MA /ST 747, Midterm
In-Class Part
You may use only your notes and the text.

. Let (X,,) be a martingale. Show (e!*") is a submartingale for t € IR.

. Let (Y,,), n > 1, be an arbitrary sequence of integrable random variables on (€2, F, P). Con-

struct a martingale sequence (M,,), showing it is indeed a martingale sequence.

Hint: use conditional expectation with filtration F,, = o(Y1,Ys,...,Y,) and note Fy 2 {0,Q}.

. Suppose (X,,) is Fp-adapted and represents a population size. Furthermore, we have
E[(Xn41 — Xp)|Fn] <0

for all n > 0, and Xy = a, a € IRT. Show

(a) [corrected] E[Xp|Fy] < a for all m >n = 0.
(b) X, — X a.s. where EX < a.

. Suppose (X,,) is a F,-martingale, n > 0. Let T be a stopping time with respect to F,,, n > 0.
Suppose P(T' < o) = 1 and there exists a 0 < K < oo such that for n > 0,

| X7an| < K as.

Prove that EXp = EXj.

. Consider a gambling system where B > (3, > 0 are the bets are made on i.i.d. outcomes X,
n > 1, where X,, = +1 and X; = 1 with probability 1/2. Furthermore, (3,) is a predictable
sequence with respect to F,, = o(X1, X2, ..., Xp), n > 1. The fortune at time n is given by

Su =Y BiXi+ S,
i=1

where S is the initial fortune. Find a bound on the probability that the maximum magnitude
of the fortune up to time m is greater than some large value M < co.



