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ABSTRACT

The subject of controlling an integrator via a commu-
nication network finds many applications in modern con-
trol systems. Stability conditions in closed form are derived
for the arising feedback system, which consists of a con-
troller, an integrator and time-variant links between integra-
tor and controller. It will be shown, that these derived sta-
bility conditions are not conservative and easily applicable,
even for systems with long delays. In order to draw from
a recent result on time-variant discrete system stability, FIR
controllers are assumed.

1. INTRODUCTION

In this paper we will provide simple sufficient conditions to
test asymptotic stability of feedback systems, which connect
controller and plant with communication links. The links
are modeled with a time-variant delay.

Stability conditions for such a system exist [1, 2] in form
of NP-hard tests [3]. Therefore, these tests are unsuitable
for large delay uncertainties.

At first we will provide a simple model for the feedback
system in difference equation form. For the sake of simplic-
ity, only FIR controllers will be considered. All models will
be represented in discrete time. The resulting characteristic
equation will be derived. In the second step, the problem
of asymptotic stability will be tackled. We will concentrate
on the special case of an integrator plant, since this particu-
lar situation is of great importance in congestion control of
ATM networks [4, 5] and many other areas where buffers or
queues are a part of the feedback loop. In order to tackle the
stability problem, a recent result on time-variant filters will
be used [6].
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2. PROBLEM DEFINITION AND MODEL

Figure 1 shows a single controller connected to an integrator
plant via two time-variant delay links. Figure 1 depicts the
zero input system model that is studied in this paper.

∫

FIR

y(n)

e(n)z(n)

x(n)

1τ (n)τ2(n)

Figure 1: System model

System:

The dynamic behavior of the integrator is described by
the linear time-invariant difference equation with real coef-
ficient b0:

y(n) = y(n� 1) + b0x(n): (1)

Controller:

For simplicity, we assume an FIR controller with real
coefficients of the form:

z(n) = c0e(n) + : : :+ cke(n� k): (2)

Delay 1:



The integer delay�1(n) describes the sum of all delays
the signaly(n) ( plant output ) encounters before it arrives
at the FIR filter input:

e(n) = y(n� �1(n)) (3)

or generally:

e(n� i) = y(n� i� �1(n� i)); i = 0; : : : ; k:

We also assume boundedness of the delay, i.e.

0 < �1min � �1(n) � �1max (4)

Delay 2:

The integer delay�2(n) describes the sum of all delays
the signalz(n) ( controller output ) encounters before it ar-
rives at the plant input.

x(n) = z(n� �2(n)) (5)

Similarly as in the case of the first delay, boundedness
of the delay is assumed:

0 < �2min � �2(n) � �2max (6)

Although there are some restrictions on how the two de-
lays can change ify andz are sent via a data communication
network, in this work, we make no further assumptions on
�1;2(n). Furthermore the case of�1min = 0 and�2min = 0
is not allowed, since it would create a delay free loop.

The resulting difference equation:

With (1-3) and (5) we obtain for the characteristic equa-
tion of the overall system:

y(n) = y(n� 1) + b0[c0y(n� �2(n)� �1(n� �2(n)))

+ : : :

+ cky(n� k � �2(n)� �1(n� k � �2(n)))] (7)

The problem we will tackle in this paper is to find ex-
plicit closed form conditions, which ensure asymptotic sta-
bility of equation (7).

3. MAIN RESULT

There are a number of results in the literature [1]-[3] which
could be applied to the problem at hand, after it is trans-
lated into a state space representation. The resulting tests,
however, are of prohibitively high complexity, especially if
the delay interval is large. In this paper, we pursue another
avenue. We will derive a sufficient condition for global

asymptotic stability of (7), which can easily be tested and
is not very conservative.

Theorem:
The system (7) is globally asymptotically stable if the

following three conditions are all satisfied:

(a) b0ci � 0 8 i = 0; : : : ; k

(b) The transfer function

H�(z) =
1

1�z�1+�z�2+:::+�z�L
= Zfh�(n)g,

L = k+�1max+�2max is stable for� = jb0j
Pk

i=0 jcij

with � > 0

(c)
P1

n=0 jh�(n)j� <
1

L�2

Proof:
Considering equations (4) and (6), equation (7) can be

rewritten:

y(n) = y(n� 1) + b0[c0y(n� T0(n))

+ : : :

+ cky(n� Tk(n))] (8)

where

Ti(n) 2 [�1min+�2min+i ; �1max+�2max+i] 0 � i � k

(9)
DefineL = �1max + �2max + k;
Now consider the following time-variant system with

uncertain, time variant parameters�ai(n) ; i = 2; : : : ; L,
L � 3:

y(n) = y(n� 1) � (�+�a2(n))y(n� 2)

� (�+�a3(n))y(n� 3)

� : : :

� (�+�aL(n))y(n� L) (10)

In what follows, we will formulate conditions on� and
�ai(n) such that the set of systems described by (10) con-
tains the system of equation (8), i.e. the time variant system
(8) is an element of the set of uncertain time variant systems
(10).

