, and dlhp on inversion sequences can now also be inter-
preted in terms of corresponding statistics on lecture hall partitions.

Corollary 3. For any sequence, s, of positive integers, and for integer n > 0,
Zeelf) qdlhpe

(a) Z qp\l - H?:l(l—qsrl-“'-i-sn)

AeL(®

ZeeIEf) xdes e

(b) Z ghn/onl = (1_m)n

AeL

Z (s)udmaje

[N — Z=e€ln” —

c U = o —.
© 2 (=)

AeL® =1

We get the following not-so-obvious equidistribution results.

Corollary 4. For any sequence, s, of positive integers,
Z qlhpe _ Z qdlhpe.
ce1® el

If, in addition s, = 1, then

§ 235¢ eqlhp e _ E xdes eqdlhp e

ecr® ecI®

Proof. The first equality comes from the first identities in Corollaries 2 and 3. For the
second, set u = z = 1 in Theorems 6 and 7 and observe that if s,, = 1, then

’—An/sn] =\ = L)\n/SnJ . O

4 Examples and Applications

All unattributed theorems, lemmas, and corollaries in this section are, to the best of
our knowledge, new to this paper.

4.1 The g-binomial theorem

To illustrate how Theorem 5 can be applied, we show first that it can be viewed as a
generalization of Newton’s ¢g-binomial theorem: When s = (1,1,...,1), the s-inversion

sequence (0,0,...,0) is the only element of IS). The s-lecture hall polytope, P%l’l"”’l)
consists of A € Z™ with A\; < Ay < ... < A\, < 1. Therefore, the Ehrhart polynomial

13



of PE}’I’“"” counts ordinary partitions with at most n positive parts and with no part

greater than t. So, £ (t;1,q,1) is given by the g-binomial coefficient, ["jt]q. Then

(16) becomes

2 {n:t]qxt - l;[ 1 —196(11” (20)

t>0

4.2 The s-Eulerian numbers

The theory enables us to prove new results generalizing the Eulerian numbers.

First note that Theorem 5 can be viewed as a generalization of Carlitz’s generating
function (11) for the u-Eulerian polynomials. Set ¢ = z = 1 and s = (1,2,...,n) in
(16) to get

asce , amaje
29615}’2 ,,,,, n) L u

£L2m) (1,1 2t = = .
Z [[i_o(1 —au?)

t>0

(1,2,...,m)

By (9), ﬂ(ml’2""’n)(t;u, 1,1) = [t + 1]2. By Lemma 1, (asc, amaj) over I has the

same joint distribution as (desa,maja) over &,,. This gives (11).
With this motivation, for a positive integer sequence s, and n > 0, define the n-th
s-Fulerian polynomial by

n
§ asce __ E (s)
X = an kLE
k=0

eelsf)

Then a(s)k is the number of s-inversion sequences of length n with k ascents. The

numbers a( ) are the s-Fulerian numbers. When s = (1,2,3,...), E%S)(x) = E,(z) of
(10).
For t > 0, let b(s) be the number of s-lecture hall partitions A € L( 5) with A, /s, <t

(so bsls)t :f}(ls)( t).) The s-Eulerian numbers are related to the b( " as follows.

Theorem 8.

st) t Zk 0 nk:x

)n+1 )

k
1
= S ("

Proof. The first identity is Theorem 5 with w = ¢ = z = 1. The second identity follows
from the first, using the binomial expansion of (1 —z)"*! and then equating coefficients
of z¥. O

t>0

In fact, we get the following s-generalization of Carlitz’s polynomial analog of the

14



Eulerian numbers. Define polynomials a S)k (u) and b(si(u) by

n, n,

amn) = 30wt
eelﬁfﬁ asce=k
boaw) = > WP

AEL); A, /sn<t

Theorem 9. Forn >k > 0 and positive integer sequence s,

"ol (u)a

(s) Wt = .
an,t( ) Hn (1fxul) )

t>0 1=0

k

s i i n+1| (s

) = SR )
i=0 u

4.3 Eulerian polynomials and the lhp statistic

The lecture hall statistic gives rise to a new and interesting g-analog of the familiar
Eulerian polynomials. Using Theorem 6, we will apply lecture hall theory to prove that
distribution of this statistic has a surprisingly simple product form.

