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Abstract— We consider the problem of determining the posi-
tions of wireless nodes using range measurements from multi-
ple, sparsely located, beacon stations with known locations. A
large number of such nodes surrounding the beacon stations
automatically and cooperatively estimate their position through
collaborative efforts and iterative refinements. These positions
are propagated to other nodes in the network, allowing the
entire network to create an accurate map of itself. The proposed
approach features robustness with respect to range measurement
inaccuracies, low complexity and distributed implementation,
using only local information.

Index Terms— Localization, wireless sensor network, dis-
tributed, range inaccuracy, position estimates.

I. I NTRODUCTION

Wireless ad-hoc sensor networks are being extensively used
to study various aspects of the physical environment which
are complex in nature. They are deployed for a wide range
of applications such as environmental monitoring, gathering
military intelligence, providing disaster reliefs, factory in-
strumentation and information tracking, etc. Data from these
sensors is of very little use without corresponding position
information. For example, in a forest fire it is very important
to know wherethe actual event is detected.

To determine the position of the nodes, they can be hand-
placed and their position carefully recorded (a tedious and
error-prone method, completely impractical for a large number
of sensor nodes); they can be equipped with GPS in an outdoor
environment (a costly proposition in terms of volume, power
and money); or alternatively, a localization algorithm can be
used to localize them after deployment.

In this paper, we explore the problem of localization in
wireless sensor networks and propose a distributed algorithm
that enables the nodes to establish confident position estimates
in the presence of ranging inaccuracies. Any ad-hoc wireless
network can use this solution to estimate the position of
its nodes. The wireless sensor networks example is chosen
because it illustrates a practical application of a potentially
large network of very cheap nodes.

This work was supported by a Faculty Research and Development Grant
at NC State University.

The main limitation of the method is that it only works
reliably in outdoor environments. The method is based on
radio-frequency (RF) signal strength measurements, and out-
doors, the signal propagation (as it was pointed before [1]
and from our own measurements presented in Section II) is
approximately circular (even in wooded environments). In-
doors, walls would severely reduce the precision of the method
due to nonlinearities, noise, interference and absorption [2]–
[5]. However, many sensor networks will likely be deployed
outdoors, and will be able to take advantage of the proposed
approach.

Many localization systems have been proposed and imple-
mented [1]–[16]. Our approach, to the best of the authors’
knowledge, is the only one to consider inaccurate range
measurements (encountered, especially, when using RSSI mea-
surements) and to scale independently of the total number of
nodes (i.e., O(1) in the total number of nodes in the network).
The algorithm is RF based, leveraging the wireless transceiver
already present in the nodes.
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Fig. 1. Wireless ad-hoc network of 24 nodes. Nodes 3, 7, 13, 17 and 23 are
beacons (with known positions). Different transmission ranges correspond to
different concentric rings around the beacon nodes.



II. PROBLEM FORMULATION

Fig. 1 depicts a wireless ad-hoc network of 24 nodes. A
line between two nodes shows that the nodes are within the
transmission range of each other. Each node belongs in one
of two classes: beacons and unknown nodes. Thebeacons
are the black nodes 3, 7, 13, 17 and 23. We assume that
these beacons have known positions (either by being placed
at known positions, or by using GPS). We will refer to the
GPS-less nodes asunknownnodes [10].

We assume that a range measurement method is available
(we elaborate later in this paper on a few options). Thus, an
unknown node receiving a packet from a beacon (or from
another unknown node) will be able to determine (with some
confidence) that it is positioned somewhere within the ring
defined by the circles of radiiRi−1 and Ri and centered
at the beacon (or at the other unknown node). In Fig. 1,
corresponding to different ranges we have different concentric
rings around the beacon nodes. We will refer to the packets
meant to assist unknown nodes in establishing their position
estimates asbeacon packets.

Distance, or range measurement can be achieved in several
different ways. One ranging method relies on measuring the
propagation delay of an ultrasonic impulse sent by the beacons
simultaneously with a radio packet [9], [10].

A different method of measuring the range is through
received signal strength indicator (RSSI) measurement (vir-
tually all currently available transceivers support it). While
this method is not as accurate as the acoustic one, it doesn’t
require any extra equipment. As in the acoustic case, unless the
nodes are outdoors with no obstacles, the range measurement
is not reliable; however, if the nodes are outdoors with no
obstructions, the model of a uniform, circular range holds
surprisingly well [1].

To evaluate the accuracy of RSSI measurements, we used
two Lucent Orinoco IEEE 802.11b cards on two laptops to
measure the signal strength as a function of the distance be-
tween them. One of the laptops was configured to continuously
send beacon packets, and the other one measured the signal
strength for each received packet (we used the packet capture
library - pcap - and the monitor mode of the Lucent Orinoco
card). Two sets of measurements were taken, one in a relatively
open space (Fig. 2(a)) and another in a thickly wooded area
(Fig. 2 (b)).

