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Figure 1: Coloring a Planar Graph; A Dual Superimposed

I. Introduction

The Four Color Theorem (4CT) was stated as a conjecture by Francis Guthrie in 1852, who was
then a student of Augustus De Morgan [3]. Originally the question was posed in terms of coloring
the regions of a map: the conjecture stated that if a map was divided into regions, then four colors
were sufficient to color all the regions of the map such that no two regions that shared a boundary
were given the same color. For example, in Figure 1, the adjacent regions of the shape are colored
in different shades of gray.

The search for a proof of the 4CT was a primary driving force in the development of a branch
of mathematics we now know as graph theory. Not until 1977 was a correct proof of the Four Color
Theorem (4CT) published by Kenneth Appel and Wolfgang Haken [1]. Moreover, this proof was
made possible by the incremental efforts of many mathematicians that built on the work of those
who came before. This paper presents an overview of the history of the search for this proof, and

examines in detail another beautiful proof of the 4CT published in 1997 by Neil Robertson, Daniel



Figure 2: The Planar Graph K4

Sanders, Paul Seymour, and Robin Thomas [18] that refined the techniques used in the original
proof.

In order to understand the form in which the 4CT was finally proved, it is necessary to under-
stand proper vertex colorings of a graph and the idea of a planar graph. The formal definition of
a mathematical graph G is simply a set of vertices V(G) and edges E(G) where each e € E(Q)
corresponds to two vertices u,v € V(G). The edge e is often thought of as a connection between u
and v. If u = v then e is a loop, and if e and f connect the same pair of vertices e and f are called
parallel edges. We will not deal with graphs containing loops in this paper: graphs not containing
loops are called simple graphs.

A graph is planar if it can be drawn on a 2-dimensional surface in such a fashion that no two
edges intersect except unless they share a vertex as an endpoint. Planar graphs give a precise
description of graphs that could represent a map. Every map that is drawn on a 2-dimensional
surface can be represented by a graph, but not every graph corresponds to a 2-dimensional map.

It is important to note that planarity is a mathematical property and not simply a matter of
visualization. The structure of a graph is determined by which edges connect which vertices, not
the placement of the edges in a drawing. Figure 2 shows two drawings of the complete graph on four

vertices K4. The first drawing does have a crossing, but K, is planar graph. The second drawing



illustrates how one edge can be redrawn to illustrate planarity. Conditions for determining the
planarity of a graph were completely determined in 1930 by Kuratowski [22], but these conditions
are beyond the scope of this paper.

Figure 1 illustrates how we can represent a map with a mathematical graph: the regions in Figure
1 are associated with solid dots, or vertices, and the edges connecting the vertices correspond to
shared boundaries between the regions. A dual of a planar graph G is the graph G’ where every
v' € V(G') corresponds to a planar region of G and every ¢ € E(G’) corresponds to an edge
separating two planar regions. Usually, this definition of a dual assigns a vertex vy € V(G’) to the
infinite plane in which the drawing of the planar graph G is embedded. But assigning a vertex vg
to the infinite region surrounding G can create loops or parallel edges. Also, assignments such as
that given to vy really do not correspond to representations of maps that we wish to color, as we
do not consider coloring the background of the map. So in this paper we will define the dual of a
map to exclude the vertex representing the infinite region.

With this definition of the dual, the vertices connected by edges superimposed on the map
represent the dual of the map. Then if we represent a map with its dual, we can color the map such
that no two regions with a shared boundary are given the same color if and only if we can color the
vertices of the graph such that no two vertices that share an edge are given the same color. Such
a coloring of a graph is called a proper verter coloring. This is the reason to exclude graphs with
loops and parallel edges in any discussion of the 4CT; they are an unnecessary redundancy when
determining a proper vertex coloring.

Now we are ready to state the 4CT in the form in which it was proved in 1977 and 1997:

Theorem. (The Four Color Theorem) Every simple planar graph admits a proper vertex four

coloring.

The proof by Appel and Haken drew upon ideas and techniques developed by a large community
of mathematicians including Kempe, Heesch, Birkhoff, and Bernhart [3]. Some of these ideas, as
in the case of Kempe chains (see, for example, [22]), surfaced in failed 'proofs’ of the 4CT only

to play a central role in later, successful proofs. The scope of this historical development can be



appreciated by examining the ideas of reducibility and unavoidability.

The ideas of reducibility’ and 'unavoidability’ have appeared in many other papers besides those
of the mathematicians mentioned above. These two key concepts were eventually employed as tools
to prove the 4CT by contradiction. In general, they only make sense when applied to a given set of
finite labeled planar graphs usually called ’configurations’. The conditions for membership in such
a set vary. But universally they are to be shown to be reducible: i.e. no configuration can appear
in a counterexample to the 4CT, but also unavoidable: every such counterexample must contain
a configuration in the set. The motivation for this terminology is explained in greater detail in
Section V.

With their chosen criteria Appel and Hakken found a set of 1476 configurations. Their proof
caused a major stir in the mathematical community because its validity was partly contingent on
the execution of a computer program. Additionally, large parts of the proof could be checked by
hand in theory, but the sheer volume of information involved meant that the probability of human
error far exceeded the probability of computational error on a machine.

A new proof, authored by Neil Robertson, Daniel Sanders, Paul Seymour, and Robin Thomas
was published in the Journal of Combinatorial Theory in 1997. Their proof also used the techniques
of reducibility and unavoidability, but the conditions for membership in their set of configurations
produced a set of size 633. Their proof also uses a computer to verify theorems given in the paper,
but the programs are publicly available and much easier to verify. In conjunction with this project,
an independent set of programs, using the same set of configurations and achieving the same results,
was written by Gasper Fijavz [18].

According to the authors, their original project had been to independently verify the entire
proof given by Appel and Haken. These authors were obviously not hostile to computer assisted
proofs. However, they were sympathetic to the controversy that continued to surround the first
proof of the 4CT for the following reasons: first of all , parts of the 1977 proof were still considered
impossible to check by hand, and secondly, it remained unknown whether a complete independent
verification of the hand-checkable portion had ever been performed. Due to the intractable difficulty

and tedium of reproducing the programming results, they decided it would be more worthwhile,



and in their words “fun” to write their own proof. The outline of the major logical steps in the
1997 proof is basically identical to the outline of the 1977 proof. The key differences between the
two proofs surface in the construction of the set of configurations as well as in the various optimized

techniques derived from the work of other mathematicians, particularly H. Heesch. [19].