Setting u = z = 1 in Theorem 6, with s = (1,2,...,n), provides an interpretation
of a new g-analog of the Eulerian polynomials:

asce ,lhpe
E (1,2,..., n) &L q
E qP\lxD\n/"] — egln ‘ ) (21)
[Tim, (1 — wglit—+m)

AL 2o

Setting = 1 in (21) and applying the original lecture hall partitions generating function
(1) gives the distribution of lhp over (1,2, ..., n)-inversion sequences which, by Corollary
4, has the same distribution as dlhp for any sequence s:

Corollary 5.

n
Z qlhpe = [k]qQ(n—k)+l = Z qdlhpe-
eEIS’Q ..... n) k=1 661511’2""’")
Proof. From (1) and Corollary 2(a),
n
1— qk+"'+n
lhpe _
Z qpe_H 1— g2k-1

ec1(H2 o™ k=1
ln/2] “1)(n— [n/2] ne

1 — g(Zk=D(n—k+1) 1 — gk@(r—k)+1)

1— qQk—l

_ 2(n—k)+1
bt 1 q ( )

= H [k]qun—kwl .

k=1

k=1

15



4.4 Mahonian statistics and lecture hall statistics

In this section, we combine Theorems 6 and 7 with the refined theorems for lecture
hall partitions (2) and anti-lecture hall compositions (3) to derive the joint distribution
of familiar Mahonian statistics and the new lecture hall statistics. This leads to some
unusual generating functions for n!.

Corollary 6.

' [n/2] [n/2]
Z ydmaje gdlhpe H [2k — Huqk H ([Q]qu_Hl [k]qu%H).
eels‘zl,nfl ..... 1) k=1 k=1

Proof. Apply Theorem 7 with z =z =1 and s = (n,n —1,...,1). Combine with (3)
to get

L B (1 + ugh) (1 — ubghk+D/2)
Z ydmajegdihpe H | arghh 2 anlqu).  (22)
k=1

Observe that «,(q,u) satisfies the recurrence

an(g,u) (14 ug™)(1 —urg"/2)

on—1(q, u) 1 —u2gnt! ’

with initial condition a;(g,u) = 1. It can be checked that the right-hand-side of the
corollary satisfies the same recurrence and initial conditions. O

Corollary 7.

‘ (/2] /2]
> wrmaege =TT (26— Uygnin [ (2lugr [Eluzgecn011)-
eeIﬁ,}’Q""’"’) k=1 k=1

Proof. Apply Theorem 6 with x = z=1and s = (1,2,...,n). Combine with (2) to get

n _
Z qlhp euamaj e _ (1 + uqk)(l —umt! quern) A 6 (q U)
1— u2qn+k n\d, 4)-

cer(1:2nm) k=1

Observe that, using o from (22),

ﬁn(Qa U) = an(l/Qa uQn+1)'

Thus setting ¢ = 1/q and then u = ug™*! in the right-hand-side of the equation on the
Corollary gives the result. O
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4.5 k-ary words and lecture hall statistics

When s = (k,k,... k), ¥ = [k]™, where [k] = {0,1,...,k — 1}. The statistics on
s-inversion sequences become statistics on words in [k]™ and Theorems 5 and 6 apply.
We give just a few examples of new results that follow.

Let P, be the set of partitions into n nonnegative parts. Apply Theorem 5, setting
u=z=1ands = (k,k,..., k) in (16). Then the elements of P NZ™ are the elements
of P, with largest part at most kt. Thus f,(t;1,¢,1) = [”ff:t] .- This gives the following
analog of the g-Eulerian polynomials.

Corollary 8. Fork > 1,

Z |:’I’L+ kt:| iCt _ ZeGI%’C’k """ k) xasceqlhpe _ ZwE[k]n {[ascwahpw
q H?:O(]‘ - qul) H:L:O(l - quz)

t>0

If we instead apply Theorem 6, setting u =z =1 and s = (k, k,..., k) in (18), and
observe that P, = L%k’k ..... k)

Corollary 9. For k > 1,

, we arrive at the following:

5 lh
Z q|/\‘ xp\n/m _ Zwe[k]n pascw q pw
\EP, H?:l(l - quﬂ>

To get the distribution of Thp over [k]™, set z = 1 in Corollary 9 and use the fact
that > \cp gM =TI, /(1= ¢").
Theorem 10. For k > 1,

n

Z qlhpw — H[khf

welk]n i=1

It is straightforward to check that >, iw; has the same distribution as lhp w over
[k]™, but we do not have a combinatorial explanation of this fact.

