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1. Introduction.
Consider a power series whose radius of convergenBesisl and whose sum i$(x)

f)=> ax" 0<x<R (1)

Form a new series by taking every kth term of the seried for) starting with the pth term, where < p < k.
We denote this series Wy ,[ f (x)], that is
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We seek to findS, [ f (x)] in terms of f(x). If f(x) is known in closed form, this will yield closed form
expressions for the sums (

2. The General Formula

To obtain equation (2) from equation (1) we need to multiply the coefficiania (1) by a sequence,
which picks out everkth term, starting with theth term. In other words we want to pick out terms of the form
n=mk+ p,orn = p modk. To this end let

= % (140" P+ (@) "+ (o)) 3)

wherew = €27/X s the principakth root of unity. It is easy to verify that

7 1, if n=pmodk;
"7 10, otherwise.

Therefore
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Using the expression fa, given in equation (3) we have

Sepl f 0] = Z aun pX <P

1 n— n—
=EZ(1+wn7p+(w2) P_‘__”_'_(wkfl) p)aan
n=0
1 o e k 1X)n
=5 ;anxﬁ; +Z b
1 ( ) f (0 1x)
E( wk-Dp ) @



We assume that the coefficients in (1) are real. Inthis case certain pairs of terms in (4) are complex conjugates

( mX) f(w(kfm))x
of each other. First assume thHats odd. In this case the terms are conjugates for
wmp a)(k—m)p
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m=1,,2 ..., — Combining these terms produces
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If kis even,—1 is one the thé&th roots of unity and the terms
wMP wk=mp

are conjugates for

k
m=1,,2 ..., 5~ 1. Combining these terms yields
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Combining (5) and (6) into one formula yields
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where k] = greatest integer< X.
Example 1. Letf (x) = €* then equation (7) becomes
k k ;1
X, xkntp 1 14 (=Dk e d
=- |+ —F— +2 05" cogx sin(zm) — zme) (8)
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If k=2, p=0,w=¢€" =—1 and equation (8) becomes
2, x&n 1
;(n)'_ﬁ (e + e7*) = coshx. 9)
If k=2, p=1, we obtain
) X2n+1 1 . )
nX:(Zn+1)' E(ex—e ) = sinhx. (10)
By adding (9) and (10) we recover the familiar identity
€* = coshx + sinhx
since$ o[€"] + S1[€"] = €
Fork = 3, we obtainforp =0, 1, 2
i X _ 1 (ex 4 2e/2 cos(x«/é/Z)) . (11)
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o XML (e 4 2642 cogxn/3)2 — 4n)3 13
n:om—g'(eJre cogx /—7'[/)). (13
Using equations (11), (12), (13), one may verify that
Sol€] + Sal€f] + So[€] =
Fork =4,wefindforp=0, 1, 2, 3
2, x4n 1
=Z. hx . 14
Z @l = 3 (coshx 4 cosx) (14
00 X4n+1 1 h
— = = i i . 1
n=0 (4n 4+ 1)! 2 - (sinhx + sinx) (15
00 X4n+2 1
— == hx — . 1
2 nt o) =5 - (cos COSX) (16
o0 an+3
X = } (sinhx — sinx) . 17

L (4n+3)!

Again we see that the sum of the equations (14), (15), (16), (17) yieldséback
If k=5 andp =1 we find

o 5n+1
h = % - (€ + 2e¥°5 %3 cogx sin(2 /5) — 21/5) + 2€¥°° /% cogx sin(4r /5) — 4r/5)) .
n=0 )
The variousk-term sums for the functionf (x) = €* are related. We have
0 an+p
e] = -_—
Scple’] g &nt p)
It is easily verified that
d X d X X
&S(,p[e =S p-a[€]. k>p>1 and &Sk,o[e ] = Sk-1[€"]. (18)

Therefore onceS, p[€*] has been found for a particulgp, the other sums may be found by differentiation. One
can verify equations (18) fdr = 2 in equations (9) and (10); fér= 3 in equations (11), (12), (13) and for= 4
in equations (14), (15), (16), (17).

Example 2. Let

00 (_1)jx2j x2 x4 xb
f)=cogx) =) ——=1—-—=+———+--- 19
J.; 2j)! 2l 6! 6

We seek the sum of every third non-zero term of this series, i.e. the series

i( 1) x8i X6+X12 X18+
~ 6p! 6l 120 18l

In formula (4) all the terms of the series are counted so we musk esé. We haven = €%7/6 = €7/3, Thus
according to equation (7) we have

:—é (cos(x) + cog—X) + 2Re (cogwX) + cos(w?X)))
1
=3 (cosx +2cogX/2) cosk(x«/_/Z))
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Let f(x) = cogx) and takek = 6 andp = 2. Looking at the power series for cesgiven in equation
(19), we see that this is the same as starting with the tern?,/2!, and taking every third non-zero term. We
have from equation (7) witlh = €7/3

X (—1)i+1x86i+2

w

1 2
2 61 F 2 =5 (cos(x) + cog—X) + 2Re<coj}fx) + Cos(aj X)>>

- :%, (Cos(x) — cos(x/2) coshixv/3/2) — V/3sin(x/2) Sinr(X@/z)) '