II. The Significance of the Four Color Theorem

When the 4CT was originally stated as a conjecture in 1852, it was not readily apparent whether the
issue could be settled through the use of mathematics. The planarity of a graph can be explained
intuitively without invoking higher mathematics. When Euler published his famous formula for
the edges and vertices of planar graphs (which appears in Section VI), graph theory did not yet
exist. The title of the paper in which the formula was published, Demonstratio Nonnullarum
Insignium Proprietatum Quibus Solida Hedris Planis Inclusa Sunt Praedita, translates loosely as
“Proof of some of the Properties of Solid Bodies Embedded in Planes.” So here we see another idea
fundamental to graph theory that arose in a context with a physical interpretation.

But many important mathematical properties are not discovered through a corresponding anal-
ogy to physical human experience. For example, the definition of compactness was a product of
a long struggle of trial and error. The goal was to obtain a definition of compactness that would
translate the useful properties of closed, bounded sets in R™ into more abstract topological spaces.
The definition of a compact space we use now, that every open cover of a compact set has a finite
subcover, is credited to Alexander and Urysohn in 1923 [11]. It is natural then to inquire whether
planarity, an idea that seems to have arisen from the intuitive process of mapmaking, is a useful
mathematical concept.

As the field of combinatorics developed it became apparent that planarity was very important.
This is evidenced by some of the useful objects that have arisen from the study of planarity, such
as the Hamiltonian cycle. A Hamiltonian cycle in a graph G is a cycle with a vertex sequence
v1..v; where vy = v, but for v;,v; such that ,j # 1 and ¢, j # k, v; and v; appear exactly once in
the sequence. In other words, a Hamiltonian circuit traverses all the vertices of a finite graph G,

starting at and returning to a vertex v, without edge repetitions [22].



The idea of a Hamiltonian cycle appears in the famous Traveling Salesman Problem: given the
complete graph K, on n vertices, if each edge e € K, is a assigned a weight w,, one wished to find
a Hamiltonian cycle C' appearing in K, such that }° . B(C) We is minimized. This is an example of
an N P-complete problem involving Hamiltonian cycles. In fact, Hamiltonian cycles have received
considerable attention due to their importance in complexity theory in general [20].

The validity of the 4CT, in turn, is relevant to the study of Hamiltonian cycles. When the
4CT was published in 1977, a paper by Moshe Rosenfeld and Paul R. Goodey titled “Hamiltonian
Circuits in Prisms Over Certain Simple 3-Polytopes” was in the process of being refereed by the

journal Discrete Mathematics. The main theorem of this paper is stated here:

Theorem. 2.1 Let P be a simple cyclically 4-connected 3-polytope. Then the prism over P admits

a Hamiltonian circuit.

A graph is connected if there exists a path between any two vertices u,v € V(G). Here a graph
G is cyclically 4-connected if G cannot be divided into two connected components , each containing
a cycle, by deleting fewer than 4 edges. The prism over G is the graph obtained by making a copy G’
of G and connecting each vertex v € V(G) to the corresponding vertex v’ € V(G'). Sometimes these
added edges are referred to as vertical edges. Equivalently, one can view a prism as the cartesian
product of a graph and a single edge. Then, for example, 3-polytope is merely a polyhedron or

3-dimensional polygon. In [10], the authors use a previous result of Steinitz:
Theorem. 2.2 A graph G is the graph of a 3-polytope if and only if G is planar and 3-connnected.

So [10] essentially shows that planar graphs that are 3-connected and cyclically 4-connected
have prisms that admit Hamiltonian circuits. This result is in fact a corollary of the 4CT which
was proved while the paper was being refereed. However, Discrete Mathematics decided that it was
important to publish the result because unlike the 1977 proof of the 4CT by Appel and Haken, it
it did not rely on the use of computer assistance. In fact, Hamiltonian Circuits in Prisms Over
Certain Simple 3-Polytopes is a relatively terse paper, assuming a minimal familiarity with graph

theory on the part of the reader, and only six pages in length.



Though the known proofs of the 4CT are all quite complex, its statement is quite simple. The
4CT is fairly easy to explain to someone with little mathematical training. Thus one might expect,
on first exposure to the idea, that an elegant, concise proof exists. If this is the case, it has yet
to be discovered. Moshe Rosenfeld characterizes it as “the downfall of graph theory” because its
relative simplicity has led many graduate students to waste years following dead end paths in the
search for glory [20].

The 4CT continues to be of interest to the mathematical community, not only for its relevance
to other conjectures, but also due to the techniques used in proving it. Another proof by Georges
Gonthier published in 2008 also features reducibility and unavoidability as the pivotal ideas in the
proof [9]. However, Gonthier used the Coq formal proof system which encodes the entirety of the
logic behind the proof into a computer and produces a result. This is a distinct technique from the
exhaustive calculation performed in the 1997 proof. While this does little to calm any controversy
surrounding computer-assisted proof, Gonthier discovered some useful new mathematical tools in
the process of formally encoding all logical steps in the proof. For example, he discovered a new

combinatorial definition of planarity, given in terms of an object he defines as a hypermap.

III. The 1997 proof

When undergraduate mathematics students learn the methods of mathematical proof, these meth-
ods are divided into categories such as proof by induction, proof by contradiction, proof by con-
trapositive, and so on. Therefore a natural question arises: how do the methods in the 1997 proof
relate to elementary classifications of proof? This proof is a proof by contradiction. In order to
outline the method used to obtain the contradiction and make precise what is being contradicted,
we must investigate the constructions used in the proof. First we must specify what it means to
assume there exists a graph that violates the 4CT.

A minimal counterexample to the 4CT is a planar graph G that is not 4-colorable, but such that
every subgraph G’ of G where |E(G")|+|V(G")| < |E(G)|+ |V (G)| is 4-colorable. In 1913, Birkhoff
established that any minimal counterexample to the 4CT belonged to a restricted class of graphs:

planar graphs in which every finite region is a triangle and which are 6-connected excluding vertices



of degree 5 [4]. Call this class of graphs €. So assuming a set & of minimal counterexamples exists,
then G C €.

Then since & C €, one immediately acquires a collection of characteristics that further the goal
of deriving a contradiction. Indeed the hypotheses on € motivate the requirements on a set of 633
good configurations, which are essentially a special set of finite graphs with labeled vertices. These
good configurations play the starring role in the 1997 proof.

Let the boundary circuit of a finite planar graph be the set of edges incident with the infinite
planar region in which the finite graph appears. Then the vertex labeling for a given configuration
corresponds to degrees that vertices incident with the boundary circuit of the configuration must
have if the configurations appear as subgraphs of a larger plane triangulation. These hypotheses
require that no good configuration can appear in any graph G € &.

