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Abstract

This note presents a stability condition for time-
variant uncertain discrete delay systems, where the
uncertainty set is �nite and constraints on the allow-
able sequences of system matrices are imposed. The
proposed stability condition is necessary and suÆ-
cient and can be viewed as a modi�ed combination
of two existing conditions for time-variant systems
with polytopic uncertainties. The introduced sta-
bility test is especially useful in the area of network
embedded control systems and network congestion
control where time-variant delays with constraints
occur.
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1 INTRODUCTION

The problem of robust stability of uncertain, time-
variant discrete time system with polytopic uncer-
tainties has been the subject of several publications,
for example see [1{3]. This type of system �nds ap-
plications in �elds such as fault tolerant, adaptive,
switched and network embedded systems. The typ-
ical system investigated has a zero input state space
representation, where the time-variant system ma-
trix A(n) is taken from a matrix polytope. In some
problem settings, additional constraints on the rate
of change of the system parameters (system matrix)
were imposed [4,5]. Asymptotic/exponential stabil-
ity was shown using a number of conditions, three
of which were shown to be equivalent in complexity
as well as necessary and suÆcient in nature [1{3,6].

Motivated by the applications in network embed-
ded control and congestion control systems, this pa-
per investigates the problem of asymptotic stability
of time-variant uncertain systems where the uncer-
tainty set is �nite and constraints on permissible
matrix sequences exist. The derived stability condi-
tion is necessary and suÆcient and can be viewed

1This work was supported by NSF grants ANI 9726253,
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as a modi�ed combination of two existing neces-
sary and suÆcient stability conditions on polytopic
uncertain systems. The developed approach drasti-
cally reduces the computational complexity of the
test. The gains over existing methods will be illus-
trated by several examples from the area of network
control.

2 PROBLEM FORMULATION

Consider the linear, time-variant and uncertain zero
input system of the form:

x(n+ 1) = A(n)x(n) (1)
A(n) 2 S; S = fA1; A2; : : : ; ANg � R

L�L(2)
A(n) = Ai ) A(n+ 1) 2 SAi

� S (3)

where the SAi
are non-empty subsets of S that are

dependent only on the choice of the matrix A(n)
at time instant n, i.e. on Ai. Let there be a non-
empty subset1 SAi

of S for each Ai; i = 1; : : : ; N .
(This problem reduces to the typical robust stabil-
ity problem for time-variant systems with polytopic
uncertainties, if S is replaced by the convex hull of
the matrices in S and condition (3) is dropped.)

The problem that is addressed in this note is to de-
cide asymptotic stability of the system in (1) under
the constraints (2),(3). It is well known [6] that this
problem is NP hard even if the set S contains only
two elements and condition (3) is dropped.

Two special cases deserve mentioning:

(a) If each SAi
; i = 1; : : : ; N is of cardinality 1,

then the system is time-variant with a known coef-
�cient trajectory. This system (except possibly for
some initial states) is periodic and its stability is eas-
ily analyzed using the eigenvalues of the full period
transition matrix.

(b) If SAi
= S; i = 1; : : : ; N we have no additional

constraints and the result obtained for this system
also guarantees stability of the entire convex hull
de�ned by the vertex matrices A1; : : : ; AN . [1, 2]

1The exact de�nition for each of the SAi
is application

dependent and will be illustrated in the section 5



3 THE STABILITY TEST

The following theorem is a slight generalization of
the results in [1] and provides a necessary and suÆ-
cient condition for time-variant systems with poly-
topic uncertainties.

Theorem 1 The system

x(n+ 1) = A(n)x(n); A(n) 2 conv(A1; : : : ; AN )

is exponentially stable, i� 9 a suÆciently large inte-
ger k such that

kAi1 � : : : �Aikk � 
 < 1 8(i1; : : : ; ik) 2 f1; : : : ; Ng
k

where by conv(A1; : : : ; AN ) we denote the convex
hull (convex matrix polyhedron) of the set of con-
stant matrices fA1; : : : ; ANg and k � k is any vector
induced matrix norm.

