Lyapunov Analysis

Time Invariant LPDF and PDF:

Definition: (a) A continuous function W : R™ — IR is a locally positive definite
function (Ipdf) if and only if

(i) W(0) =0

(ii) W(x) > 0 for all z # 0 which belongs to the ball
B, ={z e R"||jz]| < r}

e.g., W(z) = z? + sin® zo

(b) W is a positive definite function (pdf) if and only if
(i) W(0) =0
(ii) W(xz) > O for allz #0
(iii) W(x) — oo as ||z|| — oo

e.g., W(z) = 2% + 3



Class-K Functions

Definition: A continuous function o : RT — R is said to be of class-k if
a(0) =0
a(p) >0 Vp>0
« is nondecreasing
e.g., a(p)= min V(z
8 () p<|lz|<r (@)

B(p) = max V(z)

0<[[z][<p



Time Varying PDF and LPDF

Result: (a) A continuous function V(t,z) : RT x R™ — IR is a Ipdf if and only if
there exists an Ipdf W : R™ — IR such that V' (¢,z) > W (z) for all
t > 0andforall z € B,.(z).

(b) A continuous function V(t,z) : R™ x R — R is a pdf if and only if
there exists an pdf W : R"™ — R such that V (¢, x) > W (x) for all
t > 0and for all z € R".

Result: A function V (¢, z) is Ipdf (pdf) if and only if there exists a class-k function
« such that V (¢,0) = 0 and

V(t,z) > a(]z]))

forallt > 0 and all z € B, (z) (or whole state space).

e.g., V(t,z) = et(xz? + x2) is pdf

e.g., V(t,z) = e t(z? + z3) is not pdf or Ipdf



Decrescent Functions

Definition: The function V' (¢, x) is decrescent if V(¢,0) = 0 and there exists a pdf
W (z) such that

V(t,z) < W(x)
forall t > 0.

Result: A function V (¢, z) is locally (or globally) decrescent if and only if there exists
a class-k function g such that V (¢,0) = 0 and

V(t,z) < B(||z])

forall ¢ > 0 and all z € B,.(z) (or whole state space).

e.g., V(t,z) = (1+sin*(t))(z? + 22) is decrescent



Stability Theorems

Nonlinear System:

a (1)

Theorem: (a) The equilibrium point z, = 0 at time ¢, of (1) is stable if there exists a
continuously differentiable Ipdf V' such that

V(t,z) <0

forallt > to and all z € B.(x).

(b) If additionally V' is decrescent, then z., = 0 is uniformly stable over
[t07 OO)

e.g., y+9+ (2+sint)y =0 Here zy = 0 is uniformly stable.



Stability Theorems

Theorem: (a2) The equilibrium state xy = 0 of (1) is uniformly asymptotically stable
over [to, 00) if there exists a decrescent Ipdf V such that —V is an Ipdf.

(b) The stability is global if there exists a decrescent pdf V' such that

V(t,e) < —W(x) Vt>to,VxeR"

where W(0) = 0, W(x) > 0 for x # 0.

e.g., 1 =xi1(z{ +z5—1)—z2  Uniformly asymptotically stable

By = 21 + 2o (22 + 22 — 1) but not global (numerical check)



Stability Theorems

Theorem: Let V (¢, z) with V(¢,0) = 0 be decrescent. Let V be Ipdf and V (to,z) > 0
where z is arbitrarily close to 0. Then z, = 0 at time ¢, is unstable.

e.g., 1 =21 — T2+ T1T2
. 2
Ly = —Tg — To

Choose V(z) = (21 — x2)? — 23



Lyapunov’s Indirect Method

Autonomous System: Consider

z = f(z)
z(0) = zg

and the linearized system & = Ax where A is the Jacobian at x, = 0.

Theorem: If f is continuously differentiable and if A is asymptotically stable, then 0
is a locally stable equilibrium point of z = f(z).



Lyapunov’s Indirect Method

Nonautonomous System: Consider
= f(t,x)
z(0) = g

and linearized system ¢ = A(t)z where A(t) is the Jacobian at z. = 0.

Theorem: Assume that f is continuously differentiable and

t
lim sup 11t 2)||
lzl[—0¢>0 ||z

A(-) is bounded

0

Then if the equilibrium point . = 0 of £ = A(¢)z is uniformly asymptotically
over [0, c0), then the equilibrium z. = 0 of 2 = f(¢, x) is locally uniformly
stable over [0, co).