Measurements performed in this manner can be used effec-
tively for ranging. For example, in Fig. 2(b), if the mean of
several received packets is 84, then we can conclude with high
confidence that the sender is somewhere between 7 m and 14
m.

One can combine the signal strength measurement with
transmission at different power levels for an increased accu-
racy in range determination. In this case, a table with power
level on the rows and RSSI on the columns can be used to
find the minimum and maximum range to the transmitter of
a beacon packet A graph similar to the one in Fig. 2 will
be produced for each power level. The graph can be used to

TABLE I

AN EXAMPLE OF RANGE INTERVAL DETERMINATION GIVEN THE POWER

LEVEL AND THE RSSIOF A RECEIVED BEACON PACKET.

Power RSSI
Level 1 2 3 4

1 4m - 20m 1m - 10m 0 - 8m 0 - 5m
2 8m - 30m 5m - 15m 1m - 12m 0 - 8m
3 15m - 40m 10m - 30m 5m - 15m 0 - 10m
4 40m - 70m 25m - 50m 20 - 30m 0 - 20m

generate the above-mentioned table. An example of such a
table with two power levels and four RSSI values is presented
in Table I. In a real implementation, the table will have an entry
for every valid value of the RSSI (alternatively an interpolation
scheme may be used).

Range determination using power level and/or received
signal strength indications is also susceptible to inaccuracies
due to interference and multi-path fading due to obstacles;
but, this uncertainty can be captured in the interval presented
in Table I. The position estimation algorithm that will be
introduced in the following sections is specifically geared to
inaccurate range measurements.

III. A D ISTRIBUTED POSITION ESTIMATION ALGORITHM

In this section, a position estimation algorithm will be
presented. The idea is simple, yet powerful. At first, we will
consider the case of stationary nodes and a uniform range
determination like the one presented in Table I. We consider
that for each beacon packet received, an unknown node can
infer that it is positioned somewhere on a ring around the node
that sent the beacon packet.

MyID  Power Level  My Position Estimate

Fig. 3. The format of a beacon packet

The format of a beacon packet is shown in Fig. 3. Each
such packet contains the id of the node from where the packet
originates, the power level used to transmit this packet and the
position estimate of the node transmitting this packet. In the
case of beacons, the position estimate is a point (in the ideal
case) or a very small area (corresponding to the uncertainty
in GPS measurements).

1314
7

10

Fig. 4. Unknown nodes 10 and 14 helping each other to improve their
position estimates.

As a matter of fact, an unknown node can assist other
unknown nodes in finding their position estimates as soon
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Fig. 2. Outdoor received signal strength measurements as a function of the distance. (a) Measurements taken in an environment with no obstructions, (b)
Measurements taken in a heavily wooded area.

as it has any kind of information about its own position by
transmitting its position estimate enclosed in a beacon packet
similar to the one transmitted by the real beacons. Consider the
situation depicted in Fig. 4. If the two unknown nodes 10 and
14 do not help each other, they can only determine that they
are somewhere on two rings centered at beacon nodes 7 and
13, respectively. If they communicate their position estimates
to each other, they can improve each other’s estimates: they
can determine that their positions are within the two dotted
areas.

Each unknown node in the network will execute the pseudo-
code shown in Fig. 5.

1. Initialize the position estimate
to the entire space.

2. Receive beacon packet from a
neighbor node (beacon or
unknown node).

3. Update the position estimate.
a. Compute the constraint from the

beacon packet.
b. Intersect the constraint with

the current position estimate to
get the new position estimate.

4. If at step 3 the position estimate
improved (has a smaller area),
then broadcast the updated position
estimate to all neighbors.

5. Goto step 2.

Fig. 5. Pseudo-code of the position estimation algorithm

If the beacon packet at step 2 is coming from a beacon,
it will contain the exact coordinates of the beacon with no
uncertainty. If the message comes from an unknown node,
it will contain the position estimate for that unknown node.
At step 3, the position estimate is updated by computing
the intersection between the current position estimate and the

constraints imposed by the beacon packet received at step 2.
Formally expressed, the position estimate is updated as

follows:

NewPositionEstimate =
OldPositionEstimate ∩ NewConstraint (1)

Since intersection is used, the new position estimate may
either be unchanged or it may improve; but, it will never be
larger than the old one.

When the received beacon packet comes from a beacon,
the constraint is easy to define. It is just a ring centered at the
beacon coordinates. The beacon coordinates are included in the
beacon packet as “My Position Estimate”. When the packet
comes from an unknown node, which has only an estimate
of its position, the constraint is slightly more difficult to
compute. To compute the new constraint, we need to compute
the Minkowski sum [17] of the position estimate and the
transmission ring.