Comments:

� Theorem 1 is more general than the main result
in [1] due to generalization of the norm type [6] and
of the polytope form. Exponential stability was ex-
plicitly shown in [6].

� The problem is NP hard and the test is often in-
conclusive due to the required k being very large.

� The theorem is only theoretically necessary and
suÆcient since instability cannot be determined in
practice.

The practical implementation of the stability test
implies testing the norms of all the combinations
Ai1 � : : : � Aik . The number of combinations is Nk

which limits the test usability for large values of k.
We may be able to use a lower product length k if
instead of applying Theorem 1 to the original system
we �rst transform it and then apply the theorem:

Corollary 2 The system

x(n+ 1) = A(n)x(n); A(n) 2 conv(A1; : : : ; AN )

is exponentially stable, i� 9 a suÆciently large inte-
ger k such that

kP�1Ai1 �: : :�AikPk � 
 < 1 8(i1; : : : ; ik) 2 f1; : : : ; Ng
k

where P is some invertible matrix.

Proof The proof is straight forward and follows
from a similarity transformation on the polytope.
Consider the following transformation:

x(n) = P ~x(n): (4)

If P is invertible, equation (1) becomes with (4):

~x(n+ 1) = P�1A(n)P ~x(n): (5)

De�ning

P�1A(n)P = ~A(n) (6)

we now have an equivalent description of the system
in (1):

~x(n+ 1) = ~A(n)~x(n); ~A(n) 2 ~S (7)

where ~S = conv( ~A1; : : : ; ~AN ). Now applying the
condition in Theorem 1 to the new vertex matrices
~Ai = P�1AiP yields the desired result. 2

If one would be able to �nd a similarity transforma-
tion which will simultaneously make all the norms
k ~Aik smaller than one then Corollary 2 would be
satis�ed for k = 1. However, for a square matrix P

this is not always possible [2].

Theorem 3 [2] The system
x(n+ 1) = A(n)x(n); A(n) 2 conv(A1; : : : ; AN );

with fA1; : : : ; ANg � R
L�L is exponentially sta-

ble, i� 9 a matrix P = (p1; : : : ; pM ) where
pi; i = 1; : : : ;M are column vectors with rank(P ) =
dim(A(n)) = L �M such that the matrices ~Ai; i =
1; : : : ; N; ~Ai 2 R

M�M de�ned by:
AT
i P = P ~AT

i ; i = 1; : : : ; N

satisfy the condition:
k ~Aik1 < 1 i = 1; : : : ; N

As we already mentioned Theorem 1 (and Corollary
2) cannot be used to prove instability. We will in-
troduce a suÆcient condition for instability in the
next Lemma.

Lemma 4 The system (1)-(3) is unstable, if there
exists a sequence (i1; i2; : : : ; ik) 2 f1; : : : ; Ng

k such
that the matrices Ai1 ; : : : ; Aik satisfy condition (3)
and � (Aik � : : : �Ai1 ) > 1
where by �(�) we denote the spectral radius of a ma-
trix.

Proof: The result follows immediately if one con-
siders the periodic sequence Ai1 ; Ai2 ; : : : ; Aik which
results in an unstable full period transition matrix
Ak = Aik � : : : � Ai1 if the condition of Lemma 4 is
satis�ed. 2

The system (1)-(3) is di�erent from the one consid-
ered in Theorem 1: it has a �nite number of possible
system matrices: A1; : : : ; AN and it additionally im-
poses condition (3) on permissible matrix sequences.
We will next present a Lemma which tailors Corol-
lary 2 to the system (1)-(3).

Lemma 5 The system (1)-(3) is exponentially sta-
ble, i� 9 a suÆciently large integer k such that
kP�1Aik � : : : � Ai1Pk � 
 < 1 8(i1; : : : ; ik) (8)

such that Aij+1 2 SAij
where P is any invertible

square matrix of appropriate dimension.