Note that we are not searching for a class of all configurations that cannot appear in &G. Such a
set, clearly infinite, is not necessarily subject to complete characterization. The key is to find a set
of configurations that cannot appear in G but must appear in &. The only set admitting properties
in complete opposition to each other is the empty set, the set that trivially exhibits all properties.
So if we can find the right set of configurations, we can show that & = (). Therefore in [18] is it
shown that any graph G € G cannot contain any of the 633 configurations, and also that any graph
G € € must contain one of the 633 configurations; i.e. they are unavoidable.

In service of proving unavoidability, the authors develop two additional classes of configurations.
They refer to the first as cartwheels, which can be characterized by a few simple properties instead
of explicit construction. The second are referred to as passes. A set of 32 passes denoted P is
characterized in the same manner as the good configurations but with an additional edge labeling
that (i) determines the orientation of the pass when it appears as a subgraph of a larger graph,
and (i¢) relates to an index number. If W is a cartwheel configuration, this index, denoted Np(W),
plays a role in demonstrating the existence of a good configuration in any minimal counterexample.
Thus we arrive at the following outline of the 1997 proof:

I. Assume that a set of minimal counterexamples & to the 4CT exists. Then & C €, as explained

above.



II. No graph in & can contain one of the 633 ’good’ configurations. The authors use a computer
to verify that each of the 633 configurations fall into one of two categories. Then if either type
of configuration appears in a graph G € &, a contradiction is reached using a concise written
argument.

ITI. It was established by Birkhoff [4] that if G € € and v € V(G), there is an induced subgraph
called a cartwheel that relates to v in a unique way. Therefore all graphs in € contain cartwheels.
IV. Let W be a cartwheel. The 32 passes in the set 3 are used to construct an index number
Ng (W) depending on the cartwheel W. This number is chosen so that when Ny (W) > 0, a good
configuration appears in W.

V. Given a graph G € €, there exists a cartwheel W appearing in G where Ny (W) > 0. Since
¢ D G, all graphs in G must also contain a good configuration.

VI. Every G € G cannot contain one of the 633 configurations, but every G € & must contain of
the 633 configurations. This is a contradiction, so & = () and the 4CT is true.

There are a number of techniques used in the proof by Robertson et al. that both avoid
topological complications that can arise when studying plane triangulations and remove potential
ambiguities as one moves between cases. First of all, we know by the existence of the 1977 proof
that the set of configurations serving this purpose is not unique. The contradiction is predicated
neither on the size of the set of configurations nor their particular attributes. They merely fulfill the
required role. Some of the configurations, such as the Birkhoff Diamond (a configuration discussed
in Section IV), appear in both sets. The differences between the two sets arise from differences in
the membership criteria in the two proofs. Thus discovering the most useful membership criteria
was the key factor in reducing complexity for the 1997 proof.

Secondly, there is the issue of the “boundary” of a planar graph and how to solve the problem of
predicting any changes in its chromatic number that might occur when it is a subgraph of a larger
planar graph. The authors deal with these issues by viewing these graphs as drawings on the surface
of a 2-sphere ¥. Then lines on the 2-sphere are homeomorphic to the closed unit interval in R,
open discs are subsets of ¥ homeomorphic to R?, and closed discs are subsets of ¥ homeomorphic

to the closed unit disc in R2.



When a finite planar triangulation G is embedded on ¥ it is not required that G have an external
boundary. When G does have an external boundary we define it as a near-triangulation. Then the
region outside of the boundary is designated infinite as it would be an infinite region when G
embedded in R2. When G is embedded on the surface of 3, the infinite region appears as ¥\ G.

In this fashion planar graphs in R? can be described as embedded on ¥ and terminology from
the standard Euclidean topology on R? can be used without ambiguity [18]. This convention is
reminiscent of the homeomorphic representation of the complex plane on the 2-sphere, where the
north pole represents the point co. In this case the infinite region of a planar graph would be
an open set containing the point co. When the planar graph G has a finite representation, the
embedding of G on ¥ is a set of adjacency relations between finite triangular regions and edges,
in which every edge is adjacent to exactly two triangular regions. Such an embedding cannot be
homeomorphic to a near-triangulation without edge deletions.

At the end of the section of the 1997 proof which proves the reducibility of the 633 configurations,
the importance of the use of ¥ rather than R? becomes clear. First, the authors establish that one
can project a near triangulation S into a triangulation 7" by means of a bijective map ¢ which
maps vertices to vertices, edges to edges, and finite regions to finite regions. Let S be the graph
obtained from a good configuration with its attendant boundary circuit R. Then S appears in a
triangulation T by means of such a bijective map ¢. Next, by omitting the vertices ¢(V (5)) from
V(T), we obtain the induced subgraph H of T. Note H is a near-triangulation just as .S is.

Clarifying the resulting properties of H is essential to the success of this proof because H is
the environment in which an arbitrary (from the set of the given 633) configuration appears. The
boundary circuit R is the same for H and S. Determining the properties of H and R completely
determines the categories into which the infinite ways good configurations could appear in larger
graphs must fall. Informally, one can view this process as turning the 2-sphere ¥ “inside out.”

Furthermore, considering the topological properties of embeddings of graphs on X prevents
difficulties from arising when one considers the issue of unique representations for the 633 good
configurations. The authors define two configurations K and L to be isomorphic if there is a

homeomorphism of ¥ from K to L that also preserves the vertex labeling. So a good configuration

10



only needs to be isomorphic to a configuration appearing in their set explicitly described in the
appendix. As is the example of K, in the introduction, there are certain structural qualities of the
configuration that are relevant, but for our purposes the way it is drawn is immaterial.

Another consideration is the use of ’tri-colorings’ instead of proper vertex 4-colorings. Let G be
a plane triangulation or near-triangulation. A function k is a tri-coloring of G if for every {e, f, g} C
E(G) such that e, f, and g are incident with a finite triangular region of G, {x(e),x(f),x(g)} =
{=1,0,1}. Robertson et al. chose tri-colorings for their proof because they are easier to program
than vertex 4-colorings. The equivalence of tri-colorings and vertex 4-colorings was first observed
by Tait in 1880 [21].

Let G be a triangulation or near-triangulation. If 8 : V(G) — {a,b,c,d} is a proper vertex
4-coloring of of G, let e € E(G) be denoted as e = (u,v) where u,v are the vertices incident with

e. Then we can define k : E(G) — {—1,0,1} in the following manner:

—1 if{B(u), B(v)} = {a, b}
—1 if{B(u), B(v)} = {c, d}
0 iff{A(u), B(v)} = {a,c}
0 if{(w), B(v)} = {b,d}
L if{B(u), (v)} = {a,d}
1 if{B(u), B(v)} = {b, c}.

