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1. Introduction.

Consider a power series whose radius of convergence isR > 1 and whose sum isf (x)

f (x) =
∞∑

n=0

anxn, 0 ≤ x < R. (1)

Form a new series by taking every kth term of the series forf (x) starting with the pth term, where 0≤ p < k.
We denote this series bySk,p[ f (x)], that is

Sk,p[ f (x)] =
∞∑

n=0

ank+pxnk+p = apxp + ak+pxk+p + a2k+px2k+p + . . . (2)

We seek to findSk,p[ f (x)] in terms of f (x). If f (x) is known in closed form, this will yield closed form
expressions for the sums (

2. The General Formula

To obtain equation (2) from equation (1) we need to multiply the coefficientsan in (1) by a sequencezn

which picks out everykth term, starting with thepth term. In other words we want to pick out terms of the form
n = mk+ p, or n = p modk. To this end let

zn = 1

k

(
1 + ωn−p + (

ω2
)n−p + · · · + (

ωk−1
)n−p

)
(3)

whereω = ei 2π/k is the principalkth root of unity. It is easy to verify that

zn =
{

1, if n = p modk;
0, otherwise.

Therefore

Sk,p[ f (x)] =
∞∑

n=0

ank+pxnk+p =
∞∑

n=0

anznxn

Using the expression forzn given in equation (3) we have

Sk,p[ f (x)] =
∞∑

n=0

akn+pxkn+p

= 1

k

∞∑
n=0

(
1 + ωn−p + (

ω2
)n−p + · · · + (

ωk−1
)n−p

)
anxn

= 1

k

( ∞∑
n=0

anxn +
∞∑

n=0

an
(ωx)n

ωp
+ · · · +

∞∑
n=0

an
(ωk−1x)n

ω(k−1)p

)

= 1

k

(
f (x) + f (ωx)

ωp
+ · · · + f (ωk−1x)

ω(k−1)p

)
(4)
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We assume that the coefficients in (1) are real. In this case certain pairs of terms in (4) are complex conjugates

of each other. First assume thatk is odd. In this case the terms
f (ωmx)

ωmp
and

f (ω(k−m))x

ω(k−m)p
are conjugates for

m = 1, , 2, . . . ,
k − 1

2
. Combining these terms produces

∞∑
n=0

akn+pxnk+p = 1

k

(
f (x) + 2

(k−1)/2∑
m=1

Re
f (ωmx)

ωmp

)
, k odd (5)

If k is even,−1 is one the thekth roots of unity and the terms
f (ωmx)

ωmp
and

f (ω(k−m))x

ω(k−m)p
are conjugates for

m = 1, , 2, . . . ,
k

2
− 1. Combining these terms yields

∞∑
n=0

akn+pxkn+p = 1

k

 f (x) + f (−x)

(−1)p
+ 2

k
2 −1∑
m=1

Re
f (ωmx)

ωmp

 , k even (6)

Combining (5) and (6) into one formula yields

∞∑
n=0

ankx
kn+p = 1

k

 f (x) + 1 + (−1)k

2

f (−x)

(−1)p
+ 2

[
k−1

2

]∑
m=1

Re
f (ωmx)

ωmp

 , (7)

where [x] = greatest integer≤ x.

Example 1. Letf (x) = ex then equation (7) becomes

∞∑
n=0

xkn+p

(kn + p)!
= 1

k

ex + 1 + (−1)k

2

e−x

(−1)p
+ 2

[
k−1

2

]∑
m=1

ex cos2πm
k cos(x sin( 2πm

k ) − 2πmp
k )

 (8)

If k = 2, p = 0 , ω = ei π = −1 and equation (8) becomes

∞∑
n=0

x2n

(2n)!
= 1

2

(
ex + e−x

) = coshx. (9)

If k = 2, p = 1, we obtain

∞∑
n=0

x2n+1

(2n + 1)!
= 1

2

(
ex − e−x

) = sinhx. (10)

By adding (9) and (10) we recover the familiar identity

ex = coshx + sinhx

sinceS2,0[ex] + S2,1[ex] = ex.
For k = 3, we obtain forp = 0, 1, 2

∞∑
n=0

x3n

(3n)!
= 1

3
·
(
ex + 2e−x/2 cos(x

√
3/2)

)
. (11)

∞∑
n=0

x3n+1

(3n + 1)!
= 1

3
·
(
ex + 2e−x/2 cos(x

√
3/2 − 2π/3)

)
. (12)
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∞∑
n=0

x3n+2

(3n + 2)!
= 1

3
·
(
ex + 2e−x/2 cos(x

√
3/2 − 4π/3)

)
. (13)

Using equations (11), (12), (13), one may verify that

S3,0[ex] + S3,1[ex] + S3,2[ex] = ex.

For k = 4, we find forp = 0, 1, 2, 3

∞∑
n=0

x4n

(4n)!
= 1

2
· (coshx + cosx) . (14)

∞∑
n=0

x4n+1

(4n + 1)!
= 1

2
· (sinhx + sinx) . (15)

∞∑
n=0

x4n+2

(4n + 2)!
= 1

2
· (coshx − cosx) . (16)

∞∑
n=0

x4n+3

(4n + 3)!
= 1

2
· (sinhx − sinx) . (17)

Again we see that the sum of the equations (14), (15), (16), (17) yields backex

If k = 5 andp = 1 we find

∞∑
n=0

x5n+1

(5n + 1)!
= 1

5
· (

ex + 2ex cos 2π/5 cos(x sin(2π/5) − 2π/5) + 2ex cos 4π/5 cos(x sin(4π/5) − 4π/5)
)
.

The variousk-term sums for the functionf (x) = ex are related. We have

Sk,p[ex] =
∞∑

n=0

xkn+p

(kn + p)!

It is easily verified that

d

dx
Sk,p[ex] = Sk,p−1[ex], k > p ≥ 1 and

d

dx
Sk,0[ex] = Sk,k−1[ex]. (18)

Therefore onceSk,p[ex] has been found for a particularp, the other sums may be found by differentiation. One
can verify equations (18) fork = 2 in equations (9) and (10); fork = 3 in equations (11), (12), (13) and fork = 4
in equations (14), (15), (16), (17).

Example 2. Let

f (x) = cos(x) =
∞∑

j =0

(−1) j x2 j

(2 j )!
= 1 − x2

2!
+ x4

6!
− x6

6!
+ · · · (19)

We seek the sum of every third non-zero term of this series, i.e. the series

∞∑
j =0

(−1) j x6 j

(6 j )!
= 1 − x6

6!
+ x12

12!
− x18

18!
+ · · ·

In formula (4) all the terms of the series are counted so we must usek = 6. We haveω = ei 2π/6 = ei π/3. Thus
according to equation (7) we have

∞∑
j =0

(−1) j x6 j

(6 j )!
= 1

6
· (

cos(x) + cos(−x) + 2Re
(
cos(ωx) + cos(ω2x)

))
= 1

3

(
cosx + 2 cos(x/2) cosh(x

√
3/2)

)
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Let f (x) = cos(x) and takek = 6 and p = 2. Looking at the power series for cosx given in equation
(19), we see that this is the same as starting with the term,−x2/2!, and taking every third non-zero term. We
have from equation (7) withω = ei π/3

∞∑
j =0

(−1) j +1x6 j +2

(6 j + 2)!
= 1

6
·
(

cos(x) + cos(−x) + 2Re

(
cos(ωx)

ω2
+ cos(ω2x)

ω4

))
= 1

3

(
cos(x) − cos(x/2) cosh(x

√
3/2) −

√
3 sin(x/2) sinh(x

√
3/2)

)
.
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