Proof

SuÆciency: Since P is invertible we can use a sim-
ilarity transformation as in equation (4). Applying
equation (5) recursively we can write:

x(k + 1) = P�1A(k)A(k � 1) : : : A(1)Px(1):

If there is an integer k such that equation (8) is
satis�ed then the equation (3) is a contraction map-
ping which assures that the system (1)-(3) is asymp-
totically stable. Additionally, since kx(k n)k �




nkx(0)k it can be easily shown that it is exponen-
tially stable.

Necessity: Assume that there exists no k such that
equation (8) is satis�ed. Therefore, given an arbi-
trary value for k, we may always satisfy:

kP�1Aik � : : : � Ai1Pk � 1 (9)

for some choice of a sequence A(1); : : : ; A(k). Then
there exists in initial vector x(1) such that

k~x(k+1)k � k~x(1)k; independent of the choice of k

which contradicts the condition for globally asymp-
totic stability for the transformed system which in
turn contradicts the stability condition for the orig-
inal system. 2

Comments

� In [1,2] it was shown that the stability of the vertex
matrices A1; A2; : : : ; AN is necessary and suÆcient
for the stability of the entire convex hull
conv(A1; A2; : : : ; AN ).

� The cost of performing the test in Theorem 1 (or
Corollary 2) is O(Nk), i.e. it grows exponentially
with k.

� The cost of performing the test in Lemma 5 de-
pends on the cardinality of the sets SAi

. For ex-
ample, if card(SAi

) = Q 8i = 1; : : : ; N then the
complexity of the test is O(Qk).

� The stability conditions in Theorem 1, Corollary
2 and Lemma 5 are highly dependent on the chosen
norm. Moreover, for some norms one might �nd a
quadratic transformation matrix P which satis�es
Lemma 5 for k = 1, while for others it may not be
possible [2].

� A well chosen similarity transformation P in
Lemma 2 or Lemma 5 can signi�cantly decrease the
necessary number of matrix products k, and since
the complexity of the stability test increases expo-
nential with k a good algorithm for computing P is
warranted.

4 THE ALGORITHM

It was shown [7] that computing the generalized
transformation P in the Theorem 3 is itself an NP
hard problem. We will present an algorithm which is
simple to implement but does not guarantees that it
will reduce the necessary product length k to k = 1.

By assumption, all matrices Ai i = 1; : : : ; N
have the eigenvalues in the unit circle. For any
matrix (without repeated eigenvalues) we can �nd
a transformation Pi which will diagonalize the
matrix, such that P�1i AiPi = Di where Di =
diag(�i;1; : : : ; �i;N ). Obviously kDik1 = kDik1 <

1. Unfortunately the matrix Pi which results in
kP�1i AiPik1 < 1 does not necessarily results in

kP�1i AjPik1 < 1 for j 6= i. Therefore the follow-
ing scheme is proposed:

Compute the weighted average A0 of the matrices
Ai i = 1; : : : ; N :

�i = kAik 8i = 1; : : : ; N (10)

A0 =

PN
i=1 �iAiPN
i=1 �i

(11)

Then compute the matrix P which will diagonal-
ize the weighted average A0 and use it as a similar-
ity transformation to obtain the transformed system
(7).

We can repeat the algorithm for the transformed
system until the results do not further improve. In
order to measure the \improvement" the following
approach is taken:

Obviously, the best measure is the minimum prod-
uct length k which will satisfy the condition in equa-
tion (8). This k needs to be minimized. But �nding
the minimum product length k is equivalent with
performing the proposed stability test itself, which
is NP hard. Hence one needs to �nd di�erent, less
ideal but easily computable, measures.

One candidate for such a measure is the lower bound
on the necessary product length. This is computed
as the minimum positive integer 
 such that kA


i k <
1 8i = 1; : : : ; N . Of course, one needs to minimize
the lower bound 
 on the necessary product length k
in the hope that this will result in a lower necessary
product length. Note that 
 � k.