So k is a well-defined mapping that fulfills the desired correspondence. There are

4 4!
(2)‘2!2!_6

ways to choose 2 colors from 4 colors. If the ordered pairs in the image of « are viewed as distinct

objects, then k(—1), x(0), and k(1) are pairwise disjoint.

11



Figure 3: The Birkhoff Diamond

IV. The Birkhoff Diamond

In the 1997 proof, there is an appendix providing illustrations of set of 633 configurations. As
explained above, a good configuration only needs to be isomorphic to a configuration appearing in
this set. The very first configuration appearing in the appendix is a particularly famous example
of a reducible configuration known as the Birkhoff diamond, illustrated in Figure 3. Following the
notation of [18] which was in turn developed by Heesch [12], the fact that the external vertices are
drawn as enlarged dots is significant. In this particular illustration this signifies that the external
vertices of the diamond must have degree 5 when the diamond appears in a larger triangulation.

This configuration also appeared in the 1977 proof by Appel and Haken [1].

The Birkhoff diamond is named for G. D. Birkhoff. It appeared as a special example of reducibil-
ity in his 1913 paper The Reducibility of Maps [4]. Tt is instructive to investigate his definition of
reducibility. But the terminology used in [4] is different than the terminology used in the 1977
and 1997 proofs. In this section we omit explanation of some of these differences for the sake of
brevity, but find it illustrative to make the following observations. In order to avoid conflicting use
of terminology, we use the word “face” to denote the areas of a map, contained within boundaries,
that Birkhoff referred to as “regions.” In [4], vertices are equivalent to faces of a map, and edges
are equivalent to shared boundaries between two faces. A map is then equivalent to a graph, where
faces are logically equivalent to vertices and shared boundaries are equivalent to edges. Note that,

by using our modified definition of a dual given in the introduction, we can identify a graph as a
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dual of Birkhoff’s map.

Furthermore, Birkhoff defines a ring to be an arrangement of n faces aj, ..., a,, where n > 3 and
each of the n faces has at least two boundaries: given ay, o has a boundary with aj41 and ag_1.
Furthermore this ring is 'closed’: to be precise, if k = n, take k+1 =1 and if k =0, take k — 1 to

be n. The next definition from [4] shows how Birkhoff defined the class € in his paper.
Definition 1. A map is regular if

1. no more than three faces meet at any given point,

2. every region is simply connected,

8. no two or three faces form a “multiply-connected” face, and

4. every face has at least five boundaries with other faces.

Here condition (1) corresponds to triangulations or near-triangulations, and condition (4) cor-
responds to the requirement that all graphs in € be 6-connected except for vertices of degree 5.
Condition (2) merely confirms our interpretation of faces as vertices in contemporary graph theory.
Condition (3) requires a definition of multiply-connected: a multiply-connected region simply has
no holes; i.e. no face of a graph in Birkhoff’s description of € can share a boundary with two faces

that do not share boundaries with each other.

Definition 2. Let M be a map appearing in a reqular map, and let R be a ring appearing in M.
Let My and My be the two disjoint sets of faces comprising M \ R. Let A; and Ay represent the
sets of possible J-colorings of the faces of M1 U R and My U R respectively. If Ay N As # 0, then R

is reducible.

Thus the problem reduces to finding the characteristics of R. Recall that in the 1997 proof, a
near-triangulation H was constructed by imbedding a near-triangulation S into a triangulation 7'
and then deleting the vertices of S not appearing in the boundary circuit R.

If either M1 UR or M>UR appear as a subgraph of any graph M € €, we see that M has a proper

4-coloring. We then see the relevance of Birkhoff’s definition of reducibility to the most recent proofs
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of the 4CT: recall that a configuration K is reducible if K cannot appear in a counterexample to
the 4CT. But in Birkhoff’s original paper on the “reducibility of maps” [4] reducibility is a quality
assigned to the ring R, and in the 1997 proof reducibility is a quality assigned to a configuration
K.

To aid in comparison, we give here the definition of a configuration as it appears in the 1997

proof. Recall that the infinite region denotes ¥ \ G. Here we take G = G(K):

Definition 3. A configuration K consists of a graph G(K) which is a subgraph of a graph H

where H € € and a map vk : V(G(K)) — N with the following properties:

1. for all v € V(G(K)), G(K) \ v has at most two components, and if there are two, then

vi (v) = d(v) + 2.

2. for allv € V(G(K)), if v is not incident with the infinite region, then vk (v) = d(v). Other-

wise, Yk (v) > d(v), and in all cases v (v) > 5.

3. K has ring-size > 2, where the ring-size is defined to be ) (yx(v) — d(v) — 1) summed

over all vertices incident with the infinite region such that G(K) \ v is connected.

So the function -y denotes the vertex labeling for the configurations that we described above in
the overview of [18]. We see y(v) > d(v) precisely when v appears in the the boundary circuit; thus
~ denotes how many neighbors such a vertex must have when the configuration appears in a larger
triangulation. Note that condition (i%) requires y(v) > 5 for all v € V(G(K)). This reflects the
requirement that for any graph G in the class €, G must be 6-connected excepting vertices of degree
5. The authors refer to this condition as being internally 6-connected. It is easier to understand

this condition as being equivalent to the exclusion of short circuits in G: short circuit:

Definition 4. A short circuit of a triangulation T is a circuit C such that |E(C)| < 5, and such
that both of the open regions A of ¥ bounded by E(C), ANV (T) # (0. Furthermore, |ANV(T)| > 2
if |[E(C)] =5.

Therefore if a short circuit C' appeared in a triangulation 7', one could disconnect 7" by removing

V(C), where |V(C)| < 5. In the 1997 proof, the authors in fact give a 4-coloring algorithm of a
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triangulation beginning with a short circuit.

Examining the 633 configurations in the 1997 proof, the ring-size given in the above definition
corresponds to the ring R described in Birkhoff’s paper in the following manner: First of all, we
must recall that vertices are equivalent to the faces of Birkhoff’s map, and edges are equivalent to
the the shared boundaries of the faces. If K is taken to be My, then the labeling 7, determines
the structure of R. By the original hypotheses in both Birkhoff’s paper and the 1997 proof, K U R
must be in €. Thus each region must be a triangle. Along with the labeling yx this fact determines
the exact number of vertices in R.