4.6 Signed Eulerian polynomials

Let E,(x,u) denote the usual u-Eulerian polynomials. The signed u-Eulerian polyno-
mials of Wachs [29] are defined as

Bn(J?,U) = Z (_1)iHVA7r‘,L,des7rumajAﬂ.
€S,

Wachs [29] proved the (even case of the) following theorem which was a generalization
of a conjecture of Loday [19] when u = 1 and of a generating function of Gessel and
Simion when x = 1. See also reference [16]. The odd case here is new.

Theorem 11.
Boy(,u) = (zu;u?),En(z,u?); (Wachs [29])

Bonti(w,u) = (0w )i Bn(2,u?) — ulwsu?) ot B (uz, u?)) /(1 - ).

17



We show how to use our main results to derive Theorem 11. First use Lemma 1 and
then Theorem 5 with ¢ =1 and z = —1 to get:

Bn(x’u) = Z (_1)|e\xasceuamaje (23)
eer?y
B SR o
>0

Then use the recurrence of Theorem 3 to find £ (t;u,1,—1). The following can be
proved by induction from Theorem 3.

Lemma 2.
LE (w1, -1) = [+ G+ 20 atni,g),
where, if n is odd,

(.4, 7) [j+1], ifiis even,
@ n71/7 = . . .
J [7+2], ifiis odd;

and, if n is even,

a(n,i, ) = 1 if 1 is even,
PITN @ w1 — ) (L —w?) ifi s odd.

Recall that £ (t;u,1,-1) = L&Y (u,1,—1). Substitution into Lemma 2 gives:
Corollary 10.
S tu,1,-1) = [t+1]"%;

u?
St 1, =1) = [E+1]0 [t+1],.
Theorem 11 follows now by substitution into (24). For even dimension we get
Bop(z,u) = (x;u)2n+1Zféi)(t;u,l,fl)wt

t>0

= (@;u)2n+1 Z [t+1]7; 2"
>0

= (@ wont1 (730" )nEn(@,u®) = (2u;u?),Ey (2, u?).
For odd dimension we get
Bong1(w,u) = (3u)ans2 Y fiphs(tu,1,—1)a!
>0

= (w;u)onsa Y [t+ 1] [t+1], 2"
t>0

(@5 u)2nt2/(1 - u)(z [t+ 1] —u) [t+1] (Ux)t)

t>0 t>0
(w5 w)an 2/ (1 =) ((@50%) i B, 0?) = u(uwsu?) 1 By (uz, )
= ((wus w1 B, ) = uwiu?) o By (u, 0)) /(1 w),

thus proving Theorem 11.
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4.7 Interpreting ¢-series products with s = (2,1,2,1,...)

In this section we consider the sequence s = (2,1,2,1,...). The significance of this
sequence was recognized in [12] and [23] where it was shown that enumeration of these
s-lecture hall partitions is related to the ¢-Gauss summation and the little Gollnitz
identities. We can now derive new properties from Theorem 6.

Lemma 3.

n

g(n) A4 Z xasceuamajeqlhpez\e\ _ H(l_’_xu%qgi_lz).

661;,2"’1'2’1’4”’2&) =1

Proof. To simplify notation in the proof, let B, = Iéi’l’z’l""). Ifn=1 B =
{(0,0), (1,0)} and g(n) = 1 + zu?q?z.

Whenn > 1, B, = 00B,_1U10B,_1. For e € B,,_1, 00e and e have all statistics
the same. But for 10e, we have: asc 10e = asce + 1; amaj 10e = amaj e 4 2n; lhp 10e =
lhpe + 3n — 1; and [10¢| = |e| + 1. So, g(n) = (1 + zu?"¢*"~12)g(n — 1) and the result
follows. O

Now use Theorem 6 with s = (2,1,2,1,...,2,1) and apply Lemma 3:
Theorem 12.

n

21 ,31—1
I A et ] phen (1 +2u*q” 'z) )
Z “ R v H (1 — zuig3) (1 — zu—1¢3-2)" (25)

/\GL;QT;L...,QJ) i=1

With four independent parameters, Theorem 12 has considerable power to interpret
various finite products in terms of statistics on (2,1, ..., 2, 1)-lecture hall partitions. For
example, setting x = u = z =1 in (25) gives the following from [12].