Given two surfacesS1 and S2, their Minkowski sum is
obtained by the union of all translations ofS2 in each and
every point ofS1. This is similar to the regular 1-D function
convolution, and it has the same properties.

S2 ◦ S1 = S1 ◦ S2 =
⋃

p∈S1

S2 shifted to p (2)

For example, the Minkowski sum of the surface shown in
Fig. 6(a) with the surface shown in Fig. 6(b) is shown in Fig.
6(c).

When computing the new constraint by Minkowski sum, we
need the position estimate of the source (Fig. 6(a)) and the
transmission range surface (Fig. 6(b)). The position estimate
is explicitly included in the beacon packet. The transmission
range is obtained from Table I; the power level is included in
the beacon packet and RSSI is measured during the reception
of the packet.

Since the broadcast at step 4 is only performed if the
position estimate improved, the algorithm will terminate in a
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Fig. 6. (a) Surface 1, (b) Surface 2, (c) Minkowski sum of surface 1 and surface 2.

finite number of steps. A bound on the total number of steps
will be provided in the next section.

The algorithm described in this section has the following
properties:

• It is distributed and receiver based.
• It is scalable as the algorithm has a linear complexity

O(m) in the number of neighbors for each node and
constant complexityO(1) with the total number of nodes.

• It uses only local information. The information from
distant beacon nodes degrades and gets discarded as
it propagates; therefore, only information from nearby
beacons will be used whenever possible.

• It is robust to range measurement inaccuracies and trans-
mission errors.

• It has reduced complexity. In the proposed solution, each
node will store a very small state (its position estimate),
which ensures that the implementation is possible on a
large variety of hardware platforms.

• It works on partitioned networks. The positioning system
works even if the network becomes disconnected - in the
context of sensor networks, data can be collected later by
a fly-over base station [18].

While it is clear that the algorithm will end in a finite
number of steps, it is important to find an upper bound on the
number of messages that will be transmitted until the algorithm
converges.

Apparently, once a beacon sends a beacon packet, all of its
neighbors may update their position estimates; and, in return,
each sends a beacon packet, which will reach the neighbor’s
neighbors and will keep multiplying. In reality, there are two
effects which reduce the number of beacon messages that
propagate, and maintain the locality of the algorithm.

A first effect results from the observation that the only
nodes which actually provideinformationin the system are the
beacons. All of the other nodes are just relays for these primary
sources of information. Consider the situation depicted in Fig.
7. The information from beacon node 1 reaches nodes 2, 3
and 4. In turn, each of the nodes 2, 3 and 4 will broadcast its
newly-computed position estimate. Node 5 will receive each
of the broadcasts, and it can aggregate the information from
all three broadcasts before sending out its own update. Then,
node 6 will only receive one broadcast from node 5.
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Fig. 7. The information from beacon node 1 is aggregated at node 5, and
only one beacon message is sent to node 6.

To enforce the aggregation of the data originating at the
same beacon, a small modification can be made to the algo-
rithm presented in Fig. 5: at step 4, if the position estimate
improves at timet0, the update should not be sent immediately.
Instead the node will schedule a transmission at timet0 + ∆
seconds. If any new beacon messages arrive betweent0
and t0 + ∆, they may update the current position estimate
scheduled to be sent att0 + ∆. The upper bound on the
convergence time of the algorithm in this case will be equal to
the diameter of the network times the delay∆. A side effect
of this aggregation enforcement is that the information from
a beacon will travel in “waves”: if the beacon sends its first
beacon message at timet0, the nodes one hop away from the
beacon will send their messages at, or shortly after,t0+∆; the
nodes two hops away from the beacon will send their messages
at t0 + 2∆, etc.

We can now formulate the following theorem:
Theorem 1: Every unknown node will receive, at most, a

number of beacon messages equal to the number of beacon
nodes in the system multiplied by the number of neighbors of
that node.

The proof is presented in the appendix. As the byproduct of
the proof, two interesting properties are derived. First, the final
position estimates computed by the algorithm are independent
of the order of the exchange of beacon messages; therefore,
the algorithm always converges to the same unique solution.
Second, the time until the algorithm converges is bounded by
the time it takes to propagate a message from every beacon
to all unknown nodes.

Thus, for a fixed number of beacons, even if the number of



nodes increases, if the number of neighbors remains bounded
(e.g., by reducing the transmission power), the number of
messages that each node transmits and receives is boundedby
a constant. This enables the algorithm to scale to an arbitrary
number of nodes.

IV. SIMULATION RESULTS

In order to study the performance of the proposed algo-
rithm, we implemented it in a network simulator (OPNET).
OPNET in its latest version has very realistic wireless signal
propagation models.