It is important to note that the ring R given in Birkhoff’s definition corresponds to the ring
R in the free completion S of M. Here is the definition, edited for brevity, given in [18] of a free

completion of a configuration K:
Definition 5. A near-triangulation S is a free completion of K with ring R if
1. R is an induced circuit of S bounding the infinite region of S.

2. K is an induced subgraph of S, K = S\ V(R), and the infinite region of K includes the set
V(R)UE(R),

3. if a vertex v of S is not in V(R), then v has a degree corresponding to the vertex labeling of

K.

So the ring R in [18] describes the manner in which K appears in a larger triangulation.
Therefore we view S as My U R. In fact, if M; is a configuration in the sense of the 1997 proof
and the ring R in the free completion of M; has n vertices, then R has n faces in the lexicon of
Birkhoff’s paper. Let M; to be a reducible configuration. Then we see that M; cannot appear in
a minimal counterexample to the 4CT, as all such counterexamples are in €.

In order to fully understand Birkhoff’s definition of reducibility, we must examine the notion of
a Kempe Chain. A.B. Kempe originally employed these chains in his 1879 paper on the 4CT which
was, at the time, accepted as a valid proof of the 4CT [15]. P.J. Heawood soon discovered a flaw

in Kempe’s proof, but used his technique of examining chains of vertices in alternating colors to
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prove that five colors is always sufficient for a proper coloring of a planar graph. Therefore, when
Birkhoff published his paper on the reducibility of maps in 1913, he was attempting to improve
on this result (by showing four colors are always sufficient) using similar techniques. In turn, the
notion of Kempe Chains is relevant to the techniques used in the 1997 proof, so we will examine
this notion in detail.

One modern definition of the Kempe Chain is given in [22]: first a path is a loopless graph
without repeated edges where all vertices are ordered such that two vertices are adjacent if and
only if they are consecutive in the ordered list. Then a path in which all vertices are colored with
two alternating colors is a Kempe Chain. Note that the chain is not required to be open or closed.
Birkoff’s definition of the Kempe Chain was given in terms of faces of a map. According to Birkoff
[4], given a map M colored in four colors a, b, ¢, and d, an a,b chain is a set of faces determined by
one face r, colored by a together with all faces r € R(M) colored by a or b such that r is adjacent
to r, or r is connected to 7, by a set of faces colored by a and b.

Kempe Chains are useful because, given a proper 4-coloring of a map, interchanging the colors
a and b produces a new proper 4-coloring of the map, as none of the faces colored by a and b are
adjacent to a face colored by a or b after such a permutation. If a map is colored by four colors, then
each face of the map belongs to one of (g) = 6 types of chains. As Birkhoff observes, permutations
of the four colors only result in significantly distinct colorings when there exists exactly one of each
of the six types of chains in the map.

Birkhoff makes another definition that is relevant here: an a,b line is an equivalence relation
between two regions that belong to the same a, b chain. The set of all such lines together with the
colors assigned to the faces of the ring R form what Birkhoff refers to as a scheme. Then using
the terminology given above, write a map M as M = M; U RU M,. We replace M with a map
M7 UMy where the boundaries of the faces of R incident with faces in M5 \ R are identical to the
boundaries of faces in R incident with faces in M5 \ R. However, we still assume 905 to be finite.

Birkhoff argues here that given a set A of essentially different colorings on 91, U R, there is a
set I C A of colorings of MM, U R restricted to R that are compatible colorings for M; U R restricted

to R. Interchanging M; for Ms, we define My U 91y in an identical fashion. Then given a set B
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of essentially different colorings on 9t; U Ms restricted to R, we obtain a set II C B where I]
are compatible colorings of My U R restricted to R. Then if I N II # (), R Birkhoff defines R to
be reducible. Furthermore, he notes that we have reduced the question of coloring M to coloring
maps in fewer regions, namely M; and M; as long as the “exterior” boundaries of R remain fixed
in number. Therefore reducible is a logical choice for terminology.

Recall that in the discussion above in Section III of the techniques used in [18], we explored the
idea of a corresponding projection of a near-triangulation S into a triangulation 7', and then a new
near-triangulation H is obtained by deleting the vertices of S not appearing in the boundary circuit
R. Just as the boundary circuit R is the same for H and S, R is the same for 2, and 9,. So
Birkhoff is actually using the same idea, determining all possible appearances of R by the qualities
of My and IM,.

Using the technique of schemes, Birkhoff shows that no regular map that contains a either a ring
of four regions or a ring of five regions about a single region can appear in a minimal counterexample.
The proof is too lengthy to describe here, which is hardly surprising considering that a O(|V (T')|?)
running time algorithm for constructing a tri-coloring of a triangulation beginning with a short
circuit appears in the appendices of the 1997 proof. Yet Birkhoff still establishes the nature of €
given above: all triangulations appearing in € must be internally 6-connected.

Birkhoff determines the nature of € in order to further the goal of proving the 4CT. After
showing the rings of size 4 and 5 cannot appear in a minimal counterexample because they are
reducible, rings of size 6 are considered. At this point Birkhoff notes that if one “comes to the ring
R of k regions from one side” where k > 6 but k is “small”, then one must consider the “possibly

)

complex 7 map on the other side of R. Without a method readily at hand to reduce rings of size

greater than or equal to 6, Birkhoff states the following possibilities for maps in €:

1. There exist maps which cannot be colored in four colors, a leading feature of the
simplest one of them perhaps being a ring of six regions with more than three regions
on either side. By the method of reduction one will always be led either to a coloring
of the given map, or to one or more maps that can not be colored.

2. All maps can be colored in four colors and a set of reducible rings can be found,
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Figure 4: Birkhoff’s Drawing of the Diamond

one of which exists in every map.
3. All maps can be colored in four colors, but only by means of reductions of a more

extensive character, applicable to sets of regions bounded by any number of maps.

So we see a rather astute prediction of the form the eventual proof of the 4CT would assume in
statement (3).

Now we return to the Birkhoff diamond. Figure 3 shows the enhanced bold vertices denoting
the fact that the vertices of the diamond have degree 5 in the free completion. The diamond has
4 vertices. Then using Birkhoff’s terminology, we describe the diamond as M; where M; consists
of 4 faces each having 5 sides, and the boundary circuit R of the diamond is as ring of 6 faces.
Birkhoff’s illustration appearing in [4] of M7 U R in [4] appears in Figure 4 (the caption “FIG 2” is
from the original illustration).