$ N = ﬁ (14+4¢*1) (=%
- _ g3t _ g3i—2) . :
Aer At o (1=¢?)(1 —¢%2) (4 9)3n

Setting u = 1/q and z = —1 in (25) gives

n

et A=A Ao 1
> (W = T

)\GL;EL,LZ,I,...,ZI) =1

Setting x = 1/q and u = z = ¢,

ki 5i—1
3 gAHIMNIHED =hen — T A+g™h)
(1 — ¢%i—1)(1 — g5i—4)

)\eL(zi,l,Z.l,...,Z,l) i=1
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4.8 Signed permutations and lecture hall polytopes

As another application of Theorem 5, we show that for suitable choice of s, the s-
inversion sequences provide an alternative model for signed permutations.

It follows from (9) that the (2,4, ...,2n)-lecture hall polytope has Ehrhart polyno-
mial (2t + 1)™. Thus by Theorem 5,

2.4,....2n asce
Z(Qt b1yt = E% )(x) _ Zcelsf’4uu,2n) £3s¢ 26)
(1 _ x)n+1 (1 _ x)n+1 :

t>0

A more familiar form for this Ehrhart series is Steingrimsson’s generating function

Z tdCSB(ﬂ')
n.t __ TEB,
Yttt = N

t>0

where B,, is the hyperoctahedral group of signed permutations and desg is an associated
descent statistic [27, 28]. This suggests a new view of signed permutations in terms of
inversion sequences and lecture hall polytopes. In work in preparation with Thomas
Pensyl, we show a correspondence between signed permutation statistics and inversion
sequence statistics and demonstrate how to use our main theorem to derive results,
some familiar, some new.

4.9 The sequences (1,4,3,8,5,12,...) and (1,1,3,2,5,3,...)

We were originally led to study the geometry of the lecture hall polytope as an attempt
to understand why, for certain special sequences s, the generating function for the s-
lecture hall partitions has a simple product form. In this and the next two subsections
we will consider such sequences from the point of Ehrhart theory and inversion statistics.

We consider two sequences that arose in [12], where it was shown that their associ-
ated lecture hall partitions had simple generating functions related to the little Gollnitz
products. First, define s by s9; = 4i, s9;—1 = 2i — 1, so that s = (1,4, 3,8,5,12,...).

In new work here, we explicitly compute the Ehrhart polynomial of these s-lecture
hall polytopes. It can be checked with Theorem 3 that:

£8() = (t+ 1)/ (2t 4 1)/, (27)

Thus, by Theorem 5, with « = ¢ = z = 1, we have the following.
Theorem 13.

asce
26617(11,4,3,8,0‘12,...) x

(1—z)ntt

S+ 1) e+ 2t =
t>0

If s is instead defined by so; =4, s9;—1 = 2¢ — 1, it can be checked that the Ehrhart
polynomial is

/2]
£8)(1) = (t+1)"/2 (“;2» : (28)

so by Theorem 5, we have the following.
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Theorem 14.

n/2
S+ 1)/ <(t+2))L / J:ct _ Leergroznan

_ n+1
= 2 (1—x)

asce

The Ehrhart polynomials (27) and (28) for these sequences seem to be a blend of
(9) and (26). But in contrast to those cases, we did not see a natural u-analog of (27)
and (28) in our computations.

4.10 The sequences s = (1,k+ 1,2k +1,...)

For integer k > 1, the sequences s = (1,k + 1,2k + 1,...) give rise to a special general-
ization of the familiar Eulerian polynomials. Note that when k = 1, s is the sequence
of positive integers and by Lemma 1, E%S) = E, (). We will use Corollary 2(a) to show
that the new lecture hall statistic has a nice distribution for these s-inverions sequences.

We appeal to a result of Bousquet-Melou and Eriksson from [3], which shows that
there is a generating function for these s-lecture hall partitions:

Theorem 15. (Special case of Proposition 4 in [3])

1 1— (2i—1)((n—1)k+1)

A — - q

Z 7 = H 1— g2t H 1 — gt D(@i—3)k+2) (29)
AEL(L L2041 (n=1)k+1) i=1 i=[n/2]

Setting k =1 gives (1). Combining with Corollary 2(a):
Corollary 11.

n

Z gtre = H[(n_i+1)k+1]q2i,1.

e€I$3’k+1’2k+1 ,,,,, (n—1)k+1) i=1

So, for example, the distribution of the lhp statistic over the (1,5,9, 13)-inversion
sequences is
(11,7 11,5 [9],0 (131,

In recent work it has been shown that the sequences s = (1,k + 1,2k + 1,...) give
rise to an analytic generalization of the Eulerian polynomials and a new combinatorial
interpretation [24]. The key was the discovery and proof in [24] of an explicit formula
for the Ehrhart polynomial of the s-lecture hall polytope.