Another measure candidate is the number of the
matrices ~Ai with the norm smaller than 1: Æ =
card(f ~Ai j k ~Aik < 1g). Æ should be as high as pos-
sible, primarily since it may enable us to avoid the
test in equation (8): one can compute the matrix
norms ~�i = k ~Aik beforehand and if

Y
i2fi1;:::;ikg

~�i < 1 (12)

then there is no need to compute the matrix multi-
plications and the norm in equation (8) since:

kPAi1 �Ai2 � : : : �AikP
�1k �

Y
i2fi1;:::;ikg

~�i < 1

The third measure candidate is the maximum of all
the norm of the matrices ~Ai: � = maxifk ~Aikg. As
this maximum decreases the chance that the replace-
ment test (12) will hold increases.

It was observed that the iterative application of the
algorithm converges quickly (a few iterations) and
that it does not always converges to the optimal
solution. Therefore the choosing of the optimum
number of iterations is divided in two phases: in
the �rst phase, a �xed number of iterations (IN ) is
performed and the measures for each iteration are
recorded. In the second phase, after the recursion



is stopped the optimum number of iterations o is
chosen based on the performance measures recorded
during the iteration phase. Notice that IN is usually
not the optimum number of iterations. Since we
have more than one performance measure we will
give priorities as follows: the highest priority is given
to the lower bound 
 on the product length k, the
second highest priority is given to the number of
matrices Æ with norm smaller than 1, and �nally,
the maximum norm � receives the lowest priority.

Therefore we will use the following procedure to
choose the optimum number of iterations:

� First �nd the set I1 of the number of iterations
that result in the minimum lower bound 
. I1 is a
set because there might be more than one iteration
which results in the minimum 
.

� Second �nd the set I2, subset of I1, of the number
of iterations such that the number of matrices with
the norm smaller than 1 is maximized.

� Third, �nd the set I3, subset of I2, of the num-
ber of iterations such that the maximum norm � is
minimized.

� Finally, choose the minimum element of the set I3
to be the optimum number of iterations o.

I1 = fjj
j = min
i=1:::IN

f
igg (13)

I2 = fjjÆj = max
i2I1
fÆigg (14)

I3 = fjj�j = min
i2I2
f�igg (15)

o = min
j2I3
fjg (16)

Example:

Assume that during the iteration phase the mea-
sures presented in Table 1 have been recorded. We
denoted with 
j ; Æj and �j the measures 
; Æ

and 
 respectively, measured after the jth itera-
tion. Then choosing the optimum number of iter-
ations according to equations (13)-(16) will result
in: I1 = f3; 4; 5; 6g, I2 = f4; 5g, I3 = f4g and o = 4,
i.e. one should use the transformation matrix P

produced at the fourth iteration.

In the rare case that the weighted average A0 can-
not be diagonalized, one can use a di�erent norm
(which changes the coeÆcients �i), a di�erent type
of weighted average, or use a di�erent system repre-
sentation.

To conclude the description of the algorithm we
present the pseudocode in Appendix A.

5 APPLICATIONS IN
COMMUNICATION NETWORK

CONTROL

To illustrate our results we will present two exam-
ples from the �eld of network congestion control.

The objective of a congestion control system is to
regulate the data 
ow through the network such that
there are no packet losses (due to bu�er over
ows in
the intermediate switches) and the network is fully
utilized, i.e. there is always data to be sent in the
bu�ers. One way to achieve these objectives is to
design a set point control system for the bu�ers of
the intermediate switches. Such a control system
is shown in Figure 1 for the particular case of the
Available Bit Rate (ABR) option in Asynchronous
Transfer Mode (ATM) Networks [8].
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Figure 1: System model for an ATM congestion
control system with time-variant delays: C(z) is the
rate controller, wi are constant weights, Mc is the
number of active connections, T is the controller
sampling rate, y(n) is the bu�er occupancy level, y0
is the set point for the bu�er occupancy, b0 is the
bandwidth of the outgoing link and �b(n) is the
total rate change as computed by the controller.