The faces ; are the vertices of the diamond itself, and the faces «; belong the ring R. Using
his technique of schemes developed through Kempe Chains, Birkhoff then shows that the ring R is

reducible with respect to M7, the diamond.
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V. Reducibility in the 1997 proof

It is not readily apparent why the use of a computer was necessary to formulate a successful proof
of the 4CT. But on examination of the rich variety of possibilities of planar graphs, it becomes clear
that even within the restricted category € a clever approach is necessary to ensure that all possible
cases have been treated. Birkhofl’s rather elegant proof that the diamond is reducible runs about
two pages. If a similar proof were given for each of the 633 configurations appearing in [18], one
would need to read between 1200 and 1300 pages to verify just the reducibility component of the
argument.

Suppose one wished to generate a ’human proof’ of the 4CT, i.e. a proof consisting of logical
steps that could be interpreted in a reasonable amount of time and represented in prose. Then
it would be essential to find a set of conditions indicating whether or not a planar triangulation
admits a tri-coloring. A common paradigm familiar to students of mathematics is proof by cases.
For human proofs, we refine definitions and reformulate hypotheses to obtain manageable lists of
cases. A human proof that can be reasonably checked by another human being should contain far
fewer than 633 cases.

However, the 633 good configurations used in the proof by Robertson et al. should be viewed
not as a set of cases but as a tool to exhibit the contradictory nature of &. This is accomplished by
dividing the configurations into two types, determined by methods by which they are shown to be
reducible: either a configuration is D-reducible or it has a contract. (The categories are disjoint).
For an analogy, consider the rational numbers Q and the integers Z. Given the definitions defining
Q and Z, we can prove countability, existence or non-existence of multiplicative inverses, and so
on. These are infinite sets, but they are based on definitions that allow consistent logical reasoning.
Similarly, we can use the definitions of D-reducible and contracts to derive other properties; in this
case to show they cannot appear in any graph belonging to 6. An important difference is that each
of the configurations must be shown to have membership in one of the categories, whereas most
proofs using integers and rational numbers categorize these numbers by more general properties.

Although the purpose of the sets of configurations in the 1977 proof and the 1997 proof were the
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same, the salient criteria describing the configurations were different. Notably, the configurations
in the 1977 proof were divided into more than two categories. In both of these proofs, a computer
program was used to determine which categories the configurations belonged to. Once each set of
configurations was classified, a human-readable argument could be produced by treating each clas-
sification type as a separate case. For the 1997 proof, this meant showing that neither D-reducible
configurations nor those having contracts could appear in an internally 6-connected triangulation.

Recall that by determining the free completion (defined in Section IV) the vertex labeling of
K describes a unique boundary circuit R. Considering the coloring possibilities both with and
without the addition of the boundary circuit R is one way to classify possibilities for colorings of
all graphs; the toolkit developed based on this perspective allow the 633 configurations serve as a
logical classifier instead of a set of cases.

As part of this toolkit the authors introduce the concept of a signed matching for a general
circuit graph. Let R be an arbitrary circuit graph. A match {e, f} is an unordered pair of distinct

edges in E(R), and a signed match is an ordered pair ({e, f}, ), where p =1 or —1.

Definition 6. A signed matching in R is a set of signed matches such that if ({e, f},pn) #
({e', f'}, 1) then

1. {e,f}n{e, '} =0, and

2. if E(H)=E(R)\{¢, f'} and G(H) = G(R), e and f belong to the same connected component

of H.

In other words, pairs in the signed matching must be distinct pairs, and when a pair of edges
(e, f) in a match is removed from F(R), no other pair of edges in the signed matching can be
separated by the removal. Recall that edge-colorings use three colors, denoted for convenience as
belonging to the set {—1,0,1}. We require a method to relate permutations of the three colors in

edge colorings of a circuit R.

Definition 7. Given 6 € {—1,0,1}, an edge coloring k of E(R) is said to 0-fit a signed matching

M for R if
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1. E(M)={e€ E(R) :k(e) #0}, and

2. for every ({e, f},n) € M, k(e) = k(f) if and only if p=1.

The idea behind the above definition is to fix one color, and then provide an indicator for the
similarity or difference of the remaining two colors. The choice of © = 1 to denote a correspondence
for equality of x(e) and s(f) is arbitrary, {—1,1} is simply a two-element set that represents a
switch. The ’base position’ is set to 1. The significance of this construction is that it is employed
to formulate the definition of D-reducible configurations; signed matchings are used to determine
whether or not a set of edge-colorings is consistent. The use of permutations between edge-colorings
is reminiscent of the Kempe Chain.

Let S and R be defined as in Definition 1.

Definition 8. A set C of colorings of E(R) is consistent if, given an edge-coloring k € C and
fizing 6 € {—1,0,1}, a signed matching M exists such that k 0-fits M. Furthermore, it is true that

C contains every edge-coloring that 0-fits M.

In other words, if C is consistent, the existence of the signed matching M such that x 6-fits M is
equivalent to C containing all such matchings. Given a D-reducible configuration K, this definition
of consistency is used to determine the behavior of the ring R in the free completion S of K when S
is a subgraph of a larger graph. This issue surfaces when one considers the instance of S appearing
in a larger triangulation 7', as outlined in Section II.

Now that we have laid out some preliminary definitions, we can formally define the term D-

reducible.

Definition 9. Let S be a free completion of a configuration K with ring R. Let C* be the set of all
tri-colorings of E(R) and let C be the set of all restrictions of tri-colorings of E(S) to E(R). If the

mazimal consistent subset of C* —C = C' is empty, then K is D -reducible.

Definition 10 simply states that for a D-reducible configuration, the edge colorings of the ring
R all fall into a single category with useful and identifiable properties. The definition may appear

counterintuitive, but was carefully constructed for a specific purpose.
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Next we will look at how computer assistance would be useful for determining whether or not
a configuration is D-reducible. Let R be a circuit. Let £ be a set of tri-colorings of E(R). An
algorithm for finding the maximal consistent subset I' of £ can be outlined as follows:

1. Make a copy of £, call it £'.

II. Choose k € £'. Check to see if there exists a matching M such that x -fits M. This is possible
because since R is finite, and § € {—1,0, 1}, there are a finite number of possibilities for signed
matchings on E(R). If none of the possible signed matchings on F(R) #-fit x, discard x and choose
another element of ¢ to check. If there exists a signed matching M such that x 6-fits M, then
proceed to step III.