We simulated 35 unknown nodes assisted by 8 beacons
placed in one square kilometer area (1000m x 1000m). Each
node has only one transmission power corresponding to a
communication range of 300m. Each node has a received
signal strength indicator and it is able to determine the range
to the source of the packet within±25m. At first we divided
the simulation area by a rectangular grid of 100x100 squares,
and represented the position estimates by a set of such squares.
Each square has an area of 100 square meters. Representing
each square by one bit, any position estimate fits into a one
kilobyte packet.
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Fig. 8. Position estimates for 35 unknown nodes assisted by 8 beacons.

Fig. 8 depicts one set of position estimates for the simulated
system. The unknown nodes in the center of the simulation
area receiving beacon packets from more nodes are able to
estimate their positions more accurately than nodes at the
periphery.

Fig. 9 shows the improvement in the precision of the
position estimates of each node as a function of the number
of useful beacon packets received (i.e., which leads to an
improvement in the position estimate).

We repeated the simulation many times, and the results
were similar to the ones presented in this section. On average,
each node in this simulation transmitted 5.8 beacon packets
and was able to localize itself within 3216 square meters.
Each unknown node had, on average, 1.5 beacon neighbors,
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Fig. 9. Improvement in the position estimates of each node as a function of
the number of useful beacon packets received.

and 5.3 unknown neighbor nodes. Comparing the average of
30 received packets (5.8 beacon packets transmitted for each
node times 5.3 unknown node neighbors) and the bound 42
presented in Theorem 1 (8 beacons× 5.3 unknown node
neighbors), we can see that we are well under the bound with
the total number of received messages.
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Fig. 10. Comparison of two position estimate representations: the rectangular
grid and an ad-hoc representation bounding each estimate by a ring, a circle
or a union of two circles.

Fig. 10 depicts the simulation results using a different
representation for the position estimates. In this figure, each
estimate is over-bounded by a ring, a circle or a union of
two circles. The precision of this representation is reasonable,
while dramatically reducing the size (at most, 6 integers are
required to represent the centers and the radii of the two
circles).



V. CONCLUSION

A novel algorithm for determining position estimates for
wireless ad hoc (mobile) networks is presented. In the scenario
considered, unknown nodes assisted by beacon nodes can
confidently determine position estimates in an iterative and
distributed fashion. Once an unknown node has a rough idea
of its position, it can assist other unknown nodes in estimating
their positions. The algorithm has a low complexity and a
distributed implementation, while using only local informa-
tion. This enables it to scale well to very large networks (tens
of thousands of nodes or more), while optimally determining
the position estimates for each unknown node. The algorithm
explicitly considers the inaccuracies in range measurements
and performs robustly in the presence of large measurement
errors.
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APPENDIX

PROOF OFTHEOREM 1

We will first prove the following two Lemmas:
Lemma 2: The final position estimates computed by the

algorithm are independent of the order of the exchange of
beacon messages.

Proof: Denote with Ruq(k) the constraint that is being
imposed by nodeu on the position estimate of nodeq upon
the receipt ofkth beacon message by nodeq. Denote with
Eq(k) the position estimate of nodeq upon the receipt of its
kth beacon message.

q

v

u

Fig. 11. The final position estimate of node q is unaffected by the timing
of the beacon messages from nodes u and v

If node q receives thekth beacon message fromu before
the beacon message fromv, then the position estimate ofq
will be:

Eq(k) = Eq(k − 1) ∩ Ruq(k),
Eq(k + 1) = Eq(k) ∩ Rvq(k + 1)

= (Eq(k − 1) ∩ Ruq(k)) ∩ Rvq(k + 1).

If the beacon messages from nodesu andv are received in
the reverse order, thenEq(k + 1) = (Eq(k − 1) ∩ Rvq(k)) ∩
Ruq(k + 1). Since the intersection operation is commutative
and associative, the two final position estimatesEq(k+1) will
be identical.

Therefore, we can logically separate the messages from
different beacons and analyze them separately (similar to
the superposition law for different power sources in linear
electrical circuits). We can assume that messages from the
first beacon propagate through the network first, then messages
from the second beacon, and so on.

Lemma 3: Each unknown node sends new information from
a given beacon node at most once

Proof: This property is enforced by the aggregation scheme
presented in Section III; any of the nodes onk + 1 tier (i.e.,
which arek +1 hops away from a beacon) will aggregate the
information from thekth tier before broadcasting a beacon
packet.

We are now in position to prove Theorem 1. Since a node
may broadcast a packet only in response to new information
being received, Lemma 3 implies that each node will broadcast
the information received from each beacon at most once.
Therefore, each unknown node will not transmit more packets
than there are beacons in the system. Additionally, each node
will not receive more packets than the number of beacons in
the system multiplied by the number of neighbors.


