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1. INTRODUCTION. The classical eigenvalue problem for the Legendre Polynomials is
DE: (1-x)y) +ay=0, —1<x<1. 1)

This is a singular Sturm-Liouville problem. Because- £1 are singular points, no explicit boundary conditions
are given at these points; instead it is required $i{&) andy’(x) remain bounded as — +1. It is well known
([1. p. 186], or [4, p. 325]) that this boundedness condition implies that the eigenvalues must be

A=nn+1),n=0 1,...

and the corresponding eigenfunctions are the non-zero multiples of the Legendre polyriiialshich form
an orthogonal set on the intervall < x < 1. Another proof of this fact will be given at the end of this paper.
We are mainly interested in the eigenvalue problem

DE: (1—x?y) +iy=0 a<x<lwhere—l<a<1

BC:y(a) =0, y(x) andy'(x) bounded ax — 1. @
Many books discuss the case wher= 0 where it can be shown [1, p. 192] that the eigenvalues are given by
A= (2k+1(2k+2), k=0, 1,... and the corresponding eigenfunctions are the odd Legendre polynomials
Par1(X) which form a orthogonal set on the intervakOx < 1. In this paper we consider the case whe# 0.
This problem is actually solved in the Hobson treatise [4, p. 444] but seems not to be considered in current
textbooks for first courses in boundary value problems or "Advanced Mathematics for Engineers”. The reason is
clear; the solution requires Legendre functions of arbitrary degree which are not usually considered in such texts.

As will be seen below, this problem provides a nice example of the use of Frobenius series, the Legendre func-
tions of arbitrary degree come up naturally in the solution.. In addition, using a modern comprehensive computing
environment such as MAPLE, we can readily find approximations to the eigenvalues, plot the eigenfunctions and
test the eigenfunction expansion for specific functions.

The classical problem (1) arises in finding the steady state temperature in a solid homogeneous sphere with
given temperature on the surface, assuming the temperature is symmetrical about a diameter [1, p. 193-196].
The problem (2) arises in finding the steady state temperatures in the portion of a sphere cut off by a concentric
right-circular cone, where the temperature on the spherical surface is assumed to be symmetrical about the axis
of symmetry of the cone and sphere; the temperature on the surface of the sphere is given and the temperature on
the surface of the cone is 0 [4, p. 444].

2. SOLUTION OF THE EIGENVALUE PROBLEM. ltis shown in [2, p. 294] that the eigenvalues,of
problem (2) are nonnegative. It is easy to check that 0 is not an eigenvalue so that the eigenvalues are all
positive. Following the usual custom we write= v(v 4+ 1), wherev > 0 is a real number.

DE: (1—x®)Y) +v(v+1y=0a<x<1 (-l<a<l),

3
BC: y(a) = 0, y(x) andy'(x) bounded ag — 1. &)

Sincex = 1 is a regular singular point we look for a solution as a Frobenius series about this point. To facilitate
computations lex — 1 =t and express the differential equation (3) in terms.dfhe equation becomes

(t2+20)y) —vw+1y=0 (4)

1



wherey is considered as a function af We look for a Frobenius solution of the form
oo
y= Zakt"+°‘ =aot” + gttt + .-, a £ 0.
0

Substituting in equation (4) and setting the coefficierdagto zero yields the indicial equatiarf = 0. Since the
indicial equation has a double root of zero, we know that there is one power series solution

y=) at 5)
0

and a second linearly independent solution which has a logarithmic singulatity=a0. We are interested
in solutions that are bounded tas= x — 1 — 0, and therefore need only consider the power series solution.
Substituting the (5) into the DE (4) we find the recurrence relation

_w=kWw+k+1
A1 = 2k T 12 a, k>0. (6).

From this one finds that

_w+kw+k=1)---w+ Dy -1 (v — (k= 1))
A= (KI)2 %

and the power series solution about 1 is is

(x — D)k

— V+KW+k=1---w+Dvw -1 (v—(k-1)
yzaOXO: 2 (K1)2

If we setag = 1, which meany(1) = 1 we obtain the Legendre function of the first kind of order

(x — Dk 7

— V+KW+k=1---w+Drw -1 (v —(k-1))
P,(X) =
) 20: (K12
This is the result obtained in ([3], p. 312). From the recurrence relation (6) it is easy to see that that the series
(7) converges foix — 1| < 2. If we assume that is not a positive integer we may multiply numerator and
denominator of the coefficients i v — (k — 1)) to obtain

& Fwv+k+1

_ 11k
P00 = 20: Fkherw— (k=1 X~

Now we may complete the solution of the boundary value problem. We knowrtliat satisfies the DE for
arbitraryv > 0 and is bounded at = 1. To satisfy the left hand boundary condition we need only find those
values ofv for which

P,(a) =0.