III. Generate the set « of all the edge-colorings that 6-fit M.

IV. Check to see that @ C £. If not, then delete x from ¢'. If so, then x € T'. Place x € T and
return to step I, choosing the next element of ¢’

V. The algorithm terminates when ¢’ is empty. The elements of I are then determined once the
algorithm terminates.

To show a configuration K is D-reducible, one must show that the maximal consistent subset
of C’ is (. So it is necessary to determine the set C of all tri-colorings of E(R) restricted to E(S)
and the set C* of all tri-colorings of E(R) is order to obtain C’. Then running the algorithm on C’
will determine whether or not K is D-reducible.

The sets C* and C can be determined by the use of basic combinatorics. These actions can be
performed by hand, but take time, which suggests the use of a computer. Similarly, the algorithm
given above could be performed by hand, but would be very tedious.

Less than 100 of the 633 configurations are contracts. Just as we saw with D-reducibility, the
definition of contract requires several preliminary definitions and we omit the details. The contract
was based on a type of reducibility used in the 1977 proof known as C-reducibility. Once the D-
reducible configurations are determined from the set of 633, the remaining configurations can be
verified to be contracts by running a similar type of algorithm on edge-colorings of rings and free

completions.
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Figure 5: An (Unavoidable) Cartwheel

VI. Unavoidability in the 1997 Proof

In order to understand how the concept of unavoidability is employed in the 1997 proof, we must
define a cartwheel. First note that by definition, an induced subgraph is a subgraph obtained through
vertex deletion [22] . Equivalently, given a subgraph H of a graph G, H is an induced subgraph of
G when for all vertices u,v € V(H), (u,v) € E(H) if and only if (u,v) € E(G).

Definition 10. A cartwheel is a configuration W such that there exists a vertex w € V(W) and

two circuits C1,Cy in G(W) with the following properties:
1. {w}, V(C1) and V(C2) are pairwise disjoint, and V(G(W)) = {w} UV (C1) UV (C2),

2. C1 and Cy are both induced subgraphs of G(W), and an edge e € E(G(W)) is incident with

the infinite region surrounding G(W) if and only if e € E(C53),
3. w is adjacent to all vertices of C1 and no vertices of Cs.

Figure 5 shows a cartwheel. In this instance, the vertices represented by open circles belong to
C7 and surround the vertex w at the center. The vertices drawn as dark circles around the outside

belong to Cy. The vertex w is referred to as the hub of the cartwheel, and plays a special role in
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the process of discovering good configurations in potential minimal counterexamples. The authors
of the 1997 proof rely again on a result from the 1913 paper by Birkhoff[4]: for any vertex v of a
graph T € €, v is the hub a unique cartwheel W, which is a subgraph of T'. These cartwheels are

used to search for the 633 configurations in graphs that belong to €.
Definition 11. A pass P is an ordered quadruple (K,r,s,t) where
1. K is a configuration,
2. re{l1,2},
3. s,t are distinct adjacent vertices of G(K), and

4. for allv € V(G(K)), there exists a path P from s to v and a path Q from t to v such that
|[E(P)| <2 and |E(Q)| < 2.

Note that P is ordered. The vertex s is the source of P, and t is the sink of P. Together s and
t give a directed edge labeling. It is useful to think of a pass as a configuration with an additional
edge labeling that, being ordered, also indicates the orientation of the configuration when it appears
in a triangulation or near-triangulation.

The proof of the unavoidability of the 633 good configurations employs an index number Ny (W),

where W is a configuration and 3 is a set of passes.

Definition 12. Let W be a cartwheel and let w be the hub of W. Let v be a vertex labeling of W.
Given a set of passes B, define Nyp(W) as

Ny(W) = 10(6 —v(w)) + »_r(P): P €%, P appears in W,t(P) = w—

Z’/‘(P) : P € B, P appears in W, s(P) = w.

Let us examine in detail the definition of Ny (W), which at first glance seems rather arbitrary.
Though only one set of passes appears in the 1997 proof, the index number Ng (W) is defined for a

general set of passes. The reason for this is that Ngz (W) is shown to be positive for any set of passes
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using an inequality known as Euler’s formula for planar graphs. By designing Noz(W) in the proper
fashion, an application of Euler’s formula for planar graphs is concise and easy to read. Then, the
construction of the specific set P of which Ny (W) is calculated is predicated on the utility of a
positive value for Ny(W). Therefore, in order to understand why Ng (W) was constructed in the
above manner, we need to understand Euler’s formula for planar graphs.

This inequality originates in a paper published by Leonhard Euler in 1758 [7]. First we state

the following theorem, paraphrased as it appears in [22]:

Theorem. 6.1 (Euler[1758]): Let G be a connected planar graph with n vertices, e edges, and f

finite regions. Thenn —e+ f = 2.

From Theorem 6.1, one obtains the following result, which is referred to as “Euler’s formula” in

the 1997 proof:

Theorem. 6.2 Let G be a simple connected planar graph with |V (G)| vertices and |E(G)| edges,
where |V(G)| > 3. Then |E(G)| < 3|V(G)| — 6.

Now we consider again the fact that Nog(W') > 0 is important in the 1997 proof. By keeping the
set of passes arbitrary for this particular result, the the authors shorten this portion of the proof:
it relies on definitions instead of checking 32 cases. The proof of the Theorem 6.3 is paraphrased

from [18]:

Theorem. 6.3 Let T € €, and let P be a set of passes. Then the sum of N (W) over all cartwheels

W appearing in T s 120.

Proof. For each v € V(T), where T € €, v is the hub a unique cartwheel W, which is a subgraph
of T, by the result of Birkhoff mentioned earlier in this section. Let P € 9 be such that the
configuration K (P) for P appears as a subgraph of T' with the source vertex s. First we must show
that K (P) appears as a subgraph of the cartwheel with hub s, denoted Wi.

By the definition of a cartwheel, Wy contains all vertices v € V(T') such that there is a path
from s to v containing no more than two edges. Part of the definition (condition (iv)) of a pass is

that there is a path containing no more than two edges from s to every vertex in V(K (P)). So we
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see that V(K (P)) C V(W;). Now since K(P) is a subgraph of T, E(K(P)) C E(T). Since K(P)
is an induced subgraph of T', E(K(P)) C E(W,). To show that K(P)) is a subgraph of W, we
must still prove that F(K(P)) C F(Ws), where F(G) denotes the finite regions of a graph G.