At first we choose:

� = �

kX
i=0

b0ci (11)

Notice that condition(a) in the hypothesis implies that
� > 0 if we exclude the trivial cases where eitherb0 = 0 or
ci = 0 8 i; 0 � i � k



Imposing the condition

LX
i=2

�ai = �(L� 2)� (12)

on the uncertainties and letting

�� � �ai � 0 ; i = 2 : : : L (13)

ensures that system (8) can be represented by (10). No-
tice that this guarantees that each coefficient�(�+�ai(n)) 2
[�� ; 0] ; 8 i = 2 : : : L and that the sum of these coeffi-
cients is exactly�� =

Pk

i=0 b0ci.
From (12) and (13) we have:

LX
i=2

j�aij = (L� 2)� (14)

From Theorem 1 in [6] it is known that the system (10)
is asymptotically stable if

1X
n=0

jh�(n)j � 
 < 1 (15)


 >

LX
i=2

j�ai(n)j (16)

Since by equation (14), in our case we have


 = (L� 2)�+ � (17)

with � arbitrarily small and positive real. From (15),
(16) we obtain for stability:

1X
n=0

jh�(n)j � [(L� 2)�+ �] < 1

and hence

1X
n=0

jh�(n)j� <
1

L� 2

which is condition(c) in the theorem. Hence condition
(c) together with(a) and(b) guarantees global asymptotic
stability of the system.

Comments:

� Since
P1

n=0 jh�(n)j > 1, an upper bound for the val-
ues of� which satisfy condition (c) is� < 1

L�2
, i.e.

� will have to decrease with increasing maximum de-
lays�1max ; �2max .

� Sinceb0 is usually fixed and known, the theorem pro-
vides important guidelines for controller design by
providing bounds on

Pk

i=0 jcij.

� The condition (c) in the theorem is close to being nec-
essary since for

P1

n=0 jh�(n)j� = 1

L�1
, instability

can be shown.

� The results derived can be directly applied to vari-
able bit-rate control if we have a constant delay�2
i.e. �2(n) = �2 and more than one rate controller is
included. If�2(n) is non-constant, equation (6) needs
to be modified.

Now assume that� is sufficiently small such thath�(n) �
0 for all n � 0.

In this case

1X
n=0

jh�(n)j =

1X
n=0

h�(n) = H�(z)jz=1 =
1

L� 1

and condition(c) is satisfied. The existence of such an
� is guaranteed by the following lemma:

Lemma:
There exists�0 > 0 such that8 0 < � < �0 the impulse

response of the system with the following Z-transform:
H�(z) =

1

1�z�1+�z�2+:::+�z�L
= Zfh�(n)g

is strictly positive.

Proof:
DenoteP�(z) = zL�zL�1+�zL�2+�zL�3+: : : �z+�,

with zi i = 1; : : : ; L denoting the roots ofP�(z) ordered
such thatjzij � jzi+1j 8i = 1; : : : ; L� 1

P0(z) = zL�1(z � 1) with z1 = 1 andzi = 0 8i =
2; : : : ; L.

AssumeP�(z) has multiple roots and let� be such a
multiple root. Then� will also be a root of the derivative
P 0�(z) and the two equationsP�(�) = 0 andP 0�(�) = 0 can
be rewritten as:

2�L � (L+ 1)�+ L� 1 = 0 (18)

� =
(1� �)2�L�1

1� �L�1
(19)

From equation (18) it is apparent that there can only be
L distinct locations of these multiple roots and these corre-
spond through equation (19) to at mostn real positive values
of �. Denote with�1 the smallest of these values. Note that
equation (18) is having exactly one root in the interval(0; 1)
( which can be proved through the first derivative ) and for
this value the corresponding epsilon is between(0; 1), thus
the existence of�1 being ensured.

For � < �1 we have:



h(n) =
1

2�j

I
H�(z)z

n�1dz

=
LX

i=1

Res(H(z) zn�1; zi)

=

LX
i=1

zL+n�1
iQL

k=1;k 6=i(zi � zk)

=

LX
i=1

Ciz
n
i

= zn1

 
C1 +

LX
i=2

Ci

�
zi

z1

�n
!

(20)

where

Ci =
zL�1iQL

k=1;k 6=i(zi � zk)

=
zL�1i

P 0�(zi)
i = 1; : : : ; L (21)

and byRes(f(z); zi) we denote the residue of the func-
tion f(z) atzi.

C1 is a continuous function ofz1 which is a continuous
function of� andC1j�=0 = 1. Therefore there exists�2 > 0
such that

C1 >
L� 1

L
8 0 < � < �2 (22)

From equation (20 )it follows that:

h(n) � zn1

 
C1 �

�����
LX

i=2

Ci

�
zi

z1

�n
�����
!

� zn1

 
C1 �

LX
i=2

jCij

���� ziz1
����
n
!

(23)

Also from the continuity of the roots ofP�(z) and equa-
tion (21) there exists�3 such that if0 < � < �3 we have

jCij <
1

L
8 i = 2; : : : ; L (24)

�0 = minf�1 ; �2 ; �3g (25)

From equations (22-24) the lemma is proved with�0 de-
fined as in equation (25).

Notice that if � > 0 small enough the rootz1 moves
inside the unit circle ( which can be shown by writing the
polynomialP (z) =

QL

i=1(z � zi) and evaluatingP (z) at
z = 1 ) thus resulting in a stableH�(z) system.

Therefore, given the upper bounds of the delay intervals
�1max ; �2max , there always exists an� sufficiently small and
positive real, such that condition(c) in the theorem is satis-
fied andH� in (b) is stable.

A stronger result which is yet to be proved is that the
impulse responseh�(n) is strictly positive for all� such that
0 < � < �0 where�0 is given by equation (19) where we
replace� by the unique solution of equation (18) that lies in
the interval(0; 1).

4. CONCLUSION

The theorem provides a condition to check stability for a
feedback system in which controller and plant ( integrator )
are connected via time-variant communication links.

If the time-variance of the communication delays are
rapid, then a time invariant analysis using roots of z-transform
system polynomials is not valid anymore.

Even though condition(c) appears to be not very con-
servative, the model for the uncertainties given by (10) and
(12) also includes systems which cannot occur in (7). Hence
the condition will have to show some conservatism.
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