We assume that this equation has an infinite number of roots and denote the eigenvalues kiy positive
rootof P,(a) = 0, k =1, 2, 3,... and the corresponding eigenfunctionsBy(x). The functionsP, (x) are
built into MAPLE and are there called Legend(ePx). To get specific numerical results lat= 1/2. Figure 1.
shows the result of using MAPLE to plét,(1/2) fromv = 0 tov = 40.
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Figure 1.

Using Figure 1. for initial estimates of the eigenvalues, the equation solving property of MAPLE can be used
to get more refined estimates. The first four eigenvalues are

v1 = 1777288270 v, = 4.762779438 v3 = 7.758258853 v, = 10.75608784

The corresponding eigenfunctions are shown in Figure 2, the number of zeros increases as the suffix increases.

Figure 2.
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The eigenfunction expansion of an arbitrary piecewise smooth function is

fx+0+ f(x—-0)
2

=§:&RAD,UZ<X<L (8)
1

where L
A fl/zf(x)PUk(x)dx

- fll/z P2 (x) dx

To check out the eigenfunction expansion consider the function

C[x-1/2. 1/2<x>3/4
”m_{X—L 3/4<x <1 ©

The result of the first 40 terms of (8) compared wfttx) is shown in Figure 3.
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Figure 3.
3. Concluding Remarks. Eigenvalues and eigenfunctions for any valuaaf (2) may be found in a similar
manner. Also, the boundary conditignia) = 0 may be changed tg'(a) = 0 ory'(a) = hy(a), h > 0 and
similar results may be obtained.
In Figure 1. the difference between successive eigenvalues is approximately 3. This is consistent with the
asymptotic expansion [4, p. 303]:

_ 2 @b (Tt N
P,(cosf) = o5 )2 cos(4 (v+3) 9) +0 <v> ) (10

Considered as a function of the first term in (10) shows that the distance between successive zeros of the cosine
function is approximatelyt /6. In the case of Figure 1, we have= /3. so thatr /6 = 3.

Whenv = n, a non-negative integer, equation (6) shows #hat 0, k > n and the solution is a polynomial
In this case (7) reduces to a formula for the Legendre Polynomials:

R (n + k! ok
Pa(X) = ; P —ior X~ b 11
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This formula is interesting in that it is not necessary to have different formulaedeen andh odd. On the other
hand it is not obvious from (11) th&, is an even polynomial ifi is even and odd ifi is odd. Equation (11) may

also be written as ‘
"1 /n\/n+
Ph(X) = —( >< )(x — 1k (12
; 2<\k n

In conclusion we give a proof of the fact stated in the introduction:

The only values of for which (1) has a solution which is continuous fefl. < x < lareA =n(n+1), n =
0,1, 2---.

LettingAx = v(v + 1), wherev > 0 is an arbitrary real number we obtain the differential equation DE:
NVAY
(A=x2Y) +v(v+1y=0.
In the previous section it was shown that the only solutions that are bounxed atare multiples of the Legendre
function P,(x). From the recurrence formula (6.) see tiatx) has a polynomial solution if and only if is

a non-negative integer. Therefore it is sufficient to prove ®Pgt-1) diverges unless = 0, 1, . Assuming
v ¢{0, 1, 2, .-}, the Legendre functions are given by a non-terminating infinite series

P00 = ) a(x — D,
0
whereag = 1 and thegy satisify the recurrence relation (6). Therefore
P(—D) =) a(-2)" (13)
0

Let by = ax(—2)K.. The ratio of successive terms is

bt _ 82T 0 Rkt D 0 kow@ ks
be — a=2% — 2k+1)? - (k+1)2

If k > v, the termdy have the same sign; assume they are positivekFow + 1 we have

by W +k+D K
bk = Kk+12 ~k+1

It follows that forj = 2, 3, --- we have

1 .
bv+j Z ET-’-jbv-‘rle =1a 27 3""

This implies the seriegfil by diverges and therefor, (—1) diverges also.
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