In contrast, we have been unable to do an analogous computation for an intriguing
generalization of the Eulerian polynomials described in the next section.

4.11 The /-Eulerian polynomials

Fix integer ¢ > 2 and define the ¢-sequence {ag)} by af) = Eagﬁl - aiﬁw with initial
conditions aée) =0 and ag) = 1. For example, {ag)} =(0,1,2,3,4,...) and {ag)} =
(0,1,3,8,21,55...). Bousquet-Melou and Eriksson proved a generalized lecture hall

theorem in [3], which includes the following special case:
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Theorem 16. The ¢-Lecture Hall Theorem [3]: Fors = (aﬁ“, ay), ah,

n

1
N Al
LELS)(Q) = Z ql = HW

A€L® i=11—q"

Setting £ = 2 gives (1). (Bousquet-Melou and Eriksson found that in the limit
as n — oo, Theorem 16 gives a surprising generalization of Euler’s partition theorem
[3, 25].)

Combining Theorem 16 with the first identity in Corollary 2, shows that the lhp
statistic has a nice distribution when s is an ¢-sequence, even when ¢ > 2. (Compare to
the £ = 2 case in Corollary 5.)

Corollary 12. Fors = {a%)}nzl,

n

lhpe __ (£)
Z q o H |:ai :|qa5£)+“§:£—)1 ’

ccI® i=1

So, for example, the distribution of the lhp statistic over the (1,3,8,21)-inversion se-
quences is

[1] 07 [3],1 [8]44 [21],-

When s = {ag)}nzl we can use Theorem 3 together with polynomial interpolation to
compute the Ehrhart polynomial for the s-lecture hall polytope for fixed n and ¢. For
example, when ¢ = 3, for n = 6, the Ehrhart polynomial is

£8)(1) = 5544¢° 4 23100° + 34188t* + 20680t> + 7659t /2 — 435t/2 + 1.

Recall from (9) that when ¢ = 2 the Ehrhart polynomial is £ (t) = (t+ 1)™. Unfor-
tunately, we have not found a closed form when ¢ > 2. If we define the “/-Eulerian

polynomials” by
Er(f)(x) _ Zxasce’
ecls

then E,(f) (x) is a generalization of the familiar Eulerian polynomials E,, (z) = E7(L2) (x).
Shown below is the triangle of /-Eulerian numbers for ¢ = 3.

1
1 2
1 16 7
1 150 309 44
1 2504 14922 9764 529
1 87118 1211494 2096432 583697 12938
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5 Connections to previous work on lecture hall par-
titions

Bousquet-Melou and Eriksson recognized from the beginning [2] that the generating
function for s-lecture hall partitions would have the form

Al pn(q)
Z q Hn (1_qsi+1+'“+8n)’

i=1

where p,(¢) was a polynomial counting what they referred to as reduced lecture hall
partitions. Their focus was on finding infinite families of sequences, s, for which p,(q)
could be computed in closed form. One of our main contributions in the current paper
is to show that the numerator polynomial can be defined in terms of inversion sequences
and thereby, via the ascent statistic and Ehrhart theory, be interpreted in the geometry
of the corresponding polytope.

An “explicit” form for 37, e ¢, was proved in [11]. Although we referred to it
as the “horrible generating function”, we used it for many years as a computational tool
before making the connection that we were computing statistics on inversion sequences.
A multivariate form was also computed in [11], and the methods in this paper could be
adapted to do the same.

Bousquet-Melou and Eriksson were the ones who discovered the importance of [A]
and the statistic [[A]| tracked by u [4]. Following up on a suggestion of Vic Reiner,
they were looking for a “lecture hall partition” statistic to correspond to a statistic u
appearing in a refinement of Bott’s formula. Bousquet-Melou and Eriksson’s refined
lecture hall theorem included a third variable, v, which kept track of the number of
odd parts of [A]. This could also be translated in terms of inversion sequences for
s =(1,2,...,n) and perhaps generalized.

We first interpreted the generating function for refined lecture hall partitions and
anti-lecture hall compositions in terms of statistics on permutations (quadratic permu-
tation statistics corresponding to E?:Z j and to Z;L:i(n— 7)) in [5]. Inversion sequences
were introduced in the current paper as a way of generalizing those results to arbitrary
sequences s. In retrospect, inversion sequences give a more natural interpretation.
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