The congested switch controls the rates of the
sources by providing explicit rate requests to the
sources through the return path. The feedback data
transmitted by the switch encounters time-variant
delays as it propagates through the network. The
sources adjust their transmission rate to the one
speci�ed in the most recently received rate request
and continue to transmit at that rate until another
request arrives. We assume that the time-variant
delays on the return paths are bounded:

0 � �1;i(n) � ��1;i i = 1; : : : ;Mc: (17)

Figure 2 depicts the model for a communication link
with time-variant delays. The time-variant coeÆ-
cients �j(n) satisfy �j(n) 2 f0; 1g 8j = 1; : : : ; �� and
at each time instant exactly one of the coeÆcients
is not-zero, resulting in:

��X
j=0

�j(n) = 1 (18)

Since the source \holds" the same rate until it
receives \fresh" information from the switch, we
model the delays on the return path �1;i(n) as time-
variant delays with a Hold Freshest Sample (HFS)
interface (also called input variable delay in [8]). For



Iteration j 0 1 2 3 4 5 6 7 8 9 10

j 237 9 5 4 4 4 4 5 5 5 5
Æj 0 1 4 4 5 5 4 4 4 4 4
�j 4.45 1.52 1.43 1.37 1.40 1.54 1.48 1.45 1.46 1.46 1.46

Table 1: Example of recorded measures during the iteration phase
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Linear
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Figure 2: A network signal propagation/interface
delay model. (2a) Signal propagation delay model
interfaced with a linear system. (2b) Detailed block
diagram of a signal propagation delay/interface.

an HFS interface the coeÆcients �j(n) cannot vary
arbitrarily from one time instant to another: the in-
teger delay �(n) is restricted by �(n+1) � �(n)+1,
and hence we have:

�j(n) = 1) �k(n+ 1) = 0 8k > j + 1 (19)

In other words the used sample from the time-
variant delay output maximally ages with time, but
not faster.

Corresponding to each combination of the delays
�1;i i = 1; : : : ;Mc we have a di�erent system matrix

A(n). We thus have N =
QMc

i=1(��1;i+1) matrices in
the polytope S. Since the delays on an HFS inter-
face cannot vary arbitrarily the system matrix A(n)
cannot vary arbitrarily inside the polytope. There-
fore the sets Si in equation (3) are often smaller than
the entire polytope S.

The delays �2;i i = 1; : : : ;Mc correspond to the de-
lays encountered by the transmitted data on the for-
ward path. For simplicity we assume they are con-
stant.

5.1 The case of two sources
We will consider the case of a single congested switch
with two sources (Mc = 2). We will use the following
parameters for our system:

� b0 = 106 cells/s.

� T = 10�3s.

� ��1;1 = ��1;2 = 2 �10�3 s, i.e. there are three possible
delays: 0,1 and 2.

� �2;1(n) = �2;2(n) = 10�3s

� w1(n) = w2(n) = 0:5.

� We used a proportional controller with a gain G.

A time invariant analysis of the system (i.e. ana-
lyzing stability of all the frozen time systems) yields
the following (necessary) stability condition:

G 2 (0; 445) (20)

The suÆcient stability condition for the time-variant
case introduced in [9] yields the following stability
condition:

G 2 (0; 77:06) (21)

Using Theorem 1 directly to determine stability is
impractical due to the large product lengths k. In
Table 2 the minimum product length that needs to
be checked for G = 1 is shown for several matrix
norms.

Using Lemma 5 results in a dramatic reduction
of the necessary product length. By choosing the
transformation P appropriately we managed to have
the 2 norm of all matrices smaller than 1 for G up to
66:8, which corresponds to k = 1. In Table 3 the re-
sulting bounds for the controller gain G are shown.
It can be seen that the results are signi�cantly less
conservative than the suÆcient condition presented
in equation (21).