Let f be a finite region of K(P)). Since K (P) is a subgraph of T', F(K(P)) C F(T). Assume
for contradiction that f is not a finite region of W,. Then f must be a subset of the infinite region
bounding Wy (viewing Wy as a near-triangulation). Since E(K(P)) C E(W;), for e € E(T) such
that e is incident with f, e € E(W;). Therefore all regions (finite or not) of Wy are regions of T,
and Wy = T, contradicting the fact that Wy must have a ring with at least two edges, because
the configuration K(P) is a subgraph of W,. So f must be a finite region in W, and K(P)) is
a subgraph of W,. So using this conclusion about passes appearing in cartwheels we obtain the

following:
(4) ZT’(P) : P eP, P appears in T =
Z (Z r(P): P € P, P appears in W,,, s(P) = v) .
veV(T)
The equality (¢) holds because any W, must be a subgraph of T. By an identical argument the

same equality holds when ¢(P) replaces s(P). Then

Z Nyp(W,) = 10(6 — yw, (v) + ZT(P) : P € B, P appears in W, t(P) = v
veV(T)

- (ZT(P) . P € B, P appears in W, s(P) = v) -
10(6 — yw, (v) + Y _r(P): P € %P, P appears in Wy, s(P) = v
- (Zr(P) . P € 0, P appears in W,, s(P) = v)
= 10(6 — yw, (v).

Now let |V(T)| = n. For all v € V(T'), the degree of v in T must equal the degree of v when

it is the hub of W, because the hub is not incident with the infinite regions surrounding W,. So
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Yw, (v) = dr(v). Here is where Euler’s formula is crucial. First we use the degree-sum formula:

BT =5 Y drl).

veV(T)

Then by Euler’s formula:

> dr(v) =2|E(T)| = 6n — 12.
veV (T)

We conclude by returning to the definition of Ny (W, ):

> Nyp(W,) = 60n — 10(6n — 12) = 120,
veV(T)

O

So to complete the section proving unavoidability in [18], the authors produce the set of passes

explicitly constructed so that the following holds:

Theorem. 6.4 Let T € €, and let P be a set of passes. Then there is a cartwheel W appearing in
T such that Ng(W) > 0.

Then, it is shown that all cartwheels with Ny (W) > 0 must contain one of the 633 good
configurations. To work with the set of all possible cartwheels in a manageable fashion, the authors
use the fact that all cartwheels in all possible triangulations and near-triangulations have a hub of
finite degree. In [18], the cases with cartwheels with hub v such that d(v) < 6 or d(v) > 12 are
proved using human counting arguments. The tedious (and therefore computer-assisted) portion of

this section is showing that

Theorem. 6.5 Let W be a cartwheel with Nogg(W) > 0 and with hub w such that 7 < yw (w) < 11.

Then a good configuration appears in W.

With all possible degrees for cartwheel hubs addressed, we see that any minimal counterexample
to the 4CT, i.e. any triangulation T' C &, must contain a good configuration. Since no such 7" can

contain a good configuration, the set G is empty, and the 4CT is proved.
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Conclusion

The 1977 proof by Appel and Haken synthesized a number of techniques developed over the course
of more than a century. The 1997 proof by Robertson, Sanders, Seymour, and Thomas employed
the same logical approach, refining and synthesizing techniques developed by their mathematical
forebears. The 1997 proof is a significant achievement, and its formulation required a deep famil-
iarity with the details of the previous work on the 4CT rather than a cursory understanding of a
list of results. Without the efforts and achievements of Euler, Kempe, Heawood, Heesch, Birkhoff,
Tait, and many others, these proofs of the 4CT would not have been realized.

When studying the history of the 4CT, we see that a significant contribution to a mathematical
discipline may not always be immediately recognized. The original conjecture by Francis Guthrie
seemed trivial, and could not be stated using the mathematical language of his time. Yet the
search for an answer to his question contributed to the growth and development of combinatorics.
Another example of a mathematical idea that was underestimated is Kempe’s 1879 attempt to prove
the 4CT. Though Kempe’s proof was incorrect, Gethner and Springer showed in 2003 [8] that his
algorithm produced proper 4-colorings on every graph with at most 9 vertices. Most importantly,
Kempe’s techniques and approach played an important role in the eventual solutions to the problem.

It is not known if a “short” proof of the 4CT, i.e. one that does not require computer assis-
tance, will ever be discovered. It is surprising that the result by Goodey and Rosenfeld stated as
Theorem 2.1 [10] can be proved in a six-page article, but a hand-written proof of the 4CT using the
techniques of [18] would be thousands of pages in length. Yet there is an obvious analogy between
the development of calculators to perform basic arithmetic and the use of computers to determine
parameters that can be used in human-readable arguments. For this reason, computer assistance
will continue to be a driving force in mathematical research.

Another recent example of computer assisted proof appears in the work of Thomas Hales. Hales
published a computer assisted proof of Kepler’s conjecture in 1997. Dating back to 1611, this
conjecture stated that the densest possible packing of spheres in 3-dimensional space was achieved

by the “family cannonball” arrangement. This arrangement is easily visualized as a natural pyramid
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arrangement of oranges or apples in a grocery store. This is also known as the face-centered
cubic packing [13]. Hales’ proof required computer assistance because it examined a set containing
thousands of possible sphere configurations referred to as Delaunay stars.

The story of the Kepler Conjecture is similar to the story of the 4CT in many ways. On the
surface, it seems that an elementary solution should exist for 3-dimensional sphere packing, partic-
ularly since the idea of the problem is very easy to grasp without the use of advanced mathematics.
Yet it took almost 400 years for a successful proof to be developed. As in the proof of the 4CT, the
assistance of the computer serves to create a tool for a human-readable argument, though it should
be noted that the strategy of Hales’ proof is different. Instead of classifying the sphere packings
into a small number of categories that can be used in a human-readable discussion, Hales uses a
computer to establish a bound on an index assigned to each one of the Delauney stars. This bound
is then employed in his main argument.

Recent activity demonstrates that we have more to learn by continuing to study the 4CT.
In 2008, Georges Gonthier published a ’formal proof’ of the 4CT [9]. A formal proof system
encodes into a computer the propositional logic used to determine why the proof is true, as well
as the commands that establish what is true. This approach, according to Gonthier, reduces the
probability of programming error. However, it must be noted that formal proof differs considerably
from computer-assisted proof. Computer-assisted proof relies on humans to perform the logical
deductions based on calculated results, while formal proof encodes these deductions.

The story of the 4CT shows that mathematics is a social activity. We rely on the discoveries
both of our contemporaries and of those who came before. Progress in this discipline occurs when a
commitment is made not to give up without an answer. A commitment to solving the problem must
be made by the community, not just by the individual. It is often not clear whether the question
being asked or the answer itself is more important; similarly, it is difficult to know whether a specific
result will be more important than the techniques used to derive it. These distinctions cannot be
properly made without the passage of time. Fortunately, few things excite mathematicians as much

as a question that has yet to be answered.
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