It should be mentioned that only the upper limit of
the interval for G is obtained using the algorithm
based on Lemma 5. The lower limit is known to be
zero from [9].

Corresponding to each combination of the delays
�1;1(n) and �1;2(n) we have a corresponding system
matrix A(n). Let us denote with Ai;j(n) the sys-
tem matrix corresponding to the delays �1;1(n) =
i; �1;2(n) = j; i; j 2 f0; 1; 2g. The entire matrix
polytope S is given by S = fAi;j j0 � i � 2; 0 �
j � 2g. The matrix sets SAi;j

are given by: SAi;j
=

fAk;lj0 � k � minf2; i+ 1g; 0 � l � minf2; j + 1gg

For example, SA0;1 =
fA0;0; A0;1; A0;2; A1;0; A1;1; A1;2g. For the results
presented in Table 3, we used the phase variable
representation for the system matrices A(n).

The transformation matrix P corresponding to the
product length of 6 and the gain G = 366:4 is for
example given in Figure 3.

For this transformation matrix P , 7 out of the 9 ~Ai

matrices had a norm smaller than 1. This enabled
use to use the replacement test in (12) in 58:8% of
the cases. Moreover, only 26% of all the possible
combinations are \HFS compliant", i.e. satisfy the
HFS constraints in (19). Combining the two im-
provements, we performed the norm test in (8) only
for 10% of the cases.



Used Norm 1 2 1
Minimum Product Length k � 1387 696 1387

Table 2: Minimum product lengths in Theorem 1 for various matrix induced norms

Product length k 1 2 3 4 5 6
Controller gain 0 < G � 66.8 118.3 254.3 279.1 322.7 366.4

Table 3: Provable stabilizing gain ranges for G as a function of k in Lemma 5 (two source case)

6 CONCLUSION

The article presented a new stability test for time-
variant uncertain systems, where the uncertainty
set is �nite and additional constraints on the time-
variance of the system exist. The main result is
based on two previous results on stability of dis-
crete time-variant systems with polytopic uncertain-
ties. It is shown that the introduced necessary and
suÆcient stability condition is especially useful for
systems with time-variant communication delays.
These systems presently occur in network congestion
control, networked control systems, tele-operation
and sensor/actuator networks.
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A PSEUDOCODE FOR THE STABILITY
TESTING ALGORITHM

In this appendix we provide the pseudocode of the
stability testing algorithm based on Lemma 5 and
described in section 4. In steps 2-8 the transforma-
tion matrix P is computed in constant time, while in
the steps 9-13 the stability test presented in Lemma
5 is implemented. The pseudocode tests the condi-
tion in Lemma 5 for a given gain of the controller G
and for a given product length k:

(1) Generate all vertex matrices A
(0)
i (G) 8 i =

1; : : : ; N ;

(2) for j = 1 to IN ,

(3) �
(j)
i  kA

(j)
i k 8 i = 1; : : : ; N ;

(4) A
(j)
0  

PN
i=1 A

(j)
i

�
(j)
iP

N
i=1 �

(j)
i

; (5) Compute P such that

diagonalizes A
(j)
0 (i.e. P�1A

(j)
0 P = diag(�

A
(j)
0

) )

(6) A
(j+1)
i  P�1A

(j)
i P 8i = 1; : : : ; N ;

(7) next j

(8) Choose the optimum iteration o as described in
equations (13)-(16).

(9) Generate the �rst compliant index combination
of length k: (i1; i2; : : : ; ik);

(10) if
Qk

l=1 kA
(o)
il
k < 1 then goto step 12 else goto

step 11;

(11) if k
Qk

l=1A
(o)
il
k < 1 then goto step 12 else the

test is inconclusive;

(12) Generate the next compliant index combination
of length k: (i1; i2; : : : ; ik);

(13) If all compliant index combinations have been
tested conclude that the system is stable, else goto
step 10

By compliant index combination we understand a
index combination that satis�es the matrix sequence
constraint from equation (3).
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